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SECOND-ORDER ABSORBING BOUNDARY CONDITIONS FOR THE WAVE
EQUATION: A SOLUTION FOR THE CORNER PROBLEM*

ALAIN BAMBERGERT$§, PATRICK JOLY#, AND JEAN E. ROBERTS?

Abstract. The treatment of domains with corners in the problem of absorbing boundary conditions for
the wave equation is very important from a practical point of view. A technical difficulty appears as soon
as conditions of order greater than or equal to 2 are considered. A solution is proposed for the two-dimensional
case when second-order conditions are used. This solution consists of prescribing an adequate corner
condition. The problem thus obtained is analyzed theoretically and the condition is proved to be optimal.
The results obtained here are illustrated by numerical simulations. Some extensions to higher-space
dimensions and higher-order conditions are proposed.
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1. Introduction. In [4] and [5], Engquist and Majda introduced a sequence of
absorbing boundary conditions for the two-dimensional wave equation in the half-plane
{(x1, x2), x, <0}

*u [d*u azu)
1.1 - (=+=5) =0
(L.1) at? (E)xf 9x3

(the velocity is supposed to be constant and taken equal to 1).
These conditions are given recursively by

u du

Biu=—+—=0 onl={(x,,0)},
1u at . ox, on {(xl )}
*u  d*u  1d%u
1.2 Byu=-—+——---—5=0 onl
(1.2) M atox, 29x on,

_3 19 -0 onl
B,.u _—a_t (Bnu) _4 ax% (Bn—lu) =0 onT.
In [5] it is shown that, according to the Kreiss criterion [8], each of these boundary
conditions is strongly well posed for the wave equation.
If we assume that the interior equation (1.1) also holds on the boundary we may
write (cf. [6])

1 /o a\"
1. Bu=——|—+—] u, =1,2,--,
(1.3) U=on ‘(at ax2> " "

and then it is easy to see that each B, is transparent for plane-harmonic waves striking
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the boundary at normal incidence. Furthermore, if u is a plane harmonic wave of unit
amplitude striking the boundary at an angle of incidence 6 from the normal, then the
amplitude R, of the reflected wave (i.e., the reflection coefficient for B,) is given by

1—cos 6\"
Rn= PR = 02”9 =1,2’.'
<1+cos 0) 0(6™) "

We mention that some extensions of conditions (1.2) and (1.3) have been proposed
in [7] and [15].

For many practical problems we are interested in restricting numerical calculations,
which should be done in theory on an infinite domain, to a bounded domain. Thus
an absorbing condition is needed for the boundary of the bounded domain.

For a domain with a smooth boundary, a solution has been proposed by Engquist
and Majda in [5]. This solution, which makes use of the theory of pseudodifferential
operators, generalizes conditions (1.2). However, if we use a finite-difference scheme
on a uniform grid to compute the numerical solution, it seems more interesting to
restrict the effective calculations to a rectangle. For simplicity of exposition, we restrict
our attention to the case of the quarter-plane Q ={x = (x,, x,)/x,; <0, x, <0} and then
introduce two absorbing boundaries:

I ={(x,0), x,=0}, I, ={(0, x,), x,=0}.
We will denote by zero the corner point (x; =0, x,=0); see below.

A

X2

r,

» X

I,

The initial boundary value problem obtained by taking (1.1) in Q with the first-order
boundary conditions

’u )
——Au=0 inQ,
ot
ou du

(1.4) —t—= onl,
at  9x,
du  Jdu
—+—= onl,,
at  ax,

and appropriate initial conditions

u(x,0)=uy(x) inQ,

(1.5) g%‘(x, 0)=u,(x) inQ
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is well posed, as we have the following energy identity:

9 (1 2 1 du
1.6 —\z += 2dx )+
(1.6) at (2 J;) dx ZJ; |Vu| dx) Jr at

2
—l do=0
(do denotes the superficial measure on I'). Thus the presence of the corner does not
pose any specific difficulty. However, as indicated by the reflection coefficients and
verified by numerical experiments, these first-order conditions give rise to significantly
larger reflected waves than do those of second or higher order.
If we look at the second-order conditions written as

ou

at

’u  d*u  16%u

—+———--—=0 onl,,

> ax, 9t 2 9x? !
(1.7) ) s )

du du 13°u

—+ ——"—2=0 onl,,

at” 9x,9t 2 9x;

it is not at all clear a priori whether the corresponding initial boundary value problem
is well posed. Numerically, if we use a classical finite-difference scheme (for example,
see[12],[13]), a naive matching of conditions (1.7) at zero is ruled out by the appearance
of the second-order spatial derivatives in any expression for B,. Moreover, it can be
shown, as we will see in § 3, that there is no unique solution of the problem in the
class of finite energy functions if no condition at the corner is specified. Furthermore,
it is not clear what corner condition should be chosen, and as reported in [5], an
improper choice of the corner condition may generate instabilities.

Thus, what we propose to do here is to introduce a boundary condition at corner
zero and to study this condition from both a mathematical and a numerical point of view.

The outline of this paper is as follows. In § 2 we explain how we construct our
corner condition and present different extensions of the method we use. In § 3 we
analyse theoretically a family of corner conditions, depending on a parameter, contain-
ing our condition and also the one proposed previously in [5]. We try to show in what
sense our condition is the best one. In §4 we present various numerical results
illustrating the theoretical results of § 3.

2. Derivation of the boundary condition at the corner. The construction of our
corner condition is guided by two quite simple principles:

(i) The corner condition should not introduce a singularity; i.e., regular initial
data should yield a regular solution.

(i) The expression of the corner condition should contain only first-order spatial
derivatives in a given direction.

We consider the wave equation (1.1) in  with boundary conditions (1.7) and
initial conditions (1.5), and we suppose that the initial data functions u, and u, belong
to Cg(Q). The idea is that if u is a C™ solution then (1.1) and (1.7) should be satisfied
at point zero for all time ¢:

2
?—Au=0 atx,;=x,=0 fort=0,
’u  9*u 14°u
axzat_ia_x_i:() atx1=xz=0 fOl‘téO,
1

—=—=0 atx;=x,=0 fort=0.

at?
’u  u  19%u
at* 9x, 9t 2 ax:
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Adding the second two equations and subtracting 3 times the first equation from the
resulting sum, we obtain
30%u. o ou
2 917 9x, 9t 9%, 9t

=0 atx;=x,=0 fort=0.

Then, integrating once with respect to time, we arrive at

30u du  du
S —+—+—=0 atx,;=x,=0 fort=0.

