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Abstract Most of the numerical simulations in quantum (bilinear) control have
used monotonically convergent algorithms of Krotov (introduced by Tannor et al.
[15]), of Zhu & Rabitz [16] or their unified formulation in [17]. However, the prop-
erties of the discrete version of these procedures have not been yet tackled with.
We present in this paper a stable time and space discretization which preserves the
monotonic properties of the monotonic algorithms. Numerical results show that
the newly derived algorithms are stable and enable various experimentations.

1 Introduction

The control of quantum phenomena is a topic that has been (and is still) a source of
many interesting challenges not only to physics and chemistry but also to the math-
ematics and applied mathematics communities [1,2]. It is in fact the introduction of
rigorous tools from the engineering literature [3],[6] that has contributed to the first
successful laboratory demonstration of control over molecular phenomena [7–12].

The control interaction is modelled through a coupling operator which results in
a bilinear control of the Shrödinger equation. One of the most difficult tasks remains
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the efficient numerical simulation for the design of realistic controls. Results pre-
sented in this paper may thus be applied to other bilinear control problems, we
refer the reader to [5] for a survey on this type of problems. Initially introduced by
chemists and physicists, the algorithms employed to find the controls can still be
improved through the introduction of more rigorous analysis ; one such analysis
is presented in this paper. Here we consider the effect of time discretization on the
properties of the numerical algorithms presented in the literature ; it will be seen
that some important properties generally do not hold true after discretization. To
cure this drawback, a class of new efficient algorithms are proposed that maintain
all the required properties after discretization.

Consider a quantum system prepared in an initial stateψ0 and whose dynamics
is characterized by its internal Hamiltonian H = H0 + V . The operator H0 is the
kinetic part :

H0 = −1

2

p∑

n=1

1

mn
�rn ,

where p is the number of particles considered, mn their masses and �rn the La-
placian with respect to their coordinates. The operator V (x) is the potential part.
By assumption this Hamiltonian may not give rise to an appropriate evolution and
an external interaction is introduced optimally to obtain the desired final property.
This interaction is taken here as an electric field with time-dependent amplitude
ε(t) that influences the system through a time-independent dipole moment operator
µ. The new Hamiltonian H −µε(t) gives rise to the equations (we work in atomic
units i.e. h̄ = 1):

i
∂

∂t
ψ(x, t) = H(x)ψ(x, t)− µ(x)ε(t)ψ(x, t)

ψ(x, t = 0) = ψ0(x), (1)

where we denote by x the relevant spatial coordinates and by ψ0 the initial condi-
tion for ψ subject to the constraint ||ψ0||2 = 1, where ||.||2 denotes the L2 space
norm. By property of (1), the norm of the state is constant with respect to the time.
In the numerical simulations, the ground state i.e. an unitary eigen vector of H
associated to lowest eigen value is generally taken as initial state. Note that this
equation hold on RN but for numerical tests we will consider that x belongs to an
interval [0, L] and that ψ(t, 0) = ψ(t, L) = 0, for a large enough real number L
and for all t . This approach is justified by physical reasons since wave functions
are generally localized in a space interval.

The optimal control framework is then used to find a suitable evolution of
ε(t). The goal that the final state ψ(T ) has prescribed properties is expressed by
the introduction of a cost functional J to be maximized. This cost functional also
includes a contribution that penalizes undesirable effects. One simple example of
such a cost functional is:

J (ε) = 〈ψ(T )|O|ψ(T )〉 − α

∫ T

0
ε2(t)dt, (2)

where α > 0 is a parameter (it may also depend on time cf. [14]) and O is an
observable operator that encodes the goal: the larger the value 〈ψ(T )|O|ψ(T )〉 is,
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the better the control objectives are met (here and in what follows we use the con-
vention that for any functions f (x) and g(x) and any operator A: 〈 f (x)|A|g(x)〉 =∫

f (x)Ag(x)dx). Note that, in general, achieving the maximal possible value of

〈ψ(T )|O|ψ(T )〉 is at the price of a large laser fluence
∫ T

0 ε2(t)dt ; the optimum
evolution will therefore strike a balance between using a low laser fluence while
simultaneously maximizing the desired observable.

