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Résumé

Dans ce mémoire sont présentés mes travaux de recherche s’étendant sur 15 ans et divisés en
deux thèmes : l’investigation du système nerveux autonome comme coordinateur des rythmes
cardio-vasculaires d’une part, et son champ d’application en médecine est la physiologie cardio-
vasculaire, et d’autre part celle du système circadien comme coordinateur des rythmes de la
prolifération cellulaire, dont le champ d’application médical est d’abord la chronothérapeutique
en cancérologie.

Bien que ces deux champs d’application médicale soient aussi séparés que possible l’un
de l’autre, l’unité des méthodes théoriques qui permettent cette investigation repose sur une
conception de la modélisation des phénomènes observés qui relève en partie de techniques
statistiques et de traitement du signal, mais surtout, et c’est pour moi l’aspect le plus intéressant,
de méthodes mathématiques de représentation fondées sur l’étude des systèmes dynamiques
déterministes, équations différentielles ordinaires et équations aux dérivées partielles.

Dans un premier chapitre la problématique générale de recherche est définie, avec ses deux
thèmes d’application à la médecine qui sont présentés chronologiquement. Mon parcours per-
sonnel, comprenant cursus, réalisations et liste détaillée de publications est détaillé dans le
chapitre suivant. Les chapitres 3 et 4 présentent de façon abrégée les méthodes utilisées et les
résultats obtenus, jusqu’aux plus récents. Le chapitre 5 traite des perspectives actuelles pour
l’extension de ces travaux et tente de dessiner le paysage scientifique, local et international,
dans lequel elle a vocation à s’inscrire. Enfin le chapitre 6 est une sélection de publications
venant concrétiser les travaux déjà réalisés.
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par l’alternance lumière / obscurité et ses perturbations . . . . . . . . . . . . . 63
5.3.1 Le pacemaker des noyaux suprachiasmatiques . . . . . . . . . . . . . . 63
5.3.2 Les voies de transmissions du centre hypothalamique à la périphérie . . 63
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cancérologie . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

vii



viii



Chapitre 1

Problématique de recherche : la
coordination des rythmes physiologiques

1.1 Rythmes physiologiques et modélisation mathématique,
intérêt médical en surveillance-diagnostic et thérapeutique

1.1.1 Rythmes physiologiques, essai de définition
Qu’est-ce qu’un rythme physiologique ? On peut le définir comme l’expression tempo-

relle sensiblement périodique d’un phénomène biologique résultant de la succession toujours
dans le même ordre, reconnaissable, de sous-phénomènes qui le constituent, et qui peut-être
macroscopiquement mesurable, tel que le battement du cœur, le mouvement spontané de la
respiration pulmonaire, mais aussi de l’expression d’autres variables plus cachées et d’accès
nécessitant une technologie élaborée, comme le potentiel d’action des cellules excitables, la
pression artérielle, les sécrétions hormonales ou l’alternance activité-repos intrinsèque. Par
“sensiblement périodique” on entend la qualité pour le phénomène observé de se reproduire
à des intervalles temporels de durée sinon constante, du moins s’écartant peu d’une moyenne
calculée sur une fenêtre d’observation comprenant un nombre entier raisonnable, disons entre
20 et 100 (notre approximation immédiate de l’infini. . . ), de ses mesures consécutives. La
médecine, depuis sa fondation en Occident par la pratique et le corpus théorique de la Collection
Hippocratique[1], ne s’est que très peu préoccupée de comprendre les variations de ces rythmes
dans les maladies, et “rythme” a longtemps été synonyme de rythme cardiaque, apprécié au
pouls. L’insuffisance de moyens de mesure fiables du temps a sans doute été pendant longtemps
à l’origine du manque d’intérêt de la médecine pour les rythmes. Souvenons-nous par exemple
qu’au XVIe siècle à Pise, le jeune Galilée, déjà plus physicien qu’étudiant en médecine, uti-
lisait son propre pouls comme base temporelle pour mesurer la période des oscillations d’un
pendule. . .
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1.1.2 Les rythmes physiologiques, régulateurs des grandes fonctions vi-
tales

On sait aujourd’hui que les grandes fonctions des organismes vivants : métabolismes, trans-
ferts d’énergie et d’information, alternance activité-repos, prolifération cellulaire. . . , et leurs
régulations, sont soumises à des rythmes[2, 3] dont la période peut varier de la milliseconde
pour les décharges neuronales à l’année pour certains rythmes hormonaux. La coordination des
rythmes de ces fonctions physiologiques est essentielle au bon fonctionnement des systèmes
qui assurent ces fonctions, permettant à l’organisme de s’adapter au mieux aux variations de
l’environnement, par exemple battement cardiaque et respiration ensemble et tous deux au pas
d’un coureur à pied.

On s’intéressera surtout dans ce mémoire aux systèmes cardio-vasculaire et respiratoire, et à
leur régulation par le système nerveux autonome d’une part, et d’autre part à la régulation de la
prolifération cellulaire par le système circadien. Si les composantes du système nerveux auto-
nome sont connues depuis plus d’un siècle, celles du système circadien, dont les mécanismes de
base relèvent de la biologie moléculaire des gènes, sont de découverte beaucoup plus récente,
des années 1970 à nos jours.

1.1.3 Modélisation des rythmes
Pour rendre compte de ces rythmes et de leur plus ou moins bonne coordination, dans l’or-

ganisme sain comme dans la maladie, des modèles mathématiques, reposant autant que faire se
peut (suivant l’état des connaissances en biologie) sur la compréhension des mécanismes qui
sont à leur origine, ou bien statistiques, analysant de façon plus phénoménologique l’expression
simultanée de ces différents rythmes, ont été utilisés depuis une quarantaine d’années au moins,
quand mathématiciens, physiciens et ingénieurs ont commencé à appliquer leurs méthodes aux
problèmes de la physiologie.

En particulier, des méthodes statistiques et de traitement du signal, utilisant parfois des
connaissances physiologiques a priori, ont d’abord été appliquées à l’étude des régulations
cardio-vasculaires et cardio-respiratoires à l’effort ou dans l’insuffisance cardiaque. Mais plus
récemment, la biologie moléculaire a permis par exemple d’établir des modèles cellulaires
à base physiologique de l’excitation membranaire, et, plus récemment encore, du couplage
excitation-contraction.

Dans le cas des régulations circadiennes, là aussi des méthodes statistiques et de traite-
ment du signal (analyse spectrale et cosinor) ont d’abord été utilisées. Mais la découverte des
mécanismes subcellulaires qui régissent la synthèse de la protéine PER (la première à avoir
été découverte chez la drosophile) et d’autres protéines constitutives de l’horloge circadienne
moléculaire ont heureusement stimulé la construction de modèles mathématiques crédibles des
rythmes circadiens[4].

En quoi consistent précisément dans la pratique ces méthodes? Elles relèvent des domaines
suivants des mathématiques appliquées :

– Traitement du signal et des données, autant que possible en utilisant des modèles statis-
tiques fondés sur des connaissances physiologiques a priori ;
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– Modélisation multiéchelles, de la molécule à l’organisme entier, utilisant le langage des
équations différentielles, des systèmes vivants, avec ou sans intervention d’un contrôle
extérieur, représentant la commande thérapeutique, avant tout pharmacologique, du système ;

– Optimisation de la commande (thérapeutique) des modèles ainsi construits, utilisant des
méthodes relevant du contrôle optimal.

1.1.4 Intérêt pour le médecin
Quel est l’intérêt pour le physiologiste et pour le clinicien de ces méthodes : traitement sta-

tistique des données et modélisation mathématique des mécanismes physiologiques à l’origine
des rythmes? Il est d’abord descriptif et prédictif, donnant de nouveaux outils de mesure du bon
fonctionnement de l’organisme (tels que la variabilité du rythme cardiaque, mesure de l’im-
pact du système nerveux autonome sur l’arc baroréflexe), et ces méthodes servent alors dans
la surveillance et le diagnostic des pathologies. Mais de plus, la modélisation mathématique
des mécanismes physiologiques, lorsqu’elle inclut leur contrôle pharmacologique, a pour but
de représenter l’action des médicaments aux niveaux moléculaire, cellulaire, tissulaire et de
l’organisme entier, ceci afin d’optimiser les traitements.

1.2 Le système nerveux autonome, coordinateur des rythmes
respiratoire, cardiaque et de la pression artérielle, indica-
teur de bon fonctionnement cardio-vasculaire, et ses me-
sures non invasives

1.2.1 Mécanismes physiologiques
Le système nerveux autonome, dont les centres sont situés dans le tronc cérébral et le bulbe

rachidien, a pour mission chez les mammifères le contrôle à court terme des grandes fonctions
vitales : débit cardiaque et circulation sanguine, respiration, oxygénation hiérarchise des teri-
toires vasculaires, notamment. Ses voies afférentes ont pour origine des capteurs tels que les
barorécepteurs aortiques et carotidiens, et rejoignent le noyau du tractus solitaire dans le tronc
cérébral ; ses voies efférentes à destination cardiovasculaires sont sympathiques, au départ de
l’aire pressive bulbaire et de la corne intermédiolatérale de la moelle, et parasympathiques, au
départ du noyau dorsal du vague et ont pour principales destinations le nœud sino-atrial, le
myocarde ventriculaire et les muscles lisses des résistances vasculaires périphériques.

L’effet d’une stimulation sympathique, toujours cardioaccélérateur, est relativement lent, de
l’ordre d’une dizaine de battements cardiaques, tandis que celui d’une stimulation parasympa-
thique, toujours cardiofrénateur, est beaucoup plus rapide, de l’ordre du battement cardiaque.

Ces différences de comportement entre les deux branches du système nerveux autonome,
l’accélératrice lente (sympathique) et la frénatrice rapide (parasympathique), sont à la base de
leur étude moderne par l’analyse spectrale du rythme cardiaque, forme la plus élaborée de
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l’analyse de la variabilité du rythme cardiaque. En effet, les variations à long terme, ou de basse
fréquence, du rythme cardiaque sont le reflet d’un contrôle et sympathique et parasympathique,
tandis que les variations à court terme ne représentent que l’influence parasympathique (plus
rapide).

Les effets dits dromotropes, bathmotropes, tonotropes et inotropes du système nerveux au-
tonome et des médicaments qui le contrôlent sur le muscle cardiaque échappent à cet outil
d’analyse, mais bien sûr ses effets chronotropes au niveau du nœud sino-atrial sont en revanche
bien analysés. En fait l’analyse de la variabilité du rythme cardiaque est utilisée pour évaluer le
bon fonctionnement du système nerveux autonome tel que le révèle la réponse du baroréflexe
à un stimulus, comme par exemple une épreuve d’effort. De ce point de vue, la variabilité du
rythme cardiaque est une véritable fenêtre ouverte sur cette variable cachée qu’est le fonction-
nement du système nerveux autonome, régulateur principal du système cardio-vasculaire.

La mise en jeu de cette régulation, qui coordonne non seulement la synchronie entre pe-
tite et grande circulations, mais aussi la coordination cardio-respiratoire par l’intermédiaire de
l’arythmie sinusale resiratoire, se fait en particulier lors du passage à l’orthostatisme et à l’exer-
cice physique, et elle est prise en défaut dans l’insuffisance cardiaque.

1.2.2 Traitement des données
Il s’agit d’abord de données de rythme cardiaque (“signal RR”), obtenues par détection

de l’onde R du QRS sur l’électrocardiogramme, puis le traitement par analyse spectrale (trans-
formée de Fourier à court terme) du signal RR, et analyses statistiques unidimensionnelles (tests
d’hypothèse, chaı̂nes de Markov cachées) ou multidimensionnelles (analyse en composantes
principales, analyse factorielle discriminante) des composantes spectrales extraites.

L’utilisation de méthodes d’analyse non linéaire (dimension de corrélation intégrale, ex-
posants de Lyapounov, prédiction non linéaire. . . ) qui toutes font l’hypothèse d’un “attracteur
étrange” pour le signal RR, et de méthodes temps-fréquence (transformée de Wigner-Ville) ou
temps-échelle (ondelettes) peut aussi être proposée.

Enfin d’autres techniques associant plusieurs signaux, notamment respiration et rythme RR,
peuvent être utilisées, en particulier la démodulation complexe du signal RR au rythme de
la respiration, permettant de quantifier en continu l’arythmie sinusale respiratoire (augmen-
tation de la fréquence cardiaque à l’inspiration et diminution à l’expiration -effet du pom-
page thoracique de sang veineux par abaissement de la coupole diaphragmatique et stimulation
de mécanorécepteurs pulmonaires-, elle reflète un bon contrôle du pacemaker sinusal par la
branche parasympathique du système nerveux autonome).

1.2.3 Modélisation mathématique
La dépolarisation électrique des cellules cardiaques, au niveau individuel, comme au niveau

de l’organe, leur conséquence sur l’entraı̂nement du système cardio-vasculaire (le cœur en tant
que pompe) et leur commande par les message du système nerveux autonome, peuvent être
représentées par des systèmes d’équations différentielles, ordinaires au niveau d’une cellule,
et aux dérivées partielles quand il faut représenter la propagation de l’onde de dépolarisation
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dans le myocarde. Le contrôle thérapeutique peut alors se voir comme une modification des
paramètres d’excitabilité, de conductivité, de contractilité ou de relaxation des cardiomyocytes.

1.3 Le système circadien, coordinateur des mécanismes de
prolifération cellulaire, et sesmesures non invasives ; bases
théoriques de la chronothérapie des cancers

1.3.1 Observations initiales et questions physiologiques
Fenêtres d’accès au contrôle physiologique de la prolifération cellulaire par le système cir-

cadien, les rythmes de la température centrale et de l’alternance activité-repos mesurée par ac-
timétrie (chez l’homme grâce à un bracelet-enregistreur) permettent d’apprécier non-invasivement
le bon fonctionnement de l’horloge circadienne centrale des noyaux suprachiasmatiques (situés
dans l’hypothalamus), première horloge circadienne à voir été identifiée.

Il a été observé depuis quelques années grâce aux travaux de l’équipe de Francis Lévi
à l’hôpital Paul-Brousse qu’une désorganisation de ces rythmes circadiens chez les patients
cancéreux était un facteur de mauvais pronostic et d’autre part qu’une perturbation expérimentale
de ces rythmes chez des souris augmentait la vitesse de croissance initiale de tumeurs greffées.

Enfin, la chronothérapie des cancers, pratiquée dans la même équipe et dans d’autres centres
hospitaliers, a permis en optimisant théoriquement l’heure du pic d’administration par voie
générale des médicaments d’obtenir des résultats significatifs en termes d’amélioration du taux
de réponse au traitement, de la tolérabilité clinique et de la survie des patients.

1.3.2 Traitement des données
Le traitement statistique des données expérimentales : courbes de température et d’actimétrie,

courbes de croissance du poids tumoral, expression des gènes par qRT-PCR se fait par des
méthodes statistiques classiques (tests d’hypothèse) ou par analyse spectrale et par la méthode
du cosinor quand un rythme est recherché.

1.3.3 Modélisation mathématique
La modélisation mathématique de la croissance tumorale (avec ou sans traitement) par

systèmes dynamiques différentiels est plus originale et tente d’apporter un fondement théorique
à la chronothérapie des cancers. Elle nécessite pour cela l’adjonction d’un modèle pharma-
cocinétique-pharmacodynamique (PK-PD) de l’action des médicaments utilisés et l’introduc-
tion de méthodes mathématiques d’optimisation du débit de perfusion prenant pour objectif
l’élimination d’un maximum de cellules tumorales sous la contrainte de respecter les cellules
saines dans des limites paramétrisables, représentant la capacité du patient, variable selon son
état général, à supporter la toxicité du traitement.

5



Avant de pouvoir procéder à l’optimisation de la fonction de perfusion (le débit d’une pompe
programmable en fonction du temps) qui vient contrôler le système dynamique représentant si-
multanément la croissance tumorale et le maintien de l’homéostasie des tissus sains, il faut
représenter l’influence de l’horloge circadienne sur la croissance cellulaire (saine ou tumorale)
et sur les systèmes de détoxification cellulaires des molécules exogènes, influence qui est res-
ponsable des variations circadiennes observées, sinon toujours expliquées, de l’efficacité anti-
tumorale et de la toxicité non désirée sur les tissus sains.

Cette modélisation peut se faire de manière plus ou moins fine suivant le niveau de des-
cription voulu, des interactions moléculaires aux effets globaux en termes de dynamique des
populations cellulaires, mais plus les mécanismes à prendre en compte sont nombreux (par
exemple des modes d’action différents de médicaments donnés en association, ou encore une
toxicité d’un médicament sur l’horloge centrale), plus proche du niveau moléculaire doit être le
modèle.
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Chapitre 2

Parcours personnel, réalisations,
publications

2.1 Curriculum vitæ
Né le 18 Mars 1950, à Dakar (Sénégal).

2.1.1 Formation
1967 Baccalauréat Mathématiques Élémentaires à Angers (Maine-et-Loire).

1969-78 Études de mathématiques à Paris (Paris VI et Paris VII).

1977 Agrégation de mathématiques (91e sur 198).

1978 Doctorat de 3e cycle de mathématiques de l’Université Paris VII sous la direction de F.
Norguet et D. Barlet (mention très honorable) ; sujet de la thèse : “Intersections de familles
analytiques de cycles”.

1978-86 Études médicales au CHU Broussais-Hôtel-Dieu (Paris VI).

1989 Doctorat en médecine de l’Université Paris VI sous la direction de Cl. Gaultier et L. Curzi-
Dascalova (mention très honorable) ; sujet de la thèse (soutenue à Paris XI) : “Étude de la
variabilité du rythme cardiaque pendant le sommeil de nouveau-nés”.

2.1.2 Activités d’enseignement
1981-89 Professeur de mathématiques dans l’enseignement secondaire.

1996-2001 (et à nouveau 2003-04) Professeur agrégé de mathématiques à l’Université Paris VIII
(St. Denis). Enseignement des mathématiques en 1er cycle (“Fondements”, Intégration,
Séries, Calcul différentiel, Algèbre linéaire) et en licence de sciences économiques (Algèbre
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linéaire, Systèmes dynamiques) et en licence et maı̂trise de mathématiques (Topologie et
calcul différentiel, Systèmes dynamiques).

2003-2007 Participation à l’enseignement dans le DU de chronobiologie de l’université Paris VI (Y.
Touitou, Pitié-Salpêtrière) : “Traitement des données en chronobiologie” ; participation à
l’enseignement dans l’École Doctorale “Innovation thérapeutique” de l’université Paris
XI (P. Couvreur, Châtenay-Malabry), dans le module de chronothérapeutique (F. Lévi) et
dans le M2 “Pharmacologie-pharmacocinétique-toxicologie” de l’université Paris XI (M.
Pallardy).

2007 Chargé d’un cours à option en 3e année (15 h) à l’École Centrale de Paris (Châtenay-
Malabry) : Modélisation de la prolifération cellulaire et tissulaire.

2.1.3 Activités de recherche
1976-78 Allocataire de recherche DGRST en mathématiques à l’université Paris VII.

1989-96 Détaché (CR1) à l’INRIA-Rocquencourt (projet SOSSO). Traitement des données de
rythme cardiaque et modélisation cardio-vasculaire.

1996-2001 Collaborateur extérieur à l’INRIA (projet SOSSO).

2001-03 Détaché (CR1) à l’INRIA-Rocquencourt (projet SOSSO).

2003-04 Collaborateur extérieur à l’INRIA (projet BANG).

2004-07 Détaché (CR1) à l’INRIA-Rocquencourt (projet BANG). Modélisation du cycle cellulaire
et optimisation de la commande thérapeutique.

2001-07 Chercheur dans l’équipe INSERM “Chronothérapeutique des cancers” (E 0118, puis
0354) devenue U 776 “Rythmes biologiques et cancers”, directeur F. Lévi, Hôpital Paul-
Brousse, Villejuif. Modélisation pour l’optimisation thérapeutique en cancérologie.

2007 Intégré comme chercheur titulaire (CR1) dans le projet BANG de l’INRIA-Rocquencourt.

2.1.4 Activités d’encadrement de la recherche
1990 Juillet-août : Encadrement à l’INRIA de Christopher Leffler, étudiant en médecine et

sciences à la Harvard-M.I.T. Division of Health Sciences and Technology (niveauM1 ac-
tuel). Thème du stage : digitalisation et traitement d’électrocardiogrammes de nouveau-
nés.

1990-1991 Février–octobre : Encadrement à l’INRIA de Michael Eiselt, médecin assistant, attaché de
recherche à l’Institut de Physiopathologie de l’Université Friedrich-Schiller (Iéna, Alle-
magne), boursier du gouvernement français dans le cadre d’un accord de coopération avec
l’INSERM (niveau postdoctoral). Travail effectué : digitalisation et traitement d’électro-
cardiogrammes de nouveau-nés.
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1991 Juin-juillet-août : Encadrement à l’INRIA, en liaison avec G. Celeux, du projet CLOREC,
de l’INRIA, de Gino Ranaivoarisoa, stagiaire de 2e année de M.S.T. à l’Université Paris
XIII (niveau M2 actuel). Thème du stage : analyse des données appliquée à des signaux
biomédicaux.

1991-1993 Encadrement à l’INRIA de Ljubomir Spassov, médecin assistant de pédiatrie à la Faculté
de Médecine de Sofia (Bulgarie), chercheur à l’INSERM (CJF 89-09, Clamart, Dir. Pr.
Cl. Gaultier) sur “poste vert” de mai 1991 à mars 1993 (niveau postdoctoral). Travail
effectué : digitalisation et traitement d’électrocardiogrammes de nouveau-nés.

1992 Mai–août : Encadrement à l’INRIA, avec G. Celeux, du projet CLOREC, de l’INRIA, de
Nadine Colinot, stagiaire de 2e année de l’ISUP (niveau M1 actuel). Thème du stage :
analyse des données appliquée au rythme cardiaque de nouveau-nés.

1993 Février–juillet : Encadrement à l’INRIA, avec Jacques Henry et Claire Médigue, de Chris-
tophe Vermeiren, stagiaire de DEA en génie biomédical (Créteil, niveau M2 actuel).
Thème du stage : évaluation de méthodes temps-fréquence et de traitement du signal non-
stationnaires appliquées à des signaux électrophysiologiques.

1993-94 Décembre-juin : Encadrement à l’INRIA, avec Jacques Henry et Jean-Jacques Codani
(Action Génome), d’Alain Gateau, stagiaire de DESS en informatique appliquée à la
biologie (Versailles, niveau M2 actuel). Thème du stage : développement d’une méthode
de reconnaissance par chaı̂nes de Markov des zones codant pour des protéines dans des
séquences de génome.

