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Low rank matrix approximation

= Problem: given m x n matrix A, compute rank-k approximation ZW T,
where Z is m x k and W7 is k x n.

A ~ Z W
—

® Problem with diverse applications

0 from scientific computing: fast solvers for integral equations, H-matrices
U to data analytics: principal component analysis, image processing, ...

Ax — ZWTx
Flops 2mn — 2(m + n)k

4 of 79



Singular value decomposition

Given A € R™*" m > n its singular value decomposition is

00
A=USVT=(U U, Us)- |0 S|-(Vi W)'
0 0

where

= U is m x m orthogonal matrix, the left singular vectors of A ,
Ulismxk U ismxn—k, Usismxm—n

® Y is m x n, its diagonal is formed by o1 (A) > ... > 0,(A) >0
Yi1iskxk Yoisn—kxn—k

= V is n X n orthogonal matrix, the right singular vectors of A,
Viisnx k, Vbisnx n—k
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Norms

Al F

(

Al = omax A)=01(A)

Some properties:

A2 < [[Allr < /min(m, n)||All2

Orthogonal Invariance: If @ € R™*™ and Z € R"*" are orthogonal, then

|QAZ||F = [|AllF
IQAZI[2 = [|All2
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Low rank matrix approximation

= Best rank-k approximation Ay = UxX Vi is rank-k truncated SVD of A
[Eckart and Young, 1936]

min_[JA=Adl> = [|A=All2 = oks1(A) (1)
rank(Ag)<k
. n
min  [A-Adlr = [A-Adlr= | > a?(A) ()
rank(Ag)<k =kt 1
Original image of size Rank-38 approximation, Rank-75 approximation,
919 x 707 SVvD SVD

¥ Image source: https:
//upload.wikimedia.org/wikipedia/commons/a/al/Alan_Turing_Aged_16.jpg
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Large data sets

Matrix A might not exist entirely at a given time, rows or columns are added
progressively.

= Streaming algorithm: can solve an arbitrarily large problem with one pass
over the data (a row or a column at a time).

® Weakly streaming algorithm: can solve a problem with O(1) passes over
the data.

Matrix A might exist only implicitly, and it is never formed explicitly.
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Low rank matrix approximation: trade-offs

Flops Accuracy
/ \ Truncated CA-SVD Truncated SVD / \
Lanczos Algorithm
CA (strong) QR with (strong) QR with
column pivoting column pivoting
LU with column/row LU with column
tournament pivoting rook pivoting
—pd

Communication
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Low rank approximation based on max-vol

Theorem
([Goreinov and Tyrtshnikov, 2001, Thm. 2.1]) Given the matrix
A Ar
A= 3
[ A Ax } (3)

where Aj; € R¥*k has maximal volume (i.e., maximum determinant in
absolute value) among all k x k submatrices of A, then we have

[1S(A11)[lmax < (k + 1)oks1, (4)
where S(All) = Ap — AglAﬂlAlg.

But finding a submatrix with maximum volume is NP-hard
[Civril and Magdon-Ismail, 2013].



Proof of Theorem 1

Consider a nonsingular submatrix A e Rk+Dx(k+1) of A formed as below,
and d = a— cTA;7'b an element of S(A;;). We can write:

Aun bl [I —An"'bl [Au O (5)
c’ al|o / Tl odl”
——
A
The element in the last diagonal position of A~ is:

|det(A11)|

A Y k+1,k+1)=|d7Y = AN
A7 e+ Lk 1)) = 7 = S

We will show that |A™Y||max = |d 1.



Proof of Theorem 1 (contd)

Consider a permutation of A as below, where h=e — g" B~1f :
oo [An f An fl I AR [Au O
A= PAP: = [gT e} ’ {gT e] [0 I “lg" h (7)

By using the fact that the determinant of a permutation matrix is +1, we

have: _ -
o Lot |det(A) ©
| det(A)] | det(A)|
Since A1 has maximum volume, we obtain [h~* < |d~*| and so
||A_1||ma>< = |d_1‘-
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Proof of Theorem 1 (contd)

Since [[A7Y|2 < (k + 1)[|A7|lmax and [|A=Y|max = |[d ™| we obtain:

1
— < (k+1)|d7?
Y ( )d™|

We obtain:
|d| < (k+ 1)oks1(A) < (k + 1)oksi(A)
and since d is an arbitrary element of S(A11) we obtain

[5(A1)lImax < (k +1)okr1(A). (9)
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Rank revealing QR factorization

Given A of size m x n, consider the decomposition

AP.= QR =Q [ e ] , (10)

where Ryy is k x k, Pc and k are chosen such that ||Ra;||, is small and Ri;
is well-conditioned.