2.1
(2.1) 29t 9x; 0x,

It is interesting to compare this condition with that proposed by Engquist and
Majda in [5]:

2.2) 2—+—+—=0 atx;=x,=0 fort=0,

which is transparent for plane-harmonic waves propagating along the diagonal. In
practice, conditions (2.1) and (2.2) differ very little as v/2 ~3, although they are obtained
from very different considerations.

At this point, as condition (2.1) is necessarily satisfied by any C? solution of (1.1)
and (1.7), it is reasonable to ask if this condition serves any purpose other than
numerical ones, for which it differs negligibly from (2.2). We will see its theoretical
utility in § 3.

(i) Generalization to the n-dimensional case. Let n=2 and put

Qn={x=(xlax2, e ,x,,)elR";x,»<0f0rj=1,2, T, n}-
We consider the wave equation
o’u i
(2.3) EF—Au=0 inQ fort>0

with initial conditions
u(x,0)=uy(x) forxeQ,
d
:91; (x,0)=u;(x) forxeQ,
and the second-order absorbing boundary conditions
u  o’u 1 o’u

2.4 —+ —= — onl}y,
(2.4) at> 3t dx; 2 1sj=k=n 0X; y

k=1,---,n, where I'; is the boundary face of (} whose normal is x,. We suppose
that u, and u, belong to Cg(Q,,). If u is a C*™ solution then (2.3) also holds on I',
and the second-order conditions may be written in the form indicated by (1.3):

o 9\
2.5 —— =0 onTl
(2:5) (at axk) " ko
k=1,---,n
For n>2 in addition to the condition at the corner itself we need a condition for
each lower-dimensional face I'; of Q, where, for J={1,2,-- -, n}, we mean by I,

I'y={xeR"; x, <0forkgJ x,=0forkelJ}.
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If u is a C™ solution then (2.3) as well as (2.5), for all ke J, holds on I';. If we sum
these equations and divide by 2 we obtain
G+Dd%u 9 o du 1. ou

- ¥ == onTy,

2.6
(2.6) 2 97 AtiCr X, 2igroxk

where j is the number of elements in J.
For the corner itself, where J={1,2,-- -, n}, after integration in time, (2.6)
becomes

+19 "9
@.7) L )
2 at j=1axj

We note that, by the Engquist-Majda criterion, the corner condition would be
(2.8) vi—+Y —=0

and that, for sufficiently large n, (2.7) is really quite different from (2.8).
(ii) Generalization to the third-order boundary condition. Again in dimension 2,
we consider the third-order boundary conditions (1.2)

&_'_ d%u é 8%u l o’u
> at*ax, 493tax? 4 9x3ax,

=0 Onrl,

(2.9)
Pu w3 Pu 1 du
*ot*ox, 49tox: 4 9xiox,

=0 r,.
at ontz
As before, we assume that u is C™ so that (1.1) also holds on Iy, k=1, 2, and we
again use the form indicated by (1.3) for the boundary conditions:

(2.10) (i+—a—)3u—0 onT
: At ax ko
for k=1,2.

We sum the following five equations: (2.10) for k=1, (2.10) for k=2, 3 times
(1.1) differentiated once with respect to time, (1.1) differentiated once with respect to
x,, and (1.1) differentiated once with respect to x,. Thus we obtain

EX! 3%u a*u ) ou a*u
2.11 5—+4
(2.11) 3 <8t2 ax, ot>9x,

=0 atO.

at T ox2ax, 9x2ox,

The last two terms on the left-hand side need to be eliminated. We differentiate (2.10)
on I', with respect to x, and (2.10) on I', with respect to x,. Equation (1.1) is
differentiated twice, once with respect to each spatial variable. The resulting three
equations are summed to obtain an equation that can be integrated in time. We then have

a%u a%u o%u 3u 3%u
2 2 + 2 2
at”9x, 9t 9x, Jtax;dx, dxX70x, 9Xx350X,

(2.12)

Summing (2.12) with 3 times (2.11) and integrating the result once in time, we arrive
at the corner condition

3’ 3’ 3’ 3°
(2.13) 15—2’+13< Loy 2 >+7 “—=0 at0.
. at dt dx; 0Jtdx, 0X; 0X,
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As in the case of the second-order boundary condition, the corner condition (2.13)
can be extended with no specific difficulty to the wave equation in R".

It would also be natural to generalize this corner condition to higher-order
absorbing boundary conditions (1.2). This problem does not appear to be so easy. For
example, as fourth-order spatial derivatives in a given direction appear in the fourth-
and fifth-order absorbing boundary conditions (see [5]), our conjecture is that three
corner conditions are needed, and more generally that n corner conditions are needed
for the 2nth- and (2n+ 1)st-order conditions.

3. Mathematical analysis of the two-dimensional problem. Our goal in this section
is to study from a mathematical point of view the following problem:
2

o‘u .

——Au=0 inQ fort>0,
ot

9? ’u  13%u

—Z —=—=0 onI; fort>0,
at>  ax,dt 2 9x;

u  d’u 19°u
— ———=0 onl, fort>0,
9t” 9x, 9t 2 9x5

() ou ou o
y—g+—u-+—u= at0 fort>0,
at 9x; 09X,
u(x, 0) =uy(x) inQ,
Z—I; (x,0)=u,(x) in Q.

For this problem we have the second-order absorbing boundary conditions:

%u  d*u  13%u
CL1 —t————==0 I', fort>0
(CL1) a2 ax,at 2 9x: ontiy for ’

*u  d*u  1d%u
— --—=0 onl, fort>0,

CL2
(CL2) > 9x; 9t 2 9x3

and we consider a general corner condition:

ou ou Ju
(CCv) y—+—+—=0 at0 for¢>0,
at  9x; 0x,

where vy denotes a positive parameter. This generalizes condition (2.1) derived in § 2,
and condition (2.2) of Engquist and Majda. We put

y*=

NIW

It is not obvious how to obtain an existence and uniqueness result for (P,) via
classical methods based on energy identities and a priori estimates. Moreover, this
problem does not fall into the category of corner problems previously treated in the
literature (cf. [9], [11], and [14]). Thus we develop an analysis specific to this problem.
Nonetheless, we cite the work of Lemrabet [10] on the analogous problem for the
Ventcel boundary conditions.