1994 Juillet-août : Encadrement à l’INRIA, avec Claire Médigue et Christophe Vermeiren,
d’Alfonso Ehijo, ingénieur et professeur auxiliaire à la Faculté d’Ingénierie de l’Uni-
versité du Chili (Santiago), dans le cadre d’un contrat de coopération ECOS (niveau
postdoctoral). Thème du stage : étude des interactions cardiorespiratoires au cours du
sommeil ; essai de classification du sommeil en stades à l’aide des signaux respiratoire,
de rythme cardiaque, et des mouvements, oculaires et corporels.

2003-05 Participation à l’encadrement de la thèse de doctorat de mathématiques de Philippe
Michel, soutenue le 5 décembre 2005 à l’université Paris IX-Dauphine, sous la direction
de Stéphane Mischler et Benoı̂t Perthame. Sujet de la thèse : “Principe d’entropie relative
généralisée et dynamique de populations structurées.”.

2005 (Mars-septembre) : Encadrement à l’INRIA (projet BANG) de Houssem Eddine Miled,
élève-ingénieur en fin d’études à l’École Polytechnique de Tunisie (niveau M2 actuel).
Thème du stage : optimisation de la chronothérapeutique en cancérologie.

2005-06 Encadrement avec Benoı̂t Perthame à l’INRIA (projet BANG) de Fadia Bekkal Brikci (ni-
veau postdoctoral). Sujet du postdoc : Cinétique de populations cellulaires et thérapeutique
du cancer.
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2005- Encadrement avec Francis Lévi à l’INSERM d’Ida Iurisci, médecin en thèse de doctorat
ès sciences entre les universités de Chieti (Italie) et Paris-Sud. Modélisation de l’action
cytotoxique du seliciclib, nouvel inhibiteur de kinases cycline-dépendantes (CDKI).

2006 (Février-juin) : Encadrement à l’INRIA (projets BANG et ESTIME) de Jan Stuchly, étudiant
du master M2 “Mathématiques de la modélisation” de Paris VI et doctorant de l’Univer-
sité Charles à Prague. Co-encadrement avec Jean-Charles Gilbert (ESTIME). Thème du
stage : Identification d’un modèle sur données expérimentales et évaluation de perfor-
mances d’algorithmes d’optimisation.

2006-07 (Septembre-mars) : Encadrement à l’INRIA (projets BANG et MAXPLUS) d’Emilio
Seijo, stagiaire de M2 (Mexico). Co-encadrement avec Benoı̂t Perthame et Stéphane Gau-
bert (MAXPLUS). Thème du stage : Contrôle de processus de croissance et optimisation
de la valeur propre de Perron.

2007 (Février-juin) : Encadrement à l’INRIA (projets BANG et MAXPLUS) de Thomas Le-
poutre, stagiaire de M2 (Paris VI). Co-encadrement avec Benoı̂t Perthame et Stéphane
Gaubert (MAXPLUS). Thème du stage : modélisation du cycle cellulaire et contrôle de
la valeur propre de Perron.

2007 (Février-juin) : Encadrement à l’INRIA (projet BANG) de Luna Dimitrio, stagiaire de
M2 (Paris VI). Thème du stage : modélisation pharmacocinétique-pharmacodynamique
intracellulaire d’un anticancéreux.

2007-. . . (Juin 2007-. . . ) Encadrement à l’INRIA (projet BANG) de la thèse de doctorat d’Anna-
belle Ballesta (Paris XI). Sujet de la thèse : modélisation moléculaire de la pharmaco-
cinétique-pharmacodynamie intracellulaire d’un anticancéreux.

2007-. . . (Septembre 2007-. . . ) Co-encadrement à l’INRIA (projet BANG) avec Benoı̂t Perthame
(directeur principal) de la thèse de doctorat de Thomas Lepoutre (Paris VI). Sujet de la
thèse : modélisation de phénomènes de croissance issus de la biologie.

2.2 Parcours de recherche

2.2.1 Parcours mathématique : formation et recherche
1969-71 1er cycle de mathématiques à Paris, puis Paris VI.

(1970 : DUES 1. Mention Bien. 1971 : DUES 2. Mention Assez Bien.)

1971 Reçu au concours de l’IPES (22e sur 141) à Paris VI en mathématiques.

1973 Maı̂trise de mathématiques à Paris VII :

– Topologie générale (A. Revuz). Mention Bien.
– Fonctions analytiques (R. Godement). Mention Très Bien.
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– Algèbre (G. Ruget). Mention Assez Bien.
– Calcul différentiel (M. Berger).
– Intégration (J.-L. Verdier). Mention Assez Bien.
– Distributions (F. Norguet).
– Analyse et probabilités (J. Neveu).
– Variétés différentiables (P. Libermann). Mention Très Bien.

1974 CAPES théorique (oral).

1975 CAPES pratique. Mise en sursis d’intégration pour études.

1976 DEA de mathématiques à Paris VII, sous la direction de D. Barlet. Mention Bien :

– 1/2 AEA “Géométrie algébrique élémentaire” (D. Barlet). Mention Bien.
– 1/2 AEA “Variétés analytiques compactes” (J.-L. Stehlé). Mention Assez Bien.
– Mémoire de DEA (directeur : D. Barlet) : “Algèbres de Banach commutatives. Trans-

formation de Gel’fand. Frontière de Shilov.”. Mention Très Bien.

1976-78 Boursier DGRST en thèse de 3e cycle de mathématiques à Paris VII.

1977 Reçu à l’agrégation de mathématiques (91e sur 198). Option “probabilités et statistiques”.

1978 Doctorat de 3e cycle de mathématiques à Paris VII, sous la direction de D. Barlet et
F. Norguet. Mention Très Honorable. Sujet : “Intersections de familles analytiques de
cycles”.

1977-84 puis à nouveau 1991-95 : Interrogateur en classes préparatoires, au lycée Louis-le-Grand
(HX et XP’, pendant 7 ans), puis au lycée Hoche, à Versailles (XM et XP), en mathématiques ;
en 1995-96 : petites classes à l’ENSTA (MA 103 : analyse, IA 101 : méthodes numériques).

1989-93 Détachement à l’INRIA, et à la suite du doctorat en médecine (sujet de la thèse : “Étude
de la variabilité du rythme cardiaque pendant le sommeil de nouveau-nés prématurés et
à terme”) : Applications de l’analyse de Fourier et de méthodes statistiques multidimen-
sionnelles (analyse en composantes principales, analyse discriminante) au traitement des
signaux biomédicaux.

1992-93 Étude par des chaı̂nes de Markov cachées du rythme cardiaque des nouveau-nés (pour y
déceler l’état du système nerveux autonome, variable cachée).

1993-94 Étude par des modèles markoviens (chaı̂nes de Markov non cachées) de la reconnaissance
de séquences codantes dans des séquences de génome.

1993-95 Étude par des modèles électrophysiologiques de type Hodgkin-Huxley de la dynamique
des cellules pace-maker du nœud sinoatrial et de sa régulation par le système nerveux
autonome.
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1994-96 Étude d’algorithmes évaluant des paramètres déterministes (de type “chaotique”), et ap-
plication à l’étude de séries de rythme cardiaque selon l’état du système nerveux auto-
nome.

1995-98 Étude d’un modèle en boucle fermée de la régulation du système cardio-vasculaire (rythme
cardiaque, pression artérielle) par le système nerveux autonome.

1998-2000 Contrôle de la période d’un modèle d’oscillateur biologique (protéine PER de la droso-
phile, modèle d’A. Goldbeter) par stimulation intermittente.

2000- Construction d’un modèle d’efficacité antitumorale et de toxicité d’un médicament anti-
cancéreux administré par perfusion chronomodulée.

2003- Modélisation du cycle cellulaire et applications de méthodes de contrôle optimal à la
thérapeutique anticancéreuse.

2.2.2 Parcours médical : formation et recherche
1978 Inscription en 1e année de médecine (PCEM1) au CHU Broussais-Hôtel-Dieu (Paris VI).

1979 Reçu au concours de fin de PCEM1 au CHU Broussais-Hôtel-Dieu.

1979-80 PCEM2, et, en parallèle, dans le cadre de la maı̂trise de biologie humaine:
Certificat de biochimie générale (Pr. J. Polonovski, CHU St. Antoine), et 1/2 certificat de
méthodes statistiques (Pr. Lellouch, CHU Kremlin-Bicêtre).

1980-84 Deuxième cycle des études médicales (DCEM) au CHU Broussais-Hôtel-Dieu. Externat :

– DCEM2 (1981-82) :
– Consultation de gynéco-endocrinologie (Dr. Canu), hôpital Saint-Michel, Paris.
– Service de cardiologie (Dr. Droniou), hôpital du Val-de-Grâce, Paris.
– Laboratoire de biochimie “hormones et protéines” (Pr. Englert), UER biomédicale

des Saints-Pères, Paris.
– DCEM3 (1982-83) :

– Service et consultation de médecine (Pr. Rullière), hôpital Broussais, Paris
– Service et consultation d’hématologie (Pr. Zittoun), Hôtel-Dieu de Paris.
– Service et consultation de chirurgie (Pr. Cerbonnet), Hôtel-Dieu de Paris.

– DCEM4 (1983-84) :
– Service de psychiatrie adolescents (Pr. Flavigny), HIUP, Paris.
– Service de neurologie (Pr. Laplane), hôpital de la Salpêtrière, Paris.
– Service de médecine (Pr. Guy-Grand), Hôtel-Dieu de Paris.
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1984-86 Troisième cycle des études médicales (TCEM) au CHU Broussais-Hôtel-Dieu. Internat
en médecine générale (IMG) :

– Service de psychiatrie-urgences (Dr. Grivois), Hôtel-Dieu de Paris.
– Service de médecine interne (Dr. Krainik), hôpital Léopold-Bellan, Paris (2 se-

mestres).
– Service de psychiatrie-adultes (Pr. Widlöcher), hôpital de la Salpêtrière, Paris.

1987-88 Collaborateur bénévole au laboratoire de biologie du vieillissement (Dr. Sebban), hôpital
Charles-Foix, Ivry. Thème d’étude : cartographie électroencéphalographique.

1988-89 Collaborateur bénévole à l’INRIA (projet SOSSO). Thème d’étude : variabilité du rythme
cardiaque.

1989 Détachement de l’Education Nationale à l’INRIA, sur (CR1) dans le projet SOSSO.
Décembre 1989 :Doctorat en médecine au CHU Broussais-Hôtel-Dieu. Sujet de la thèse :
“ Étude de la variabilité du rythme cardiaque pendant le sommeil de nouveau-nés prématurés
et à terme”.

2.2.3 Synthèse : recherches entre mathématiques, physiologie et médecine
Après une thèse de doctorat de 3e cycle en mathématiques (géométrie analytique, Réf.
T1), soutenue en 1978 (dans une situation de pénurie de postes à l’Université), j’ai res-
senti le besoin d’explorer un domaine plus proche pour moi des réalités “concrètes” que
la cohomologie des faisceaux, qui dominait la recherche en géométrie algébrique et ana-
lytique.

Dans cette perspective, la médecine présentait l’intérêt de me rendre rapidement utile en
me donnant une activité de terrain dont j’éprouvais la nécessité. Mais aussi j’avais eu
connaissance des travaux géométriques de René Thom et de certains de ses élèves (C.P.
Bruter, Y. Kergosien) en embryologie et en radiologie notamment, et je pensais qu’il y
avait en médecine matière à une réflexion géométrique.

J’ai donc mené, de 1978 à 1986 des études médicales, tout en enseignant les mathématiques
dans le secondaire. Au cours de ces études, et en préparant pour mes élèves de lycée des
cours d’histoire des mathématiques, je me suis aperçu de nombreuses convergences his-
toriques entre médecine et mathématiques, et j’ai envisagé alors de faire une thèse de
médecine sur le thème : “Mathématiciens et médecins, convergences et bifurcations”, qui
aurait fait le point sur le développement parallèle des mathématiques (particulièrement
de la géométrie) et de la médecine, depuis l’Antiquité jusqu’aux travaux de R. Thom, en
passant par Cardan, Copernic, D. Bernoulli, et quelques autres mathématiciens-médecins.
Mais les circonstances m’ont orienté dans une autre direction.
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En 1988, en effet, j’ai été amené à m’intéresser au traitement des signaux biomédicaux,
étant entré en contact avec F. Kauffmann, chercheur à l’INRIA, qui, avec une formation
et des intérêts en mathématiques semblables aux miens, étudiait le rythme cardiaque
des nouveau-nés. Je me suis alors fait détacher de l’Education Nationale à l’INRIA en
septembre 1989 et j’ai soutenu en décembre de la même année une thèse de médecine
sur ce sujet et sous la direction de Mme L. Curzi-Dascalova, chercheur INSERM (CJF
8909, Pr. Cl. Gaultier) à l’hôpital A.-Béclère, Clamart.

A la suite de ma thèse de médecine (Réf. T2) sont venues des publications et commu-
nications à des congrès, insistant soit sur l’aspect traitement du signal (transformation
de Fourier à court terme, Réf. B1, RR1, RR2, O1), soit sur les aspects de méthodologie
statistique (analyses factorielles, analyses discriminantes, Réf. B2, B3, RR1, O1), soit
sur les aspects physiologiques (étude de la maturation du système nerveux autonome,
Réf. R1, R2, R3, O4, P1) de la méthode et des résultats. Ces travaux, tous menés en col-
laboration avec Mme L. Curzi-Dascalova, ont montré la possibilité de discriminer selon
l’âge les enregistrements du rythme cardiaque de nouveau-nés prématurés et à terme, et
l’importance des états de vigilance (stades du sommeil) dans cette discrimination ; ils ont
amélioré la compréhension de la maturation du système nerveux autonome, montrant
qu’elle est différente suivant la branche étudiée, puisqu’elle présente une importante aug-
mentation du tonus parasympathique autour de la 38e semaine d’âge conceptionnel, suivie
d’une relative stabilité jusqu’à la naissance, alors que le tonus sympathique connaı̂t une
croissance plus régulière de la 31e semaine jusqu’au terme normal. Le but ultime de ces
études était de comprendre les causes de lamort subite inexpliquée du nourrisson.

Les méthodes mathématiques utilisées dans ces travaux sont tout d’abord du domaine
de l’analyse de Fourier, pour la décomposition du signal rythme cardiaque en 3 bandes
de fréquence ayant chacune une origine physiologique, et de l’analyse statistique des
données multidimensionnelles, pour l’interprétation des résultats, mais aussi de la modélisation
par chaı̂nes deMarkov cachées (Réf. P2), les états cachés du processus rythme cardiaque
(RR, série des intervalles temporels entre battements cardiaques) étant ceux du système
nerveux autonome (à prédominance sympathique ou parasympathique).

La modélisation par chaı̂nes de Markov (non cachées) a également été appliquée dans un
autre domaine : le génome, et a donné lieu à une coopération entre l’INRIA, le Georgia
Institute of Technology (Atlanta, USA) et l’Université de Washington (Seattle, USA). Il
s’agissait d’adapter et d’intégrer des algorithmes déjà existants (GenMark de M. Boro-
dovsky, MTD de A. Raftery et S. Tavaré) pour obtenir un nouvel outil d’identification
des séquences génomiques qui codent pour des protéines. Ce travail a été effectué dans le
cadre d’un stage de DESS “informatique et biologie” (Université de Versailles) que j’ai
encadré.

Mes recherches se sont ensuite orientées vers une approche plus géométrique de l’étude
du rythme cardiaque, considéré comme sortie d’un système dynamique non linéaire. Ce
système, qui fournit un modèle de l’événement “battement cardiaque”, reposant lui-même
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sur le modèle de Noma-Irisawa (modèle de type Hodgkin-Huxley) du potentiel d’action
de la cellule pace-maker cardiaque, et de son contrôle par le système nerveux autonome.
Une étude numérique des orbites périodiques du système de Noma-Irisawa, et également
d’un sysème réduit en nombred’équations, et de sa perturbation (paramétrique) par une
entrée représentant le système nerveux autonome, a été réalisée, permettant de simuler le
rythme cardiaque et sa modulation par le système nerveux autonome (Réf. O6).

Parallèlement à cette approche modélisatrice, des algorithmes de quantification de pa-
ramètres, de type “chaotique” (dimension de corrélation intégrale, algorithme de Grass-
berger et Procaccia, exposants de Lyapounov, algorithmes de Wolf et d’Eckmann-Ruelle
notamment), ont été évalués sur des séries réelles de rythme cardiaque (Réf. O7, R4, R6).
On conjecturait que les séries observées (séries des RR, i.e. pseudopériodes du système
perturbé dans le cadre du modèle précédent) étaient en sortie d’un système dynamique
déterministe dissipatif dont on explorait les propriétés statistiques.
Une collaboration active a été menée entre 1994 et 1997 sur ce sujet avec l’Unité 127
de l’INSERM (biologie et physiopathologie du système cardio-vasculaire, B. Swynghe-
dauw, P. Mansier) et a donné lieu à des communications et publications communes (Réf.
R4, R6, O7). On y étudiait le rythme cardiaque de souris soumises à des épreuves phar-
macologiques explorant une branche ou l’autre du système nerveux autonome.

Une modélisation globale du système cardio-vasculaire et de la régulation en boucle
fermée de la pression artérielle par le système nerveux autonome, aux étapes initiales de
laquelle j’ai participé (Réf. SE2, SE3), a ensuite été entreprise dans le projet SOSSO et a
donné lieu à trois thèses de doctorat, en Génie Biologique et Médical, en mathématiques
appliquées, et en automatique et traitement du signal (1996, 2000 et 2002), sous la direc-
tion de J. Henry, M. Sorine et de D. Claude. Mais la réorientation de mes recherches à
l’INRIA vers la modélisation en électrophysiologie cardiaque, m’éloignant du traitement
du signal pour aller vers une recherche plus théorique (Réf. O6), ce que je souhaitais
et à quoi l’INRIA m’incitait, puis surtout mon activité d’enseignement comme PrAg à
temps plein à l’université Paris VIII de 1996 à 2001, ne m’ont fait suivre les doctorants
concernés que de loin. J’ai néanmoins participé dans ce cadre à une ACI “Technologies
de la santé” et plusieurs ARC INRIA (voir ci-dessous : “Participation à des projets natio-
naux”).

Ma rencontre, en 1996, avec D. Claude, alors professeur à l’Université de Paris-Sud, a
été le point de départ d’une collaboration qui m’a amené, partant de la modélisation du
système cardio-vasculaire, à investir dans des thèmes plus en rapport avec la thérapeutique,
s’agissant de la commande pharmacologique de systèmes biologiques.

C’est en effet en collaboration avec D. Claude que je me suis intéressé à la chronobiolo-
gie, étudiant d’abord un modèle d’oscillateur biologique de dimension 5, pour en modifier
la période par un stimulus périodique externe (Réf. R7, O8, A3, A4), puis, en collabora-
tion avec F. Lévi, directeur de l’équipe INSERM E 0354 “Chronothérapeutique des can-
cers” (à partir de 2006 U 776 “Rythmes biologiques et cancers”), un modèle pharmaco-
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cinétique-pharmacodynamique (PK-PD) de chronothérapeutique en cancérologie, dont
le développement est toujours en cours (Réf. SE4, RR4-RR5, R8, R9, R11).

Depuis 2003, cette collaboration s’est élargie à des chercheurs et professeurs de l’École
Normale Supérieure (B. Perthame, DMA, également chef du projet BANG à l’INRIA,
pour la modélisation du cycle cellulaire, Réf. R10, O8, et de la chronothérapeutique
anticancéreuse, et C. Basdevant, LMD, pour le contrôle optimal d’une chimiothérapie
dans un cadre chronobiologique, Réf. R9), et a donné lieu à la participation : a/ à une
ACI (2003-2006) : “Nouvelles Interfaces des Mathématiques” (“Apoptose-Nécrose”, co-
ordonnateur E. Grenier, UMPA, ENS Lyon) ; b/ à un réseau européen (RTN) “Marie-
Curie” (2004-2008) : modélisation de la croissance et de la thérapeutique des cancers,
coordonné par N. Bellomo, Turin, et pour sa partie “France-Nord” par B. Perthame, ENS
Paris ; c/ à la participation au réseau européen (STREP) “TEMPO” (Temporal genomics
for chronotherapeutics) animé par F. Lévi ; et d/ à la soumission de la proposition (2006) à
l’ANR BIOSYS “PHYSRYCEL” (Physiologie moléculaire des rythmes : cycle cellulaire,
horloge circadienne, métabolisme enzymatique des mdicaments anticancéreux), que j’ai
entièrement rédigée.

De plus, je participe au réseau d’excellence européen Biosim (2004-2009) : “Biosimu-
lation, a new tool in drug development”, réseau coordonné par E. Mosekilde, Lyngby,
Danemark, dont j’ai corédigé avec A. Goldbeter (Bruxelles) le “workpackage” 13 : “Mo-
delling circadian drug effects for cancer therapeutics”).

Dans ces deux directions de recherche : modélisation PK-PD de l’action des cytotoxiques,
de l’échelle moléculaire à celle de l’organisme entier, et modélisation du cycle cellu-
laire, le but que je poursuis est la mise en place d’un modèle réaliste et identifiable
sur données cliniques de la pharmacologie des anticancéreux, pour lui appliquer des
méthodes d’optimisation d’un débit de perfusion. L’optimisation consiste ici à adapter
le débit d’un injecteur programmable au profil enzymatique du patient, à ses rythmes
circadiens et à sa tolérance clinique d’une part, aux interactions entre cycles cellulaires
(suivant les différents tissus cibles) et métabolisme (diffusion, activation, dégradation)
des médicaments concernés d’autre part.

2.3 Réalisations

2.3.1 Participation à des projets nationaux
1997-99 Participation au programme de recherche pluridisciplinaire : “Automatique, biologie et

santé : modélisation et commande des régulations biologiques.” coordonnée par D. Claude
(Université Paris-Sud et Laboratoire des signaux et systèmes, CNRS-Supélec).

1997-99 Participation à l’action coopérative INRIA : “Analyse à court et à moyen terme de la
variabilité du rythme cardiaque par une approche ‘système dynamique’.” (CARDIO) (J.
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Clairambault, B. Delyon, M. Sorine, projets SIGMA2 et SOSSO). Écriture de la “page
Toile” de l’action (http://www-rocq.inria.fr/sosso/cardio/).

2000-02 Participation à l’action de recherche coopérative INRIA : “Images de l’activité électromécanique
cardiaque.” (Projets EPIDAURE, MACS, SINUS et SOSSO (ICEMA) ; coordinatrice : F.
Clément).

2002-04 Participation à l’action de recherche coopérative INRIA : “Images de l’activité électromécanique
du cœur-2.” (Projets INRIA CAIMAN, EPIDAURE, MACS, et SOSSO (ICEMA-2) ;
INLN et Université d’Ottawa ; coordinatrice : F. Clément).