At the maximum of the cost functional J (ε), the Euler-Lagrange critical point
equations are satisfied ; a standard way to write these equations is to use a Lagrange
multiplier χ(x, t) called adjoint state. The following critical point equations are
thus obtained [16]:

{
i ∂
∂tψ(x, t) = (H(x)− ε(t)µ(x))ψ(x, t)
ψ(x, t = 0) = ψ0(x)

(3)
{

i ∂
∂t χ(x, t) = (H(x)− ε(t)µ(x))χ(x, t)
χ(x, t = T ) = Oψ(x, T )

αε(t) = −I m〈χ |µ|ψ〉(t). (4)

Efficient strategies for solving in practice the critical point equations (3)-(4) are
given by the monotonically convergent algorithms ([15,16]) that are guaranteed
to improve the cost functional J at each iteration. In the formulation proposed in
[17], the monotonic algorithms are described by the resolution of the following
equations at step k:

{
i ∂
∂tψ

k(x, t) = (H(x)− εk(t)µ(x))ψk(x, t)
ψk(x, t = 0) = ψ0(x)

(5)

εk(t) = (1 − δ)ε̃k−1(t)− δ

α
I m〈χk−1|µ|ψk〉(t) (6)

{
i ∂
∂t χ

k(x, t) = (H(x)− ε̃k(t)µ(x))χk(x, t)
χk(x, t = T ) = Oψk(x, T )

(7)

ε̃k(t) = (1 − η )εk(t)− η

α
I m〈χk |µ|ψk〉(t) (8)

where δ and η are 2 real parameters.
The most important property of this algorithm is given in the following theo-

rem [17]:

Theorem 1 Suppose O is a self-adjoint positive semi-definite operator. Then, for
any η , δ ∈ [0, 2] the algorithm given in Eqns. (5)–(8) converges monotonically in
the sense that J (εk+1) ≥ J (εk).

The implementation of these algorithms involves a time-discretization which
may spoil the monotonic character. Indeed a naive implementation, as the one pre-
sented straighforward [16](see also equation (25)), leads to numerical instabilities
after few iterations. We study here a direct approach to discretize these algorithms
so that they remain monotonic. A preliminary calculation is presented in section 2
which allows to elaborate implicit (section 3) and explicit schemes (section 4).
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2 Preliminary

Let us choose two parameters of time discretization N and�T such that N�T = T
and let us introduce ε j , ε̃ j , ψ j , χ j that stand respectively for approximations of
ε( j�T ), ε̃( j�T ),ψ( j�T ), χ( j�T ). We denote in the following ε = (ε j )0≤ j≤N ,
ε̃ = (ε j )0≤ j≤N , ψ = (ψ j )0≤ j≤N , χ = (χ j )0≤ j≤N .
A simple approach would adopt the first-order split-operator method but for higher
accuracy, we prefer a propagation method based on the second-order split-operator
technique. This method also simplifies algebraic manipulations as it will appear
later (see equation (12)).
In this part, for any prescribed sets ε, ε̃, the computation of the state ψ and the
adjoint state χ is thus defined through a Strang-second-order split-operator method
[13] (see also [16,18,20]) leading to the semi-discretized propagation equations:

{
ψ j+1 = e

H0�T
2i e

V −µε j
i �T e

H0�T
2i ψ j

ψ0 = ψini t ,
(9)

{
χ j−1 = e− H0�T

2i e
−V +µε̃ j−1

i �T e− H0�T
2i χ j

χN = OψN .
(10)

The full (time-space) discretization of these equations is described in the section
5. In what follows, the initial value ψini t will be simply denoted ψ0. We suppose
that ||ψ0||2 = 1. Note that this discretization of (3) and (4) preserves the norm of
the propagated vectors in the sense that:

∀ j, 0 ≤ j ≤ N − 1, ||ψk
j+1||2 = 1,

||χk−1
j ||2 = ||χk−1

N ||2 = ||Oψk−1
N ||2. (11)

Let us consider the time discretization of the cost functional (2):

J�T (ε) = 〈ψN |O|ψN 〉 − α�T
N−1∑

j=0

ε2
j .