It is clear that (P,) can have a C*(Q)xR™) solution only if y=y*, and that in
this case condition (CCvy) is superfluous. In § 3.3 we will see that if the initial data
functions u, and u, belong to Cg (L), then there does indeed exist a solution u of
(P,+) in C*(QxR™). (The corner condition is not used for this construction.)
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In § 3.1 the corner condition is used to derive a weak formulation of (P, ). This
weak formulation is used in § 3.2 to obtain a uniqueness result and in § 3.3 to extend
the existence result for y = y* to the case in which the initial data lie in H>x H*,

In § 3.4 we obtain an existence result for arbitrary y > 0 and point out the existence
of a singular corner wave when y # y*. We then analyze the properties of this corner
wave.

3.1. Weak formulation of the problem. Suppose there exists a function u such that
ue C3O*xR)NC'(Q %[0, 0)),
3.1) Vt=0 u(t)has compact support,

u satisfies the equations of (P.).

We differentiate the wave equation (1.1) with respect to ¢, multiply by a test function
v(x,, x,) in C3(Q), and integrate in space to see that such a function u satisfies

3
ig(j uvdx)-—J A%vdx=0.
e’ \Jq o ot

Using Green’s formula we obtain

d? d 0’u
3.2) ar (J‘Q u(t)v dx) +E (.L Vu(t)Vo dx) —Lan o1 (H)vdo =0.

Let us transform the boundary integral as follows:

8*u o’u o’u
—J (t)vdo=—J vdx,—J vdx,.
ronat r, 90X, at r, ax, ot

Using the boundary conditions on I'; and I', we see that

o’u d2<J ) 1J’ o%u
- do == dx,)—= | Svd
Jran 0t P T ar r, uoax )75 r2ax%v e

d? J’ ) IJ 8*u
+— uvdx, ) —= | —vdx,.
dtz( r, v 2 2 I, axg v 2
A double integration by parts leads to the equality
1 [ d°u 1J o’u 1J ou v IJ' ou v
—= | —Svdx;—=| —Svdx,==| ——dx;+=-| — —dx
ZJ’Fl ava Yo )nexd T T 2o ax, 0 2 )%, 0%,

—3{—"—’1 (0>+‘9—“<0)}v(0).
1 37

(3.3)

(3.4)

2 9x
We finally use the corner equation (CCy) to obtain

1( d%u 1 [ d%u 1 ou v ou v
——J —zvdxl———J —vdx, == — —dx;+| — —dx,
2 Jr, 0xi 2 Jr, 0x5 2 Ur, 8x, 0x, r, 0% 89X,

(3.5) p
Y
+§‘—i;(u(0)v(0))-

Thus, regrouping (3.2), (3.3), and (3.5), we have proved that u satisfies the equation

d’ d’ d y
(], o) 15 (], war) + 5 ([ vuvoacfuono)
Q

1 ouod Q)
+_J Z2dr=0 forall ve CF(@).
2 FGTGT

(3.6)
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It is clear that (3.6) can have a sense even if u is less regular than required in
(3.1). Thus we are led to introduce the functional space

V={ve H'(Q); 0(x) = o(xi, 0) € H'(I), 0a(x) = 0(0, x2) € H'(T),
01(0) = v,(0) = v(0)}.

Note that V is well defined. Indeed, for v in H'(Q) the trace v, (respectively, v,)

belongs to H'/*(T';) (respectively, H"*(I';)), and thus we can ask if it also belongs to

H'(T',) (respectively, H'(I',)). Moreover, _5;(0) makes sense as u; belongs to
H'((—c0, 0)). Note also that V contains C3 (). We define the following norm on V:

(3.7)

2
(3.8) ol =I |v|? dx+J Vol dx+j IQ’ do +|v(0)|?
o Q rloT

(9v/d7 is the function on L*(T') defined by dv/a7|l; =0v,/9x;, j=1,2). It is easy to
show Lemma 3.1.

LemwmA 3.1. Equipped with the norm (3.8), V is a Hilbert space.

Remark. Note that V is nothing but the closure of C3(Q) for the norm || ||,.

To complete our mathematical framework, we introduce, for H a Hilbert space
(with norm ||-||5) and o a positive number, the space

(3.9) LL(R*; H)= {v(t): R*- H; J+w lo(O|lge™ dt<+oo}.

Such a space is of interest because it is possible to define the Laplace transform of
any v in V by (see [2], [3])

+00
(3.10) 6(p)=J v(t)e " dt forRe(p)>o
0
and to show that the function p - 0(p) € H is analytic in the half-plane Re (p) > 0. In
particular we have the property

?(p)=0 forall peR
(3.11) . .
such that p> o implies v(¢)=0 for all t=0.

Note also that LL(R™; V)< LL.(R*; V)< D'(R*; V).

Now we can give a definition.

DEeFINITION 3.1. A function u(t) is a weak solution of problem (P,) if and only
if there exists o >0 such that

O (w9)en®@ vxL®Es B,

() uO=uweV,  ZO)=ue @),

(iif) j—; (L uv dx) +%23 <L uv do-) +;id—t (L Vuvo dx+%/ u(O)v(O))

+1J MUY hr=0inD'RY) forall ve V.
2 ror aT

Remarks. In (i), the derivative du/dt is taken in the sense of distributions with
values in L*(Q).
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If we choose veD(Q), it is easy to see that (iii) can be interpreted as
*u
a—tz'—Au =0 inD'(R"xQ),

which shows, as Ae Z(H'(Q); H™'(Q)), that d*u/dt* belongs to the space LL(R™;
H7'(9)). Then we deduce that

ue C'([0, +0); H'(Q)) N C*([0, +0); L*(QD)),
which permits us to give a meaning to initial conditions (ii).

3.2. A uniqueness result. Let u be a solution of (P,) in the sense of Definition
3.1. Then for Re ( p) > o its Laplace transform #( p) is, at least formally, a solution of

—Ali+p*li=u,+puy=f inQ,

2 5x_, 93X,
(3.12) | s K
o"u ou 5.
—=—+p—-+ =0 r
2ax2 Pax, P ¥ onta
ou il
—+—+ypii=0 t0
ax; 0x, Ui s
or more exactly, using the weak formulation, of
i(p)eV,
(3.13)

a(p, i(p), 5)=(L(p), o) foralldeV,

where the bilinear form d(p, -, - ) is defined by

a(p, a,a)=I va.v_adx+pzj b dx
(3.14) “ “

s 1 [ 9dod Vouroo—
+ do+— | =% do+2d(0)5(0
pJ’ruv o 2 LMGT o 2u( )9(0),

and the linear form (ﬁ( D), *) is given by
(3.15) (L(p), a>=J u,ddx+p J o dx.
Q Q

We have the following lemma.