2001-03 Participation à l’action incitative “Technologies pour la santé” : “Système Cardio-respiratoire :
une approche modélisation et commande” (SCARAMOCO) ; coordonnateur : P.-A. Bli-
man.

2002-2003 Participation, dans le cadre du GDR “Automatique” du CNRS, au Groupe de Travail
“Modélisation et Commande de Systèmes Biologiques” (MCS-Bio) coordonné par D.
Claude.

2003-06 Action Concertée Incitative Nouvelles Interfaces des Mathématiques (ACI NIM) “Apoptose-
Nécrose”, coordonnée par E. Grenier, UMPA, ENS Lyon, réunissant 4 équipes partenaires
de recherche (2 ENS, 2 équipes INSERM). Responsable scientifique de l’ACI au sein de
l’équipe INSERM U 776 “Rythmes biologiques et cancers” (directeur F. Lévi, hôpital
Paul-Brousse, Villejuif), partenaire no 2. Programme financé par le Fonds National de la
Science.

2006-2008 Action de Recherche Concertée INRIA “Modélisation de la Leucémie Myéloı̈de Chro-
nique (ModLMC), coordonnée par Mostafa Adimy (Bordeaux).

2.3.2 Participation à des projets internationaux
1992-93 PROCOPE. (Programme entre la France et la R.F.A. d’actions intégrées de coopération

scientifique et technique) : Coopération avec l’Université Friedrich-Schiller (Institut für
Pathophysiologie, Dir. : Prof. U. Zwiener), Iéna, Allemagne. Titre du projet: “Analyse
automatique de signaux électrophysiologiques ; application à l’étude de la physiologie et
de la physiopathologie du système nerveux du nouveau-né”.

1992-93 INSERM-CONICYT. Coopération entre le Chili (CONICYT, Unidad de Neurofisiolo-
gia del Desarrollo, INTA, Universidad de Chile, Dr. P. Peirano) et la France (INSERM,
INRIA, Université de Caen) en recherche biomédicale. Titre du projet : “Contrôle moteur
et végétatif chez les anciens prématurés arrivés à l’âge du terme et dans les cas d’hypotro-
phie intra-utérine”. Prise en charge par un accord INSERM-CONICYT. Prise en charge
par le ministère des affaires étrangères.

1993-94 Génome. Collaboration avec Mark Borodovsky, du Georgia Institute of Technology (At-
lanta, GA, USA), Adrian Raftery, de l’Université de Washington à Seattle (USA), et Gilles
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Celeux, de l’INRIA-Rhône-Alpes. Thème du projet : utilisation de modèles de Markov
pour l’identification de régions de l’ADN codant pour des protéines.

1993-96 ECOS. Coopération entre le Chili (CONICYT, INTA) et la France (INRIA, INSERM)
en recherche biomédicale. Titre du projet : “Etude en temps réel des interactions entre les
rythmes cardiaque et respiratoire et de leur régulation par le système nerveux autonome”.
Prise en charge par ECOS pour 3 ans.

1996-97 PROCOPE. Nouveau projet PROCOPE de collaboration avec la même équipe de l’Uni-
versité d’Iéna (voir ci-dessous) sur le thème : “Estimation quantitative de paramètres
déterministes de type chaotique sur des séries temporelles physiologiques. Application
à l’étude du système nerveux autonome par l’analyse de données de respiration et de
rythme cardiaque.” Prise en charge par le ministère des affaires étrangères.

1997-99 ECOS.Nouveau projet franco-chilien ECOS avec les mêmes partenaires (voir ci-dessous) :
“Etude de la réactivité cardiaque aux stimuli en fonction des stades du sommeil”.

2004-09 (6e PCRD) Réseau européen Marie-Curie TUMATHER (“Modelling Tumour Growth
and Therapeutics”), coordonné par N. Bellomo (Turin). Réseau financé par l’Union Eu-
ropéenne pour 2004-2008, dans lequel l’École Normale Supérieure (B. Perthame, DMA)
représente le pôle “France-Nord”, le Laboratoire Rythmes biologiques et Cancers (IN-
SERM E 0354) s’y rattachant dans ce cadre.

2004-09 (6e PCRD) Réseau européen d’excellence pour la santé BIOSIM (“Biosimulation: a new
tool for drug development”), coordonné par E. Mosekilde (Lyngby, Danemark). Réseau fi-
nancé par l’Union Européenne pour 2004-2009. Corédacteur avec A. Goldbeter (Bruxelles)
du “workpackage” Modelling circadian drug effects in anti-cancer treatment.

2006-09 (6e PCRD) Réseau européen spécifique (STREP) pour la santé TEMPO (“Temporal geno-
mics for tailored chronotherapeutics”), coordonné par F. Lévi (INSERM U 766, Villejuif.

2.3.3 Organisation d’ateliers et de minisymposia
2004 “Apoptose, cancer et thérapeutique : mécanismes et leur modélisation”. Journée de l’ACI

“Apoptose-nécrose” (organisateur : Jean Clairambault), Villejuif, septembre 2004 :
1. Modéliser l’apoptose : buts, questions, outils (Jean Clairambault, INRIA, Rocquen-
court et INSERM, Villejuif)
2. Contrôle mitochondrial de l’apoptose (Naoufal Zamzami, IGR, Villejuif)
3. Apoptose et AVC Ischémique (Marie-Aimée Dronne, Lyon I)
4. Organisation circadienne de l’apoptose et thérapeutique (Francis Lévi, INSERM, Vil-
lejuif)
5. Modélisation et cancer en Europe : développement et nouveaux défis. (Benjamin Ribba,
Lyon I)
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2005 “Proliferation and growth in tissues”. Minisymposium à la conférence européenne de
l’ESMTB, Dresde, juillet 2005 (organisateurs : Dirk Drasdo, Leipzig et Jean Clairam-
bault) :
1. Model based design of dose dense chemotherapy treatments in lymphomas (Markus
Loeffler, Leipzig)
2. Analysis and mathematical modeling of cell growth and virus replication of adherent
cell lines used in vaccine production ( Udo Reichl, Magdeburg)
3. A mathematical model of the cell cycle and its control (Jean Clairambault, INRIA,
Rocquencourt and INSERM, Villejuif )
4. On the regulation of tumor growth in-vitro (Dirk Drasdo, Leipzig)

2006 “Coordination of physiological rhythms”. Minisymposium à la conférence internationale
IEEE-EMBS, New York, août 2006 (organisateurs : Dirk Hoyer, Iéna, et Jean Clairam-
bault) :
Part I: Fundamentals and circadian rhythms
1. The circadian timing system, a coordinator of life processes (Francis Lévi, INSERM,
Villejuif)
2. Importance of circadian rhythms for regulation of the cardiovascular system studies in
animal and man (Björn Lemmer, Heidelberg)
3. Cancer symptom complexes related to alterations in molecular circadian axis signalling
(Tyvin Rich, Charlottesville, USA)
4. Physiologically based modelling of circadian control on cell proliferation (Jean Clai-
rambault, INRIA Rocquencourt et INSERM, Villejuif)
Part II: Cardiovascular and other coordinated rhythms
1. Why life oscillates - rhythms and health (Maximilian Moser, Graz)
2. Circadian and ultradian rhythms in cardiovascular autonomic modulation (Phyllis K.
Stein, St. Louis, USA)
3. Scale-invariant Aspects of Physiologic Dynamics Across Sleep Stages and Circadian
Phases (Plamen Ch. Ivanov, Boston, USA)
4. Association between short term and long term communication in pathological autono-
mic control (Dirk Hoyer, Iéna)
5. Coupled oscillators: Complex but not complicated cardiovascular and brain interactions
(Aneta Stefanovska, Lancaster, UK et Ljubljana)
6. Inferring coupling between physiological systems from data: application to cardio-
respiratory interaction (Michael Rosenblum, Potsdam)

2006 “Cancer modelling and therapeutic innovation: from theory to clinic”. Atelier interna-
tional à l’ENS Lyon, septembre 2006 (organisateurs : Benjamin Ribba et Jean Clairam-
bault) :
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Tuesday, September 26, 2006
9.00 - 9.15 - Welcome by Benjamin RIBBA
9.15 - 9.30 - Opening remarks by Jean CLAIRAMBAULT
9.30 - 10.00 - Zvia AGUR: Validation in neoadjuvant breast cancer patients of a new solid
tumor growth model.
10.00 - 10.30 - Vito QUARANTA: Integrative mathematical model of cancer invasion.
11.00 - 11.30 - Alain PUISIEUX: Escape of cancer cells from failsafe programs: a major
step towards tumor progression.
11.30 - 12.00 - Thomas BACHELOT
12.00 - 12.30 - Claire RODRIGUEZ-LAFRASSE
14.00 - 14.30 - Dirk DRASDO: What can we learn from single-cell-based models of
tumor growth?
14.30 - 15.00 - Claude VERDIER: Cell interactions in cancer.
15.00 - 15.30 - Luigi PREZIOSI: Modelling the formation of vascular networks.
16.00 - 16.30 - Philip MAINI: Modelling aspects of vascular cancer.
16.30 - 17.00 - Alberto GANDOLFI: Split-dose response to radiation in a tumor cord
model.
17.00 - 17.30 - Athanassios ILIADIS: Modelling heterogeneity in cyclosporine pharma-
cokinetics.
Wednesday, September 27, 2006
9.00 - 9.30 - Dominique BARBOLOSI and Gilles FREYER: Mathematical modelling
optimises the Docetaxel-Epirubicin combination in a phase I trial.
9.30 - 10.00 - Francis LÉVI
10.00 - 10.30 - Charles DUMONTET
11.00 - 11.30 - Yann GODFRIN
11.30 - 12.00 - Patrick SQUIBAN
12.00 - 12.30 - Filippo CASTIGLIONE: ImmunoGrid: pushing ahead the immune system
simulation.
14.00 - 14.30 - Jean-Yves SCOAZEC: Tumor angiogenesis: Current concepts.
14.30 - 15.00 - Jean-Pierre BOISSEL
15.00 - 15.30 - Randall THOMAS: QCDB: Quantitative database for mathematical mo-
dels of cancer.
16.00 - 16.30 - Pascal GIRARD
16.30 - 17.00 - Alberto D’ONOFRIO: Metamodeling tumor-immune system interaction
and immunotherapy: the interplay between basic science and clinical applications.
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17.00 - 17.15 - Closing remarks by Jean-Yves BLAY, Scientific Director of Cancéropôle
Lyon Auvergne Rhône-Alpes

2.4 Liste des publications

2.4.1 Thèses
[T1] Clairambault, J. (1978) : “Intersections de familles analytiques de cycles”. Thèse de doc-

torat de 3e cycle de mathématiques (géométrie analytique) soutenue à Paris VII sous la
direction de F. Norguet et D. Barlet.

[T2] Clairambault, J. (1989) : “Etude de la variabilité du rythme cardiaque pendant le som-
meil de nouveau-nés prématurés et à terme”. Thèse pour le doctorat en médecine soutenue
à Paris VI sous la direction de Cl. Gaultier et L. Curzi-Dascalova.

[T3] Clairambault, J. (2006) : “Modèles mathématiques des rythmes physiologiques : I. Ana-
lyse de données cardio-vasculaires et modélisation pour l’étude du système nerveux auto-
nome. II. Chronopharmacologie et optimisation de la chronothérapeutique circadienne en
cancérologie”. Mémoire d’habilitation à diriger des recherches en 39e section : Sciences
et technologies pharmaceutiques

2.4.2 Analyse de données cardio-vasculaires et modélisation pour l’étude
du système nerveux autonome

Articles parus dans des revues internationales :

[R1] Clairambault, J., Curzi-Dascalova, L., Kauffmann, F. Médigue, C., Leffler, C. (1992) :
Heart Rate Variability in normal sleeping full-term and preterm neonates. Early Human
Development, 28, 169-183.

[R2] Eiselt, M., Curzi-Dascalova, L., Clairambault, J., Médigue, C., Peirano, P. (1993) :
Heart-rate variability in low-risk prematurely born infants reaching normal term: a com-
parison with full-term newborns. Early Human Development, 32, 183-195.

[R3] Spassov, L., Curzi-Dascalova, L., Clairambault, J., Kauffmann, F., Médigue, C., Peirano,
P. (1994) : Heart rate and heart rate variability in small-for-gestational-age newborns. Pe-
diatric Research, 35, 500-505.

[R4] Mansier, P., Clairambault, J., Charlotte, N., Médigue, C., Vermeiren, C., LePape, G.,
Carré, F., Gounaropoulou, A., Swynghedauw, B. (1996) : Linear and non-linear analyses
of heart rate variability: a minireview. Cardiovascular Research, 31, 371-379.
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[R5] Mansier, P., Médigue, C., Charlotte, N., Vermeiren, C., Corabœuf, E., Deroubai, E., Rat-
ner, E., Chevalier, B., Clairambault, J., Carré, F., Dahkli, T., Bertin, B., Briand, P., Stros-
berg, D., Swynghedauw, B. (1996) : Decreased heart rate variability in transgenic mice
overexpressing atrial β1-adrenoceptors. American Journal of Physiology, 271:H1465-
H1472.

[R6] Swynghedauw, B., Jasson, S., Clairambault, J., Chevalier, B., Heymes, C., Médigue,
C., Carré, F., Mansier, P. (1997) : Myocardial determinants in regulation of the heart rate.
Journal of Molecular Medicine, 75:860-866.

Articles parus dans des actes de congrès internationaux :

[O1] Clairambault, J., Curzi-Dascalova, L., Kauffmann, F., Médigue, C., Leffler, C. (1991) :
Assessment of Heart Rate Variability by Short-Time Fourier Transform and Data Analy-
sis. In: Computers in Cardiology 1991, 421-424. Congrès annuel de Computers in Car-
diology, Venise, septembre 1991.

[O2] Médigue, C., Dupont, F., Clairambault, J., Curzi-Dascalova, L., Spassov, L. (1992) : A
Synchronous Language, SIGNAL: application to Heart Rate Variability and Body Mo-
vements Analysis in Sleeping Newborns. In: Computers in Cardiology 1992, 471-474.
Congrès annuel de Computers in Cardiology, Durham (NC), octobre 1992.

[O3] Médigue, C., Clairambault, J., Curzi-Dascalova, L. (1992): A real time heart rate variabi-
lity analysis system using a synchronous language: Signal. In: Actes de la 14e conférence
annuelle internationale de l’IEEE Engineering in Medicine and Biology Society, 766-767,
Paris, octobre 1992.

[O4] Curzi-Dascalova, L., Eiselt, M., Spassov, L., Kauffmann, F., Clairambault, J., Médigue,
C., Peirano, P. (1992) : Heart rate variability in normal and at risk newborns. In: Actes de
la 14e conférence internationale annuelle de l’IEEE Engineering in Medicine and Biology
Society, 2638-2639, Paris, octobre 1992.

[O5] Vermeiren, C., Médigue C., Clairambault, J., Curzi-Dascalova, L. (1994) : Beat-to-
beat cardio-respiratory demodulation. In: Actes de l’IFAC Symposium on modelling and
control in biomedical systems, 142-143, Galveston (TX), mars 1994.

[O6] Clairambault, J. (1995) : A model of the autonomic control of heart rate at the pacemaker
cell level through G-proteins. In: Actes de la 17e conférence internationale IEEE-EMBS,
1379-1380, Montréal, septembre 1995.

[O7] Clairambault, J., Mansier, P., Swynghedauw, B. (1995) : Efects of parasympathetic blo-
ckade on nonlinear dynamics of heart rate in mice. In: Actes de la 17e conférence inter-
nationale IEEE-EMBS, 31-32, Montréal, septembre 1995.

Rapports de recherche :
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[RR1] Clairambault, J., Curzi-Dascalova, L., Kauffmann, F., Médigue, C., Leffler, C., Celeux,
G., Guégan, D. (1991) : Heart rate variability in sleeping neonates. Rapport de Recherche
INRIA no 1472.

[RR2] Médigue, C., Clairambault, J., Kauffmann, F., Sorine, M., Curzi-Dascalova, L. (1992) :
Utilisation du langage SIGNAL pour l’étude d’algorithmes de traitement du signal électro-
cardiographique. Rapport de Recherche INRIA no 1717.

[RR3] Médigue, C., Bestel, J., Renard, S., Clairambault, J., Garrido, M., Pizarro, F., Peirano,
P. (1997) : An application of LARY C: discrete wavelet transform applied to heart rate
variability analysis. Assessment of the autonomic nervous system behaviour in control
and iron-deficient anemic infants. Rapport de Recherche INRIA no 3203.

Articles parus dans des bulletins, des actes de colloques ou de séminaires :

[SE1] Clairambault, J., Claude, D. (1996) : Systèmes dynamiques et biologie : quelques exemples.
In : Séminaire T I P E sur les systèmes dynamiques. Journée de formation (ENSTA-UPS)
pour les professeurs de Mathématiques Spéciales (organisateur : Max Bezard). Paris, mai
1996.

[SE2] Clairambault, J., Médigue, C., Bestel, J. (1997) : Le système cardio-vasculaire et sa
régulation à court terme par le système nerveux autonome. In : Journées d’Étude “Auto-
matique et Santé” du club EEA (organisateurs : E. Dombre et A. Fournier). ISIM, Mont-
pellier, juin 1997.

[SE3] Bestel, J., Clairambault, J., Médigue, C., Monti, A., Sorine, M. (1999) : Le système
cardio-vasculaire et sa régulation par le système nerveux autonome : modélisation et me-
sures. In : Journée d’étude du programme de recherche Automatique, Biologie et Santé :
Modélisation et commande de régulations biologiques (organisateur : Daniel Claude). Pa-
ris, mai 1999.

[A1] Curzi-Dascalova, L., Clairambault, J., Kauffmann, F., Médigue, C., Peirano, P. (1991) :
Cardiorespiratory variability and development of sleep state organization. In: Sleep and
Cardiorespiratory Control, colloque INSERM, vol. 217:155-163. Ed : C. Gaultier, P. Es-
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[R9] Basdevant, C., Clairambault, J., Lévi, F. (2005) : Optimisation of time-scheduled re-
gimen for anti-cancer drug infusion. Mathematical Modelling and Numerical Analysis,
39(6):1069-1086.

[R10] Clairambault, J., Michel, Ph., Perthame, B. (2006) : Circadian rhythm and tumour growth.
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Chapitre 3

Travaux de recherche antérieurs
(1989-1999) : traitement des données de
rythme cardiaque et modélisation en
électrophysiologie cardiaque pour l’étude
du système nerveux autonome

Au cours des annés 90, mes travaux de recherche, en commençant par ce qui constituait la
matière de ma thèse pour le doctorat en médecine, ont porté d’abord sur la variabilité du rythme
cardiaque et son intérêt dans l’étude du système nerveux autonome, puis plus généralement sur
la modélisation du système cardio-vasculaire et sa commande par le système nerveux autonome,
en restant centré sur les aspects chronotropes de cette commande, i.e., sur le contrôle de la
période du pacemaker du nœud sino-atrial (NSA).

3.1 Analyse des données : la variabilité du rythme cardiaque
comme fenêtre d’accès au système nerveux autonome

3.1.1 Rythme cardiaque et système nerveux autonome
Le système nerveux autonome : branche sympathique cardio-accélératrice et branche para-

sympathique cardio-modératrice, est étudié depuis au moins 70 ans (Rosenblueth et Simeone,
1934[5], plus récemment B. McA. Sayers[6] et Katona et Jyh[7]) par l’intermédiaire des varia-
tions du rythme cardiaque. Il est à présent bien établi[8, 9] que les variations rapides (c’est-à-dire
de haute fréquence, HF) reflètent le contrôle parasympathique du rythme cardiaque uniquement,
alors que les variations moins rapides ou lentes (c’est-à-dire de moyenne ou de basse fréquence,
MF, BF) sont un reflet aussi bien du contrôle sympathique que du contrôle parasympathique.

Pour ma thèse de doctorat en médecine, effectuée sous la direction de Mme L. Curzi-
Dascalova, alors chercheur INSERM à l’hôpital Antoine-Béclère, et grâce à des collaborations
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avec F. Kauffmann, alors à l’INRIA, pour les méthodes de traitement du signal, et G. Celeux,
de l’INRIA pour la mise au point de la méthodologie statistique, j’ai utilisé des enregistrements
de sommeil d’un groupe de 24 nouveau-nés sains, répartis en trois groupes d’âge : 8 prématurés
(de 31 à 36 semaines d’âge conceptionnel), 8 d’âge intermédiaire (37 à 38), et 8 à terme (39
à 41). Considérant deux variables qualitatives, l’âge et le stade du sommeil (SA et SC, codé
indépendamment du rythme cardiaque sur des tracés électroencéphalographiques enregistrés
simultanément), et posé deux questions :

1/ Dans un groupe d’âge donné, est-il possible de séparer les stades du sommeil à l’aide des
variables cardiaques HF, MF et BF?... Et si oui, quelles sont les variables qui contribuent le plus
à cette discrimination?

2/ Dans un stade de sommeil donné, est-il possible de séparer les nouveau-nés à terme
des prématurés à l’aide des seules variables cardiaques HF, MF, et BF ?... Et si tel est le cas,
quelle est la contribution de chaque bande de fréquence, et donc des branches sympathique et
parasympathique du SNA à cette discrimination?

Mon but était donc avant tout explicatif : il ne s’agissait pas tant d’obtenir une bonne discri-
mination entre groupes, mais, ayant obtenu entre eux une discrimination satisfaisante, d’analy-
ser les contributions des variables HF, MF, et BF à cette discrimination et de suivre l’évolution
de ces contributions avec la maturation, du prématuré au nouveau-né à terme.

3.1.2 Analyse spectrale
C’est toujours la méthode de référence dans l’étude des phénomènes périodiques. Elle

consiste à considérer un signal périodique comme une somme de sinusoı̈des à des fréquences et
amplitudes distinctes :

x(t) = a1 cos 2πf1t + a2 cos 2πf2t + . . .

et à représenter le signal dans le domaine fréquentiel (le temps ne figure plus) par le graphe
{(f1, a1), (f2, a2), . . .} (spectre de raies).

Dans sa version continue, cette représentation fréquentielle est donnée par le calcul de l’am-
plitude de la transformée de Fourier :

a(f) =

∣∣∣∣

∫ +∞

−∞

x(t)e−2πitfdt

∣∣∣∣

ou dans sa version discrète, pour un signal digitalisé et observé sur une fenêtre de longueur tem-
porelle T et à une fréquence d’échantillonnage

T

N
, i.e., aux instants x(0), x(T/N), x(2T/N), . . . ,

x((N − 1)T/N), par le calcul du périodogramme :

a(f) =

∣∣∣∣∣

N−1∑

k=0

x

(
kT

N

)
e−2πi kf

N

∣∣∣∣∣
.