® By the interlacing property of singular values [Golub, Van Loan, 4th
edition, page 487],

oi(Ri1) < 0i(A) and 0j(Rz2) > ou(A)

forl<i<kand1<;<n-—k
" 0441(A) < Tmax(Ra2) = || Ro2|
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Rank revealing QR factorization

Given A of size m x n, consider the decomposition

AP.=QR=Q [ Ru gz ] . (11)

If || Raz||2 is small,

m Q(:,1: k) forms an approximate orthogonal basis for the range of A,

min(j,k)

athj) = > Qi) €span{Q(:,1),... Q(: k)}
i=1

ran(A) € span{Q(:,1),...Q(:, k)}

_ p-1
=P, [ Rl} Rlz} is an approximate right null space of A.
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Rank revealing QR factorization

The factorization from equation (11) is rank revealing if

A ofRe)

= 0i(Ru)’ ok4j(A)
for 1 <i<kandl<j<min(m,n)— k, where

Omax(A) = 01(A) > ... > omin(A) = 0,(A)

It is strong rank revealing [Gu and Eisenstat, 1996] if in addition

||R1_11R12||max S Q2(n, k)

® Gu and Eisenstat show that given k and f, there exists a P, such that
gi(n, k) = \/1+ f2k(n— k) and g2(n, k) = f.
m Factorization computed in 4mnk (QRCP) plus O(mnk) flops.



QR with column pivoting [Businger and Golub, 1965]

Idea:

= At first iteration, trailing columns decomposed into parallel part to first
column (or e;) and orthogonal part (in rows 2 : m).

® The column of maximum norm is the column with largest component
orthogonal to the first column.

Implementation:

= Find at each step of the QR factorization the column of maximum norm.
® Permute it into leading position.

m If rank(A) = k, at step k + 1 the maximum norm is 0.

= No need to compute the column norms at each step, but just update

them since

Qv =w=, st | W@ o)IE =113 - w2



QR with column pivoting [Businger and Golub, 1965]

Sketch of the algorithm

column norm vector: colnrm(j) = ||A(:,j)||2,j =1: n.
forj=1:n do
Find column p of largest norm
if colnrm[p] > € then
1. Pivot: swap columns j and p in A and modify colnrm.
2. Compute Householder matrix H; s.t.
HAG : m.j) = £[|AG : m.j)l|aer.
3. Update A(j: m,j+1:n)=HA({:m,j+1:n).
4. Norm downdate colnrm(j +1: n)>— = A(j,j +1: n)2
else Break
end if
end for

If algorithm stops after k steps

Omax(R22) < Vn—k max ||Ran(:))|l2 < vn— ke
1<j<n—k



Strong RRQR [Gu and Eisenstat, 1996]

Since

n—k
det Rll HO’, Rll =14/ det(ATA)/ H J;(Rzz)
i=1

a stron RRQR is related to a large det(Ri1). The following algorithm
interchanges columns that increase det(Ry1), given f and k.

Compute a strong RRQR factorization, given k:

Compute Al = QR by using QRCP

while there exist i and j such that det(Ry;)/det(Ry1) > f, where
Ri1 = R(1: k,1: k), IN; j4+x permutes columns i and j + k,
er,'JJrk = Q:‘%, ’%11 = k(l . k,l . k) do
Find i and j
Compute Rn,"’,;H( = Qf% and 1 = I"II'I,-,Hk

end while
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Strong RRQR (contd)

It can be shown that

ﬂgi; - \/(RHIRH),?J +wf (Ru) Xj (Re2) (12)

forany 1 <j<kand1<j<n—k (the 2-norm of the j-th column of A is
x;j(A), and the 2-norm of the j-th row of A~ is w;(A) ).

Compute a strong RRQR factorization, given k:
Compute All = QR by using QRCP

. _ 2
while maXi<i<k,1<j<n—k \/(RlllRlz)iJ + w,-2 (Rll) XJ2- (R22) >f do
Find i and j such that \/(Rl—lan)fj + w2 (Ru) 2 (Ra2) >

Compute RIM; j4x = QR and M = MM ;44
end while
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Strong RRQR (contd)

® det(Ryy) strictly increases with every permutation, no permutation
repeats, hence there is a finite number of permutations to be performed.
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Strong RRQR (contd)

Theorem
[Gu and Eisenstat, 1996] If the QR factorization with column pivoting as in
equation (11) satisfies inequality

_ 2
\/(R111R12),-,j +w? (Ru) X (Re2) < f

foranyl1 <i<kandl<j<n-—k, then
0i(A)  0j(Re)
< , <1+ f2k(n— k),
7i(Ru) e (A) = VKR

forany1 < i<k and1 < j < min(m,n)— k.




Sketch of the proof ([Gu and Eisenstat, 1996])

Assume A is full column rank. Let @ = 0 max(R22)/0min(R11), and let

Ry Ik R1R12] 5
R = 11 = R W;.
[ Rzz/a} { alp_ .

We have B
U,'(R) S U;(R1)|‘W1||2, 1 S i S n.
Since Umin(Rll) = O'maX(Rzz/a), then 0‘,'(11:\"1) = 0‘,'(R11), for 1 <j<k.