LEMMA 3.2. For y>0, if p is a positive real number, the bilinear form d(p, 4, 0) is
V elliptic.

Proof. 1t suffices to write

a(p, 4, )= J |Vii|? dx+p? I |#]* dx+p J |a|? do+—- J'

Q Q r 2p Jr

to deduce that d(p, i, #) =inf (1, 1/2p, p*, v/2)|ld|3% . |

Then, using the Lax-Milgram lemma, we see that problem (3.13) admits, for

(uo, u,) in Vx L*(Q), a unique solution #(p) in H. In particular, if uo=u,=0, we

necessarily have ii( p) =0 for all p > o. Using property (3.9), we deduce the following
theorem.

ot

2 y
do +-=i3(0)|?
o, | 4oty i)
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THEOREM 3.1. The solution u of P,, if it exists, is unique.

Of course, we could try to develop an existence theory for (P,) using the Laplace
transform method. We could hope to prove an existence and uniqueness result for
problem (3.12) when p =7 +iw, n>0 being fixed and w varying in R, and to obtain
estimates on #(n+iw) (in V) for any w in R. We did not succeed in obtaining such
estimates (we can show that such estimates are available in the region w”>=37?, but
we do not know how to extend these estimates to the whole line p = n +iw).

3.3. The existence of a smooth solution for y =y* =3. We assume that the initial
data functions u, and u, belong to C5(Q). We will construct a solution u of (P,«) of
class C®. Toward this end we remark that if u is such a function then the C™ function
v defined by

v=L,L,u,

2 a* 1297

i L =—+ —_—
(3.16) a2 ax, 9t 2 ax?
% 9% 1 87
Ly=—+ —
2792 ox 0t 2 9x%
satisfies
62
a—tf—Au=o in Q for t >0,
vr=0 for t>0,
(3.17)

v(x,0)=10vy(x) inQ,
av

—(x,0)= inQ
at(x,) vy(x) inQ,

where

1,1 9%y 0’Auy 1(3%u;, o’w o*u, a*u,
Vo= A u0+ + + 3 3
2 axl BX2

4 9x39x3 9%, 9%, 2 ax39x, 9x,0x3

1 1 3*u 3*Au 9 9 1/8> 4°
== Ay +- ——S5+——+ (—+——)A2u0—— (——3-+——3- Auy.
2 4 9x70x5 0Xx;0X, \0X; 0X, 2 \ox7 0x3

(3.18)

U;

Furthermore, as u is a solution of the wave equation, we deduce that

1o d\°(a a)\°
(3.19) v=Lu=—(—+—) <—+——) uw
4\ot ox,; at 90X,
Now, to actually construct a C™ solution of (P,«), we let v denote the unique

solution of (3.17) whose existence is guaranteed by the theory of images. We then let
u be the unique solution in the quarter-plane Q of

Lu=v inQ fort>0,
(3.20) u o’u a*u .

U=ug, 5=u1, W=Au0, F=Au1 inQ fort=0.

This problem is well posed, as its solution is obtained by integrating in the quarter-plane
Q={(x,, x3); x,<0, x,<0}. Moreover, its solution u is C~.
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THEOREM 3.2. The function u defined by (3.17), (3.18), and (3.20) is a classical
solution of (P.,-).

Proof. To see that u satisfies the wave equation in ) it suffices to note that
w =0%u/at>— Au is the unique solution to

Lw=0 inQ fort>0,

aw 3w 3w a*w .
w=—=—~=-—3=W= inQ fort=0.

Thus w=0 in ().

Since u is C*™, u satisfies the wave equation on I'. Thus to see that (CL1) holds
for u on I, it is sufficient to show that w,=(9/dt+3/9x,)*u vanishes on I';. For this
result we note that g,(x,, t) = w,(x,, 0, t) is the unique solution of

o a3\
(’“+_’) gi(x,,1)=0 forx,eT’, and t>0,
at  ax,

0
gl(x1,0)=:9—tg1(x1,0)=0 forx, €T,

and thus that g,(x,, t) =0 for x,€I;.

That (CL2) holds for u on I', is demonstrated in the same manner. 0

For completeness we would like to check that the solution u constructed above
belongs to the class of functions for which we obtained the uniqueness result in § 3.2,
i.e., we would like to check that u is a weak solution of (P,) in the sense of Definition
3.1. (While we know that u is C*, we do not yet know that it belongs to the space
LL(R™; V), for which we must show that the energy does not increase more than
exponentially in time.)

In checking the solution we obtain estimates that allow us to extend our existence
and uniqueness result to the case in which the initial data (u,, ;) lies in H>(Q) x H*(Q).
(This result is probably not optimal, though we have not succeeded in improving it.)

THEOREM 3.3. The classical solution u of (P.+) defined by (3.17), (3.18), and (3.20)
is also a weak solution in the sense of Definition 3.1. Thus it is unique.

Proof. Suppose that f and g denote functions regular in { such that

If we multiply this equation by f, integrate over (), and then integrate from zero to ¢
we get

(3.21) lJ’ (f|2dx+JIJ |f|2dx2ds=-1—J |f0|2+J”'[ fedxds,
2 Q 0 JI', 2 Q 0 JQ

where fy(x)=f(x,0). Then, using Gronwall’s Lemma, we obtain

(3.22) J |f|2dx§” |f0|2dx+J'tJ' |g|2dxds},
Q Q 0 JQ

and plugging (3.22) into (3.21) we have

(3.23) th |f|2dx2ds§(1+2t)J |f0|2dx+J”(1+t—s)(J' |g|2dx> ds.
r, Q 0 Q

0
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Now consider two functions w and g defined in ) and related by the sequence
of equalities (with w = w,,,)

dwy 0wy _

at  9x, &

6w12 6W12_

ot ax,
IWy12 aW112=

ot al 12
W22 |, IWr122
Yt = Wi
at 0X,

Then assuming that [, |g|* dx = | G,||* uniformly in time, we get, using (3.22),

|wi|? dx =2(Jw,(0)*+ || Go| *t),

t2
il =2 b0 + 2w OF 1+ 1G5,

r

o

t3
|wi1a|? dxé2{|w112(0)|2+2|w,2(0)|2t+2|w1(0)]2t2+ |+ ||G0||2?},
and finally, with the aid of (3.22) and (3.23), we see that

j f? dx = C(1+ (W O)2+ wana(O) 2+ wea O+ [y )2+ [ Gol 2.
(3.24)

J J’r |w|? dx, dS§C(1+ts)(|W(0)|2+|W112(0)|2+|W12(0)|2+|W1(0)|2+"60”2)-

o 2

We can now invert the roles of x; and x, in the previous estimates. We then introduce
Wy, Wy, and w,,; to obtain

J [w]? dx = C(1+ t*)(|w(0)|>+| w2, (0) >+ | w2, (0) >+ [w,(0)| 3+ || G| %),

(325) "
J J’F [w|? dx; = C(1+ ) ([w(0)|*+ Wiz (0) >+ w21 (0))*+ | wo(0) >+ || Gol|?).