Il faut mentionner la nécessité, pour que ces calculs aient un sens, de supposer le signal
x(t) stationnaire dans l’intervalle de temps étudié, ce qui veut dire (stationnarité faible) que
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ses caractères statistiques du premier ordre et du second ordre : moyenne, variance, et fonction
d’autocovariance 1 ne varient pas au cours du temps.

Pour répondre à l’objection de non stationnarité du signal, et apprécier de façon continue les
composantes spectrales instantanées du signal dans des bandes de fréquence données (car aucun
signal du monde biologique n’est constitué d’une simple somme de sinusoı̈des : on obtient tou-
jours par la transformation de Fourier, non pas un spectre de raies, mais un spectre continu avec
des pics aux féquences dominantes), on peut utiliser des méthodes d’analyse spectrale évolutive
comme la transformée de Fourier à court terme[10] :

Af0
(n) =

∣∣∣∣∣

n∑

k=0

x(k)wε(n − k)exp(−2πif0k)

∣∣∣∣∣

où [f0 - ε , f0 + ε] est la bande de fréquence d’intérêt et (wε) est un filtre elliptique (iir) passe-
bas, de bande passante [0 , ε]. Ici on a remplacé l’expression du signal digitalisé x

(
kT
N

)
dans

la formule précédente, où l’observation se fait sur une fenêtre de longueur finie T par x(k), la
fenêtre d’observation n’étant pas limitée : en principe, tous les instants du signal depuis l’origine
sont pris en compte ; dans la pratique le filtre utilisé limite le nombre d’instants d’observation
nécessaires à au plus quelques centaines en arrière.

Cette méthode relève des méthodes dites de démodulation complexe[11], qui consistent à
individualiser dans le signal une composante de fréquence f0 fixée et à la suivre au cours du
temps, en admettant qu’elle est lentement modulée en amplitude et en phase, i.e. de la forme :

xf0
(t) = a(t) cos[2πf0t + ϕ(t)]

où a(t) est l’amplitude instantanée et ϕ(t) est la phase instantanée (entre −π et +π radians).

En pratique, après avoir choisi la fréquence f0, on ramène la composante de fréquence f0 à
zéro et on utilise un filtre passe-bas, ce qui donne l’ensemble des composantes du signal dans
une bande de fréquence [f0 −∆f, f0 + ∆f ] autour de f0. L’amplitude instantanée a(t) indique
alors l’intensité du signal dans une bande de fréquence autour de f0, et la phase instantanée
ϕ(t) mesure le glissement en fréquence autour de f0 : s’il y a un pic isolé en f0 dans le spectre
invariablement au cours du temps, alors la phase ϕ(t) sera toujours à zéro.

Le résultat de ce calcul est constitué de signaux temporels continus représentant les diverses
composantes spectrales d’intérêt (sans hypothèse de stationnarité nécessaire), qu’on peut en-
suite étudier séquentiellement, par exemple pour le signal RR par plages de 512 battements
cardiaques, pour les mettre en rapport avec d’autres signaux physiologiques indépendants obte-
nus simultanément, comme le stade du sommeil d’un nouveau-né.

La Figure 1 montre l’exemple de 4096 battements cardiaques (intervalles RR) du som-
meil d’un nouveau-né à terme et les signaux extraits en haute fréquence (HF, composante
spectrale correspondant à des motifs de période entre 3 et 8 battements), moyenne fréquence

1. la fonction d’autocovariance est la transformée de Fourier inverse de la fonction de densité spectrale ; elle
peut s’interpréter, pour chaque valeur de u, comme une mesure de la “similarité” moyenne entre la valeur du signal
x(t) au temps t et sa valeur x(t + u) au temps t + u.
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(MF, 10 à 25), et basse fréquence (BF, 30 à 100). L’électroencéphalogramme enregistré si-
multanément (enregistrement polysomnographique effectué à l’hôpital Antoine-Béclère) a fait
indépendamment l’objet d’une classification des stades du sommeil en sommeil agité (SA) et
sommeil calme (SC).
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Figure 1. Séquence de 4096 battements cardiaques d’un nouveau-né à terme, avec (de haut en
bas) le signal RR et les 3 signaux extraits HF, MF, et BF. On reconnaı̂t ici une période d’in-
tense activité en HF, avec faible activité en BF, enregistrée en Sommeil Calme (SC), encadrée
par deux périodes ayant des caractéristiques opposées, correspondant à du Sommeil Agité (SA).

3.1.3 Analyse factorielle discriminante : sommeil agité ou sommeil calme?
nouveau-né prématuré ou nouveau-né à terme?

L’Analyse Factorielle Discriminante[12, 13] est une méthode d’analyse statistique multidi-
mensionnelle (ici, trois variables quantitatives explicatives : HF, MF, BF) qui permet, dans une
population dont on sait a priori qu’elle se divise en plusieurs groupes qualitatifs (2, dans le cas
simple de l’exemple qui va nous occuper ici), de calculer une Fonction Linéaire Discriminante,
combinaison linéaire optimale de variables quantitatives choisies, et de donner une règle de
discrimination entre ces groupes fondée sur cette Fonction Linéaire Discriminante.

29



La Figure 2 ci-dessous illustre le cas typique d’une population constituée de 2 groupes net-
tement séparés, mais qu’aucune des 2 variables (par projection orthogonale sur l’un des axes) ne
permet de discriminer de façon satisfaisante. La solution consiste à se ramener à un problème à
1 dimension en projetant le nuage statistique global sur un axe u du plan : on sait alors calculer,
pour les projetés x’ij sur u des points xij du nuage, la variance intragroupes w(u) = 1

n1+n2
[
∑

j

(x’1j – g’1)2 +
∑

j (x’2j – g’2)2 ] et la variance intergroupes b(u) = n1

n1+n2
(g’1 – g’)2 + n2

n1+n2

(g’2 – g’)2 (où ni est le cardinal du groupe Gi, de centre de gravité gi).

g’

 g

variable 2

variable 1  0

u

G2

g1

g2

G1

l(x)>0 :
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l(x)<0 :
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l(x)=0

g’1

g’2

x1i

x’1i

x2j
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Figure 2. Schéma d’une Analyse Factorielle Discriminante à 2 variables, dans le cas de 2
groupes qualitatifs, G1 et G2.

Pour discriminer au mieux les deux groupes à l’aide des variables quantitatives considérées,
il faut maximiser la ‘variable de Fisher’ :
F(u) = b(u)/w(u), ou, ce qui revient au même, maximiser la variable
b(u)/t(u) = b(u)/( b(u) + w(u) ) = F(u)/( 1 + F(u) ), qui est la part de la variance intergroupes
dans la variance totale.

On démontre que l’axe u qui maximise cette quantité est l’axe des centres de gravité, dirigé
par g1 – g2, et que, si g = g1+g2

2
, l’hyperplan (la droite, à 2 dimensions) qui sépare au mieux les

groupes est, dans le cas d’égalité des probabilités a priori p1 et p2 des 2 groupes, l’ensemble des
x tels que x – g soit orthogonal (au sens de la métrique W−1 de Mahalanobis) à g1 – g2. Et dans

30



le cas général, l’équation de l’hyperplan de discrimination est :
l(x) = (g1 – g2)’ W−1 (x – g) – 2 ln p2

p1
= 0.

La Fonction Linéaire Discriminante, appliquée à x,est avec ces notations : (g1 – g2)’ W−1 x.
On peut évaluer la qualité de la discrimination par plusieurs critères :

1. le pouvoir discriminant : c’est le maximum de b(u)/t(u), obtenu pour u = (g1 – g2), c’est-
à-dire : b(g1 – g2)/t(g1 – g2) (≤ 1) ;

2. le pourcentage de bien classés ;

3. la distance de Mahalanobis entre g1 et g2 (∝ b(g1 – g2)/w(g1 – g2) ) :
||g1 – g2||2 = (g1 – g2)’ W−1 (g1 – g2).

Les résultats ont été publiés en 1992 dans la revue Early Human Development (Réf. R1). À
titre d’exemple, mentionnons que nous avons (première question) pratiqué des analyses discri-
minantes entre stades de sommeil, sur l’ensemble des 338 périodes de 512 battements (131 pro-
venant de nouveau-nés à terme, 91 de nouveau-nés d’âge intermédiaire, et 116 de prématurés).
les résultats de cette discrimination sont consignés dans le Tableau I, et les coefficients de
corrélation de la Forme Linéaire Discriminante (FLD, qui fournit la règle de décision) avec
les variables HF, MF, BF dans le Tableau Ibis.

Tableau I
Evolution de la discrimination entre stades du sommeil : analyses discriminantes, à l’aide de
HF, MF, et BF, sur les 338 périodes de 512 battements cardiaques (131 provenant de nouveau-
nés à terme, 91 de nouveau-nés d’âge intermédiaire et 116 de prématurés).

Groupe d’âge A F D D M
‘A terme’ : n = 131 82% 3.32

(96 en SA et 35 en SC)
g.o.\g.a. SA SC
SA 94 2
SC 21 14

‘Intermédiaires’ : n = 91 76% 2.73

(52 en SA et 39 en SC)
g.o.\g.a. SA SC
SA 43 9
SC 13 26

‘Prématurées’ : n = 116 71% 0.84

(77 en SA et 39 en SC)
g.o\g.a. SA SC
SA 71 6
SC 28 11

AFD = Analyse Factorielle Discriminante ; g.o. = groupe d’ origine ; g.a. = groupe d’ affectation ; SA = périodes
de Sommeil Agité ; SC = périodes de Sommeil calme ; DM = Distance de Mahalanobis ; les ‘%’ sont les

pourcentages de périodes bien classées (par validation croisée), dans un groupe d’âge donné.

C’est une analyse factorielle, c’est-à-dire qu’elle permet d’estimer les coefficients de la
meilleure combinaison linéaire (le facteur discriminant) qui sépare les deux groupes (connus a
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priori : c’est une méthode de discrimination, pas de classification). Son principal intérêt ici est
d’analyser qualitativement la part prise par chaque variable descriptive dans la discrimination,
en fonction de l’âge conceptionnel du nouveau-né.

Tableau Ibis
Corrélation de la Forme Linéaire Discriminante (FLD) avec les variables cardiaques : discri-
mination, à l’aide de HF, MF, et BF, entre SA et SC.

r(FLD,..) HF MF BF
A terme -0.80 0.14 0.68
Intermédiaires -0.86 -0.05 0.26
Prématurés -0.33 0.24 0.76

Du point de vue du physiologiste, les résultats de cette étude montrent que la discrimination
à l’aide des variables cardiaques entre stades du sommeil donne des résultats de plus en plus en
plus satisfaisants à mesure que l’âge conceptionnel (AC) croı̂t, pour arriver à de bons résultats
globaux (excellents pour le sommeil agité, beaucoup plus faibles pour le sommeil calme) chez
les nouveau-nés à terme. Cette discrimination est toujours fondée sur une opposition HF/BF,
d’autant plus forte que l’AC est plus élevé, la MF ne jouant aucun rôle ; cette opposition est en
fait due à une élévation de l’activité HF (parasympathique) en SC, et à une élévation de l’activité
BF (sympathique) en SA.

Mais surtout, la discrimination entre groupes d’âge est :
– bonne, surtout en SA, entre nouveau-nés à terme et prématurés, faisant intervenir toutes les
variables cardiaques, et toutes dans le même sens : c’est la maturation globale du SNA qui
apparaı̂t ici.
– moyenne, un peu meilleure en SA qu’en SC, entre nouveau-nés à terme et d’âge intermédiaire,
reposant uniquement sur MF et BF : c’est donc la branche sympathique du SNA qui discrimine
ici.
– très bonne en SC, médiocre en SA, entre nouveau-nés d’âge intermédiaire et prématurés,
faisant intervenir surtout HF : c’est la branche parasympathique du SNA qui discrimine ici.

Ces résultats suggèrent une maturation précoce, à 37-38 semaines d’AC, du tonus parasym-
pathique, avec une stabilité dans les dernières semaines de la gestation, et une maturation plus
lente et régulière du tonus sympathique, de 31 à 41 semaines d’AC (voir la réf. R1).

3.1.4 Chaı̂nes de Markov cachées : un système nerveux autonome à deux
états?

Une autre méthode de discrimination entre stades du sommeil chez un nouveau-né à terme
par les variables cardiaques explicatives RR ou HF a consisté à considérer ces variables quan-
titatives comme sorties d’un système gouverné par un état caché à deux valeurs : tonus sym-
pathique dominant ou tonus parasympathique dominant, ces états pouvant être sommairement
identifiés par le stade du sommeil (SA ou SC, respectivement).
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J’ai alors programmé en langage SIGNAL l’algorithme de restauration-maximisation (alias
“expectation-maximisation”) [14, 15, 16] “EM à la Gibbs” qu’avait mis au point G. Celeux
pour l’appliquer au problème de l’identification de l’état caché du système nerveux autonome
sur les signaux de rythme cardiaque RR et HF. Cette méthodologie et ses résultats sont publiés
dans des actes d’un colloque au CNRS (réf. A2) et la Figure 3 en donne une illustration, à
partir du même signal RR que celui utilisé pour l’analyse factorielle discriminante présentée au
paragraphe précédent.
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Figure 3. Identification par l’algorithme EM à la Gibbs d’une variable cachée contrôlant le
rythme cardiaque (état sympathique = 1 ; parasympathique =2 du système nerveux autonome),
d’une part sur le signal RR brut (à gauche), d’autre part sur le signal HF, variabilité à haute
fréquence extraite par transformation de Fourier à court terme du signal RR (à droite).

3.1.5 Analyses non linéaires
Il est tentant, lorsque les données expérimentales présentent une allure irrégulière, et qu’on

soupçonne la présence de non-linéarités dans le système dynamique sous-jacent, de les traiter
comme une trajectoire d’un système déterministe différentiable et chaotique, à temps continu
ou discret, situé sur un attracteur dans un espace de dimension à déterminer, et dont on n’ob-
serve qu’une projection, sur une droite pour un signal unidimensionnel. Sans rien savoir du
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modèle sous-jacent, on fait donc l’hypothèse que les données sont situées sur la trajectoire d’un
système dynamique déterministe différentiable xn+1 = Φ(xn) pour un système à temps discret,
ou encore x(s+ t) = Φt(x(s)) pour un système à temps continu, où t $→ Φt est le flot du champ

de vecteurs ξ tel que l’équation
dx

dt
= ξ(x) admette la trajectoire considérée comme l’une de

ses courbes intégrales (bien sûr, on n’a aucun accès à une expression analytique de Φ, ni même
de ξ).

On suppose de plus que toutes les trajectoires observées convergent vers un attracteur A,
i.e., un ensemble compact de Rd invariant par Φ, et que de plus ces trajectoires sont chaotiques,
c’est-à-dire, si sensibles aux conditions initiales qu’une amplification exponentielle de l’écart
entre deux points initiaux rend toute prévision de position autre qu’à très court terme impossible.
On suppose aussi que toute trajectoire (ou encore : l’orbite de tout point de A par Φ) est dense
dans A, et qu’il existe une unique mesure ρ sur A invariante par Φ, telle que pour toute fonction
g continue de Rd dans R,

∫

A

gdρ = lim
N→∞

1

N

N−1∑

k=0

g(Φk(x))

la limite existant pour presque tout x ∈ A et étant alors indépendante de x. Cette hypothèse
d’ergodicité (la moyenne temporelle définit la moyenne spatiale) est essentielle pour que les
calculs ci-dessous aient un sens. L’existence d’une telle mesure est assurée par le théorème de
Sinai-Ruelle-Bowen[17] pour les attracteurs hyperboliques, mais on n’a bien sûr aucun moyen
de tester l’hyperbolicité d’un système dynamique dont on ne connaı̂t qu’une série de données
expérimentales. Tout au plus peut-on essayer d’estimer la stationnarité des données, et ainsi la
validité de l’hypothèse ergodique ; mais les tests de stationnarité pour des données de petite
taille (1000 ≤ N ≤ 10000) ne sont pas satisfaisants.

On suppose donc que les trajectoires sont ergodiques pour une mesure volume sur l’at-
tracteur qui sera prosaı̈quement la mesure de comptage de masse totale 1 (les trajectoires vi-
sitent chaque région de l’attracteur de manière uniforme), et on cherche alors à estimer des
caractéristiques de cet attracteur. En particulier sa dimension de Hausdorff d0 (qui peut être
fractale, l’attracteur est alors dit “étrange”), ou même ses dimensions généralisées de Rényi dq

(dont la dimension d’information d1 et la dimension de corrélation intégrale d2), la dépendance
sensible des conditions initiales des trajectoires (qui le recouvrent) du système dynamique sup-
posé sous-jacent, à l’aide de ses exposants de Lyapounov, et l’entropie d’une mesure invariante
sur cet attracteur, toujours calculée à partir des trajectoires observées.

La première étape est celle de la reconstruction de l’attracteur, à partir de la série de données
unidimensionnelles observées, soit xi, i = 1, 2, .., N , dans un espace Rd, pour un d ∈ N suffi-
samment grand pour ne pas “écraser” l’attracteur. On utilise la méthode des retards, proposée
en 1985 par Ruelle et Takens[18], qui consiste à construire en partant des xi une trajectoire
{Xi = (xi, xi+1, ..., xi+d−1) , i = 1, 2, ..., N−d+1} dans Rd, qui est supposée “représentative”
de l’attracteur.

Sur ce nouveau jeu de données, on calcule une dimension, en général, non pas la dimension
de Hausdorff (ou de box-counting) d0, mais plutôt la dimension d2, qui est donnée par l’al-
gorithme de Grassberger et Procaccia (1983)[19], les dimensions généralisées de Rényi étant
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données par :

dq = lim
ε→0

1

q − 1

ln
Mε∑

i=1

pq
i,ε

ln ε

où Mε est le nombre de boules B(Xi, ε) minimum nécessaire pour définir une partition de
l’attracteur (ou de ce qu’on en connaı̂t), et :

pi,ε = ρ(B(xi, ε)) = lim
N→∞

1

N
card{j , 1 ≤ j ≤ N , ||Xi − Xj || ≤ ε}

Pour que l’attracteur ne soit pas trop écrasé dans cette représentation, il faut que la dimen-
sion de plongement d soit correcte. On l’estime généralement en déterminant d2 pour différentes
dimensions de plongement d et en prenant la première, soit D, à partir de laquelle d2 “ne bouge
plus”, i.e., a atteint un plateau. Si D, dimension de corrélation intégrale (ce terme trouve son
explication dans la méthode de Grassberger et Procaccia) de l’attracteur A peut s’assimiler à la
dimension (au sens usuel) d’une variété, un théorème dû à Whitney garantit qu’on peut plonger
cette variété dans un espace R2D ; d2 étant en général non entière, on plonge par la méthode des
retards les données observées dans un espace Rd, d étant l’entier immédiatement supérieur (ou
égal) à 2D + 1.

Pour q = 1,

d1 = lim
q→1

dq = lim
ε→0

ln
Mε∑

i=1

pi,ε

ln ε

est la dimension d’information. On peut aussi définir l’entropie d’information (de Kolmogorov-
Sinai, cf. Eckmann et Ruelle 1985[18]) par :

K1 = lim
r→0

lim
m→∞

lim
N→∞

[
φm+1

N (r) − φm
N(r)

]

où

φm
N(r) =

1

N

N∑

i=1

ln Cm
i (r)

et :

Cm
i (r) =

1

N

N∑

j=1

H (r − ||Xi − Xj||)

m (= d) désignant ici la dimension de plongement et H la fonction de Heaviside (fonction
indicatrice de R+).

Pincus a proposé en 1993[20, 21] de définir une “entropie approchée”, qu’il note ApEn, et
qui est obtenue en fixant N (on n’a de toute façon pas le choix, c’est la taille du jeu de données),
m = 2, et r étant égal à un pourcentage (5% à 20%) de l’écart-type de la série observée. Il en a
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déduit une “mesure de complexité” qu’il a appliquée à des problèmes cliniques tels que la mort
subite inexpliquée du nourrisson.

Enfin, une mesure souvent pratiquée sur des données expérimentales (ou aussi d’ailleurs
sur des systèmes définis analytiquement) est celle des exposants de Lyapounov, mesure visant à
estimer la dépendance sensible des conditions initiales, caractéristique des systèmes chaotiques.

Soient deux trajectoires t $→ X(t, X0) et t $→ X(t, X0 + ε) du même système dynamique
chaotique de flot Φ. Si la divergence des trajectoires à partir des conditions initiales X0 et X0+ε
est exponentielle, on aura :

||εt|| = ||X(t, X0 + ε) − X(t, X0)|| = ||Φt(X0 + ε) − Φt(X0)|| ' ||ε||eλ1t

pour un réel positif λ1, qui est le premier exposant de Lyapounov. On peut se contenter de cette
seule mesure de λ1 ; c’est ce que fait l’algorithme de Wolf (1985)[22].

Mais il y a en fait d exposants de Lyapounov, si d est la dimension de plongement de l’at-
tracteur A, que l’on obtient simplement en enlevant les || || dans l’égalité ci-dessus, à condition
de supposer le flot Φ au moins de classe C1 : le développement de Taylor à l’ordre 1

Φt(X0 + ε) − Φt(X0) = JX0
Φt.ε + o(ε)

(où JX désigne la matrice jacobienne en X) montre qu’une boule centrée en X0 pourra être
déformée par le flot en un ellipsoı̈de, différemment suivant la direction considérée, dilatée dans
une direction et simultanément contractée dans une autre.

Pour n ∈ N, ce qui revient à considérer un système dynamique à temps discret, on a donc

||Φn(X + ε) − Φn(X)||2 ' ||JXΦ
n.ε||2 = 〈(JXΦ

n)∗ (JXΦ
n) .ε , ε〉

Or, le théorème ergodique multiplicatif d’Oseledec (1968, cf. Eckmann et Ruelle 1985[18])
nous assure que, pourvu que la fonction max(0, ln ||JXΦ||) soit intégrable par rapport à la me-
sure invariante ρ sur l’attracteur A, la limite

lim
n→∞

{(JXΦ
n)∗ (JXΦ

n)}
1

2n = ΛX

existe pour ρ-presque tout X ∈ A.
Ce sont les logarithmes des valeurs propres de la limite ΛX qui sont les exposants de Lya-

pounov du système. Le plus grand, λ1, mesure la divergence exponentielle des trajectoires sur
A, mais la somme (la trace de lnΛX) présente aussi un intérêt : comme

(JXΦ
n)∗ (JXΦ

n) ' Λ2n
X et donc |det JXΦ

n| ' exp

(

n
d∑

i=1

λi(X)

)

on aura contraction des volumes par le flot si
∑d

i=1
λi < 0 (le système est dit dissipatif), conser-

vation si
∑d

i=1
λi = 0 (système conservatif), dilatation si

∑d
i=1

λi > 0 (système accrétif). Les
systèmes dynamiques du monde physique ne sont jamais accrétifs, et les systèmes chaotiques
les plus connus (Hénon, Lorenz, Rössler, etc.) sont dissipatifs (mais le chaos conservatif existe :
cf. la transformation du boulanger).
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Le calcul des exposants de Lyapounov a été beaucoup pratiqué sur des séries de données[23,
24, 25], en particulier physiologiques, avec des résultats qui varient suivant les algorithmes
utilisés, la taille du jeu de données, etc. En tout cas, Eckmann et Ruelle recommandent de
disposer d’au moins N = 10D/2 mesures, si D est la dimension d2 de l’attracteur.