Assuming that another set of control amplitudes ε′ is given, with associated state
ψ ′ and adjoint state χ ′, we analyse the difference in the cost functional:

J�T (ε
′)− J�T (ε) = 〈ψ ′

N − ψN |O|ψ ′
N − ψN 〉

+2Re〈ψ ′
N − ψN |O|ψN 〉 + α�T (

N−1∑

j=0

ε2
j − ε′2j ).
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Focusing on 〈ψ ′
N − ψN |O|ψN 〉, we find:

〈ψ ′
N −ψN |O|ψN〉 = 〈ψ ′

N − ψN , χN 〉

=
N−1∑

j=0

〈ψ ′
j+1 − ψ j+1, χ j+1 − χ j 〉

+〈ψ ′
j+1 − ψ j+1 − ψ ′

j + ψ j , χ j 〉

=
N−1∑

j=0

〈ψ ′
j+1 − ψ j+1, (e

H0�T
2i e

V −µε̃ j
i �T e

H0�T
2i − 1)χ j 〉

+
N−1∑

j=0

〈(1 − e− H0�T
2i e

−V +µε′j
i �T e− H0�T

2i )ψ ′
j+1, χ j 〉

−
N−1∑

j=0

〈(1 − e− H0�T
2i e

−V +µε j
i �T e− H0�T

2i )ψ j+1, χ j 〉. (12)

Let us introduce now ψ̃ j = e− H0�T
2i ψ j , ψ̆ j = e

H0�T
2i ψ j , χ̆ j = e− H0�T

2i χ j , χ̃ j =
e

H0�T
2i χ j so that:

〈ψ ′
N − ψN |O|ψN 〉 =

N−1∑

j=0

〈(e
µ(ε̃ j −ε′j )

i �T − 1)ψ̆ ′
j , χ̃ j 〉

+〈ψ̃ j+1, (e
µ(ε̃ j −ε j )

i �T − 1)χ̆ j+1〉.

Thus, defining an approximation of µ by:

µ∗ : (x, y) 	→ i
e
µ(x−y)

i �T − 1

�T (x − y)
, (13)

and

{
a j (x, y) = − 1

α
I m〈χ̃ j |µ∗(x, y)|ψ̆ ′

j 〉
b j (x, y) = − 1

α
I m〈χ̆ j |µ∗(x, y)|ψ̃ j 〉, (14)

we have:

Re〈ψ ′
N − ψN |O|ψN 〉 = α�T

N−1∑

j=0

a j (ε̃ j , ε
′
j )(ε

′
j − ε̃ j )

+b j+1(ε j , ε̃ j )(ε̃ j − ε j ).
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Finally we obtain the formula:

J�T (ε
′)− J�T (ε) = 〈ψ ′

N − ψN |O|ψ ′
N − ψN 〉

+α�T
N−1∑

j=0

[
(ε̃ j − a j (ε̃ j , ε

′
j ))

2 − (ε′j − a j (ε̃ j , ε
′
j ))

2

︸ ︷︷ ︸
φ j (ε̃ j ,ε

′
j )

+ (ε j − b j+1(ε j , ε̃ j ))
2 − (ε̃ j − b j+1(ε j , ε̃ j ))

2

︸ ︷︷ ︸
φ̃ j (ε j ,ε̃ j )

]
, (15)

This formula will help us designing schemes that remain monotonic after the dis-
cretization in time. Indeed a negative part of each sum’s components appears explic-
itly. Canceling out or minimizing these terms will enable us to design monotonic
schemes: given a field εk , the analysis of the negative part of φ̃ j (ε

k
j , ε̃

k
j ) for each j

defines the sequence ε̃k and the analysis of the negative part of φ j (ε̃
k
j , ε

k+1
j ) defines

εk+1.