Ngw we can apply estimates (3.24) and (3.25) successively to

L v
ot’ & at’
u v

ox,’ & ox,’

u ov

9%, § avx,’

and we can take || G, >= [ |v,|* dx + [ |V v,/ dx since v satisfies a classical energy identity.
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Using the relations between (v,, v,) and (ug, u,) it is easy to get the following estimate:
d

ul? 2 ul?
j dx+I |Vu|2dx+J do-+J da+J
a ot Q r r

ou i -
= C(+ ) (luoll 35+ lur ) F4))s

where 7 and v denote unit tangential and normal vector fields, respectively, on I'. The
theorem follows. 0

Decomposition of the solution. It is interesting to analyze the structure of the
solution we constructed with the help of the theory of images. Indeed, the solution v
of (3.20) can be written as

2

do

v

v=0v,+vg+vR+ 0%,

where (v;, vk, vk, %) are, respectively, the restrictions to Q of the solutions of the
wave equation in the whole plane R” corresponding to the following initial data (%, &,
being the extensions of vy, v, by 0 outside Q):

8v1

v (X1, X2, 0) = Tp(x,, X,), (xl,xz, 0) =0,(x,, x,),

. 3UR
U}Q(xls x2’0)= —vo(xla _xZ)’ ot (xla x2a0)_ _Ul(xl’ x2)3
> - 8UR
vR(X1, X3, 0) = —0o(—xy, X,), ot — (%, %2, 0)=—=0,(—xy, X),
GUR

U(})z()ﬁ , X2, 0) = To(—x;, —x,), (x1, %2, 0) =0,(—x;, —x,).

Jat
Then the solution u constructed in Theorem 3.2 can be equivalently decomposed:
(3.26) u=u+ur+ur+uy,

where u, is the restriction to Q of the solution #; of the wave equation without
boundary, i.e., with (i, i, being defined as were 0y, 0,),

8
“’—Au, =0,
at
al(x’ 0) = aO(x),
i)
“’(x 0) = ii,(x),

and where u% (j=1,2,0).denotes the restriction to Q of the solution #/ of
3

L(iik) = 0%, h(x, 0)— e (x 0)=0.

The decomposition (3.26) can be interpreted as follows:

® y; is the incident wave.

® uj is the wave reflected by the absorbing boundary T,.

® u} is the wave reflected by the absorbing boundary T,.

® uY is the secondary reflected wave corresponding to the reflection of uk on I,
and that of u% on I',.
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In the case of a point source, we can represent the different wave fronts corresponding
to decomposition (3.26) as shown below. The three curves depicting u; indicate that
the amplitude of u; is greater than that of ux and u%, each represented by two curves,
which is in turn greater than that of ug represented by a single curve. Also, along uy
and u% the arrows point in the direction of decreasing amplitude (cf. numerical results
of §4).

X3

r, Xy

Uy I,

3.4. The case y #3: existence of a corner wave. We return now to the problem
(P,) for arbitrary y> 0. We again assume that all initial data is C* and is compactly
supported in Q. First, suppose that u, is a solution to (P,) for some given y. If we
denote by u* the regular solution of P, for y =3 we may define

— — ¥
v, =u,—u*.

Thus we can decompose u,,:
u,=u*+v,
where u™ is regular everywhere and v, is a function that clearly satisfies the following

equations (here we omit the index y for simplicity):
2

F—-Au:O, xeQ, >0,
3%v  8*v 1%
3 atox 2320 r,, t>

o otox, 20x2 ST 0 (CL),
v % 1%
o Tatox, 22 % Xeln >0 (CL2),

azv+a (av+av) 0, t>0 (CCy)
T2t o\ ) TS x=U, )
Yorr ot \ox, ox,) © Y

0
u(x,0>=a—’t’(x, 0)=0,  xeQ,



ABSORBING BOUNDARY CONDITIONS: THE CORNER PROBLEM 337

with

3*u*

at?

(3.27) g=g,=(y—v%

(We remark that, in this section, for simplicity of exposition we have chosen to
work with the corner condition (CCy)’ instead of (CCvy), since with the zero initial
conditions (CCvy)’ and (CCy) are equivalent.)

What we will do in the following is to show that there exists a solution H, of P
with g = 6(¢). Then v, will be defined to be H,+g, and will thus be a solution to (P )
with g=g,. We will show that v, has a singularity at the corner and will say that v,
is the corner wave due to the corner condition (CCy). Finally, the solution u, to (P )
with g =0 or equivalently to (P,), will be obtained by adding the regular solution u™*
of (P,«) to v,: u, =v,+u*.

To construct the solutlon H, to (P,) we will proceed much as for the construction
in § 3.3 of the regular solution u* to (P,), except that here we need to introduce a
singularity at the corner point. Thus we will start with the elementary solution G to
the wave equation in R* at the point (0, 0) Then, as before, we will integrate G along
the characteristics of (3.19) to obtain G, which should satisfy the wave equation as
well as the zero initial conditions of (P ). However, as G does not vanish on the
boundary T, there is no reason why G should satlsfy the boundary conditions (CL1)
and (CL2) of (Py). However, we observe that 9°G/ax, dx,, which will play the same
role here as v in § 3.3, does vanish on I'. Therefore, taking the corresponding derivative
of G, H=0°G/dx, dx,, we will obtain a function H that we will demonstrate satisfies
all of the equations of (137) except the corner condition. Moreover, we will show that
a constant multiple H, = a,H of H does indeed satisfy the condition (CCvy)'".

To be more precise, we let G denote the solution to

°G
E———AG 5(x)x8(t), xeR? >0,

G(x, 0)——(x 0)=0, xeR>

Then G is given explicitly by
w(P—xi—-x)7"?,  xit+xi<id
0 otherwise.