3.1.6 Tests de déterminisme et de non-linéarité.
L’application de ces techniques utilisant des propriétés stochastiques des systèmes dyna-

miques déterministes à n’importe quelle suite de nombres a été justement critiquée. On peut en
effet pratiquer ces calculs sur des suites de nombres aléatoires, et trouver des dimensions non
entières et des premiers exposants de Lyapounov positifs, il n’y a pourtant pas là d’attracteur
étrange, et il faut pouvoir donner des arguments permettant d’exclure le cas de figure de données
purement stochastiques imitant du chaos déterministe.

Une première observation est que la somme des exposants de Lyapounov, i.e., la trace de la
matrice :

log lim
n→∞

{(JXΦ
n)∗ (JXΦ

n)}
1

2n ,

si les hypothèses du théorème multiplicatif d’Oseledec sont valides, est négative si on est en
présence d’un système chaotique, ou du moins de l’un des systèmes chaotiques tests bien
connus : Hénon, Lorenz, etc., et positive pour une suite de nombres aléatoires gaussiens. L’algo-
rithme d’Eckmann-Ruelle permet de tester cette alternative en donnant une estimation de tout
le spectre de Lyapounov.

Données substituées

Dans la même veine, J. Theiler[26] a proposé en 1992 de construire systématiquement, pour
chaque série temporelle observée, une “série substituée” (surrogate data), construite de manière
à éliminer toute possibilité de dépendances non linéaires entre points de la série. On procède
ainsi : d’abord on fait subir aux données initiales une transformation de Fourier ; puis on procède
à une randomisation des phases (phase shuffling), i.e., on redistribue les phases au hasard, en
conservant les amplitudes ; puis on fait une transformation de Fourier inverse ; on aura pris
garde auparavant d’avoir, après la randomisation, symétrisé les phases en remplaçant chaque
valeur z(i), i = 1, .., N obtenue dans le domaine fréquentiel par 1

2

[
z(i) + z(N + 2 − i)

]
, afin

de récupérer des “données” qui soient bien réelles. Cette procédure ne touche pas au spectre
(d’amplitude), et on peut, quitte à faire une modification affine des données, obtenir ainsi une
série temporelle ayant même moyenne, même écart-type, et même spectre, mais dont toutes les
autres propriétés, à commencer par les non-linéarités, auront été effacées. On compare alors les
résultats des calculs (dimension de corrélation, exposants de Lyapounov, entropie) effectués sur
les données originales et sur les données substituées : s’il n’y a pas de différence “nette”, on
rejette l’hypothèse de non-linéarité du système dynamique sous-jacent.

Bien sûr, les générateurs de nombres vraiment aléatoires n’existent pas dans la réalité, et
les procédés informatiques utilisés (calcul des restes dans les divisions euclidiennes successives
de grands entiers par d’autres grands entiers) sont en fait des procédés déterministes. Mais on
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peut utiliser un grand nombre de données substituées (p.ex. 40) construites à partir de la même
série expérimentale, avec différents générateurs de nombres aléatoires, pour la randomisation
des phases, et comparer les résultats obtenus, en fixant un seuil de rejet de l’hypothèse nulle :
p.ex. si la différence avec la moyenne obtenue sur les différents jeux de données substituées
n’est pas d’au moins 10 écarts-types, on ne conclut pas au caractère déterministe non-linéaire
des données de départ.

Cette technique, quasiment incontournable quand on traite des données expérimentales par
des méthodes non linéaires, illustre bien l’embarras dans lequel se trouve l’expérimentateur
privé de modèle ; elle a néanmoins le mérite de fournir des tests qui orientent vers la recherche
de non-linéarités dans la construction d’un modèle.

Prédiction non linéaire

Il existe de nombreuses méthodes de prédiction non linéaire, et on présentera ici seulement
la plus connue : celle de G. Sugihara et R.M. May (1990)[27]. Elle consiste à prédire à court
terme grâce à un échantillon d’apprentissage (p.ex. la première moitié des données) la trajectoire
suivie par un point sur l’échantillon-test (la deuxième moitié) et à comparer trajectoire réelle
et trajectoire prédite. On a plongé les données dans un espace de dimension d suffisante par
la méthode de reconstruction d’un attracteur supposé à l’aide de retards (cf. plus haut), et on
détermine pour chaque point Xi = (xi, xi+1, .., xi+d−1) ses d+1 plus proches voisins, en prenant
garde toutefois qu’ils constituent bien un simplexe (un repère affine) contenant Xi ; on suit alors
l’évolution dans le temps, k pas plus loin (p.ex. 0 ≤ k ≤ 15), des points du simplexe, et on
calcule la position Yi+k, prédite à l’instant k, du point Xi+k, en gardant les mêmes coordonnées
affines dans le nouveau repère (résultat de l’évolution du premier repère, k pas plus loin).

On représente alors graphiquement en fonction de k le coefficient de corrélation, calculé sur
l’ensemble de l’échantillon-test, entre les xi+k et les yi+k, projections des Yi+k sur le premier axe
de coordonnées dans Rd. Pour des données à base déterministe complètement prévisibles (p.ex.
une série sinusoı̈dale éventuellement parasitée par un bruit gaussien), la valeur du coefficient
de corrélation sera à peu près constante, et d’autant plus proche de 1 que le bruitage sera faible
(alors qu’un bruit blanc gaussien pur donnera un coefficient de corrélation constamment proche
de zéro), mais en tout cas ne présentera pas de décroissance avec k ; ce qui sera le contraire pour
une série même complètement déterministe, mais imprévisible à très court terme, car chaotique :
on observe une décroissance très rapide du coefficient de corrélation vers zéro.

Ces méthodes d’analyse, qui ont connu une grande vogue dans les années 85-95, sont donc
toutes fondées sur l’hypothèse de l’existence d’un “attracteur étrange” vers lequel convergent
les trajectoires d’un système dynamique inconnu à l’origine de la série de données expérimentales.
Dans le cas du rythme cardiaque, sous l’hypothèse de l’existence d’un système dynamique dis-
cret de la forme RRn+1 = Φ(RRn ) (Φ soit dit en passant n’est pas une application de premier
retour de Poincaré, mais bien plutôt un temps de premier retour, par exemple temps de retour
à une hypersurface de dépolarisation E = 0 d’une cellule excitable cardiaque), des paramètres
non linéaires : dimension de corrélation (dimension non entière de l’attracteur reconstitué sui-
vant des principes énoncés par J.-P. Eckmann et D. Ruelle en 1985), exposants de Lyapounov,
entropie approchée (ApEn), de ce système ont été estimés sur des séries de RR provenant de
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données expérimentales de rythme cardiaque de souris, avec ou sans traitement par atropine. Les
données provenaient de l’U 127 de l’INSERM (P. Mansier et B. Swynghedauw). Ces travaux
ont fait l’objet d’une présentation à une conférence IEEE (réf. O7) et d’un article dans Car-
diovascular Research (réf. R4). Ils avaient pour but la discrimination sur les seules variables
cardiaques (RR) entre groupes d’animaux traités et non traités par des médicaments du système
nerveux autonome. La Figure 4 présente un exemple de calcul de dimensions de corrélation qui
va bien dans ce sens.

   

No Atropine 

With Atropine 

Embedding Dimension 

Correlation Dimension 

 1 2 3 4 5  
0

1

2

3

4

+/-2.3 SD
 1 2 3 4 5  

0

1

2

3

4

 
 1 2 3 4 5  

0

1

2

3

4

upper: CD (atropine)

 1 2 3 4 5  
0

1

2

3

4

lower: CD (control)

Figure 4. Dimensions de corrélation intégrale (algorithme de Grassberger et Procaccia)
calculées sure une série de 1000 intervalles RR chez une souris avant et après injection IP
d’une dose d’atropine. Sur cette figure, les pointillés indiquent +/- 2.3 fois l’écart-type (inter-
valle de confiance à 95%) de la pente (CD) , calculée par régression linéaire sur 10 points dans
la zone linéaire du tracé log-log (log [r] vs. log [C(r)]).

Sur un petit groupe d’animaux (cinq), on a pu montrer (réf. O7) que tous les indicateurs non
linéaires étudiés (dimension de corrélation, premier exposant de Lyapounov, ApEn) sont aug-
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mentés par une injection d’atropine, ce qui peut s’interpréter comme une augmentation de “com-
plexité” d’un hypothétique attracteur cardiaque sous-jacent par l’administration d’un parasym-
patholytique. De même, la somme des exposants de Lyapounov, toujours négative, ce qui signe
un système dynamique dissipatif (dans le cas présent dissipation d’énergie à chaque battement
cardiaque), se rapproche de 0 avec l’administration d’atropine. Une mission du système ner-
veux autonome pourrait ainsi être, dans cette vision en termes de dynamique non linéaire, la
réduction de la “complexité” du système cardio-vasculaire, réduction consommatrice d’énergie
pour diminuer l’entropie du système.

3.2 Modélisation en électrophysiologie cardiaque : contrôle
par le système nerveux autonome du chronotropisme car-
diaque au niveau du nœud sinusal

Le système nerveux autonome, considéré uniquement par ses efférences sur le nœud si-
nusal, est un régulateur du rythme cardiaque. Partant du modèle de Yanagihara-Noma-Irisawa
(1980)[28] du potentiel d’action de la cellule du nœud sinusal, on peut représenter (réf. O6) à ce
niveau unicellulaire l’action, codée en fréquence de décharges neuronales, des deux branches du
système nerveux autonome par l’intermédiaire des neuromédiateurs impliqués : acétylcholine
et noradrénaline, et de l’action des G-protéines, stimulant ou inhibant les courants ioniques
transmembranaires[29], suivant le schéma décrit par la figure 5.

Figure 5. Principe du modèle de contrôle par le système nerveux autonome de la cellule du
nœud sinusal.
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Une illustration du modèle avec contrôle nerveux autonome est présentée sur la Fig. 6 :
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Figure 6. Modèle de cellule de nœud sinusal contrôlée par le système nerveux autonome.

L’analyse spectrale du rythme RR ainsi modélisé montre que l’influence vagale est représentée
de façon satisfaisante, comme on le constate sur la Figure 7 :
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Figure 7. Signal RR obtenu à partir du modèle de potentiel d’action d’une cellule du nœud
sinusal contrôlée par le système nerveux autonome, et son spectre. L’influence du parasympa-
thique (à 0.25 Hz, fréquence de l’arythmie sinusale respiratoire) est bien présente.
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Chapitre 4

Travaux de recherche actuels (2000-. . . ) :
modèles mathématiques pour
l’optimisation de la
pharmacothérapeutique en cancérologie

4.1 Unmodèle pharmacocinétique-pharmacodynamique réduit
de l’action de l’oxaliplatine sur les tissus cancéreux et les
tissus sains avec prise en compte de la pharmacodynamie
circadienne pour l’optimisation chronothérapeutique

Ce nouveau thème de recherche, en rupture apparente avec mon domaine précédent d’ap-
plication à la médecine (la physiologie cardio-vasculaire), puisqu’il s’agit d’applications en
cancérologie, contient pourtant le même thème : la coordination des rythmes, mais dans le cas
présent, en plus du contrôle central (circadien) d’un rythme périphérique (le rythme de division
cellulaire), il y est d’emblée question de thérapeutique, ce qui n’était pas au premier plan pour
la physiologie cardio-vasculaire.

Le point de départ de mon intérêt pour la modélisation de la pharmacothérapeutique en
cancérologie a en effet été ma rencontre en 1999 avec Francis Lévi, qui pratiquait depuis une
dizaine d’années déjà en clinique la chronothérapie des cancers[30, 31, 32], en particulier du
cancer colorectal métastatique. Suivant une méthodologie mise au point d’abord chez l’animal,
puis en clinique, elle consiste à perfuser les médicaments anticancéreux en veillant à les admi-
nistrer à débit non constant, mais d’allure sinusoı̈dale avec des pics correspondant à leur heure
de moindre toxicité. Qu’une heure de moindre toxicité (qui coı̈ncide le plus souvent, sans qu’on
sache pourquoi, avec une heure de plus grande efficacité antitumorale) existe est un apport ma-
jeur de la chronobiologie à la pharmacologie en général, et à celle des cancers en particulier.

La Figure 8 illustre un schéma chronothérapeutique classiquement utilisé dans le traitement
du cancer colorectal métastatique.
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Figure 8. Schéma chronomodulé sinusoı̈dal pour la chronothérapie du cancer colorectal : as-
sociation d’oxaliplatine (L-OHP) et de 5-fluorouracile (5-FU) ; les pics de débit de perfusion
sont déterminés pour minimiser la toxicité non désirée sur les organes sains (Unité de chro-
nothérapie clinique, Francis Lévi, hôpital Paul-Brousse.

Peut-on améliorer ces schémas chronomodulés, ou, à défaut, démontrer leur optimalité ?
En considérant dans un premier temps le traitement par le seul oxaliplatine d’une tumeur
expérimentale l’ostósarcome de Glasgow de la souris, chez qui la principale toxicité de ce
médicament est sur la muqueuse jéjunale[33, 34], j’ai mis au point un modèle pharmaco-
cinétique-pharmacodynamique (PK-PD) macroscopique, i.e., au niveau global de la tumeur et
au niveau global de la muqueuse jéjunale, d’efficacité thérapeutique et de toxicité de l’oxalipla-
tine dans lequel l’influence circadienne est représentée par un simple cosinus venant moduler
la pharmacodynamie, c’est-à-dire l’activité du médicament sur la population des cellules tumo-
rales comme sur celle des cellules saines.

Ce modèle (réf. R11) est un système de 6 équations différentielles ordinaires, 3 pour la
pharmacocinétique, sanguine et tissulaire, 2 pour la dynamique jéjunale (oscillations stables,
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représentant l’homéostasie tissulaire) et 1 pour la croissance tumorale (modèle de Gompertz).
Les cinétiques sont d’ordre 1 dans le plasma et dans les tissus périphériques, représentant la
fixation irréversible (liaisons covalentes) de l’oxaliplatine sur ses cibles ; la stabilité (hors trai-
tement) de la population jéjunale, due au remplacement des cellules villositaires éliminées dans
la lumière intestinale par des celles jeunes en provenance des cryptes est représentée par un
système linéaire stable ; enfin la croissance tumorale est supposée être de type gompertzien :

– pharmacocinétique (P , concentration plasmatique, C et D, concentrations jéjunale et tu-
morale, respectivement, de l’oxaliplatine) :

dP

dt
= −λP +

i(t)

Vdi
(4.1)

dC

dt
= −µC + ξCP (4.2)

dD

dt
= −νD + ξDP (4.3)

– population des cellules de la muqueuse jéjunale (A, entérocytes villositaires, Z, flux de
cellules jeunes en provenance de la crypte, modèle d’oscillateur harmonique amorti) :

dA

dt
= Z − Zeq (4.4)

dZ

dt
= {−α− f(C, t)}Z − βA + γ (4.5)

– population des cellules tumorales (B, modèle de Gompertz) :

dB

dt
= −a.B. ln(B/Bmax) − g(D, t).B (4.6)

– enfin, la pharmacodynamie chronomodulée est représentée par deux fonctions de Hill, f
et g (pour la toxicité et l’efficacité thérapeutique, respectivement), modulées en amplitude
par une fonction périodique de période T = 24 h :

f(C, t) = F.

{
1 + cos

(
2π

t − ϕS

T

)}
.

CγS

CγS

S50 + CγS

g(D, t) = H.

{
1 + cos

(
2π

t − ϕT

T

)}
.

DγT

DγT

T50 + DγT

En choisissant pour la fonction de ddébit d’injection t $→ i(t), commande pharmacologique
du système une sinusoı̈de de période T = 24 h, comme la période T de chronosensibilité
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au médicament dans les fonctions de pharmacodynamie f et g, on peut simuler la réponse
du système au traitement chronomodulé. Sur la Figure 9 sont représentées les 6 variables du
modèle pendant les 5 jours d’une monothérapie chronomodulée à l’oxaliplatine. Le traitement
vise à maximiser l’élimination des cellules tumorales (B, dernière trace) tout en préservant le
plus possible le cellules saines (A, quatrième trace).
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Figure 9. Evolution des variables du modèle, de haut en bas : P, C, Z, A, D et log10 B
sous l’action d’un traitement chronomodulé supposé perfusé par voie générale. Le temps est
en heures et les concentrations plasmatiques en µg/mL, les autres unités sont arbitraires,
dépendant de constantes de transfert inconnues du plasma aux tissus, et d’un nombre initial
arbitraire pour les populations de cellules.

Peut-on alors envisager d’autres schémas d’administration chronomodulés, en s’affranchis-
sant du cadre habituel des traitements perfusés à l’hôpital de façon périodique sur une base de
24 h? En conservant à l’identique ce modèle “chrono-PK-PD”, on pose alors la question comme
un problème d’optimisation sous contraintes. Quelle est la meilleure fonction de débit instan-
tané d’une pompe programmable qui permette l’élimination maximale des cellules tumorales
(fonction objective à minimiser : le nombre de cellules tumorales) tout en préservant les cellules
saines suivant une contrainte imposée du nombre de cellules saines à préserver, représentant
la tolérabilité du traitement par le patient telle qu’elle peut être estimée par le clinicien. Ce
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problème est alors justiciable de l’application de méthodes mathématiques d’optimisation, et
une solution élaborée en collaboration avec Claude Basdevant en a été publiée en 2005 (réf.
R9). La Figure 10 en donne une illustration.

ChimioS0j

CS00 −  dt=0.1 h
lbd=6, mu=0.015, nu=0.03
To=12 h,  Tf=To+21 j
B(0)=1000000 cells
Gaussian noise − zero mean
standard deviation=0 µg/h

Ti=To+15 j+12 h =To+15.5 j

Sum i=515.4 µg
Max i=10.47 µg/h

MinA=49.9 %Aeq, tMinA=11.8 j
Bmin=144.8 cells,  tBmin=10.14 j

Bmax=109876 , tBmax=14.63 j

B(Tf)=109691.5206 cells
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Figure 10. Traitement de stabilisation de 3 semaines consécutives avec cycles de chro-
nothérapie de 36 heures de perfusion effective suivis de 5 jours 1/2 de récupération. Débit de
perfusion calculé suivant des algorithmes d’optimisation mis au point par Claude Basdevant
(voir la réf. R9 pour des explications détaillées).
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4.2 Modélisation de la prolifération cellulaire : le cycle de di-
vision cellulaire et son contrôle au niveau d’une popula-
tion de cellules et son contrôle circadien

Le système dynamique précédent présente cependant l’inconvénient de ne pas mentionner
le mécanisme d’action du médicament autrement que comme un terme général de mort dans
une population de cellules, ce qui ne rend pas possible (autrement que par un modèle de type
“boı̂te noire”, avec par exemples des termes linéaires et bilinéaires) la représentation de l’action
de plusieurs médicaments aux mécanismes d’action moléculaires distincts et de leurs synergies.

Or les anticancéreux agissent presque tous par inhibition de la division cellulaire, et à des
niveaux qui peuvent être très différents. C’est pourquoi il m’est apparu nécessaire de développer
un modèle du cycle cellulaire, c’est-à-dire la série d’événements menant à la mitose, dans une
population de cellules, avec des points d’entrée pour un contrôle qui doit pouvoir être pharma-
cologique, mais aussi physiologique, dépendant d’hormones telles que les glucocorticoı̈des et
de messages en provenance de l’horloge circadienne. On sait en effet que les cyclines, protéines
qui conduisent le cycle de division cellulaire, et d’autres protéines qui jouent un rôle dans son
contrôle (p53, BAX, BCL2, notamment) ont un rythme circadien de transcription.

C’est pourquoi, avec Benoı̂t Perthame, Stéphane Mischler, Philippe Michel et Béatrice La-
roche, nous avons construit entre 2003 et 2006 (réf. RR4, R10) un modèle mathématique pour
le cycle de division cellulaire dans une population de cellules. Ce modèle, structuré non pas en
espace, mais en âge dans le cycle, repose sur des Équations aux Dérivées Partielles (EDP) qui
décrivent l’évolution d’une population durant chaque phase du cycle et la transition à la phase
suivante. Ce modèle permet divers types de contrôle : thérapeutique, certaines chimiothérapies
étant connues pour agir sur des phases spécifiques du cycle cellulaire ou sur les transitions entre
phases) ou physiologique (hormones, rythme circadien). Nous avons étudié alors le compor-
tement asymptotique en temps long de ce système d’EDP en utilisant une méthode d’entropie
généralisée et nous avons montré, dans un premier temps grâce à des tests numériques, qu’il
était possible de représenter dans ce modèle l’action du contrôle circadien.

Le modèle de densité de population ni dans la phase i (1 ≤ i ≤ I , I étant le nombre de
phases du cycle) à l’instant t et âge a dans la phase s’écrit :

∂

∂t
ni(t, a) +

∂

∂a
[vi(a)ni(t, a)] + di(t, a)ni(t, a) + Ki→i+1(t, a)ni(t, a) = 0, avec :

vi(0)ni(t, a = 0) =

∫

α≥0

Ki−1→i(t,α) ni−1(t,α) dα 2(≤ i ≤ I),

n1(t, a = 0) = 2

∫

α≥0

KI→1(t,α) nI(t,α) dα,

et
I∑

i=1

∫

α≥0

ni(t, a)da = 1,
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Ici, les di(t, a) désignent les taux de mort dans les phases, les Ki→i+1(t, a) = ψ(t)1{a≥ai}(a)
les noyaux (probabilités) de transition entre phases, et les vi(a) les “vitesses de parcours”
dans les phases. Bien sûr, la dernière phase (I) est la phase de mitose. Dans l’expression
Ki→i+1(t, a) = ψ(t)1{a≥ai}(a), ai est une durée minimale dans la phase avant qu’une cellule
puisse passer dans la phase suivante, est ψ est un contrôle (a priori dépendant du temps) sur la
transition de phase, par exemple d’origine circadienne ou pharmacologique.