Remark 1 In fact a j (x, y), b j (x, y), φ j (ε̃ j , ε
′
j ) and φ̃ j (ε j , ε̃ j ) also depend on ε,

ε′ and ε̃ which are used to propagate states and adjoint states. In order to simplify
notations, we have omitted these dependencies throughout this paper.

3 Implicit scheme

A first simple idea consists in canceling out the negative parts of φ j and φ̃ j . This
leads us to define implicitly the control amplitudes. The following procedure is
thus obtained.

3.1 Algorithm

Given initial control amplitudes ε0, ε̃0 and their associated state ψ0 and adjoint
state χ0, suppose that ψk , χk , εk , ε̃k have already been computed. Let us define
just as in (14) (see remark 1):

{
ak

j (x, y) = − 1
α

I m〈χ̃k
j |µ∗(x, y)|ψ̆k+1

j 〉
bk

j (x, y) = − 1
α

I m〈χ̆k
j |µ∗(x, y)|ψ̃k

j 〉,

The derivation of ψk+1, χk+1, εk+1, ε̃k+1 is done as follows:

Step 1: Knowing ψk+1
0 , define ψk+1

j+1 recursively from ψk+1
j by:

• Compute εk+1
j by:

εk+1
j = ak

j (ε̃
k
j , ε

k+1
j ). (16)

• Compute ψk+1
j+1 from (9).
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Step 2: Knowing χk+1
N , define χk+1

j recursively from χk+1
j+1 by:

• Compute ε̃k+1
j by:

ε̃k+1
j = bk+1

j+1(ε
k+1
j , ε̃k+1

j ). (17)

• Compute χk+1
j from (10).

This algorithm is by construction a monotonic discretization of the monotonic
scheme described in [16]. A more general procedure, corresponding to the implicit
discretization of the class of monotonic schemes class introduced in [17], consists
in replacing equations (16) and (17) by the following:

{
εk+1

j = (1 − δ)ε̃k
j + δak

j (ε̃
k
j , ε

k+1
j )

ε̃k+1
j = (1 − η)εk+1

j + ηbk+1
j+1(ε

k+1
j , ε̃k+1

j ).
(18)

Theorem 2 If (δ, η) ∈ [0, 2[2, definitions (18) preserve the monotonicity of the
implicit scheme.

Proof For δ �= 0 and η �= 0, using the definitions (18) of εk+1
j and ε̃k+1

j , the
computation which led to (15) becomes:

J�T (ε
k+1)− J�T (ε

k) = 〈ψk+1
N − ψk

N |O|ψk+1
N − ψk

N 〉

+α�T
N−1∑

j=0

(
2

δ
− 1)(ε̃k

j − εk+1
j )2

+(2

η
− 1)(εk

j − ε̃k
j )

2,

from which monotonicity follows. �
Remark 2 The following definition for control amplitudes also lead to monotonic
scheme:






εk+1
j = (1 − δ)ε̃k

j−1 − δ
α

Re〈χ̃k
j | e

µ(ε̃kj −ε
k+1
j )

i �T −1
�T (ε̃k

j−1−εk+1
j )

|ψ̆k+1
j 〉

ε̃k+1
j = (1 − η)εk+1

j+1 − η
α

Re〈χ̆k+1
j+1 | e

µ(ε̃
k+1
j+1−εk+1

j+1)

i �T −1
�T (ε̃k+1

j −εk+1
j+1)

|ψ̃k+1
j+1 〉.