IWAl[3 < 1+ [|RG'Riall3 + o = 1+ ||R" Rzl I3 + || Re2 |31 RT3
< 1+ [|RG Rual | + (| Raal[F I R 7

k n—k
= 1+ ) ((R'Ru2)?j +w? (Ru) X} (R2)) < 1+ f2k(n — k)
i—1 j—1
We obtain, "
gi(A
! < /14 f2k(n—k
oi(Ri1) ~ ( )
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Tournament pivoting [Demmel et al., 2015]

One step of CA_RRQR, tournament pivoting used to select k columns

m Partition A = (A1, Az, A3, Ag).
m Select k cols from each column
block, by using QR with column
pivoting A, A, A A,
= At each level i of the tree
o At each node j do in parallel

2k 2k 2k 2k

W Let A, i_1,An,i—1 be the cols
selected by the children of node j
® Select k cols from
(Av,i—1,Aw,i—1), by using QR
with column pivoting
® Permute Aj; in leading positions,
compute QR with no pivoting

R
AP = Ql( " j)



Tournament pivoting [Demmel et al., 2015]

One step of CA_RRQR, tournament pivoting used to select k columns
® Partition A = (A17 As, Az, A4)
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Tournament pivoting [Demmel et al., 2015]

One step of CA_RRQR, tournament pivoting used to select k columns
® Partition A = (A17 As, Az, A4)

m Select k cols from each column
block, by using QR with column
pivoting A3

= At each level i of the tree 0 Ay
T At each node j do in parallel x

W Let A, i_1,An,i—1 be the cols
selected by the children of node j
® Select k cols from

(Av,i—1,Aw,i—1), by using QR

with column pivoting A

A 11
= Permute Aj; in leading positions, K /
compute QR with no pivoting I:|
R
APo = Qu ( " j)



Tournament pivoting [Demmel et al., 2015]

One step of CA_RRQR, tournament pivoting used to select k columns

® Partition A = (A17 As, Az, A4) 2 2

m Select k cols from each column
block, by using QR with column " h
pivoting 3 4

® At each level i of the tree 0 0
o At each node j do in parallel

W Let A, i_1,An,i—1 be the cols
selected by the children of node j
® Select k cols from

(Av,i—1,Aw,i—1), by using QR A

with column pivoting AK /11

® Permute Aj; in leading positions

compute QR with no pivoting I:|

R
AP: = Ql< " j) A,




Select k columns from a tall and skinny matrix

Given W of size m x 2k, m >> k, k columns are selected as:

W = QR using TSQR
R02P = Q2R2 using QRCP
Return WP.(:,1: k)

Wy | = Ry R
_—7 Ro;
Parallel: w= Wi - Ffro T Roz
—
o > R11/
W3 REO
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Reduction trees

Any shape of reduction tree can be used during CA_RRQR, depending on
the underlying architecture.

u Flat tree:
= Binary tree: A Ao An Az
Aoo Ao Ao Aszo i’
1 1 N 1 f(AOO)J

f(Aw) f(Aw) F(An) f(As) d

\,1 / \ / f(Aol)
f(Ao1) f(Au) +

\ / f(Aoz)
f(Ao2) ¥

f(Aos)

Notation: at each node of the reduction tree, f(Aj;) returns the first b columns
obtained after performing (strong) RRQR of Aj.
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Rank revealing properties of CA-RRQR

It is shown in [Demmel et al., 2015] that the column permutation computed
by CA-RRQR satisfies

X2 (R Ri2) + (x; (Re2) /omin(R11))? < Fip, for j=1,...,n— k. (13)

where Frp depends on k, f, n, the shape of reduction tree used during
tournament pivoting, and the number of iterations of CARRQR.
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CA-RRQR - bounds for one tournament

Selecting k columns by using tournament pivoting reveals the rank of A with
the following bounds:

0i(A) 0i(Ra) _

= oi(Ru) okii(A) T

IR Riz||max < Frp

1+ F72'P(n - k)v

® Binary tree of depth Iog2(n/k),

ffk)
Fre < —= (n/) (14)
\/_
The upper bound is a decreasing function of k when k > \/n/(+v/2f).
m Flat tree of depth n/k,
n/k
< — .
Frp < \/_ (f fk) (15)



Cost of CA-RRQR

Cost of CA-RRQR vs QR with column pivoting

n x n matrix on v/P x /P processor grid, block size k

Flops : 4n%/P 4 O(n*klogP/\/P) vs (4/3)n%/P
Bandwidth :  O(n?log P/\/P) vs same
Latency : O(nlog P/k) vs  O(nlog P)

Communication optimal, modulo polylogarithmic factors, by choosing

K — 1 n ENEERYE
~ 2log?P \/P FEEEEN
[ 1111 1]




Numerical results

= Stability close to QRCP for many tested matrices.

= Absolute value of diagonals of R, L referred to as R-values, L-values.

® Methods compared

O

RRQR: QR with column pivoting

[m]

CA-RRQR-B with tournament pivoting based on binary tree

O

CA-RRQR-F with tournament pivoting based on flat tree
0 SVD
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Numerical results - devil's stairs

Devil's stairs (Stewart), a matrix with multiple gaps in the singular values.

Matlab code: QLP decomposition (Stewart)
Length = 20; s = zeros(n,1); Nst = floor(n/Length);
for i =1: Nst do

(1-+Length*(i-1):Length*i) = -0.6%(i-1); .
ndfor e AP, @1 Ry using ca_rrgr
s(Length = Nst : end) = —0.6 = (Nst — 1);
s=10. A s; RlT — Q2 R2

A = orth(rand(n)) * diag(s) * orth(randn(n));

28|
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Numerical results - devil's stairs

Devil's stairs (Stewart), a matrix with multiple gaps in the singular values.