Le principal intérêt de ce modèle est que, grâce à un théorème (Krein-Rutman[35] analogue
au théorème de Perron-Fröbenius en dimension finie pour les matrices à coefficients positifs),
on peut démontrer sous des hypothèses de compacité de l’opérateur différentiel sous-jacent 1,
que le comportement asymptotique des solutions est dominé, quelle que soit la phase i du cycle
considérée, par un terme en eλ1t, λ1 étant la première valeur propre (positive) de l’opérateur.
Plus précisément, chaque ni s’écrit : ni(t, a) = eλ1tÑi(t, a), où les Ñi sont bornés et asymptoti-
quement et en moyenne sur chaque phase i, constants si le contrôleψ est constant, et périodiques
en temps s’il est périodique.

Cette première valeur propre (dite valeur propre de Perron) mesure donc la croissance d’un
processus de croissance exponentiel : en l’absence de phénomènes extérieurs venant limiter
cette croissance (cas du stade initial de développement d’une tumeur solide, sans limitations
métaboliques ni résistance mécanique du stroma, par exemple), c’est λ1 = ln 2/Td,où Td est le
temps de doublement de la population. On peut donc contrôler l’évolution d’un tel processus de
croissance (d’une population de cellules augmentant par divisions cellulaires dans notre cas) en
contrôlant sa valeur propre de Perron. Malheureusement, sauf peut-être dans des cas simples,
aucun moyen de calcul analytique de cette valeur propre n’est disponible, et on doit se contenter
de l’approcher numériquement.

Ce modèle a été utilisé pour étudier théoriquement le problème du contrôle circadien de la
croissance tumorale (tel qu’il a été mis en évidence par les travaux d’Elisabeth Filipski[36] dans
l’équipe de Francis Lévi) : une perturbation expérimentale de l’horloge circadienne centrale
(par électrocoagulation des noyaux suprachiasmatiques ou par décalage horaire chronique de
l’entraı̂nement photique) de souris de laboratoire augmente la vitesse de croissance initiale de
tumeurs implantées. On a pu montrer théoriquement (c’est un théorème dû à Benoı̂t Perthame,
2005, cf. réf. R10) que si un contrôle périodique est exercé sur le taux d’apoptose, mais aucun
contrôle sur les transitions de phase, c’est le contraire qui doit se produire.

Ceci montre a contrario que le contrôle circadien s’exerce (éventuellement uniquement) sur
les transitions de phase. Il n’est pas surprenant que l’apoptose ne suffise pas à expliquer dans le
cadre de ce modèle le phénomène observé expérimentalement, puisque au moins une influence
attendue du rythme circadien (le contrôle de la kinase cdk1 par la kinase-kinase Wee1[37],
dont la transcription est elle-même sous la dépendance du gène circadien Bmal1) se situe au

1. Les noyaux Ki→i+1(t, a) positifs, les taux de mort (par apoptose en général) di(t, x) ≥ 0 bornés, et, en

posant : min0≤t≤T Ki→i+1(t, a) : = ki→i+1(a), max0≤t≤T [di + Ki→i+1] : = µi(a), et Mi(a) =

∫ a

0
µi(α)dα,

la condition :
∏I

i=1

∫
α≥0 ki→i+1(α)e−Mi(α)dα > 1/2, ceci pour assurer la croissance effective du système (il y a

en moyenne plus de renouvellement que de mort).
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niveau des transitions de phases et non du taux de mort dans chaque phase. Mais les simulations
numériques montrent aussi dans un modèle simplifié à 2 phases que suivant les durées relatives
des phases, on peut observer aussi bien une accélération qu’un ralentissement de croissance par
l’exercice d’un contrôle périodique sur les transitions (réf. R10, O8).

La Figure 11 montre un cas dans lequel un contrôle périodique diminue effectivement la
valeur propre de Perron.

Figure 11. Effet sur la valeur propre de Perron d’un contrôle périodique du taux de transition
entre phases. Pour une même valeur moyenne du contrôle, périodique ou constant, la valeur
propre de Perron est dans ce cas particulier réduite par le contrôle périodique, comme dans les
observations expérimentales. . . mais le tableau II montre que ce n’est pas le cas général.
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Le tableau suivant montre en fait qu’aucune hiérarchie claire entre valeurs propres de Perron
calculées dans le cas stationnaire et dans le cas périodique n’existe dans l’absolu.

Tableau II
Comparaison des valeurs propres propres de Perron dans le cas d’un contrôle périodique du
taux de transition contre une valeur constante de même moyenne pour le taux de transition
(λper / λstat dans un modèle simplifié à deux phases (G1-S-G2 et M si la transition est G2/M,
par exemple). Deux cas de contrôle périodique sont considérés : bref créneau (4 heures à 1 /
20 heures à 0) et créneau régulier (12 heures / 12 heures). Les lignes du tableau indiquent le
rapport de durée entre les deux phases. Les valeurs soulignées sont les plus élevées des deux.

G1-S-G2/M, 4-20 sq. w. λper λstat

1 0.2385 0.2350
2 0.2260 0.2923
3 0.2395 0.3189
4 0.2722 0.3331
5 0.3065 0.3427
6 0.3305 0.3479
7 0.3472 0.3517
8 0.3622 0.3546

10 0.3808 0.3588
20 0.4125 0.3675

G1-S-G2/M, 12-12 sq. w. λper λstat

1 0.2623 0.2821
2 0.3265 0.3448
3 . . . . . .
4 . . . . . .
5 . . . . . .
6 . . . . . .
7 0.4500 0.4529
8 0.4588 0.4575

10 0.4713 0.4641
20 0.5006 0.4818

Il reste donc encore des points à éclaircir dans les propriétés de ce modèle du cycle cellulaire.
Un modèle à au moins trois phases et deux transitions (G1/S et G2/M), plus réaliste, mais aussi
plus difficile à identifier, devrait offrir une plus grande richesse de comportement.

Un autre intérêt de ce modèle est qu’il montre la possibilité de l’entraı̂nement de la période
du cycle cellulaire par la période d’une fonction ψ contrôlant les transitions entre phases (c’est-
à-dire que la durée totale du cycle se cale sur la période d’entraı̂nement).

Sur les Figures 12 et 13, on peut voir un exemple de contrôle périodique de la transition de
phase par une fonction ψ représentant un contrôle circadien.
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Figure 12. Solution normalisée t $→ Ñ1(t) = e−λ1tn1(t) de l’EDP pour la population cellulaire
en phase 1 [moyennée en âge dans la phase] pour un modèle à deux phases de même durée avec
contrôle périodique “circadien” (en créneau) de la transition. L’unité de temps est la durée de
chaque phase (demi-durée totale du cycle, et le contrôle circadien est de période 1.2 unités de
temps.
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Figure 13. Détails sur la Figure 12. Au début du tracé (à gauche), la dynamique de la po-
pulation suit ses oscillations propres, puis après un temps de transition, elle est entraı̂née à la
période circadienne.

Une autre adjonction au modèle a déjà été faite à l’occasion de l’année de postdoctorat de
Fadia Bekkal Brikci, que j’ai encadrée avec Benoı̂t Perthame à l’INRIA sur un sujet que j’avais
défini : une phase quiescente a été prise en considération dans le cadre d’un modèle à deux
compartiments, quiescent (ou G0) et prolifératif (celui des cellules dans le cycle, ou G1-S-G2-
M). Mais comme ces échanges dépendent de façon essentielle du niveau de cycline D contenu
dans ces cellules, ce nouveau modèle a été structuré en âge et en cycline.

Les échanges entre ces deux compartiments sont modélisés par deux fonctions. L’une (de
fuite de la phase proliférante G1vers la phase quiescente G0) dépend de façon décroissante
du niveau de cycline D dans la cellule : lorsqu’un niveau de cycline seuil a été atteint, cette
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fonction devient (brusquement), de positive, si proche de zéro que tout retour vers la phase G0
est impossible : ce seuil représente le point de restriction R[38] en fin de phase G1. L’autre (de
recrutement dans le cycle) dépend de façon décroissante de la population cellulaire totale et
représente une inhibition par la densité de population.

L’introduction de ces fonctions d’échange permet de représenter le comportement de popu-
lations de cellules non plus seulement en phase de croissance exponentielle, mais aussi à crois-
sance limitée (de type gompertzienne par exemple) ou illimité, mais polynomiale (par exemple
lorsque le volume d’une tumeur solide croı̂t en t3 avec le temps t comme cela s’observe parfois
expérimentalement[39]), ou encore à comportement naturellement homéostatique, comme dans
le cas de la prolifération hépatocytaire après hépatectomie partielle.

Le modèle EDP s’écrit ainsi :





∂

∂t
p (t, a, x) +

∂

∂a
(Γ0p (t, a, x)) +

∂

∂x
(Γ1 (a, x) p (t, a, x)) =

− (L (a, x) + F (a, x) + d1) p (t, a, x) + G (N (t)) q (t, a, x) ,

∂

∂t
q (t, a, x) = L (a, x) p (t, a, x) − (G (N (t)) + d2) q (t, a, x) .

Les variables p et q représentent les populations de cellules proliférantes et quiescentes,
respectivement, N la population cellulaire totale (tous âges cellulaires a et charges en cycline x
confondus) ; les fonctions L et G sont les fonctions de fuite et de recrutement mentionnées plus
haut, F est la fonction de division en fin de phase proliférative, et les Γ (Γ0, constante, et Γ1,
dépendant de a et x), sont des vitesses d’évolution de a et x par rapport au temps t.

La Figure 14 illustre le comportement du modèle dans le cas d’un tissu sain, par exemple le
foie ; mais il pourrait aussi s’agir de la muqueuse digestive ou de la moelle osseuse hématopoı̈étique.

Figure 14. Evolution des deux populations de cellules (cellules quiescentes à gauche et cellules
proliférantes à droite) dans le cas d’un tissu sain.
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Ce modèle est en cours de publication (réf. R12, R13). Il reste à le connecter au modèle
de cycle cellulaire à plusieurs phases présenté précédemment. Les fonctions d’échange entre
compartiments prolifératif et quiescent sont destinées dans une perspective de modélisation
pharmacothérapeutique à représenter les cibles de médicaments inhibiteurs de la croissance
cellulaire tels que les antagonistes des récepteurs aux EGF (EGFR).

4.3 Modélisation pharmacocinétique-pharmacodynamique (PK-
PD) moléculaire de l’action des anticancéreux sur la pro-
lifération cellulaire et de son contrôle circadien

Cette partie, encore en cours de construction, est celle que je compte développer en priorité
à l’avenir. Dans un premier temps, c’est l’oxaliplatine[40], agent alkylant sans spécificité de
phase du cycle, connu pour former des liaisons covalentes sur l’ADN, particulièrement double-
brin[41], dont j’ai choisi de représenter l’action. Bien qu’aucune spécificité de phase ne lui soit
connue, la cytométrie en flux montre qu’il provoque un arrêt du cycle de division cellulaire
principalement à la transition G2/M, et dans une moindre mesure à la transition G1/S.

Un système d’équations différentielles ordinaires (EDO) ayant pour entrée le débit ins-
tantané d’une pompe de perfusion programmable doit, pour représenter la pharmacodynamie
moléculaire de l’oxaliplatine, avoir pour cible l’ADN libre (i.e., sans adduits d’oxaliplatine) et
les autres molécules, protectrices de la cellule, auquel il va aussi se lier de manière irréversible :
protéines (et autres molécules de détoxification comme le glutathion) plasmatiques et hépatiques,
glutathion intracellulaire.

D’autre part, les principales enzymes connues pour être impliquées dans la résistance à
l’oxaliplatine doivent être représentées. Il s’agit de la GSTπ[42] pour la liaison (de détoxification)
active de l’oxaliplatine au glutathion et des enzymes d’excision ERCC1[43] et ERCC2 (de
réparation -“DNA Mismatch Repair”- de l’ADN endommagé après cassure, au moins simple-
brin).

De plus, il est connu qu’il existe un rythme circadien de production des protéines plasma-
tiques et un rythme circadien (différent du précédent) de synthèse du glutathion[44, 45] (dont
l’enzyme limitante est la γ-Glu-cystéinyl ligase (ou synthétase), deux rythmes dont la prise
en compte pourrait permettre d’expliquer au niveau moléculaire les variations circadiennes de
toxicité et d’efficacité antitumorale de l’oxaliplatine.

Le système d’ED0 ci-dessous répond à ces critères :
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dP

dt
= −[ξ + cl + λL]P + i(t)

dL

dt
= −λVPL + ε

(
N − N0 −

1

3
(L − L0)

3 + rL(L − L0)

)

dN

dt
= −

ω2
L

ε
(L − L0)

dC

dt
= −VGST

C(G − G0)2

K2
GST + (G − G0)2

− kDNAC(F − F0) +
ξ

2

V

Wj
P

dF

dt
= −kDNAC(F − F0) − kR(F − F0)repair

(
gR, θ1, θ2,

F0 − F

F0

)

dG

dt
= −VGST

C(G − G0)2

K2
GST + (G − G0)2

+ δ

(
S − S0 −

1

3
(G − G0)

3 + rG(G − G0)

)

dS

dt
= −

ω2
G

δ
(G − G0)

Les figures suivantes détaillent les mécanismes représentés et la dernière illustre les différences
de réponse de l’ADN à l’oxaliplatine suivant la robustesse de la fonction de réparation, supposée
liée à l’expression du gène ERCC2.

Figure 15. Pharmacocinétique plasmatique de l’oxaliplatine.
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Figure 16. Pharmacocinétique tissulaire et détoxification cellulaire de l’oxaliplatine.

Figure 17. Pharmacodynamie moléculaire (action sur l’ADN) de l’oxaliplatine.
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4.4 Le système circadien : des horlogesmoléculaires des noyaux
suprachiasmatiques aux tissus périphériques

De nombreux modèles de l’horloge circadienne moléculaire ont vu le jour au cours des
10 dernières années. Les plus simples, parmi ceux qui retiennent le mécanisme fondamental
de l’horloge : transcription, traduction, rétroinhibition de la transcription par un produit de
la traduction (par exemple la protéine phosphorylée) sont les modèles d’A. Goldbeter et J.-C.
Leloup, publiés à partir de 1995[46, 4, 47], pour la protéine PER de la mouche Drosophila
Melanogaster et pour la protéine FRQ de la moisissure Neurospora Crassa.

4.4.1 Contrôle de la période dans un modèle de la protéine PER, protéine
de l’horloge circadienne moléculaire

En 1999, j’ai commencé à m’intéresser au modèle des oscillations circadiennes de la protéine
PER, qu’Albert Goldbeter avait publié en 1995[46] :






dM
dt = vs

Kn
I

Kn
I +P n

N
− vm

M
Km+M

dP0

dt = ksM − V1
P0

K1+P0
+ V2

P1

K2+P1

dP1

dt = V1
P0

K1+P0
− V2

P1

K2+P1
− V3

P1

K3+P1

+ V4
P2

K4+P2

dP2

dt = V3
P1

K3+P1
− V4

P2

K4+P2
− k1P2

+ k2PN − vd
P2

Kd+P2

dPN

dt = k1P2 − k2PN

En changeant la valeur du paramètre vd, représentant le taux de dégradation de la protéine
biphosphorylée P2, supposé génétiquement déterminé, on modélise des cycles circadiens de
Drosophiles mutantes -qui existent dans la nature-, à période circadienne plus courte (16 h) ou
plus longue (28.5 h) que 24 h (23,71 précisément). Nous avons montré avec Daniel Claude que
dans certaines conditions d’entraı̂nement en amplitude et en phase à l’origine, une modification
périodique à la période de 24 heures du paramètre ks, représentant le taux de traduction d’ARN
messager en protéine PER (non phosphorylée) pouvait ramener la période des mutantes à la
période “physiologique” (i.e., de l’animal non mutant) de 24 heures (réf. R7).

Ces résultats sont illustrés sur les Figures 19 et 20 par des modifications des cycles limites
dans le plan de phase (M, PERtot), où M est la concentration en ARN messager et PERtot la
concentration en protéine PER totale, phosphorylée et non phosphorylée.
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Figure 19. Modification du cycle limite de la Drosophile mutante longue (pointillés) par un
contrôle périodique de ks le ramenant à un cycle limite parcouru à la période de 24 h.
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Figure 20. Modification du cycle limite de la Drosophile mutante courte (pointillés) par un
contrôle périodique de ks le ramenant à un cycle limite parcouru à la période de 24 h.
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4.4.2 Un réseau d’oscillateurs circadiens, des centres à la périphérie
La perturbation des rythmes circadiens centraux, telle qu’elle se manifeste chez certains

patients cancéreux au pronostic très réservé ou chez les souris de laboratoire en “jet-lag”, par
une disparition quasi-complète des oscillations circadiennes de la température et de l’alternance
activité-repos, ne peut affecter la prolifération cellulaire en périphérie que si on admet l’exis-
tence d’un système circadien, constitué d’horloges moléculaires (présentes de fait dans chaque
cellule nucléée où on les a cherchées), et d’un chef d’orchestre central hypothalamique qui coor-
donne leur activité. Il est donc tentant de considérer l’influence d’une perturbation des rythmes
circadiens centraux comme une désorganisation, plus précisément une désynchronisation des
horloges circadiennes en périphérie.

Pour représenter dans une perspective pharmacothérapeutique le système circadien, c’est-
à-dire les horloges circadiennes des différents tissus périphériques et le pacemaker central des
noyaux suprachiasmatiques qui les coordonne, il est nécessaire de modéliser ce système circa-
dien comme un réseau d’oscillateurs.

C’est ce qui est fait, à partir du modèle simple de Neurospora Crassa (transcription : RNAm ;
traduction : PER ; rétroinhibition : Z) pris comme cellule de base du réseau :






dRNAm

dt
= Vs

Kn

Kn + Zn
− Vm

RNAm

Km + RNAm
dPER

dt
= ksRNAm − Vd

PER

Kd + PER
− k1PER + k2Z

dZ

dt
= k1PER − k2Z

Le réseau est constitué au niveau des noyaux suprachiasmatiques (le pacemaker) par un
ensemble d’oscillateurs circadiens (neuronaux) communicant entre eux par couplage diffusif
(voir la réf. O9), et au niveau périphérique, par d’autres ensembles d’oscillateurs circadiens,
sans communication entre eux, mais tous sous le contrôle d’un messager en provenance du
pacemaker, supposé ici inhiber la transcription (par Z(i) $→ Z(i) + W , où W est le messager
périphérique, par exemple un glucocorticoı̈de) :






dmRNA(i)

dt
= Vs

Kn

Kn + Z(i)n
− Vm(i)

mRNA(i)

Km + mRNA(i)
dPER(i)

dt
= ksmRNA(i) − Vd

PER(i)

Kd + PER(i)
− k1PER(i)

+k2Z(i) + Ke

∑

j &=i

[PER(j) − PER(i)]

dZ(i)

dt
= k1PER(i) − k2Z(i)

La Figure 21 illustre au niveau d’une population moyennée d’oscillateurs circadiens en
périphérie la synchronisation / désynchronisation par une alternance lumière / obscurité sur
3 périodes consécutives de 10 jours au niveau des noyaux suprachiasmatiques.

59



0 100 200 300 400 500 600 700
0

1

2

3

4

5

6

mRNA
PER
Z

Figure 21. Entraı̂nement des variablesARNm, PER etZ d’une horloge périphérique (moyenne
locale d’oscillateurs circadiens) : sans entraı̂nement par la lumière, puis avec, puis à nouveau
sans. L’oscillateur périphérique moyenné a une période intrinsèque de 21 h 30, avec une faible
amplitude des oscillations résultantes, tandis qu’avec entraı̂nement circadien (10 jours du mi-
lieu), la période des oscillations synchronisées résultantes est de 24 h avec une forte amplitude.

4.4.3 Contrôle circadien sur le cycle de division cellulaire
Ce contrôle a été représenté dans le modèle EDP de cycle cellulaire à deux phases comme

le contrôle circadien ψ identifié à la kinase cycline-dépendante CDK1, elle-même obtenue en
sortie du modèle minimal d’oscillateur mitotique d’Albert Goldbeter (1991)[48] dans lequel
la kinase-kinase Wee1 joue le rôle de cible de l’horloge circadienne, puisque sa transcription
est sous la dépendance de l’horloge circadienne. La Figure 22 montre une des étapes de cet
entraı̂nement. Mais cet entraı̂nement de CDK1 par (Bmal1 et) Wee1 ne concerne a priori que la
transition G2/M. Un mécanisme analogue reste à authentifier pour la transition G1/S. Il pourrait
impliquer la protéine p21 entraı̂née par PER2 et agissant sur la kinase CDK2.

De plus, une synchronisation efficace entre les transitions G1/S et G2/M semble nécessaire
pour assurer une progression régulière dans le cycle. L’horloge circadienne moléculaire pourrait
y jouer l’un de ses rôles (à l’instar, mutatis mutandis, du système nerveux autonome assurant la
coordination entre rythmes cardiaque et respiratoire).
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Figure 22. Entraı̂nement du cycle cellulaire (densité de population cellulaire normalisée) par
la kinase CDK1, elle-même entraı̂née sur un rythme de 24 h par Wee1

4.4.4 Contrôle circadien sur les mécanismes cellulaires de détoxification
ou d’activation

Une représentation par des équations différentielles des mécanismes moléculaires de détoxification
des agents exogènes est vraisemblablement la clef de l’explication de la chronotoxicité des
médicaments anticancéreux. Glutathion réduit pour l’oxaliplatine, dihydropyrimidine déshydrogénase
(DPD) pour le 5-fluorouracile, sont produits sur un rythme de 24 h ; de même, l’activation
de l’irinotécan en SN38 par la carboxylestérase. On peut rapprocher de ces mécanismes la
réparation après lésion de l’ADN, puisque cerains des gènes (ERCC notamment) qui codent
pour cette réparation ont une expression circadienne.

Comprendre comment ces rythmes, et le contrôle des gènes qui les déterminent, diffèrent
entre cellules saines et tumorales est un enjeu majeur de la modélisation en pharmacologie des
cancers. Beaucoup reste à faire.

Jusqu’ici, seul le contrôle circadien sur la détoxification de l’oxaliplatine a été modélisé et
suivant un modèle simplifié d’oscillateur de Van der Pol.
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Chapitre 5

Perspectives de recherche : un modèle
général de prolifération cellulaire et de son
contrôle pour l’optimisation thérapeutique
en cancérologie

Des modèles locaux sont à présent en place. Utiliser ces modèles partiels et les mettre bout
à bout suivant les besoins pour répondre à une question spécifique, en développant si nécessaire
de nouveaux modèles locaux, est l’un des principes qui pour moi doit guider la recherche et le
développement de nouvelles méthodes des mathématiques appliquées à la médecine.