Note that (18) can be writen the same way:





εk+1
j = (1 − δ)ε̃k

j − δ
α

Re〈χ̃k
j | e

µ(ε̃kj −ε
k+1
j )

i �T −1
�T (ε̃k

j −εk+1
j )

|ψ̆k+1
j 〉

ε̃k+1
j = (1 − η)εk+1

j − η
α

Re〈χ̆k+1
j+1 | e

µ(ε̃
k+1
j −εk+1

j )

i �T −1
�T (ε̃k+1

j −εk+1
j )

|ψ̃k+1
j+1 〉.
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3.2 Existence and uniqueness of solutions

This subsection is devoted to the analysis of (18).

Theorem 3 Suppose that (18) admits the solutions εk+1
j and ε̃k+1

j ; then there
exists M > 0, depending only on δ, η, α, ||O||∞ and ||µ||∞ such that:

∀k ∈ N, ∀ j, 0 ≤ j ≤ N , |εk+1
j | ≤ M, |ε̃k+1

j | ≤ M.

Proof Let us compute an upper bound for ak
j . First, the mean value inequality

yields:

∀X, Y ∈ R,
|e µ(X−Y )

i �T − 1|
|X − Y |�T

≤ ||µ||∞, (19)

from which we deduce that ||µ∗||∞ ≤ ||µ||∞ from the definition (13). Secondly
state and adjoint state verify (11). Then:

||ψk
j+1||2 = 1, ||χk−1

j ||2 = ||Oψk−1
N ||2 ≤ ||O||∞||ψk−1

N ||2 = ||O||∞.
Thanks to the Cauchy-Schwartz inequality, the inequality (19) and the definition
(14) of ak

j give:

∀X, Y ∈ R, |ak
j (X, Y )| ≤ ||O||∞||µ||∞

α
.

Let us define M by:

M = max(||ε0||∞,max(1,
δ

2 − δ
,

η

2 − η
)
||O||∞||µ||∞

α
), (20)

and assume |εk
j | ≤ M and |ε̃k

j | ≤ M have been obtained, then:

|εk+1
j | ≤ |1 − δ|M + δ|ak

j (ε̃
k
j , ε

k+1
j )|.

|εk
j | ≤ |1 − δ|M + δ

||O||∞||µ||∞
α

.

If δ ≤ 1 then M = ||O||∞||µ||∞
α

and |εk
j | ≤ |1 − δ|M + δM = M , otherwise

M = δ
2−δ

||O||∞||µ||∞
α

and in this case |εk
j | ≤ |1 − δ|M + δ 2−δ

δ
M = (δ − 1)M +

(2 − δ)M = M . Which ends the proof by induction. We leave to the reader the
proof concerning ε̃k+1

j , which is quite similar. �
Theorem 4 Assume ||O||∞, ||µ||∞ are bounded, then there exists a solution
(εk+1

j , ε̃k+1
j ) of the system (18).

Proof Given a field ε̃k , the theorem 3 proves that f : x 	→ (1− δ)ε̃k
j + δak

j (ε̃
k
j , x)

maps the interval [−M,M], where M is defined by (20), onto itself. The interme-
diate value theorem states that there exists a fixed-point for f in [−M,M]. Here
again, we leave to the reader the proof concerning ε̃k+1

j . �
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In order to solve (18), Picard’s fixed-point theorem can be used. We precise in the
next theorem sufficient conditions for this method to converge.

Theorem 5 Given ε̃k+1, if:

δ

α
||O||∞||µ||2∞�T < 1, (21)

then the sequence (un) defined as follows:

u0 ∈ [−M,M], un+1 = f (un),

where f is defined in the proof of theorem 4, converges towards the unique solution
of the system (18).

Proof In the following computations, µ denotes both the spacial function and its
evaluation in an unspecified point.Consider the function h defined as follows:

h(θ) = eiθ − 1

θ
.

With this definition µ∗ from (13) can be expressed as:

µ∗(ε̃k−1
j , x) = −iµh(µ(x − ε̃k−1

j )�T ).