Matlab code: QLP decomposition (Stewart)
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Numerical results (contd)

edig
H
5558
83°
53
| 22

s, singlar values & rustwortiness check

RS IA s s e e e 1

00 50 20 =0
Golumn No.

50 00 50 20 =0 0
GolumaNo. i

B Left: exponent - exponential Distribution, 01 = 1, o; =/~ (i =2,...,n),
a = 10~/ [Bischof, 1991]
¥ Right: shaw - 1D image restoration model [Hansen, 2007]

emin{{|(AMo)(:, Iy, [1(AML)(:, DI, [1(AM2) (G, D} (16)

e max{||(AMo)(:, NIz, 1(AML) G, Do, 1(AM2) (DI} (17)
where M;(j = 0,1,2) are the permutation matrices obtained by QRCP, CARRQR-B, and
CARRQR-F, and ¢ is the machine precision.
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Numerical results - a set of 18 matrices

. in

max
I rnodian i
== lower bound
| = = = upper bound [§

== lower bound
*| = = = upper bound E

| = = = upper bound [

B Ratios |R(7,i)|/oi(R), for QRCP (top plot), CARRQR-B (second plot), and
CARRQR-F (third plot).

B The number along x-axis represents the index of test matrices.
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Plan

LU_CRTP: Truncated LU factorization with column and row tournament
pivoting
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LU versus QR - filled graph G*(A)

= Consider Ais SPD and A= LLT

® Given G(A) = (V,E), GT(A) = (V,ET) is defined as:
there is an edge (/,j) € GT(A) iff there is a path from i to j in G(A)
going through lower numbered vertices.

® G(L+ L") = G*(A), ignoring cancellations.

m Definition holds also for directed graphs (LU factorization).

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
1 X X x 1 X X x
2 x x x x 2 x x x x x
3 X x x 3 x x x x x
4 x X x x 4 X x X x x x
A= 5 x X x ox x L+1T = 5 x x x x x x x
6 X X x x 6 x x X x X X
7 x x X 7 X x x x x
8 X X X X 8 X X X X X
9 x x x 9 x X x
1 2 3 1
4 5 6 4

8 90



LU versus QR

Filled column intersection graph G (A)

® Graph of the Cholesky factor of AT A
" G(R) € G (A)
= AT A can have many more nonzeros than A
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LU versus QR

Numerical stability

» Let [ and U be the computed factors of the block LU factorization. Then
LO=A+E. [Ellmss < cn)e ([ Allmax + |Elmaxl| Ollmax) -~ (18)

m For partial pivoting, ||L||max < 1, [[U]lmax < 2"||Allmax
In practice, ||U||max < v/n|Allmax
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Low rank approximation based on LU factorization

® Given desired rank k, the factorization has the form
_ /§11 612 _ _ I_ All A}Z
PraPe = <A21 Azz) N <A21A1_11 /> ( 5(/‘\11))7 (19)
where A € R™*", All S ]Rk’k, 5(/_\11) = /2\22 — A21/Z\1_11/Z\12.
® The rank-k approximation matrix A is
Ay = <- I-1) (/2\11 /‘_\12) = (éll) Al_ll (Au /2\12)- (20)
AxnAfy A

L] Aﬁl is never formed, its factorization is used when Ay is applied to a
vector.

® In randomized algorithms, U = CTAR™, where CT, RT are
Moore-Penrose generalized inverses.

40 of 79



Design space

Non-exhaustive list for selecting k columns and rows:
1. Select k linearly independent columns of A (call result B), by using
1.1 (strong) QRCP/tournament pivoting using QR,
1.2 LU / tournament pivoting based on LU, with some form of pivoting
(column, complete, rook),
1.3 randomization: premultiply X = ZA where random matrix Z is short and
fat, then pick k rows from X7, by some method from 2) below,
1.4 tournament pivoting based on randomized algorithms to select columns at
each step.
2. Select k linearly independent rows of B, by using
2.1 (strong) QRCP / tournament pivoting based on QR on B”, or on Q, the
rows of the thin Q factor of B,
2.2 LU / tournament pivoting based on LU, with pivoting (row, complete, rook)

on B,
2.3 tournament pivoting based on randomized algorithms to select rows.
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Select k cols using tournament pivoting

2k 2k 2k 2k
= Partition A= (A]_7 Az, Az, A4)
u Select k cols from each column A, A, A, A,
block, by using QR with column
pivoting
® At each level i of the tree

o At each node j do in parallel

W Let A, i_1,An,i—1 be the cols
selected by the children of node j

B Select k cols from
(Av,i—1,Aw,i—1), by using QR
with column pivoting

® Return columns in Aj



Select k cols using tournament pivoting

2k 2k 2k 2k
® Partition A = (Ay, Az, A3, Ag).
® Select k cols from each column l I " I
block, by using QR with column ! 2 3 4
pivoting Aw A An Az
® At each level / of the tree

T At each node j do in parallel

W Let A, i_1,Aw,i—1 be the cols
selected by the children of node j

B Select k cols from
(Av,i—1,Aw,i-1), by using QR
with column pivoting

Return columns in Aj;