G(x, t)= {

Next we integrate G twice in the direction (t+x;) and twice in the direction
(t+ x,) to obtain the solution G to the problem

2 2

LG'=—1-(i+i) (i+i> G=G, xeR% >0,
4 \ot 9x, at  9x,

(3.28) P 2& Jop

~ [¢]

G(x,0)=‘2—t(x,0)— — (x,0)= 3(x 0)=0, xeR’

An explicit expression for G may be obtained by straightforward calculation:

(3.29) (3:{5(’“"1*?62)31’(1)(& ),  C+a<r,

0 otherwise,
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where

b s 0_3/2
F(b)= L
(b) L L (1+0)2 7%

(3.30)

?—xi-x3
b(x,t)=—=.
(1) (t—x,—x,)°

Remark. We may further calculate that
4
(3.31) F(b)=(5+§b)\/3—(5+3b) arctan Vb,

with b given by (3.30); however, as we are interested in the derivatives of é, the form
(3.30) is easier to work with.

Concerning the regularity of é, we note that G is bounded but singular along the
plane x,+ x, = t. However, the intersection of this plane with the domain that interests
us, O XR™, is the point x=0, t=0.

Next we introduce the function H defined by

8°G
8%, 9%,

H(x,1)= (x, 1).
We can show the following result. _

THEOREM 3.4. (i) H vanishes in the part of QO XR" outside the closure of the cone

2 2 2

xit+x3;<te. B

(ii) His C* in the part of QOxR™.

(iii) His C' in QxR*\{(0, 0, 0)}.

(iv) The second derivatives of H are singular along x3+ x3 = t>.

(v) H satisfies the wave equation in the distributional sense in R*X R}, and in the
classical sense in QL xR, except along x}+x3=t". In particular

a’H S -

—5;2——AH=0, (x, ) e QxR N{(x, t): x;+x5<t}.
H also satisfies the initial conditions

H(x,0)=aait1(x,0)=0, x €.

(vi) H satisfies the boundary conditions (CL1) and (CL2).

(vii) H satisfies (CC,+)" with g=0 for t>0.

Proof. See Theorem 3.3, Corollary 3.1, and Lemmas 3.2 and 3.3 of [1] for the
details. The idea is the same as that for the smooth solution given in Theorem 3.2,
the difference being that here we have introduced a singularity via the elementary
solution G. 0

We point out that while H satisfies (CC,+)" with g =0 for ¢ >0, it does not satisfy
(CC,+). In fact we establish the following important result.

LeMMA 3.3. The first derivatives of H in time and in space at the corner x; = x, =0,
for t>0, are constant in time and positive, i.e.,

oH
E(O,t)=cl>0 fort>0,

oH oH
—(0,t)=—1(0,2)=¢c,>0 fort>0.
ax, 90X,
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Thus for y >0, we have along the axis (0,0, t), t>0,
d ( OH oH oH

1
— —+—]=—35(0
PTAREY 8%, ax2> a, ©),

where the amplitude a., is defined by

1
;‘= yc,+2¢,>0.

Y

Proof. We consider first the time derivative. From (3.29), (3.30) we calculate

o~ 1 1 ab ab
= = - —_ —_— —_— _+_
H o, asz 2(t x,—x,)F(b) 4(1 —X,) F(b)( ax2>
(3.32) . b b 2
vy Ob 3b )
12(t-xl x,)° (F(b)a . 5% F(b)ax axz)'

Now for x, =x,=0and t>0, b=1 while db/3x, =3b/dx, = t/2 and °b/dx, dx,= 6/ 1.
Thus

H(O,t)=:i(2F(1)—2F’(1)+§~F”(1)), >0,

and we conclude that 9H/at (0, t) is constant, t > 0. More precisely, we have

) v _23 5w ., 1

from which we deduce that

—(0 )= 2—5?’7>0

As H is symmetric in the variables x,, x,, we clearly have 0 H/dx, =0H/dx, at
x =0. We can obtain an expression for d H/dx; from (3.29) by straightforward calcula-
tion that permits us to determine that 6 H/dx, is constant in time at x; =x,=0, >0,
but that is not very amenable to determining that the constant is positive. Thus it is
simpler to proceed in an indirect fashion.

As H satisfies the wave equation in Q, ¢>0, in the distributional sense, on
integrating over () and differentiating in time we obtain

d? d H
—j de,dxz——J a—d'y 0, t>0.
Q rov

ar’ dt
Integrating conditions (CL1) over I'; and (CL2) over I', and adding, we have

d? dJ'aH l[aH oH ]
Hd —dy==|—(0,0,1)+—1(0,0, 1) |.
dtj vdt yzaxl(”)axz(”)

We then combine these two equations to arrive at
3

d d? oH oH ]
a dx, d Hd 0,0, 1)+ (0,0, 1) |.
dt3fo1 - dtf y= 2[%(,0,) .00

The relation between H and G, H=9 G/ 9x; 8x,, gives us

—G(o 0, t)+ [GG(O 0, t)+ (o 0, t)] [af(o,o, t)+§£—1(0, 0, z)].

2
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We calculate from (3.28), (3.29)

. 1
G(0,0, ) =—*F(1
(,,)12 (1),

oG 3G 12 2

—(0,0,t)=—1(0,0, t)=—| —F(1)+=- F’ .

ax,( ) axz( ) 4[ (1) 3 (1)]
Thus we have

dH dH
—(0,0,1)=——(0,0,1)
X, 0x,

1 2
== F(1)+§ F'(1)
1 (' (oc+hHo*?
ZEL (+oy %
=3
=—2—> 0. 0
It is now natural to define
(3.33) H,=a,H,
and it follows that
d H, 0H, oH
= (7 "at7+%7:+%-é> = 5(0)
along the half-line (0, 0, t), t> 0. Thus H,, is a solution to 157 with g = 8(¢). We next put

(3.34) v,=H, *g,,
where g, is given by (3.27), and finally define
(3.35) u,=v,+u*.

THEOREM 3.5. The function u.,, given by (3.35) is the unique weak solution of P,.
u™ is the regular part of the solution and v, is the singular corner wave, whose properties
are:

(i) v, is of finite energy for any t> 0,
(ii) v, is of class C' in QxXR";

(ili) v, has singular second-order spatial derivatives along (a) the line x =0, and
(b) the cone |x|=1.

Proof. See [1] for the proof.

We conclude this section with three important remarks.

Remark 3.1. For each positive v, u, is proportional to u* along the axis x, = x, =0.
Thus u, is C* in time along this axis.

Remark 3.2. For each positive ¥, u, is a solution of (1.1), (1.5), and (1.7) in the
class of finite energy functions. We thus have a counterexample to the uniqueness of
the solution of the problem without a corner condition.