Since
dµ∗(ε̃k−1

j ,x)

dx = −iµ2�T h′(µ�T (x − ε̃k−1
j )) and the fact that one can easily

prove that |h′(θ)| ≤ 1, the mean value inequality gives:

|µ∗(ε̃k−1
j , x)− µ∗(ε̃k−1

j , y)| ≤ ||µ||2∞�T |x − y|.
From the definitions (14) and (18), we conclude:

| f (x)− f (y)| ≤ δ

α
||O||∞||µ||2∞�T |x − y|.

which provides the contraction condition under the assumption (21). �

3.3 Remarks on the Newton method

Instead of considering the equation f (x) = x , the Newton method suggests to
consider the equation g(x) = x , where g(x) = x − f (x)−x

f ′(x)−1 . If x0 is the solution of
the latest equation and x a real number, there exists cx between x and x0 such that:

g(x)− g(x0) = g′′(cx )
(x − x0)

2

2
.

A coarse estimate of g′′(cx ) can be done by using the continuity of g′′. Indeed, we
can approximate this quantity by g′′(x0). A simple computation leads then to the
inequality:

|g′′(x0)| ≤ ||O||∞||µ||3∞�T 2

1 − δ
α
||O||∞||µ||2∞�T

. (22)

Note that the denominator in the previous fraction is not equal to zero as soon as
the hypothesis of the theorem 4 is fulfiled. The estimation (22) can be used to give
a hint on the speed of convergence of the Newton method.
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3.4 Numerical results

In order to test the performance of the algorithm, a case already treated in the
literature was chosen [16]. The system under consideration is the O − H bond that
vibrates in a Morse type potential V (x) given by:

V (x) = D0((e
−β(x−x0) − 1)2 − 1).

We refer the reader to [16] for the numerical details concerning this system. The
goal is to localize the wave packet at a given location x ′ ; this is expressed through
the requirement that 〈ψ(T )|O|ψ(T )〉 is maximized, where the observable O is
O(x) = γ0√

π
e−γ 2

0 (x−x ′)2 . Numerical tests carried out on this example show that
although initial iterations of the algorithm are monotonic, starting with a given
iteration numerical instabilities are developed as illustrated in Fig.1. In a first test
parameters δ and η are chosen equal to 1. To solve (18), the Newton method was
used, which displays good performance for �T ≤ 50. In other cases bisection
method was used successfully. In order to test results of [17] we have compared
the case δ = 1, η = 1 which corresponds to [16] with the case δ = 2, η = 0.
Results represented in Fig.1 prove that even if this latter leads to a faster conver-
gence during the first iterations, the level reached by the cost functional is lower than

0
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1.5
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2.5

3

3.5

4

0 2 4 6 8 10 12 14 16

Number of iteration

δ = 2, η = 0 :
δ = 1, η = 1 :

δ = 2, η = 0 and after the 4-th iteration δ = 1, η = 1 :
Previous scheme, unstable after the 5-th iteration :

J �
T
(ε
)

Fig. 1 Numerical instabilities which occured with schemes that are not monotonic after discre-
zation has hidden the better performance of the choice δ = 1, η = 1 appearing after iteration
k = 6. The change of the parameters (δ, η) = (2, 0) → (1, 1) at the 4-th iteration appears to be
very efficient
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in the first case. A good methodology may consist in starting with δ = 2, η = 0,
then switch to δ = 1, η = 1 (see Fig. 1).

4 Explicit scheme

The formula (15) allows also to define an explicit scheme, which facilitates the
implementation with respect to the implicit scheme and thus decreases the overall
computational complexity.

