Domain Decomposition For Some Transmission Problems in
Flow in Porous Media

CLARISSE ALBOIN JEROME JAFFRE JEAN E. ROBERTS
XUEWEN WANG CHRISTOPHE SERRES
Abstract

A variety of models is considered: one-phase flow in a porous medium, two-phase flow in
a porous medium with two rock types, one-phase flow in a porous medium with fractures.
For each of these models the domain of calculation is divided into subdomains corresponding
to the physics of the problem. Then it is shown how to rewrite the problems as interface
problems in order to use nonoverlapping domain decomposition.
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1 Introduction

Domain decomposition methods have been studied for the most part as algebraic tools for solving
problems on parallel machines: see [10] for a review of these methods. However in many models
of flow in porous media arising from environmental problems in the subsurface as well as from
reservoir simulation, the domain of calculation is naturally divided into subdomains correspond-
ing to the physics of the problem. Therefore it is reasonable to construct nonoverlapping domain
decomposition methods which can take into account the coupling of the physical phenomena
taking place in the subdomains. In these methods one rewrites the global problem as a problem
with unknowns on the subdomain interfaces.

After presenting in Section 2 the method for a simple case, namely one-phase flow, we show
in Sections 3 and 4 how it applies to more complex problems: two-phase flow in a porous medium

with two rock types and one-phase flow in a porous medium with fractures.

2 Single phase Darcy flow

We consider first the simple case of an incompressible single phase flow in a porous medium. The
flow is governed by the following equations,
divg = 0, in ©

g = —K Vp, in 0 (2.1)
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Figure 2.1: The domain 2 divided into two subdomains 7 and 2.

where €2 is a polygonal domain. The unknowns ¢ and p are the Darcy velocity and the fluid
pressure and the coefficient K is the absolute permeability which may depend on x € . To

equations (2.1) we add the boundary conditions
p=pgondQp, ¢ ii=qqondy, (2.2)

where 77 denotes the outward normal to Q. 9Qp is the part of the boundary of £ supporting
Dirichlet boundary conditions and 02y the part supporting Neumann boundary conditions, with
00 =00p UdQy.

Now we divide the domain € into two polygonal subdomains €2; and €25 and we denote by I'
the interface between the subdomains: T' = Q115 (see Fig. 2.1). If we denote by (&;, p:),i = 1,2,
the restriction of the solution of the system of equations (2.1),(2.2) to the subdomain ;, then

we have
diV QBZ = 0 iIl Qi,
Pi = Pd on 992; N ONp, '
G-y = qq on 9Q; N0y,
with the transmission conditions
p1=p2, @111 =@ i onl. (2.4)

Here 7i; is the outward normal to §2;. These conditions express continuity of the pressure and
mass conservation.

Let us now discretize the subdomains ; with a mesh 7; of triangles or parallelograms. To
simplify we will assume that the two subdomain meshes are conforming in the sense that their
union forms a regular discretization of the whole domain 2. We denote by &£; the set of edges

associated to 7;.

To approximate the problem we use the Raviart-Thomas mixed finite elements of lowest order
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[9, 1]. For this purpose we introduce the approximation spaces

Xi(g) = {# € RTo() | 51 = g on 9 N0},
M; ={q € L*() | gc € P,(C),C € T},
N = H Py(E).

EeTl

Here RT((€2;) denotes the Raviart-Thomas space of lowest order [8]; functions in this space are
uniquely defined by their flux through the edges of &;. The Darcy velocity J; is calculated in
this space. Py denotes the space of constants and M; and N are spaces of piecewise constant
functions defined on 2; and on I' respectively. The pressure p; inside €); is approximated in M;
and the pressure on I' denoted by A is approximated in N. We will use the same notation for the
approximating functions as for the solution of the continuous problem and we assume now that
the boundary data functions pg and ¢4 are constant on each interval of the discretized boundary
0N