Remark 3.3. It is interesting to note that for each positive vy, the corner wave v,
is proportional to H * 8°u*/at”:

Ak 2%
YT H*a“Q,
ye,+2¢, at

Uy
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and that the constant of proportionality remains bounded between —(y*/2c¢,) and 1/ ¢,
as y ranges between 0 and +oo, the constant being negative for y < y*, positive for
vy> y*, and vanishing for y = y*. In fact we see that v, is well defined even for y=0
except for y=—-2(c,/ ;).

4. Numerical results.

4.1. Numerical scheme. Here we exhibit the results of numerical experiments
confirming the conclusions obtained in the previous section. These results were obtained
using a variational scheme, which we apply not to the wave equation (1.1) itself but
to its time derivative so we can use the boundary equations after the standard integration
by parts in the variational formulation. The discretization in time is obtained using an
explicit scheme incorporating the four time levels n—2, n—1, n, and n+1, as a
third-order time derivative appears in the time-differentiated wave equation. We remark
that it is not the numerical scheme per se that interests us here, and that another
scheme—the finite difference scheme proposed by Engquist and Majda in [5S], for
example—could just as well have been used.

We let ) denote the unit square (0,1)x(0,1) with boundary I' written as the
disjoint union of I'; the upper edge, I'; the right-hand edge, C the upper right-hand
corner, and I'; the left and lower edges with the three remaining corners (see Fig. 1).

X2
A
T, c
1
FR Q r2
0 > x,
0 Tx 1

FI1G. 1. Domain Q and boundary I =T, UT’,U C UT.

The problem we will solve numerically is the following:
(4.1) o= inQ,

with boundary condition

u  d*u  16%u
(4.2), —+——-=—=0 inl,,
ot 9tox, 2 9x3
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u d'u 14%u

4.2 —~=—=0 inT

(4.2), ar*  atox, 2 ox: iz
ou ou 9

(43) y L2 Mo ate
At ax, X,

(4.4) u=0 onlg,

and initial conditions

u=u, att=0,
(4.5)

ou
—=u, att=0,
at

where fe L*(Q) is of compact support.

The solution u will be sought in the space W of functions in H'(Q)) having trace
in H(I"), where by H(T') we will denote the Hilbert space of functions in L*(I") whose
restrictions to I'; and to I', are H' functions determining the same value at the corner
C and whose restriction to I'k is identically zero (see § 3.1):

W={ve H'(Q): trace (u) e H)(T')},
Hy(T)= {pe LZ(F)3 b=, € H'(T)); ¢,= P, € H'(T,);
$:1(C)=¢,(C); and O, = 0}.

Thus, to obtain a variational form of (4.1), we multiply by a test function ve W and
integrate over ():

o’u 0A )
(—?———2, v) = (—f, v) forallve W,
at ot at

where (,) denotes the inner product in L*(Q).
Integrating by parts, we have

BN 3 8%u 3
. = += (Vu, Vo) - =2 (fv) forallveV,
(4.6) at3(u’v) at( u, Vo) <atav’v>r o (f,v) forallve

where (,)r denotes the inner product in L*(I') and » is the outward pointing unit
normal vector on I'. The boundary conditions (4.2) and (4.4) imply

3*u > 9? 1<82u > l<82u >
4.7 - ,0) ==, 0)r—7\ "5, 0) —z\"=,0),
(4.7) <atav v at2< n 2\ox?” /v, 2\ox3 /v,

where (,)r, and (,)r, have the obvious meanings, and integration by parts yields

3’u 3’ 1/0u ov 1/0u av
- B v =_—§<ua U>F+_ N += N
Jat ov r ot 2 0x, 9x, r, 2 90X, 90X, I,
1/0u

Ju
- (5; Q, 1)+a_x2 (1, 1)) o(1,1).

(4.8)

Plugging (4.8) into (4.6) and applying the corner condition (4.3), we arrive at the
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variational problem on which our numerical scheme is based: Find ue W such that
3

3 ] 3’ 1/du av 1/du v
— (U, 0)+— (Vu, Vo)+— (u, v)r+= <———, —-> +- <—, —>
at at at 2 0Xx; 9x, r, 2 90X, 09X, r,
(4.9)
12w, )=2 (£ ) Voew,
275 BRI ] St '
To discretize ) we use a uniform mesh of triangles obtained by cutting diagonally,
from the upper left to the lower right, each of the squares of a uniform mesh of squares.
The approximation u, of u will be sought in the space W, of functions in W
whose restriction to each triangle of the mesh is linear. Thus the degrees of freedom
are the values at the vertices. Mass lumping is used for the integrals not involving
spatial derivatives. Other integrals are computed exactly.
The time discretization is an explicit four-level scheme involving times m, m+1,

m—1, and m—2 and is centered at time m —3. For more details see [1].

4.2. Description of experiments. In these experiments we are concerned with the
reflection by the corner. We study the corner condition (4.3) for several choices of the
constant y, y=1.5, y=0.1, and y=3.0.

To generate strong reflections at the corner, the source was placed near the upper
right-hand corner C = (1, 1) of the domain Q=[0, 1]x[0, 1] with center at (.89, .89)
and radius .04 (see Fig. 2). The source was introduced as a right-hand side, f(x,, x,, t) =
g(xy, x2)h(1):

10,000x (1 —r/.04) if r<.04,
g(xy, x;) = .
0 otherwise,
X2
A
r
1.0 ‘ L P3
®
0.8
Pl. .g P2
0 T,
0.0 > X,
0.0 08 09 1.0

F1G. 2. Source and location of seismograms.
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where r is the distance of the point (x,, x,) from the center of the source (.89, .89),
e °(1-1/.05)* ift<.1,
h(t)= {
otherwise.

The calculations were done with meshsize Ax, = Ax, =.01 and timestep At =.005.

The results of the experiments are presented first in the form of ‘“snapshots”
representing the displacement u as a function of (x,, x,) at the times t=.3 and ¢ =.5,
and then as seismograms representing the displacement u as a function of time
t,0=t=1, at the points P1=(.79,.79) P2=(.99,.79), and P3 =(.99,.99) (see Fig. 2).