4.1 Algorithm

As above, we only develop the method to propagate ψk+1
j with εk+1

j . Consider the

mapping f j : x 	→ (ε̃k
j − ak

j (ε̃
k
j , x))2 − (x − ak

j (ε̃
k
j , x))2. The optimal choice of

εk+1
j corresponds to the maximum of f j . To localize this point one approximates

f j by its second order expansion in a neighborhood of x = ε̃k
j . Note that this value

cancels f j . Let us define h = x − ε̃k
j and develop the expression:

ak
j (ε̃

k
j , ε̃

k
j + h) = − 1

α
I m〈χ̃k

j |µ∗(ε̃k
j , ε̃

k
j + h)|ψ̆k+1

j 〉

= − 1

α
I m〈χ̃k

j |µ|ψ̆k+1
j 〉

︸ ︷︷ ︸
ε0

−h
�T

2α
Re〈χ̃k

j |µ2|ψ̆k+1
j 〉

︸ ︷︷ ︸
ε1

+h2 �T 2

6α
I m〈χ̃k

j |µ3|ψ̆k+1
j 〉

︸ ︷︷ ︸
ε2

+o(h2), (23)

that leads to:

f j (ε̃
k
j , ε̃

k
j + h) = (ε̃k

j − ε0 + ε1h − ε2h2)2

−(ε̃k
j + h − ε0 + ε1h − ε2h2)2 + o(h2).

The maximum of this polynomial in h is achieved for

hm = ε0 − ε̃k
j

2ε1 + 1
, (24)

which allows to define εk+1
j = ε̃k

j + hm . A similar formula can be obtained for

ε̃k+1
j . The explicit scheme consists in replacing (16) and (17) in the implicit scheme

by these equations.
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4.2 Cost of the algorithm

The complexity of this algorithm can be compared with the first order scheme
described in [16]:

{
εk+1

j = − 1
α

I m〈χk
j |µ|ψk

j 〉
ε̃k+1

j = − 1
α

I m〈χk
j |µ|ψk+1

j 〉. (25)

Note that this original scheme may develop numerical instabilities after a few
iterations.

The only additional cost consists in the computation of ε1 (see equation (23)).
The Fig.2 represents the computational cost of the explicit and standard schemes.
Moreover storage space is the same since the intermediate values to store are in
one case χ j and ψ j and in the other χ̆ j and ψ̃ j .

4.3 Numerical results

This algorithm has been tested on the previous example. Results show that, for
�T ≤ 50 the explicit scheme is more efficient than the implicit one: for�T = 10
and after 6 iterations, J reaches 1.687, instead of 1.406 with the implicit scheme.
In addition the time of computation is divided by more than 2. The evolution of
the values of the cost functional with implicit and explicit schemes is presented in
Fig. 3.
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Fig. 2 Explicit scheme requires 22% more time than the standard one (see equation (25)). The
standard scheme is numerically instable after the seventh iteration
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Fig. 3 Evolution of the cost functional with implicit (δ = 1, η = 1) and explicit schemes

We have also observed that the choice of h = ε0−ε̃k
j

2ε1+1 is close to optimal choice:

with this value φk+1
j (ε̃k

j , ε̃
k
j + h) has always been found to be positive. We have

also tested different choices for h by h/2, 2h or canceling ε1. All these tests lead
to a lower value of J .

4.4 Remark on a change of time step discretization

Both previous schemes provide satisfying results for a large range of discretiza-
tion time steps. We can take advantage of this fact by changing the value of �T
during the computations. In some cases this strategy accelerates the computations
and sometimes gives a better initial guess. Given �T and �t (a large and a small
time-step), some iterations are carried out with the large time-step �T . Then, the
field is interpolated on the finer time grid associated with �t and the algorithm is
restarted with this new field as initial value.
This approach may be justified by the fact that with our current choice Oψ0

N = 0,
leading to χ0

j = 0 for all j < N , consequently and the standard initial value of

the field ε0 = 0 is a critical point of J�T . In practice, numerical errors allow the
algorithm to escape from this critical point which in some sense is numerically
unstable (see for example the first values of J�T in Fig. 1 or in Fig. 3). A large
time step allows to increase these errors and accelerate the optimization process.
This method has been tested on the previous example with the implicit scheme: 5
iterations with �T = 10 have been performed then 10 with �t = 5. After these
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15 iterations the cost functional J reaches 2.69 instead of 2.19 with a constant time
step �T = 5. Thus results are better on two points: value of J is higher and time
is divided by 9. These facts are represented in Fig. 4.