To solve the problem by nonoverlaping domain decomposition techniques we follow ideas from
[5] to reduce the problem in €2 to an interface problem on I'. We introduce Dirichlet-to-Neumann

operators S; associated to each subdomain §2; as follows. Given A; in N we solve the problem

Find g; € )?i(qd), p; € M; such that

/ diV(ﬁi = 0,
Q;

e o o oL (2.5)
ngozwv—/pidlver/ Pa U7
+/)\i6-ﬁi =0, Ve X(0).
r
Then we define S; by
Si(Ai) = @i -1t |r - (2.6)
Our problem can now be rewritten as the following interface problem
Find \; € N,7 =1,2, such that
(2.7)

A1 = Ao, 81()\1)+82()\2)=0

The first equality corresponds to pressure continuity while the second corresponds to mass con-
servation (see equations (2.4)). The Dirichlet-to-Neumann operators S; are affine. Denote by S;
the linear part of S; and by S the constant part: S;(\i) = S;(\;) + Si. With A = \; = Az, the

domain decomposition method is reduced to the linear problem

Find A € N such that

(S1+ S\ = F (28)
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where F' = §1 + §2. One can now apply a conjugate gradient method to calculate A. Pre-
conditionners have been studied. For instance a Neumann-Neumann preconditionner has been
presented and analyzed in [6]. For the case of a decomposition with many subdomains where
some do not touch the boundary of ), the balancing domain preconditionner is robust with
respect to strong variations of the permeability K [7, 3].

In the following sections we show how these domain decomposition techniques apply to a

variety of situations.

3 Two-phase incompressible flow with two rock types

3.1 Formulation of the problem

We consider two-phase flow and we assume that the domain €2 is divided into two subdomains
;, each subdomain corresponding to a rock type. This means that not only are the porosity and
the absolute permeability different in 2; and in €25 but the relative permeability and capillary
pressure curves are also.

Two-phase flow is formulated in terms of a saturation equation and a pressure equation using
the global pressure [2]. We assume the flow to be incompressible and we neglect gravity.

The saturation equation expresses volume conservation for the wetting phase (which is equiv-
alent to mass conservation since the flow is assumed to be incompressible), so inside each sub-
domain §2; we have:

0S;
O +div Pwi =0,

~ ~ . (3.1)
Guwi =T + fi, Ti = —K;ai(S)VSs, fi = Kibi(S;)Ps,

where S; = S,,; is the saturation of the wetting phase (0 < S; <1 ). Here ®; and K; denote the

porosity and the absolute permeability, and g; is the total Darcy velocity, the sum of the Darcy

velocities of the wetting and the nonwetting phases:

QBi = @'wi + Sani-
The coefficients a; and b; depend on the mobilities k,; and k,.; and the capillary pressure p;
which are functions of the saturation:

kwi knwi dpcz kwi

aQ; = —————— = .
’ ’ kwi+knwi

 kwi + ks dS

The capillary pressure iS pe; = Ppwi — Pwi Where pp.; and p,; denote the pressures in the
nonwetting and wetting phases.

Plugging the first equation of (3.1) into the second, one obtains for saturation equation a

nonlinear parabolic equation of diffusion-advection type. The vector 7, the diffusive contribu-

tion to Gy, is due to capillary effects and f; , the advective contribution to J,;, depends on the
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total Darcy velocity ; which is given by the pressure equation that we now describe.

The pressure equation expresses the conservation of the total volume of the two phases. Since

the flow is assumed to be incompressible this takes the form

div QBZ = 0,
- = (3.2)
@i = —K;d;(S;)Vp;
where the global pressure p; is given by
1

The coefficients v; and d; are functions of the saturation S:

s
1. dpe;
Vi = /0 (0i(S) — 5) dgfa di = kwi + knwi-

Continuity of the phase pressures p,,; and p,.,; implies that the capillary pressure p.;, and
consequently the saturation 5;, is continuous, and that the global pressure p; is also continuous
(see definition 3.3). Also, because of phase conservation, the normal components of the phase
Darcy velocities @y; and @, and consequently the normal components of the total Darcy ve-

locity ;, are continuous across any hypersurface.