Select k cols using tournament pivoting

2k 2k
Partition A = (A]_7 A2, A3, A4)
Select k cols from each column i { n {
1 2 3 4

block, by using QR with column

pivoting A A Az
At each level i of the tree [\ / \

o At each node j do in parallel
W Let A, i_1,An,i—1 be the cols
selected by the children of node j
B Select k cols from
(A.,,,'_l,AW,,'_l), by using QR
with column pivoting

® Return columns in Aj



Select k cols using tournament pivoting

2k 2k

Partition A = (A1, Az, A3, As).
Select k cols from each column 1,
block, by using QR with column
pivoting 0 Ap Az
At each level i of the tree / \4 /
o At each node j do in parallel

B Let A, ;i_1,An,i—1 be the cols

selected by the children of node j
m Select k cols from

(Av,i—1,Aw,i—1), by using QR
with column pivoting

® Return columns in Aj



Select k cols using tournament pivoting

Partition A = (Al7 A2, A3, A4)
Select k cols from each column A5

block, by using QR with column A
0 30

pivoting ‘<‘
At each level i of the tree

o At each node j do in parallel

N>

B Let A, i_1,Aw,i—1 be the cols
selected by the children of node j A

m Select k cols from A 11
(Avi—1,Aw,i-1), by using QR K -

with column pivoting
Return columns in Aj; I:|
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Select k cols using tournament pivoting

2k 2k

m Partition A = (A1, Az, A3, Ag). A
m Select k cols from each column 3 4

block, by using QR with column 0 Ayp A

pivoting \ /
® At each level i of the tree

o At each node j do in parallel

W Let A, i_1,An,i—1 be the cols

selected by the children of node j A

A 11
®m Select k cols from K /
(Av,i—1,Aw,i—1), by using QR

with column pivoting
Return columns in Aj;

ADZ
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LU_CRTP factorization - one block step

One step of truncated block LU based on column/row tournament pivoting
on matrix A of size m x n:

1. Select k columns by using tournament pivoting, permute them in front,
bounds for s.v. governed by g1(n, k)

_ AR R\ _ (Qu Qi) [(Ru R
APe = Q( Rzz) N (021 sz) ( R22)

2. Select k rows from (Q11; Q)" of size m x k by using tournament

pivoting,
_ Qn @12
PrQ = <Q21 sz)

such that ||C_)21@1_11Hmax < Frp and bounds for s.v. governed by g>(m, k).



Orthogonal matrices

Given orthogonal matrix Q € R™*™ and its partitioning
Qll Q12
= 21
Q <Q21 sz) ’ (21)

the selection of k cols by tournament pivoting from (Qy1; le)T leads to
the factorization

o C:)u le _(_ Qut Q_12
PQ= (Q21 sz) o (Q21Q1_11 /) ( S(Qu)) (22)

where S(Q11) = Q2 — @1 Q11" Qo = @5,



Orthogonal matrices (contd)

The factorization

([ Qu Q) / Qu Q12
Q= (ozl sz) N (Qzl@ﬁl /> ( 5(@11)) (23)
satisfies:
pi(@1Q") < Frp, (24)
1 _
m < Ui(Qll) <1, (25)
Umin(@ll) = Umin(©22) (26)

forall 1 <i <k, 1<j<m-—k, where pj(A) is the 2-norm of the j-th row

of A, qa(m, k) = \/T+ F2,(m — k).
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Sketch of the proof

An A I A Ap
pAp, — (An Awr)_(_ 1 )
<A21 A22> <A21A111 /> ( 5(A11)>
! Qu Qu Ri1 R
- D1 O 3 27
<Q21Q111 />< S(Qll))< R22) ( )
where
C_?2161_11 = A21A1_117
S(An) = S(Qu)Rn= Q5 Run.
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Sketch of the proof (contd)

An = QuRu, (28)
S(Aw) S(Qu1)R2 = Q" Roo. (29)

We obtain

1

q1(n, k)ga(m, k)ai(A)’

0i(A) > 0i(A11) > T min(Qr1)oi(Ri1) >

We also have that

oi+j(A) < 0;(S(An)) 0j(S(@11)Ra2) < IS(Q11)ll207(Ra2)

< qu(n k)g(m, k)o;(A),

where qi(n, k) = \/1+ F25(n— k), qa(m, k) = /1 + F25(m — k).
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LU_CRTP factorization - bounds if rank = k

Given A of size m x n, one step of LU_.CRTP computes the decomposition

= Aun Ap / An A
A= PrAPc = x x = A A— = 30
<A21 A22> <Q21 Q' /) ( 5(A11)> (30)
where Ai; is of size k x k and
S(Au1) = Az — At Al Ap = Ap — @1 Q' Ava. (31)

It satisfies the following properties:
p1(AnA) = pi(QuQyt) < Fre, (32)
IS(A)llmax < min((L + FreVk)||Allmax, Frey/1+ Fp(m — K)ok (A))

ai(A)  7i(5(An))
= 0i(An)’ oki(A)
forany 1</ <m-—k, 1<i<k, and1<j<min(m,n)—k,
g(m, n, k) = \/(L+ F2o(n — K)) (L + F2p(m — K)).