Ceci peut se faire dans un cadre général de biologie des systèmes en utilisant un principe de
modularité dans le développement des modèles.

5.1 Le cycle cellulaire, son contrôle physiologique et pharma-
cologique

Il s’agit en particulier de développer des modèles du cycle cellulaire divisé en phases prenant
en compte les cyclines, les échanges entre populations de cellules proliférantes et quiescentes, et
leur contrôle pharmacologique (PK-PD) moléculaire ou physiologique, notamment circadien.
Pour cela, préciser les mécanismes des transitions de phases, de l’induction des enzymes de
réparation de l’ADN ou de l’induction de la machinerie apoptotique (p53-dépendante ou non)
nćessite des collaborations avec des biologistes fondamentalistes de la cellule comme il en
existe notamment sur le site de Villejuif dans l’IFR 89, auquel est rattachée l’U 776.

Du point de vue des méthodes mathématiques, la réduction des systèmes d’EDP utilisés
jusqu’ici à des systèmes différentiels à retard est une éventualité qui donnerait facilement lieu à
des collaborations, locales ou internationales, et enrichirait l’éventail des techniques d’analyse.
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5.2 Populations de cellules : croissance tissulaire non contrôlée
ou homéostasie tissulaire

Les modèles de populations de cellules développés jusqu’ici sont fondés sur la division
cellulaire représentée sans considération de développement spatial. Le lien avec des modèles
spatiaux de type réaction-diffusion, ou à fondement stochastique (IBM, alias “Individual-Based
Models”) est en discussion à l’intérieur du projet Bang. En particulier des correspondances
entre fonctions d’échange abstraites entre phase proliférative et phase quiescente, et limitations
spatiales mécaniques ou plus liées au métabolisme (angiogenèse) sont à établir.

5.3 Le système circadien, contrôleur des rythmes physiolo-
giques, son entraı̂nement par l’alternance lumière / obs-
curité et ses perturbations

5.3.1 Le pacemaker des noyaux suprachiasmatiques
On a déjà représenté ce pacemaker comme contrôlant les processus de prolifération cel-

lulaire. Mais il reste à modéliser, à l’inverse, les impacts d’une part de la cytotoxicité sur les
noyaux suprachiasmatiques des cytokines émises par la tumeur ou par le système immunitaire
de l’hôte, et d’autre part des médicaments cytotoxiques utilisés en cancérologie eux-mêmes.

Cette toxicité sur le pacemaker central, authentifiée par les mesures, tant invasives (cortisol
circulant) que non invasives (température centrale, alternance activité-repos) des rythmes cen-
traux, très perturbés chez les patients cancéreux les plus atteints, mais que rapportent aussi des
patients ayant bénénéficié d’un traitement par interféron (INγ) se manifeste par des symptômes
comparables au “jet-lag” des vols transméridiens. Cette toxicité pose la question d’une contrainte
supplémentaire dans l’optimisation thérapeutique en cancérologie : comment limiter la désynchro-
nisation des rythmes circadiens centraux due au traitement?

Elle pose aussi la question d’une éventuelle thérapie de resynchronisation (mélatonine, cor-
tisol, photothérapie) qui est un moyen d’action adjuvant possible dans l’optimisation thérapeutique.

5.3.2 Les voies de transmissions du centre hypothalamique à la périphérie
Système nerveux autonome et voies hormonales, en particulier glucocorticoı̈des, sont les

principaux messagers candidats à ce rôle de transmetteurs. La mélatonine y participe-t-elle ?
Cela reste à préciser.

Une investigation systématique des voies sympathiques et parasympathiques, et neurohor-
monales dans la synchronisation des horloges circadiennes périphériques, en particulier pour la
prolifération cellulaire, reste entièrement à faire.
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5.3.3 Contrôle des horloges circadiennes périphériques et de l’expression
des gènes contrôlés par ces horloges

On représentera le contrôle central dans chaque cellule par l’horloge circadienne des gènes
du cycle cellulaire d’une part (Wee1, p21, cyclines, cdk, p53,. . . ), des gènes contrôlant les
mécanismes d’activation et de détoxification des molécules exogènes d’autre part, et le contrôle
de cette horloge circadienne elle-même par les messagers en provenance du pacemaker central.

5.4 Pharmacocinétique-pharmacodynamie moléculaire des
médicaments anticancéreux administrés par voie générale

5.4.1 Pharmacocinétique sanguine
Le foie sera considéré comme un filtre sur la circulation générale. Polymorphisme génétique

et expression circadienne des protéines circulantes et des enzymes de détoxification hépatiques
seront les déterminants d’une pharmacocinétique sanguine moléculaire. La possible toxicité
hépatique de certains médicaments sera également prise en compte.

5.4.2 Transports membranaires
Ce thème n’a pas encore été abordé mais présente certainement un intérêt en particulier dans

l’étude des résistances aux médicaments.

5.4.3 Mécanismes d’activation et de détoxification cellulaires
Pour chaque molécule étudiée, son devenir dans la cellule : activation, ou dégradation par

des molécules génériques comme le glutathion réduit ou par des enzymes spécifiques (par
exemple DPD pour le 5-fluorouracile), sera représenté par un modèle dynamique reposant sur
des équations différentielles ordinaires.

Les mécanismes d’apparition des résistances aux médicaments pourront être intégrés comme
des extensions stochastiques du modèle PK-PD moléculaire (marche aléatoire dans les gènes)
et considérés comme une contrainte supplémentaire dans l’optimisation thérapeutique.

La toxicité pour les tissus sains sera représentée (de façon modulaire, i.e., par assemblage de
modèles) en fonction des médicaments utilisés et des tissus concernés, pour fournir une fonction
de contrainte (de tolérabilité clinique) dans les méthodes d’optimisation.

5.4.4 Protéines sentinelles, réparation ou induction de l’apoptose
p53 et MDM2, qui ont une rythmicité d’expression circadienne, sont les sentinelles des

lésions de l’ADN. Elles représentent un lien incontournable entre pharmacologie des cyto-
toxiques et cycle cellulaire
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En effet, en cas de lésions à l’ADN, p53 induit le blocage des transitions de phase G1/S
et G2/M et l’expression d’enzymes d’excision (ERCC1, ERCC2) pour la réparation des dom-
mages à l’ADN ; si les dégâts sont irréparables, elle enclenche la voie principale de l’apoptose.

Un modèle de p53 est donc une nécessité pour représenter efficacement la PK-PD moléculaire.

5.4.5 Prise en compte de facteurs métaboliques
En fonction des données et des questions, pH, pression partielle d’oxygène, ATP disponible

pourront venir moduler les r’eactions biochimiques prises en compte dans la modélisation PK-
PD cellulaire et tissulaire.

5.5 Méthodes d’optimisation de la pharmacothérapeutique

5.5.1 D’autres méthodes d’optimisation sur le modèle macroscopique d’ac-
tion de l’oxaliplatine

Après le gradient conjugué non linéaire, le lagrangien augmenté a été utilisé pour améliorer
les performances de l’algorithme mis au point et employé initialement par Claude Basdevant
pour traiter le problème d’optimisation chronothérapeutique, ce qui a fait l’objet d’un stage de
fin d’école d’ingénieurs au printemps 2005.

Puis l’application au même problème d’optimisation chronothérapeutique d’autres méthodes
d’optimisation : LBFGS B et SQPAL, ont fait l’objet d’un stage de M2 au printemps 2006. Ces
méthodes, qui ont d’abord été utilisées pour identifier les paramètre du modèle PK-PD macro-
scopique, ont ensuite été employées améliorer les performances des algorithmes précédents.
L’évaluation se fait d’une part sur la fonction objectif elle-même (minimisation du nombre de
cellules tumorales) mais aussi d’autre part sur la stabilité de la commande optimale (le débit
d’injection d’un médicament anticancéreux administré par voie générale) en fonction des pa-
ramètres du modèle.

5.5.2 Optimisation du contrôle de la valeur propre de Perron
Cette idée novatrice pour l’étude du contrôle de la prolifération cellulaire repose sur la

conception d’une population de cellules en prolifération comme gouvernée dans son évolution
par son exposant de Malthus, ou exposant de croissance instantané de la population. Pour un

modèle différentiel linéaire, c’est-à-dire à croissance exponentielle, cet exposant est
ln 2

Td
, où Td

est le temps de doublement (constant si le modèle est linéaire) de la population cellulaire.
Cette méthode, qui fait partie des techniques mathématiques de contrôle des valeurs propres,

fait l’objet d’un stage de M2 de 6 mois, commençant en septembre 2006, entre les projets Bang
et Maxplus à l’INRIA.
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5.5.3 Réduction de modèles
Nécessaire en fonction de chaque objectif pour pouvoir appliquer des techniques d’optimi-

sation efficaces, la réduction de modèles peut faire appel à des méthodes particulières (notam-
ment de la biologie des systèmes) pour lesquelles des collaborations avec des spécialistes de
cette question seront à développer au fur et à mesure des besoins.

5.5.4 Résistances au traitement : une autre contrainte
Si la fonction objective à optimiser est toujours le nombre de cellules tumorales (ou la

valeur propre de Perron, qui est une mesure de sa vitesse de croissance), les contraintes peuvent
aller au-delà de la toxicité pour les organes sains et concerner l’émergence dans les cellules
tumorales de résistances au traitement. L’instabilité génomique des cellules cancéreuses les
rend en effet plus aptes que les cellules normales à stimuler l’expression de gènes à l’origine de
mécanismes moléculaires qui rendent un médicament inefficace, et cette stimulation est d’autant
plus importante que la pression thérapeutique (la dose médicamenteuse) est plus élevée.

Ces mécanismes sont au moins de trois ordres : synthèse des enzymes de détoxification, des
enzymes de réparation (“DNA MMR”, pour “mismatch repair”), et entrée dans la cellule, et
sont tous représentés par des cibles dans les modèles présentés ici. Mais la représentation de la
stimulation de ces mécanismes de résistance peut faire appel à une formalisation stochastique
(marches aléatoires dans le génome) qui reste à développer.

5.6 Perspectives pratiques

5.6.1 Insertion dans des équipes de recherche : INRIA (projet Bang, Roc-
quencourt) et INSERM (U 776, Villejuif)

Chargé de recherche dans le projet Bang, qui se développe vers les applications des mathématiques
(EDO, EDP, optimisation) à la biologie et, en ce qui me concerne, à la médecine, je suis aussi
membre de l’équipe INSERM U 776 “Rythmes biologiques et cancers”.

D’autres collaborations, locales, sont souhaitées dans le cadre de Paris XI, et, dans le cadre
de réseaux nationaux (GDR) ou européens (FP6 : M3CSTGT- ex-Tumather -, Biosim, Tempo)
sont déjà en place et j’y participe activement.

Ma collaboration avec d’autres équipes de l’INRIA (Contraintes, Estime, Maxplus) se développe,
et la liste n’est pas close.

5.6.2 Retombées attendues des contrats de recherche nationaux et eu-
ropéens

J’envisage essentiellement, en collaboration à moyen terme avec l’industrie pharmaceu-
tique, le développement de méthodes d’optimisation de la thérapeutique dans tous les domaines
de la médecine, en commençant par la cancérologie.
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5.6.3 Formation des étudiants à la biologie et à la médecine mathématiques
Il s’agit de la formation de mathématiciens (et pas seulement d’ingénieurs) compétents en

médecine et en pharmacie (et pas seulement en biologie), et de médecins et de pharmaciens
sensibles à l’intérêt d’une modélisation mathématique dans leurs disciplines.

Sensibilisation dès le lycée des étudiants aux possibilités d’une double formation doctorale
en mathématiques et en médecine. Il ne s’agit pas là seulement d’un vœu pieux : tout récemment,
un étudiant titulaire d’un M2 de recherche en optimisation mathématique, inscrit en école doc-
torale, et que j’ai encadré en stage, a commencé ses études de médecine. Je souhaite populariser
en Europe cette possibilité d’études.

Développement d’un enseignement des mathématiques appliquées dans les facultés de médecine
et de pharmacie. Il y a là un potentiel important car la plupart des étudiants en médecine
et en pharmacie ont été sélectionnés au niveau du bac ou bac+1 en grande partie sur leurs
compétences en mathématiques, compétences qu’ils n’ont plus guère l’occasion d’exercer dans
l’enseignement qu’ils reçoivent en faculté.

5.6.4 Pôle de compétitivité Meditech-Paris-Région
C’est une insertion à développer, souhaitée par l’INRIA, de concert avec l’Institut du Médicament,

auquel je participe déjà comme membre de l’U 776.
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Chapitre 6

Sélection d’articles
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6.1 Analyse de données cardio-vasculaires et modélisation pour
l’étude du système nerveux autonome
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1379-1380, Montréal, septembre 1995.

O7 Clairambault, J., Mansier, P., Swynghedauw, B. (1995) : Efects of parasympathetic blo-
ckade on nonlinear dynamics of heart rate in mice. In : Actes de la 17e conférence inter-
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Abstract 

To complete traditional time- and frequency-domain analyses, new methods derived from non-linear systems analysis have recently 
been developed for time series studies. A panel of the most widely used methods of heart rate analysis is given with computations on 
mouse data, before and after a single atropine injection. 

Keywords: Linear analysis; Non-linear analysis; Heart rate variability 

1. Introduction 

Heart rate can be computed from an electrocardiogram 
(ECG): it is based on the RR series which represents the 
successive interbeat intervals. Within the same individual, 
important variations from the mean RR value are observed 
in every species studied, from man [l] (mean RR of 1 s) to 
mouse [2] (mean RR of 0.1 s). Heart rate variability (HRV) 
is defined as the fluctuations of the RR intervals around 
this mean value. HRV analysis assumes sinus rhythm and 
ectopic ventricular beats should be rejected. The influence 
of the Autonomic Nervous System (ANS) has long been 
recognized in these fluctuations, short-term variability be- 
ing mediated by the parasympathetic system, and long-term 
variability by both the sympathetic and parasympathetic 
pathways [3-71. 

Epidemiological studies, beginning in the late seventies, 
have shown that a decrease in HRV is one of the best 
predictors of arrhythmic events or sudden death after 
myocardial infarction [8-131. Search for better methods of 

* Corresponding author. Tel. (+33-l) 42-W-80-6.5; Fax (+33-l) 48. 
74-23-15. 

analysis has therefore more than an academic interest. 
HRV depends on various determinants including the 
baroreflex, cortical influences, but also, as recently sug- 
gested in our laboratory [1.5], the myocardial phenotype. 
The myocardial /3-adrenergic/muscarinic receptors ratio is 
modified during cardiac failure and experimental data have 
shown that these alterations parallel the decrease in HRV 
[ 14,151. To verify such a hypothesis, independently of any 
baroreflex influence, we have developed a model of trans- 
genie mice overexpressing P,-adrenergic receptors exclu- 
sively in atria [16]. Preliminary results reveal substantial 
alterations of sinus rhythm variability [2]. 

To illustrate a large panel of HRV analysis methods, we 
have purposely focussed our study on RR series obtained 
from the same young female mouse, before and after 
intraperitoneal (IP) injection of a single dose of atropine 
(100 mg/kg). Th e mouse is a model of growing interest 
because of the use of murine transgenic models in the 
cardiovascular domain [17-191. The ECGs were recorded 
by telemetry and the RR series were computed using 
DADISP software (DSP Development Corporation) and 

Tie for primary review 21 days. 

OOOS-6363/%/$15.00 0 1996 Elsevier Science B.V. 
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Fig. 1. Effects of atropine on heart rate in a mouse. A: control. B: after 
injection of a single dose of atropine (100 mg/kg). Tachograms. Heart 
rate recording uses a biocompatible ETA transmitter (DataSciences Inc, 
St Paul, MN, USA) via a telemetric device on a non-anaesthetized and 
freely moving young female mouse (4 months old; body weight 22.3 g). 
Sampling frequency: 3 kHz. Such a frequency ensures R wave detection 
with an accuracy < 1 ms. Signal digitized on a PC-based system 
(Axotape) and stored for further analysis on a Unix workstation. RR 
series were obtained from the ECG recordings using DADISP software 
and a level cross method to detect the R waves. 

the effects of atropine injection are shown in Fig. 1A and 
B. 

In the present review, methods of HRV analysis will be 
presented, derived from both classical signal processing 
and non-linear dynamics. The review will focus on a few 
points: (a) time-domain, spectral and time-frequency anal- 
yses are not exclusive of non-linear analysis; (b) the use of 
non-linear methods should not be restricted to proven 
deterministic chaos 1201; Cc) a rather large panel of meth- 
ods has to be used to provide reasonable evidence of 
chaotic, or at least non-linear, behaviour. 

2. Methods of analysis of HRV 

2.1. Spectral and non-spectral methods of analysis 

Several articles have been published on this topic [4- 
6,21,22] and this section is a review of some of the 
classical methods in use. 

2.1.1. Time domain methods; Variability indexes 
Apart from the mean RR value, the effective calculation 

of the standard deviation gives a coarse quantification of 
the variability, without distinguishing between short-term 
and long-term fluctuations. In our example, the heart rate 
of the mouse is round 500 bpm, with a mean RR value of 
113 k 9 ms. Interestingly, atropine lowers the heart rate 
and increases the mean RR to 140 f 6 ms, instead of 
accelerating the heart rate as it does in most of the animal 
species, suggesting that mice have no vagal tone. Standard 
deviation was diminished from 9 to 6 ms. The calculation 
of the autocorrelation function is also instructive [correla- 
tion of the RR(i) with the RR(i + t), with varying t], 
which gives the standard deviation for t = 0. Furthermore, 
the autocorrelation function is periodic if the original 
series is periodic. 

Many different variability indexes have been defined in 
various fields such as obstetrics [23] and cardiology [24] 
and some of them are widely used (Yeh’s indexes in 
obstetrics [23], and SDANN or SDNNSO [ 12,13,24] in 
cardiology). It is worth noting that most of the epidemio- 
logical studies demonstrating the prognostic value of a 
decrease in HRV after myocardial infarction have been 
based upon such indexes [ 131. 

2.1.2. Frequency domain methods; Spectral analysis 
Spectral analysis consists in converting information in 

the time domain into information in the frequency domain. 
The most widely used method for processing the studied 
signal is the Fast Fourier Transformation, PIT. The result 
of FIT is a complex number for each frequency; its 
squared modulus is the spectral power, and the set of all 
spectral powers for the different frequencies is the Power 
Spectral Density (PSD) function; its graph is the spectrum 
of the signal. Results are expressed in Power Spectral 
Density (PSD), the squared amplitude calculated for each 
frequency. The spectrum of the signal is the graph of the 
PSD function (y-axis) plotted against frequency (x-axis). 
Partitioning in High or Low Frequency variabilities, HF 
and LF, gives the short-term or long-term variability of the 
time series. The total HRV is obtained by calculating the 
total area under the PSD curve. Spectral analysis methods 
have been widely applied to both HRV and blood pressure 
variability. Nevertheless, spectral analysis presents intrin- 
sic limitations, especially in relation to the possible non- 
stationarity of the signals 1251. The FFT requires a station- 
ary signal: the statistical properties of the signal should be 
the same when their estimation is performed at different 
time intervals within the same recording. It also assumes 
that the recorded oscillations are symmetrical. 

Fig. 2 (left) gives the result of a spectral analysis of the 
RR series performed by FIT using a Hamming window, 
and shows apparent activity in various frequency bands: a 
I-IF band around 2.4 Hz, a LF band around 0.6 Hz, and a 
very low frequency band below 0.4 Hz. The spectrum is 
complex, and the’quantification difficult due to the ex- 
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treme variability of the heart rate in this animal species. In 
the presence of atropine, there is an overall decrease in 
HRV which is more pronounced in the LF range. 

2.1.3. Time-jkequency methods of analysis 
In order to be free from the stationarity assumption 

underlying spectral analysis, time-frequency methods have 
been developed. They evaluate the spectrum over moving 
windows, attributing a value of the PSD to each point in 
time and to each frequency, and produce instantaneous, or 
evolutionary, spectra. The most widely used time-frequency 
methods are the short-time Fourier transform and the 
Wigner-Ville transform [26,27]. 

The smoothed pseudo Wigner-Ville transform has been 
used in our laboratory to analyse HRV in mice because the 
heart rate of this animal species varies quickly [2]. The 
signal is analysed simultaneously in the time and in the 
frequency domains, with a third dimension on a horse 
representation representing the spectral power (Fig. 2 right). 
It is then also possible to determine two main frequency 
bands: a Low Frequency band, LF, centered at 0.6 Hz (one 
oscillation every 1.6 s), and a High Frequency band, HF, 
centered at 2 Hz (one oscillation every 0.5 s). Quantifica- 
tion is obtained by averaging the peak spectral power 
values at each instant in every band. Atropine decreases 
the spectral power in the two bands, but has a more 
pronounced effect on the Low Frequency oscillations than 
at high frequency (from 22 150 to 12 650 ms’/Hz for LF 
and from 3250 to 3000 ms*/Hz for I-IF). In this mouse, 
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atropine decreases mainly the LF part of the spectrum, in 
contrast to human RR recordings, in which atropine mainly 
erases the I-IF activity [6]. Whether this is a consequence of 
a peripheral effect of atropine, or an intrinsic difference in 
the regulation of heart rate by the ANS between mice and 
men, is an open question. 

2.2. Methods derived from fractal geometry 

The basic property of a fractal object is self-similarity 
or scale invariance; the details of the structure are similar 
when zooming at different resolutions. The fractal dimen- 
sion measures this irregularity. It can be estimated from 
the minimal number N(r) of (hype&&es with given edge 
length r, and in the case of a fractal object, this fractal 
dimension is a non-integer number. It is also called capac- 
ity, or box-counting dimension [28-301. 

Several fractal measures of irregularity are applicable to 
heart rate. The fractal dimension of the RR series can be 
calculated, usually by box-counting, time being here irrele- 
vant [311. Another measure may be computed on the 
spectrum, with the help of the exponent /3 in the approxi- 
mate l/f B expression for the PSD 1321. In our example, 
on a mouse, performing such a log-log representation is 
not really advisable because of the shortness of the data 
sets. Let us nevertheless mention that the calculation gives 
for the atropine data sets a lower /3 exponent in the upper 
part of the spectrum, and no differences in the lower part. 