Now we come to the transmission condition across I' and we assume here for sake of simplicity
that the two capillary pressure curves have the same endpoints.

Across the interface I" we still have phase conservation and continuity of the phase pressures.
This latter condition implies that the capillary pressure is continuous since it is the difference of
the phase pressures, and that the quantity p — ~y is continuous (see equation (3.3)). Thus for the

pressure equation we have the following transmission conditions
p1—1(S1) =p2 —72(S2), @171 = Pa - M. (3.4)

This implies that in general the global pressure p is discontinuous across I'. The second equation
of (3.4) enforces conservation of the global mass of the two phases.

For the saturation equation the transmission conditions are
pc1(51) = pCQ(Sg), (,Bwl . ﬁl = (ﬁwg . ﬁg on . (35)

Thus the saturation is discontinuous in general; the second equation enforces conservation of the
mass of the wetting phase. One should note that the first equation is a nonlinear transmission

condition for the saturation.



6 C.Alboin, J. Jafiré, J.E. Roberts, X. Wang and C. Serres

3.2 The pressure equation

To equations (3.2) we add boundary conditions (2.2). Equation (3.4) shows that the situation
differs now from that in Section 2 in that the pressure p is discontinuous across I' with a given
jump.

We discretize with the same ideas as in Section 2, and we introduce the Dirichlet-to-Neumann

operator S; which associates to A\; € N the flow rate J; - n; where ; is the solution of

Find g; € )?i(qd), p; € M; such that

/ diV(ﬁi = O,
Qi

| @y e v - [ e+ [ paied
Q; Q; oQ;NC'p

+ / (4(S:) + \i) T+ =0, 7 € Ki(0).
T

(3.6)

With this definition of the Dirichlet-to-Neumann operators the problem reduces again to prob-
lems (2.7) and (2.8). In this case A represents p — y(S).

3.3 The saturation equation
To equations (3.1) we add the boundary conditions
S=830n00sp, @uw: T =quqon Isy. (3.7)

Discretizing the saturation equation is more complex than discretizing the pressure equation.
Indeed it is a nonlinear parabolic equation, often advection dominated, with a diffusion term
which degenerates when the saturation is minimum or maximum. We propose the use of a semi-
implicit Euler discretization in time [4]. When calculating the saturation at the n + 1 time level
the advection term is lagging in time at the n time level and calculated with upstream values of
the saturation, while the diffusion term is calculated at the n + 1 time level with the nonlinear
coefficient a lagging also at the previous time level. Thus at each time step one has to solve only
a linear system to calculate the saturation.

We assume that the data Sy and ¢4 are constant on each interval of the boundary 92 and
the approximation spaces for S; and ¢,,; are the same as in the previous sections. Actually since
the advective part of the flow ﬁ is calculated at the previous time level, the main flow unknowm
is the diffusive part of the flow 7.

In order to simplify the presentation, we assume that the domain €2 is rectangular, discretized
with rectangles with sides parallel to the 1 and x2 coordinates axes so we can use a cell-centered
finite volume method. Also the interface I' is supposed to be parallel to the xo axis as in Fig.
2.1. We denote by 0Q;5,0 ;1,0 and 0;r the bottom, top, left and right parts of the
boundary 9 ;.
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With these assumptions the discretized saturation equation is:

Find 7 € )?i(rg), S; € M; such that

sl gn
/(I)iiz z+/ Fpi =0 VCeT,
c At aC

Ers =it ong + FP,
Fin = (‘5’7:'1 “Tic bi(S?_),
n+1 n+1
— —n i 24 3.8
7 i |p= —K?Ea(SiE)—CEIh %2 VE€&,E ¢ 0Qsn, .
E
Sl =S4 when E C 9Qsp N (025 U0QL),