The solutions obtained with the various choices of y are compared with the
so-called ““exact” solution, obtained by doing the calculations on the larger rectangle
[0,2]x%[0, 2] so that the wave has not reached any edge and thus there is no reflection
by the observation times t=.3 and t=.5, and so that the reflection has not reached
any of the observation points P1, P2, or P3 by the end time of the experiment, ¢ =1.
We have also presented as seismograms results obtained by using the first-order
absorbing boundary condition for the boundaries I'; and I',. To obtain these results,
(4.2),, are replaced by

u  o’u
oy =0 on Fl,
at~ dtax,
u  d’u
— =0 onl,,
Jat~  dtox,

so that (4.7) becomes

< d’u > 92 ()
- » U =73\, U)r,
atov’ [r ot r

and (4.9) is replaced by

3 2

i) 0 d [S]
o (u, v)+£ (Vu, Vu)+y(u, D>F:6_t(f; v) forallve W.

4.3. Experimental results. In Figs. 3-10 we see snapshots representing the displace-
ment u as a function of (x,, x,) at times ¢t =.3 and ¢t =.5. Figures 3 and 4 give the exact
solution. In Figs. 5-10, to see the reflected wave better, we have pictured the difference
between the solution obtained with the second-order absorbing boundary condition
for the sides x; =1 and x, =1 and the corner condition for the various choices of v,
and the exact solution.

In Figs. 5, 7, and 9, for t=.3 we see at a distance of about § from the corner C
near both boundaries x, =1 and x,=1, a reflection that is due to the second-order
absorbing boundary condition. The amplitude of this reflection is .14, or 16% of the
amplitude .81 of the initial wave at time ¢ =.3. In Figs. 7 and 9 there appears much
nearer the corner a reflection due to the corner that is the y-wave. In Fig. 7, for y=0.1,
v too small, the y-wave is positive of amplitude .25, or 31 percent of the amplitude
of the initial wave, whereas in Fig. 9, for y=3.0, y too large, the y-wave is negative
of amplitude .15, or 19 percent of the amplitude of the original wave.

In Figs. 6, 8, and 10, for =5 we see the reflection due to the second-order
boundary condition now at a distance about 3 from the corner. The amplitude of the
reflection is now .23, or 38 percent of the amplitude .61 of the initial wave at time
t =.5. (This increase in the amplitude of the reflection is expected, since at time ¢t =.5
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FI1G. 3. Exact solution. Time t =.3; minimum = 0.00; maximum = 0.81.
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FiG. 4. Exact solution. Time t =.5; minimum = 0.00; maximum = 0.61.
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FIG. 5. Difference between solution calculated with y=1.5 and exact solution. Time t

0.08.
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FIG. 6. Difference between solution calculated with vy =1.5 and exact solution. Time t=.5; minimum

=0.10.
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FI1G. 9. Difference between solution calculated with y =3.0 and exact solution. Time t = .3; minimum =
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the incident wave is striking the boundary at an angle from the normal much larger
than at time t=.3.) In Fig. 8 the y-wave for small vy is now of amplitude .15, or 25
percent of the amplitude of the incident wave. In Fig. 10 the y-wave for large vy is of
amplitude .10, or 16 percent of the amplitude of the incident wave.

Thus at the earlier time we see that the reflection due to the corner, when v is
improperly chosen, is as large as or larger than that due to the second-order condition
itself. At the later time, however, it has diminished, whereas the reflection due to the
second-order condition has increased. It is important to keep in mind, though, that
the large amplitude reflection due to the second-order boundary condition is caused
by waves striking the boundary at large angles from the normal. Thus the large reflection
propagates at angles close to the tangential and does not travel very rapidly into the
interior of the domain, while the reflection due to the corner travels directly toward
the center of the domain.

We remark that in Figs. 5 and 6, where the ‘““‘good” vy, y = 1.5, has been used, there
seems also to be a slight reflection from the corner, though it is much smaller than the
y-waves appearing in Figs. 7-10. This is, however, only the effect of the second-order
absorbing boundary condition.

The last six figures, Figs. 11-16', are the seismograms giving the response at three
points at equal distances from the source, P1=(.79, .79) in the interior, P2 = (.99, .79)

/)
1 u(P, 1)
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}
4
9
2.0 +
;
1.0 4
]
0.0 v
time
—1.0 YT~
0.0 0.2 0.4 0.6 0.8 1.0

FI1G. 11. Response at P, =(.79,.79). Exact solution; second-order ABC (y = 1.5); first-order ABC.

near the boundary, and P3 =(.99, .99) near the corner. For the odd-numbered figures
the solid line represents the exact solution, the dotted line the solution obtained with
the second-order condition with y=1.5, and the dashed line the solution obtained
with the first-order condition. At all of the points, even at P1 which is farthest from
the boundary, the better behavior of the second-order condition is quite pronounced.

For the even-numbered figures the three curves all represent solutions obtained
with the second-order condition but with different choices of the constant y. For the
solution represented by the solid line we have y =1.5, by the dotted line y =0.1, and

' In Figs. 11-16, “absorbing boundary condition” is abbreviated “ABC.”
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F1G. 12. Response at P, =(.79,.79). Second-order ABC vy = 1.5; second-order ABC vy = 0.1; second-order
ABC y=3.0.
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FIG. 13. Response at P,=(.99,.79). Exact solution; second-order ABC (y = 1.5); first-order ABC.
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FIG. 14. Response at P,=(.99,.79). Second-order ABC vy = 1.5; second-order ABC y = 0.1; second-order
ABC y=3.0.
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FIG. 15. Response at Py=(.99,.99). Exact solution; second-order ABC (y = 1.5); first-order ABC.
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F1G. 16. Response at P; = (.99, .99). Second-order ABC vy = 1.5; second-order ABC y =0.1; second-order
ABC y=3.0.

by the dashed line y = 3.0. Again at each point it is quite clear, especially on comparison
with the exact solution in the corresponding odd-numbered figure, that the better
solution is obtained with y = 1.5. We do remark that by the final time of the observation
all of the solutions with the second-order condition have nearly converged to the exact
solution, while the solution with the first-order condition remains at some distance.
As a final remark, we point out that we have not presented results with the value
v =+2 as proposed by Engquist and Majda [5], since with the scale we used we could
hardly see the difference between results obtained with y =+/2 and those obtained with
vy = 1.5. In fact, for the two-dimensional case with the second-order absorbing boundary
condition, the solution we have presented differs little from that proposed in [5],
though it was obtained from a very different point of view. We have seen that the
second-order condition is much better than the first-order condition even in the presence
of a corner, and that the condition chosen for the corner is significant. Also we have
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shown theoretically that our approach to the corner problem yields a solution to the
problem in three dimensions and can be used to obtain a solution for the corner
problem when higher-order boundary conditions are used.
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