< q(m,n, k), (33)




LU_CRTP factorization - bounds if rank = K = Tk

Consider T block steps of LU_CRTP factorization

/ U U2
Lo ! U2z
P, AP, = : : )
Ly Lts ... !
Lryin Lyyiz o0 Lryr

Uzt

Urr

Ui, 741
Ua, 141

3

Ur,m11
Uriim1

where Uy is k x k for 1 <t < T, and Urj1, 741 is (m — Tk) x (n — Tk). Then:

pi(Livry) < Frp,

1Ukllmax < min (1 + FrovR) (| Allmax, @2(m, K)a(m, n, )/ Lo (A))

forany 1 </ < k. q2(m, k) = /14 F2,(m — k), and

a(m, n. k) = /(L + F2o(n— K) (1 + F2(m — K)).
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LU_CRTP factorization - bounds if rank = K = Tk

Consider T = K /k block steps of our LU_CRTP factorization

/ Un U ... Uit U1
L ! Un ... Ut U111
P.AP. = : : ET : (3
Lty Lo ... / Urr Urta
Lri1n Lryao oo Lypar | Uri1, 741

where Uy is k x k for 1 <t < T, and Urj1, 741 is (m — Tk) X (n — Tk). Then:

1 o(t—1)k+i(A)
<qg(m-—(t—1k,n—(t—1)k, k),
HE;(Q) g(m—vk,n— vk, k) — oi(Ue) — a( ( ) ( Yk k)
K/k—1
gj (UT+1 T+1)
1 < 17 — vk, n — vk, k),
< AMrre) T - -

forany 1<i<k, 1<t<T,and1<j<min(m,n)— K. Here

q2(m, k) = /1 + F2,(m — k), and

q(m,n, k) = /LT F2p(n — K) (L + F2o(m — k).
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Arithmetic complexity - arbitrary sparse matrices

® Let d; be the number of nonzeros in column i of A, nnz(A) = "7, d..
® Ais permuted such that d; < ... < d,.
A = [Aoo; - - -, An/k,0] is partitioned into n/k blocks of columns.

Bounds attained when:
At first step of TP:

rook 0 0 9
m Pick k cols from A; = [Aoo, A1o] :
nnz(A1) < 2k 2,2; d 0 .

flopsqr(Ar) < 8k2 375, d:. o _
At the second step of TP: A=10 . 0

® Pick k cols from A2
nnz(Az) < 2k2, k+1d

flopsgr(Az) < 8k> z?jkﬂ d: L )
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Arithmetic complexity - arbitrary sparse matrices (2)

nZmax(TPET) < 4dok?
nnzoral(TPET) < 2k (Zd + Z di +. z”: d,-) <
i=k+1 i=n—2k+1
< 4kZd,-:4nnz(A)k,
i=1
flops(TPer) < 16n’nz(A)k2,
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Tournament pivoting for sparse matrices

Arithmetic complexity

A has arbitrary sparsity structure G(ATA) is an n'/2- separable graph

flops(TPer) < 16nnz(A)k? flops(TPrr) < O(nnz(A)k*/?)
nnz(4) flops(TPg7) < 0(”"ZP(A)/<3/2 |og£)

flops(TPpr) < 88— 5 k? log k <
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Tournament pivoting for sparse matrices

Randomized algorithm by Clarkson and Woodruff, STOC'13

= Given n x n matrix A, it computes LDW T, where D is k x k such that
with failure probability 1/10
|A—=LDWT|g < (1 + €)[|A — Al

® The cost of this algorithm is

F, Ak is best rank-k approximation.

flops < O(nnz(A)) + nk?e*log®M (nk2e~*)

= Tournament pivoting is faster if € < W

or if e=10.1 and nnzIAlin < 10%.
53 of 79



Plan

Experimental results, LU_.CRTP
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Numerical results

100 Evolution of singular values for i 100 Evolution of singular values for foxgood
R * QRCP h « QRCP
% * LU-CRQRCP| b + LU-CRQRCP|
5 LU-CRTP 104 LU-CRTP
10 . SVD - SVD
2 S, 10
K] & K] 10 ]
5107 ] 5 \
3 9 3 -15 L A | 4
2 Y 210 L. i e——
@ @ -
-15 ]
10 —r— el T ]
w
10'20 L L L L L . 10—25 L L L L L
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Index of singular values Index of singular values
B Left: exponent - exponential Distribution, o1 =1, 0; = a/~1 (i=2,...,n),

a =10~ /11 [Bischof, 1991]

B Right: foxgood - Severely ill-posed test problem of the 1st kind Fredholm integral
equation used by Fox and Goodwin
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Numerical results

ST

1 2 3 4 5 6 7 s o 0 " 2 13 1 15

ST AT -

2 3 4 5 s 7 8 o 10 " 12 13 1% 15

102 T T T T

ST TS

s o
Matrices

Here k = 16 and the factorization is truncated at K = 128 (bars) or K = 240
(red lines).

LU_CTP: Column tournament pivoting + partial pivoting

All singular values smaller than machine precision, ¢, are replaced by e.