Sl — Sy when E C 9Qsp N (0Qir U QuR),

iCpa
Sl =)\ whenEcCT,i=1,

iCE2

Sidl =X whenECT, i=2,
with the transmission conditions
Pe1(M1) = pe2(N2), Fyi + Fy3 =0onT. (3.9)

We used the following notation: 7i¢ is the outward normal to dC, 7 g is the normal to the edge F
pointing in the positive x; direction if E is vertical or pointing in the positive x4 direction if E is
horizontal, ST is the saturation value which is upstream with respect to ¢;*, and v} = ¢, , — F}".

—H
When E is an interior edge we denote by C'r1 and Cgs the two cells adjacent to E, K ;5 denotes

the harmonic average of K in these two cells, E?E denotes the standard average of S?g?;l and

n+1
iCp2)?

the value of K in the neighbouring edge and hg is equal to half the space discretization step.

and hg is equal to the space discretization step. When E is a boundary edge K, is just

To rewrite problem (3.8),(3.9) as an interface problem we proceed as before and we introduce

for each subdomain €2; the linear Dirichlet-to-Neumann operator S; defined as
Si(\) = (FH it + F) I,

where F;"H is calculated by solving equations (3.8) inside each subdomain ; with a given \; on
T.

Our problem can now be rewritten as the following interface problem

Find A\; € N,i=1,2, such that

p01()‘1) ZPCQ()\Q), 81()\1) + 82()\2) =0. (310)

One observes that the first equation is nonlinear and that the second equation implies that - n is

discontinuous across I'. One way to solve problem (3.10) is to use incomplete Newton iterations
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with a preconditionned GMRES.

Remark: it is possible to make the diffusion term fully implicit. This would lead to use a

nonlinear Dirichlet-to-Neumann operator.

3.4 A numerical example

As an example we consider the displacement of a nonwetting fluid by a wetting fluid with a
mobility 10 times larger. The domain of calculation has two regions with different rock types,
that on the left having an absolute permeability 5 times larger than that on the right. The

injection is parallel to the interface I' between the two rock types (see Fig. 3.1).

high low
permeability permeability

\ /

byt

injected fluid less viscous

Figure 3.1: An example of a displacement in a medium with two rock types.

The capillary functions are given by the standard formula

and are shown in Fig. 3.2. Since K is larger in €3 than in 9, the capillary pressure is smaller in
Q1 than in Q9, so at the interface we can expect a discontinuous saturation smaller in Q. Figure
3.3 shows numerical results at a certain time. The picture on the right shows the total Darcy
velocity field g at a certain time. Since the injection rate is constant along the bottom boundary
and the permeability is low on the right the Darcy velocity in Q9 turns to the left in the vicinity
of the injection boundary. The picture on the left shows the saturation of the injected fluid at
the same time. One can observe the discontinuity at the interface. Note that along this interface,
where the saturation is not equal to zero, the saturation is smaller on the left than on the right

because the capillary pressure curve is smaller on the left than on the right. However further
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Pe

Figure 3.2: Capillary pressure curves, p.; lower and p.o upper.

away from this interface it is the opposite: the saturation, as the absolute permeability, is larger

on the left than on the right.

right).

(

Figure 3.3: Calculated total Darcy velocity (left) and saturation

ith

la W1

decomposition for flow in porous med

4 Domain

fractures

4.1 Formulation of the problem

In this section the domain € is divided into two subdomains €2;,7 = 1,2, by a fracture I' which

is also a porous medium but with higher permeability. This fracture is assumed to have a width

small compared to the size of the whole domain, so in the numerical model it is modelled as the

interface I between the subdomains.
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Here we are interested in understanding the interaction between the flow in the subdomains
and the flow in the fracture. We assume that the flow in the subdomains as well as in the fracture
is governed by Darcy’s law, is incompressible and we neglect gravity.