5 Full discretization

All the calculations developed in the preliminary part have been done assuming that
no spatial approximation is used. In practice, we must also choose an appropriate
discretization method to represent the functions and evaluate the spacial hermi-
tian products. The original problem is set on R and, as is classical and already
told in the introduction, we restrict the problem to a bounded interval and impose
homogeneous Dirichlet boundary conditions to supplement the state equations.
The interval is denoted as [0, L] for a large enough real number L . The set of all
regular enough functions over [0, L] that vanish in 0 and L is then considered as
the set of restrictions to ]0, L[ of the set of all odd, 2L-periodic functions of R.
The discretization then proceeds having in mind the Fourier-spectral method. Let
us introduce a discretization parameter M , the spacial approximation is based on
the set of all odd, 2L-periodic functions of (trigonometric) degree ≤ M . We first
notice that the kinetic part of the the Hamiltonian operator (Laplace operator) is
diagonal in the Fourier basis. Second, we notice that, in opposition, the potential
part V −µε is multiplicative in the “physical” space. We thus introduce the points
xi = i

M+1 L . The discrete state functions are sampled at these points and the
unknown are the values ψ(x1), ψ(x2), ..ψ(xM) (note that we take into account
implicitly that ψ(0) = ψ(L) = 0 and the fact that ψ is odd).
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Fig. 4 A change of time step is operated at iteration k = 5
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The algorithm is thus as follows, starting from an approximation of ψ at time
n�T ψ j (x1), ψ j (x2), ..ψ j (xM ), we first unfold ψ by symmetry to get � j =
[0, ψ j (x1), . . . , ψ j (xM ), 0,−ψ j (xM ), . . . ,−ψ j (x1)]. In order to propagate over
half a time step through the kinetic operator we change the representation and
compute �̂ j = fft(� j ), where fft represents the fast Fourier transform algo-

rithm, the evaluation of �̂ j+1/3 = (e− H0�T
2i ).�̂ j , is easy in this Fourier basis

since (e− H0�T
2i ) is a diagonal operator. Next we have to propagate over a full

time step through the potential operator, and thus, we move back to the phys-
ical space and compute first � j+1/3 = (fft)−1(�̂ j+1/3) then truncate � j+1/3 :
ψ j+1/3 = [� j+1/3(2), . . . , � j+1/3(M + 1)]. The propagation is then obtained by
a simple multiplication:

ψ j+2/3 = [e
V (x1)−µ(x1)ε j

i �Tψ j+1/3(2), . . . , e
V (xM )−µ(xM )ε j

i �Tψ j+1/3(M + 1)].
The last propagation in the Strang split-operator method over half a time step,
corresponding to another application of the kinetic operator is done as previously.
In order to justify that this approximation maintains the monotonic property exactly,
we introduce a discrete scalar product

〈ψ, ϕ〉M = 1

M + 1

M∑

�=1

ψ̄(x�)ϕ(x�)

that coincides with the standard L2 inner product for truncated Fourier series of
degree≤ M that are odd.

Still denoting ψ̌ = e
H0�T

2i ψ , it is an easy matter to check that this algorithm keeps
the property : 〈ψ̃1, ψ2〉N = 〈ψ1, ψ̌2〉N , which is the corner stone of the proof of
the monotonicity, as e.g. in (12).
The monotonicity is thus guaranteed in the discretized space case as well.

Remark 3 Full analysis of the convergence of these schemes has yet not been
completely understood. Some theoretical results have however been obtained for
special choices of α [19,4].
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