The number along x-axis represents the index of test matrices.
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Results for image of size 919 x 707

Original image

Rank-38 approx, SVD Singular value distribution

Rank-75 approx, LU_.CRTP



Results for image of size 691 x 505

Singular value distribution

Evolution of the s

Original image Rank-105 approx, SVD




Comparing nnz in the factors L, U versus Q, R

Name/size Nnz | Rank K Nnz QRCP/ | Nnz LU_CRTP/
A(,1:K) Nnz LU_CRTP Nnz LUPP

gematll 1232 128 2.1 2.2
4929 4895 512 3.3 2.6
9583 1024 11.5 3.2

wang3 896 128 3.0 2.1
26064 3536 512 2.9 2.1
7120 1024 2.9 1.2

Rfdevice 633 128 10.0 1.1
74104 2255 512 82.6 0.9
4681 1024 207.2 0.0

Parab_fem 896 128 - 0.5
525825 3584 512 - 0.3
7168 1024 — 0.2

Mac_econ 384 128 — 0.3
206500 1535 512 - 0.3
5970 1024 — 0.2




Performance results

Selection of 256 columns by tournament pivoting

m Edison, Cray XC30 (NERSC): 2x12-core Intel Ivy Bridge (2.4 GHz)
® Tournament pivoting uses SPQR (T. Davis) + dGEQP3 (Lapack), time

in secs
Matrices: dimension at leaves on 32 procs
= Parab_fem: 528825 x 528825 528825 x 16432
= Mac_econ: 206500 x 206500 206500 x 6453

Time Time leaves Number of MPI processes
2k cols 32procs 16 32 64 128 256 512 1024
SPQR + dGEQP3
Parab_fem 0.26 026 + 1129 | 46.7 245 13.7 84 59 4.8 4.4
Mac_econ 0.46 254 1510 | 132.7 86.3 111.4 50.6 27.2  — —
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Plan

Randomized algorithms for low rank approximation
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Randomized algorithms - main idea

= Construct a low dimensional subspace that captures the action of A.

® Restrict A to the subspace and compute a standard QR or SVD
factorization.

Obtained as follows:

1. Compute an approximate basis for the range of A (m x n)
find Q (m x k) with orthonormal columns and approximate A by the
projection of its columns onto the space spanned by Q:

A~ QQRTA

2. Use @ to compute a standard factorization of A

Source: Halko et al, Finding structure with randomness: probabilistic algorithms for

constructing approximate matrix decomposition, SIREV 2011.



Why a random projection works

Johnson-Lindenstrauss Lemma

For any 0 < € < 1, and any set of vectors x, .., .x, in R™, let

k > 4(e?/2 — €3/3)"tIn(n). Let F be a random kxm orthogonal matrix
multiplied by /m/k. Then with probability at 1/n, forall 1 <=1, j<=n

(1= Ollxi = x> <= [IF(xi = x)|[* <= (1 + ) |xi — x|

= Any m-vector can be embedded in k = O(log(n)/e?) dimensions while
incurring a distortion of at most 1 4 ¢ between all pairs of m-vectors.

= JL relies on F being uniformly distributed random orthonormal matrix.

® Such an F can be obtained by computing the QR factorization of an
m X k matrix of i.i.d. N(0,1) random variables.

Source: Theorem 2.1 and proof in S. Dasgupta, A. Gupta, 2003, An Elementary Proof of
a Theorem of Johnson and Lindenstrauss
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Typical randomized truncated SVD

Algorithm

Input: m X n matrix A, desired rank k, | = p 4+ k exponent q.

1. Sample an n x | test matrix G with independent mean-zero,
unit-variance Gaussian entries.

2. Compute Y = (AAT)IAG /* Y is expected to span the column space
of A */

3. Construct Q € R™*! with columns forming an orthonormal basis for
the range of Y.

4. Compute B=QTA

5. Compute the SVD of B = Ux V7

Return the approximation Ac=QU-x.vT



Randomized truncated SVD (g = 0)

The best approximation is when @ equals the first k + p left singular vectors
of A. Given A= UZ VT,

QQTA = U[l:m1:k+p)X(l:k+pl:k+p)(V(1:nl:k+p)
A= QQTAll. = oispra

Theorem 1.1 from Halko et al. If G is chosen to be i.i.d. N(0,1), k,p > 2,
g = 1, then the expectation with respect to the random matrix G is

E(||A - QQTA||2) < (1 + Afljl(%lp\/min(m, n)) ok+1(A)

and the probability that the error satisfies

1A= QQT Al < (1+ 11y/k+ p- v/min(m, n) ) ox41(A)

is at least 1 — 6/p”.
For p = 6, the probability becomes .99.
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Randomized truncated SVD

Theorem 10.6, Halko et al. Average spectral norm. Under the same
hypotheses as Theorem 1.1 from Halko et al.,

E(|A— QQTAll2) < (1 + pf1> oes1(A) + Lp*" S 24

j=k+1

= Fast decay of singular values:
1/2
If (Zj>k af(A)) ~ o)1 then the approximation should be accurate.
= Slow decay of singular values:

12
If (Zj>k O'JZ(A)) ~ v/n — koyy1 and n large, then the approximation
might not be accurate.

Source: G. Martinsson's talk
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Power iteration g > 1

The matrix (AAT)9A has a faster decay in its singular values:
® has the same left singular vectors as A

® its singular values are:

a;((AAT)IA) = (a;(A))*7+!
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Cost of randomized truncated SVD