Interaction between the fracture and the subdomains is assumed to satisfy mass conservation
and pressure continuity. Thus we consider the following set of equations.

In the subdomains:

diV((ﬁi) = 0 in Qi,
G = —K;Vp; in
pi = Dy on 0Q;NT, (4.1)
pi = Pd on 09;NINp,
Gi-y = qq on O0Q; NONy.
In the fracture:
0 L L
ﬂ = @Y1-N1+P2- N9, ON T,
Oxy 5
by
= —o; K20 r ,
©r oKt s on I, (4.2)
Pf = DPfd on OIp,
Y = dqfd on OT'y.

Here Ky, of, ps and s denote the permeability, the width, the pressure and the flow rate in
the fracture, and 0/0 xy denotes the derivative along the fracture.

At the extremities of the fracture there are Dirichlet (on 9T'p) or Neumann (on T" ) bound-
ary conditions. If 0T'p touches 9Q; N O p then pressure continuity implies that the pressure
data must satisfy pq = pra.

The first equation (4.2) expresses mass conservation for the flow in the fracture. The right-
hand side in this equation is the contribution of the subdomain flow to the fracture flow.

We proceed now as in Section 2, defining the same Dirichlet-to-Neumann operators (2.5),(2.6)
and using the same notation. Moreover on I' the pressure p¢ is approximated in a space My of
functions constant on each interval, while the flow rate ¢ is approximated in Xy(grq) a space
of continuous piecewise linear functions which are equal to gz4 on 0T'y.

This results in the following interface problem
Find ¢; € X;(qra), py € N such that
¢
/Sl(pf) +8a(pg) + 5L =0,
r Tf

_ ov
/(Uf Ky) 1<va—/pf—a + (prav) lor, =0 Yv € Xf(qo).
r r Zf

Comparing with problem (2.8) we observe that the problem to be solved here is a global equation

on the interface IT.
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i Sl

Figure 4.1: Calculated Darcy’s velocity for a symmetric and a nonsymmetric flow pattern

4.2 A numerical experiment

To illustrate the model we consider an ideal dimensionless problem. The domain is an horizontal
rectangular slice of porous medium, of dimensions 2 x 1, with a given pressure on the left and
right boundaries and no flow conditions on the top and bottom boundaries. In the domain the
permeability is equal to one. The domain is divided into two equally large sub-domains by a
linear fracture parallel to the x5 axis. In the fracture we chose oy K¢ = 2. For example the
fracture could be of width 0.1 and could have a permeability equal to 20.

Two cases are considered. A symmetric case where pressures on the left and on the right
boundaries of the domain are equal. So the flow is driven only by the fracture and is symmetric.
In the other case there is a pressure drop from the right boundary to the left one. Then the
flow is a combination of the flow in the fracture and that going from left to right in the rest of
the porous medium. Flow in the fracture is driven by a pressure drop of 10 between the two
extremities of the fracture for the first case and a pressure drop of 5 for the second case.

Numerical results are shown on Fig. 4.1. Arrows represent the flow field with length propor-
tional to the magnitude of the velocity. The gray scale represents the magnitude of the velocity
with the lightest color corresponding to the largest velocity. We see that there is actual flow in-
teraction between the fracture and the rest of the porous medium. In particular one can observe
that some fluid is coming out of the fracture and then is coming back into it. In the nonsym-
metric case we notice also that even though most of the flow is attracted into the fracture, there
is still some flow on the left part of the domain pointing toward the left.

5 Conclusion

Studying a few examples of flow in porous media, we met a variety of transmission conditions
which are nonstandard: discontinuity of the scalar variable (pressure or saturation), discontinuity

of the flow rate variable (capillary flow), nonlinear transmission condition (saturation), nonlocal
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transmission condition (porous medium with fractures). In spite of this variety of situations

we showed that domain decomposition techniques based on Dirichlet-to-Neumann operators can

be used to set these problems as interface problems to be solved using domain decomposition

algorithms.
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