= Randomized SVD requires 2q + 1 passes over the matrix.
® The last 3 steps of the algorithms cost:
(2) Compute Y = (AAT)IAG: 2(2q + 1) - nnz(A) - (k + p)
(3) Compute QR of Y: 2m(k + p)?
(4) Compute B = QT A: 2nnz(A) - (k + p)
(5) Compute SVD of B: O(n(k + p)?)
u If nnz(A)/m > k+ p and g = 1, then (2) and (4) dominate (3).
® To be faster than deterministic approaches, the cost of (2) and (4) need
to be reduced.
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Fast Johnson-Lindenstrauss transform

Find sparse or structured G such that computing AG is cheap, e.g. a
subsampled random Fourier trasnform (SRFT),

G= LD><F><5, where
k+p

® D is n x n diagonal with entries uniformly distributed on unit circle in C

= Fis n x n discrete Fourier transform, Fj = ﬁe‘zm‘u_l)(k_l)/"

m Sis n x (k+ p) random subset of the columns of the identity (draws
k + p columns at random from DF).

Computational cost

(2) Compute AG in O(mnlog(n)) or O(mnlog(k + p)) via a subsampled
FFT

(4) Compute B = QT A still expensive ! — can be reduced by row sampling
References: Ailon and Chazelle (2006), Liberty, Rokhlin, Tygert and Woolfe
(2006).
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Summary of computation cost

Dense matrix A of size m X n

= QR with column pivoting: 4mnk
® Randomized SVD with a Gaussian matrix: O(mnk)
® Randomized SVD with an SRFT: O(mnlog(k))
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Results from image processing (from Halko et al)

= A matrix A of size 9025 x 9025 arising from a diffusion geometry
approach.

A is a graph Lapacian on the manifold of 3 x 3 patches.

95 x 95 pixel grayscale image, intensity of each pixel is an integer < 4095.
Vector x() € R gives the intensities of the pixels in a 3 x 3
neighborhood of pixel i.

W reflects similarities between patches, o = 50 reflects the level of
sensitivity,

wi = exp{—[|x') = xU|12/5%},
Sparsify W, compute dominant eigenvectors of A = D~1/2WD~1/2,
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Experimental results (from Halko et al)

= Approximation error : ||A— QQT Al
® Estimated eigenvalues for k = 100

Approximation error ey Estimated Eigenvalues A;
1
x“Exact” eigenvalue:
| o A; for g =
0% ) %) for g =2 H
\ o Xjforg=1
1 A forg=0
08|
B
07} § 1
° o6f 1
%
g 05} K 1
B0 *
=t XK
= 04F &* q
03f *&& 1
%,
02f *x B
¥,
"
01F 1 01f ’%"‘g
0 . . 0 . .
0 20 40 60 80 100 0 20 40 60 80 100
k J
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Clarksson and Woodruff, STOC 2013

= Based on randomized sparse embedding

m Let S, of size poly(k/€) x n be formed such that each column has one
non-zero, +1, randomly chosen

cor o
coo
coor
| oo
—_
o~ oo
coor

-1

o

m Given A of size n X n and rank k, for certain poly(k/e), with probability
at least 9/10, the column space of A is preserved, that is for all x € R”,

[1SAX||2 = (1 £ €)[[Ax]|2
m SA can be computed in nnz(A) time

Source: Woodruff's talk, STOC 2013



Clarksson and Woodruff, STOC 2013

Main idea

B Let A be an n X n matrix
S be an v x n sparse embedding matrix, v = ©(e~*k?log®(k/¢))
R an t x n sparse embedding matrix, t = O(ke~!log(k/¢))

A" = ART(SART)"1SA

m Extract low rank approximation from A’
= More details in Theorem 47 from STOC 2013

® Theorem 47 relies on S and R being the product of a sparse embedding
and a SRHT matrix
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Clarkson and Woodruff, STOC 2013

= Given n x n matrix A, it computes LDW T, where D is k x k such that
with failure probability 1/10
|A—LDWT|r < (1 +€)[|A— Al

F, Ak is best rank-k approximation.

flops < O(nnz(A)) + (nk?e=* + k3¢ °)log®M (nk?e~* + k3¢~®)

75 of 79



More details on CA deterministic algorithms

u [Demmel et al., 2015] Communication avoiding rank revealing QR
factorization with column pivoting Demmel, Grigori, Gu, Xiang, SIAM J.
Matrix Analysis and Applications, 2015.

= Low rank approximation of a sparse matrix based on LU factorization
with column and row tournament pivoting, with S. Cayrols and J.
Demmel, Inria TR 8910.
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Results used in the proofs

u Interlacing property of singular values [Golub, Van Loan, 4th edition,
page 487]
Let A=[ai|...|an] be a column partitioning of an m x n matrix with
m>n. If A, =Ja]...]a] thenforr=1:n-1
Ul(Ar+1) > Ul(Ar) > 02(Ar+1) >z Ur(Ar+1) > Ur(Ar) > 0'r+1(Ar+1)~

® Given n X n matrix B and n x k matrix C, then
([Eisenstat and Ipsen, 1995], p. 1977)

Imin(B)oj(C) < 0j(BC) < omax(B)oj(C),j =1,... k.
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