HRV may also be considered as a mixture of influences 

Fig. 2. Effects of atropine on heart rate in a mouse. Left: Fast Fourier Transform, performed with a Hamming window on 80 seconds of the same data, 
before and after (B) atropine injection. Right: Smoothed pseudo Wigner-Ville Transform applied to 80 seconds of the same data as in the fast Fourier 
transform. The input is a high-pass filtered version of the signal, to eliminate very low frequency noise ( < 0.4 Hz). The analysis was performed with 
Lary-C software (INRIA, Rocquencourt, France and TNI, Brest, France). High resolution was achieved by independent time and frequency smoothing 
using a moving 16point ( = 1.6 seconds) window (for time) and a 12%point window (for frequency). Evaluation of spectral power, in ms2/Hz was 
performed for each window by taking the maximal amplitude in both high and low frequency bands. In each band, the results were averaged over all time 
windows considered. 
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Fig. 3. Effects of atropine on heart rate in a mouse. Left panel: control. Right panel: after atropine. Phase portraits (scatterplots) in 2 or 3 dimensions. A: 
2D projection onto the principal factor plane. B, C: 3D projections on the other two factor planes. In the case of non-linear analysis procedures we used a 
raw RR signal with a non-equidistant sampling. 
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from the ANS (“harmonic component”) and a remaining 
“fractal component”: calculation will then consist in ex- 
tracting this fractal part of the HRV in the spectrum, 
computing its relative importance in the spectrum (fractal 
percentage) and determining a fractal exponent from the 
remaining part of the spectrum [33-351. 

2.3. Methods of non-linear dynamics; Chaotic behaoiour 

Sets of differential or difference equations describing 
the evolution of a system can display solutions that are 
totally unpredictable in the long run, because of “sensitive 
dependence on initial conditions”, even though the trajec- 
tories remain in a bounded region of the space. In other 
words, the divergence between two initially close trajecto- 
ries of the system is such that any estimation of the 
position of one point at a given time is impossible. And yet 
the system has nothing to do with chance: it is theoreti- 
cally determined by its equations and a starting point 
[36-391. 

2.3.1. Attractors and chaos 
From a “dynamical” point of view, a discrete time 

series, such as an RR series, is seen as the projection on a 
line of one trajectory of an unknown discrete deterministic 
dynamical system in m-dimensional space. If this evolu- 
tion is not subject to abrupt changes induced by external 
factors, such a trajectory will converge to an attractor, i.e. 
a closed set of points in m-dimensional space which is a 
limit set for all trajectories of the system, and one trajec- 
tory is supposed to cover the attractor if the time series is 
long enough. Many deterministic dynamical systems pre- 
sent attractors, but not all of them are chaotic. A chaotic 
attractor is defined by sensitive dependence on initial 
conditions for the trajectories on them; if, furthermore, it is 
a fractal object, with a non-integer dimension, then it is a 
strange attractor and displays no simple geometric struc- 
ture [40,41]. Chaos occurs only in non-linear systems. 
Widely known examples of strange attractors are H&on’s 
and Lorenz’s attractors [36-391. 

2.3.2. The case of heart rate 
Application to biological systems is relatively new and 

has been recently reviewed [42-441. The ECG may be 
viewed as a deterministic continuous dynamical system. 
The RR series is then considered as the sequence of “first 
return times” corresponding to the intersections of the 
trajectories with a fixed hyperplane, e.g. zero crossing for 
the action potential. In this respect, [RR, vs RR,, ,] plots, 
or [RR,, RR,, ,, RR n + 2 I plots [451 are not Poincare maps 
or first return maps but rather “first return time maps” of 
a continuous dynamical system; they are sometimes termed 
scatterplots [461, but the most widely used term is “phase 
portraits” [47]. Two- and three-dimensional phase portraits 
are shown in Fig. 3 for data obtained with a mouse. The 
control plots are geometrically ordered, in a cone-like 

structure, whereas the atropine plots are distributed in a 
less ordered aspect. 

2.3.3. Reconstructing a cardiac attractor from the RR 
series 

Let us assume that a dynamical system of unknown 
dimension m underlies the RR series. Packard, Ruelle and 
Takens showed that one-dimensional projected data were 
sufficient to reconstruct an original m-dimensional attrac- 
tor with the method of delays [48]. It consists in consider- 
ing the time series (RR( t>, t = 1,2,...N], as the projection 
on one coordinate axis of an m-dimensional series {RR, = 
[RR(t), RR(t + T), RR(t + 271,. . . , RR(t + (m - l)~], t 
=12 , , . . . , N], taken as a trajectory on an attractor. As far 
as the RR series are concerned, a time lag T = 1 seems to 
be the most reasonable choice, since longer lags may 
induce undue loss of spatial correlation between points. 
The dimension m of the space in which one thus embeds 
the trajectory is called the embedding dimension. If it is 
chosen large enough (one should take m > 2 d, + 1 1481, 
where d, is the correlation dimension, see below), then the 
geometrical properties of the trajectory and of the recon- 
structed attractor are conserved by this processing. Statisti- 
cal and geometrical invariants of the attractor, such as 
dimension, Lyapunov exponents and entropy, may then be 
computed. 

2.3.4. Measuring a cardiac attractor 

2.3.4.1. Dimension. The dimension of an attractor can be 
given by the fractal dimension d, obtained by box-count- 
ing, the information dimension d, obtained by computing 
the information entropy, and the correlation dimension d, 
obtained by the Grassberger-Procaccia algorithm [49-5 11 
or its variants [52]. If the experimental data are regularly 
distributed on the attractor, these three modes of calcula- 
tion give the same result. Such algorithms are limited by 
data length: 10d212 points are necessary to estimate di- 
mension d, [53]. For heart rate series, even a 24-h record- 
ing of heart rate (100 000 beats for a human heart, 700 000 
beats for a mouse) cannot allow any estimation of the 
correlation dimension over 10. Furthermore, such a pro- 
cessing assumes that the attractor has not changed during 
the recording period. Such limitation in the length of data 
implies in particular that only low-dimensional chaos may 
be evidenced by dimension computation. 

In the case of the mouse RR series, the atropine injec- 
tion induces an increase in the correlation dimension, 
regardless of the embedding dimension (Table 1) which 
clearly suggests that atropine enhances the “complexity” 
of the RR series (increased “complexity” simply meaning 
an increased dimension or number of degrees of freedom 
of a system). An embedding dimension of 3 is then 
apparently enough to estimate d,. In fact, we have also 
calculated d, for embedding dimensions up to 10, and 
have obtained a permanent decrease of d, after 5, instead 
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Non-linear analysis of HRV in a mouse. Effects of atropine. Correlation 
dimensions 
Embedding dimension 1 2 3 4 5 
Control 
Original data 0.88 1.42 1.46 1.37 1.30 
Surrogate data 0.97 1.82 2.29 2.31 2.42 
+ Atropine 
Original data 0.93 1.81 2.24 2.10 1.92 
Surrogate data 0.97 1.83 2.3 1 2.37 2.48 

Table 1 Table 2 
Non-linear analysis of HRV in a mouse. Effects of atropine. Lyapunov 
spectrum for embedding dimension 3. A is the sum of A, + h, + h, 
Lyapunov exponent A, A2 A3 A 

Control 
Original data 0.838 - 0.082 - 0.958 - 0.203 
Surrogate data 2.502 0.240 - 1.304 1.437 
+ Atropine 
Original data 0.95 1 - 0.038 - 0.930 -0.017 
Surrogate data 2.913 0.201 - 1.352 1.823 

of an increase which would have been expected with 
purely random data. 

2.3.4.2. Lyupunou exponents. They allow the quantification 
of sensitive dependence on initial conditions [48,54-581. 
On strange attractors, two points on distinct trajectories 
will see their distance after a time t multiplied by a factor 
exp(A,t) (with a positive A,, so that exp(A,t)> 1). This 
exponent A, is the first Lyapunov exponent of the system, 
but not the only one. If we consider a small volume 
element, the deformation of this volume element after a 
time t will vary according to the directions considered. It 
will be expanded if a multiplicative factor of the form 
exp(ht), A > 0, accounts for the deformation in this direc- 
tion, and shrunk in another direction when A < 0. Conse- 
quently, to accurately analyse the dynamical system, com- 
putation of the complete Lyapunov spectrum 
(44 2,. . . , A,,,, with A, > A, > . . . > A,,,,) is necessary. The 
first exponent A,, has to be positive for the system to be 
chaotic, but the following ones may be positive or nega- 
tive. The sum A = A, + A, + . . . + A,,, gives the exponen- 
tial rate A of contraction (if it is negative: exp( Ar) < l), 
or expansion (if the sum is positive: exp( At) > 1) of the 
volume. The system is said to be dissipative for A < 0, 
conservative for A = 0, and accretive for A > 0. These 
terms are related respectively to dissipation, conservation, 
or accretion of energy. 

probability distribution; in the case of a strange attractor 
where the measure considered is the counting measure on 
the trajectory, K, is lower than the sum of positive 
Lyapunov exponents [48]. Other definitions are available, 
particularly a topological entropy K, and a “correlation- 
like” entropy K,. Both K, and K, are computed by 
variants of the Grassberger-Procaccia algorithm. A variant 
of K, has been proposed by Pincus and co-workers: 
“ApEn”, for Approximate Entropy, which is likely to be 
less sensitive to noise and usable for short stationary time 
series [59,60]. 

In the case of our mouse, the injection of atropine 
results in an increase in ApEn (Table 3) which again 

Table 3 
Results of a panel of linear and non-linear methods applied to the analysis 
of HRV in a mouse. Effects of atropine 

In our example, in control conditions, the first Lya- 
punov exponent A, is positive, and the sum A is negative, 
which favours a deterministic dissipative chaotic system 
for the heart rate of our mouse. Atropine injection in- 
creases both A, and A and draws the sum A close to zero 
(Table 2). Such results are also in favour of an increased 
“complexity” in the presence of atropine. The Lyapunov 
spectrum was also calculated in embedding dimensions 4 
and 5, with comparable results, the first two exponents 
being positive, and not only the first one. A short data 
length is again a limiting factor in Lyapunov spectrum 
estimation: for an attractor of correlation dimension d,, a 
correct evaluation of A, ,A,, . . . , A, requires 10d2 points 
[53], a condition fulfilled by the present heart rate series. 

2.3.4.3. Entropy. K,, the information entropy, is a quan- 
tification of the information uniformity carried by the 

Control Atropme 
Heart rate 
Mean RR (ms) 113 140 
SD (ms) 9 6 
Visual observation of tachygram (Fig. 1) 

RR series more regular 
Fast Fourier transform (Fig. 2) 

IJ power all frequencies, 
IJ U Low Frequency 

Time-frequency analysis (Wigner-Ville Transformation, Fig. 3) 
HF peak (ms2/Hz) 3250 3000 
LF peak (ms2 /Hz) 22150 12650 
Phase portraits (Fig. 4) 

more compact 
Correlation dimension (Table 1) 
Form=3 1.46*0.13 2.24kO.19 
Lyapunov exponents (Table 2) 
Form=3 
4 0.838 0.95 1 
A - 0.203 -0.017 
ApEn a 

0.03 0.10 
Non-linear prediction (Fig. 5) 

worse 
Surrogate data: see Tables 1 and 2, Fig. 5. 
Correlation dimension: in favour of a non-linear component 
Lyapunov spectra: strongly in favour of a non-linear component 
ApEn: in favour of a non-linear component 
Non-linear prediction: in favour of a non-linear component 

a The ApEn statistic has been calculated for N = 1000 points, m = 2, 
r = 0.05 s.d. 
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- Original Data 

h 0.75 n 
; U 

Prediction lag 

- Original Data 

0 5 10 15 

Prediction lag 

Fig. 4. Effects of atropine on heart rate in a mouse. A: control. B: after 
atropine. Comparison between experimental and the surrogate series. 
Non-linear prediction by Sugihara and May’s method [61] in embedding 
dimension 3. Correlation coefficient between observed and predicted 
values, in number of beats as a function of the prediction time. The 
prediction is determined by using the first 500 points of the RR series, 
and the actually observed values are the following 500 points of the same 
series (total number of RR: 1000 points). Fkdictabiiity is defined by the 
the capacity to predict the RR value. The prediction lag is taken here as 
the number of beats. 

favours an increased “complexity” due to the drug, in the 
same time as variability decreases, showing that these two 
terms are not synonymous. 

2.3.5. Non-linear determinism and randomness 
All these estimates derived from non-linear dynamics 

assume that the RR series is the output of a deterministic 
dynamical system. This assumption is naturally not to be 
taken for granted, and tests of non-linear prediction [61], as 
well as comparison tests with surrogate data [62], have 
been proposed to address this question. A surrogate series 
is a time series in which non-linear dependences have been 
wiped out by some “random shuffling procedure”, but 
which retains all linear characteristics of the original time 
series, including its spectrum. 

We have used non-linear prediction in our mouse, as an 
example. The predictability is shown in Fig. 4A and B. 
Before atropine, the prediction index, is better for the 
experimental series than for its surrogate series; by con- 
trast, after atropine injection, one no longer sees differ- 
ences between the original and the surrogate series. The 
same results were obtained using the correlation dimension 

(Table 1). Most important, in the case of the Lyapunov 
spectra, striking differences between original and surrogate 
series are obtained for both control and atropine data 
(Table 2). The results for surrogate series reveal an appar- 
ently stochastic behaviour with a very high first Lyapunov 
exponent A,, in an accretive system (A > 0). By contrast, 
the original series show a lower (but still positive) h,, in a 
dissipative (control) or at most conservative (anopine) 
system ( A zz 0). The ApEn values calculated for surrogate 
data are much higher than for the original series: 0.32, 
instead of 0.03 for the original RR series before atropine, 
and 0.53, instead of 0.10 for the original RR series under 
atropine. 

These differences between original and surrogate data 
are thus in favour of a non-linear, deterministic and chaotic 
dynamical system for the RR series under study. They are 
quite clear for all series on the Lyapunov spectrum (ob- 
tained by the public-domain program DLIA [56], following 
Eckmann-Ruelle’s algorithm) and on ApEn values, but 
remain clear only for the control series on correlation 
dimension calculations (public-domain program SCOUNT 
[51], completed by the scientific programs package 
SCILAB, developed at INRIA), as well as on non-linear 
prediction. This illustrates the necessity of a large panel of 
analysis techniques, rather than a single one, to investigate 
time series. 

3. Concluding remarks 

Numerous methods of analysis, derived from classical 
signal processing or non-linear dynamics, are available and 
no single measure is more appropriate than the others for 
physiological research or clinical practice (Fig. 5). There- 
fore, and following Drazin [39], we propose to use a panel 
of measures, as presented in Table 3. The detailed analysis 
that we had performed on our mouse case allowed us to 
conclude that an atropine injection is likely to result in an 
increased complexity of an assumed heart rate attractor. 

Non-linear indexes 

* fractal dimension 

El 

* Entropy 

‘[Cl 

* Lyapunov exponents 
* non linear prediction 
* comparison with surrogate data 

Fig. 5. Qualitative illustrations and quantitative indexes which may be 
obtained from experimental time series. 
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The existence of a cardiac strange attractor which would 
have as output the RR series is as yet far from being fully 
demonstrated. Although explicit equations are presently 
lacking to fully justify these techniques, we do not have 
any real argument to reject them. Whether they rely on 
sound theoretical grounds or not may even appear irrele- 
vant to pragmatists, provided they allow clear distinction 
between physiologically distinct groups of subjects [20]. 

The ApEn statistic is advocated by Pincus and co- 
workers [63,64] and is independent of the assumption of a 
cardiac strange attractor. ApEn is a product of the work 
achieved in the last ten years in non-linear dynamics: the 
original idea of ApEn, even if it now relies on other 
theoretical grounds, was first an approximation to the 
entropy of an invariant measure on an attractor [48]. And 
one may expect still other interesting parameters, coming 
from non-linear systems analysis, to be helpful in physio- 
logical research or clinical practice. 
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OPTIMISATION OF TIME-SCHEDULED REGIMEN
FOR ANTI-CANCER DRUG INFUSION

Claude Basdevant1, Jean Clairambault2 and Francis Lévi3

Abstract. The chronotherapy concept takes advantage of the circadian rhythm of cells physiology
in maximising a treatment efficacy on its target while minimising its toxicity on healthy organs. The
object of the present paper is to investigate mathematically and numerically optimal strategies in
cancer chronotherapy. To this end a mathematical model describing the time evolution of efficiency
and toxicity of an oxaliplatin anti-tumour treatment has been derived. We then applied an optimal
control technique to search for the best drug infusion laws. The mathematical model is a set of six
coupled differential equations governing the time evolution of both the tumour cell population (cells of
Glasgow osteosarcoma, a mouse tumour) and the mature jejunal enterocyte population, to be shielded
from unwanted side effects during a treatment by oxaliplatin. Starting from known tumour and villi
populations, and a time dependent free platinum Pt (the active drug) infusion law being given, the
mathematical model allows to compute the time evolution of both tumour and villi populations. The
tumour population growth is based on Gompertz law and the Pt anti-tumour efficacy takes into account
the circadian rhythm. Similarly the enterocyte population is subject to a circadian toxicity rhythm.
The model has been derived using, as far as possible, experimental data. We examine two different
optimisation problems. The eradication problem consists in finding the drug infusion law able to
minimise the number of tumour cells while preserving a minimal level for the villi population. On
the other hand, the containment problem searches for a quasi periodic treatment able to maintain
the tumour population at the lowest possible level, while preserving the villi cells. The originality of
these approaches is that the objective and constraint functions we use are L∞ criteria. We are able
to derive their gradients with respect to the infusion rate and then to implement efficient optimisation
algorithms.
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Introduction

An important issue in the treatment of cancer is its tolerability by patients. Drugs that show good therapeutic
effects by killing tumour cells are always limited in their use by their toxicity on healthy tissues. Such unwanted
toxicity usually depends on the particular drug in use, but since they all act by hindering cell proliferation, the
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most exposed healthy cell populations are found in normal fast renewing tissues, such as intestinal mucosa or
bone marrow, where cell proliferation is as active as in tumour tissues – though under control.

It is thus of the greatest importance to find differences in the behaviours of healthy and cancer cells towards
aggression by anti-tumour treatments. In this respect, to our knowledge, no clear molecular mechanisms have
been documented as yet on these differences. But various observations at the macroscopic, cellular or molecular
levels have been made and used to try and propose improved chemotherapy treatments in patients with cancer.
In particular, according to these observations, the mean cell cycle time is often different between healthy and
cancer cells, and even if it is the same, its variance should be higher in cancer cells, due to lack of synchronisation
between cells in the cycle; this has led to propose pulsed chemotherapies of cell-cycle phase-specific drugs with
the aim to destroy electively proliferating cancer cells [1,9–11,34]. More recently, it has been proposed that the
ability to undergo apoptosis (programmed cell death) induced by cytotoxic drugs could be higher in tumour
cells than in normal healthy cells, thus explaining the already observed good therapeutic index (anti-tumour
efficacy vs. unwanted toxicity) of these drugs [14].

But another fact, which has also been observed for a rather long time at the experimental and clinical levels,
is that a circadian rhythmicity of the pharmacosensitivity to these drugs (as for most drugs) exists, its phase
depends on the particular drug in use, and it is different in cancer and in healthy cells [27]. A molecular basis
supporting the influence of circadian clock genes on the expression of genes involved in cell cycle progression and
apoptosis has recently been found [16, 17, 28], and chronobiological research is at the present time very active
on this topic, even if until now no molecular mechanism has been evidenced for circadian rhythm differences
between normal and cancer cells.

The chronotherapy concept thus takes advantage of these observed circadian rhythmicity differences by
maximising therapeutic efficacy on a tumour while minimising undesirable toxicity on healthy tissues [27]. One
should point out that unlike pulsed therapies with an artificial external period, which may eventually present
the drawback of resynchronising a desynchronised population of tumour cells according to this artificial period
[2], circadian chronotherapy uses a natural period (circa 24 h), which is present in healthy cells [22] and to
a lesser extent in tumour cells [7], for pharmacological sensitivity, to deliver cytotoxic drugs to treat cancer.
Furthermore, peripheral cells – and the subjects bearing them –, endowed with this common natural period,
are also naturally phase-synchronised by inputs from the light-dark cycle1.

The object of the present paper is to investigate mathematically and numerically optimal strategies in (cir-
cadian) cancer chronotherapy. To this end a mathematical model describing the time evolution of efficacy and
toxicity of intravenous oxaliplatin, one of the few drugs active on metastatic colorectal cancer, has been derived
[8]. We have then applied an optimal control technique to obtain the best law for the drug infusion flow.

Many authors have previously addressed optimal control problems, often with L1 or L2 criteria, for anti-
cancer chemotherapy. They did so mostly by taking into account acquired resistance of tumour cells to cytotoxic
drugs, with or without cell cycle phase specificity (reviews in [15,25,33]), but usually without pharmacokinetic-
pharmacodynamic (PK-PD) modelling. We address here neither drug resistance nor cell cycle phase specificity,
but rather focus on a balance between anti-tumour efficacy and healthy tissue toxicity of cytotoxic drugs, as
has also been done in [23, 24]. In this limited setting, we consider our approach original inasmuch as it uses
pure L∞ criteria (though using a nonlinear conjugate gradient method), includes PK-PD modelling, and takes
into account drug circadian effects.

Section 2 will be devoted to the study of mathematical models for the cell populations submitted to drug
infusion. We will first consider the healthy tissues and then the tumour cells. We will show that the minimal (or
maximal) cell population during a given time interval happens to be a differentiable function of the drug infusion
law, the gradient of which can be derived. In Section 3 two different optimisation problems are addressed; the
eradication problem consists in finding the drug infusion law leading to the smallest, and possibly vanishing,
tumour population; the containment problem looks for a treatment that forces the number of tumour cells to

1Through a retinohypothalamic tract, a central circadian pacemaker located in the hypothalamus, and pathways from there to

peripheral tissues still remaining to be elucidated, but which include the autonomic nervous system and corticoid hormones [27].
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remain at the lowest possible level while preserving an acceptable level for the healthy tissues. In Section 4
numerical results are presented; discussion and conclusion follow in Section 5.

1. The model

1.1. Experimental and pharmacological background

Given the scarcity of long followup human data on untreated tumour growth, we used animal experimentation.
Oxaliplatin, one of the few drugs active on metastatic colorectal cancer, is also known to be active on Glasgow
osteosarcoma in mice. This murine tumour, transplanted under the skin of the animal, is easily measurable
at the laboratory with a caliper, which allows obtaining tumour growth curves, with or without treatment, in
whole living animals[18] (animals in which tumours had reached 10% of their total body weight were sacrificed
for ethical reasons).

The main toxicities of oxaliplatin in Man are on bone marrow, peripheral sensory nerves, and the jejunum[26].
In mice, the main toxicity is on the jejunum (producing extended necrosis of the mucosa)[4, 5], which led us
to design a simple model for jejunal mucosa proliferation and homeostasis, which one may take as a paradigm
of fast renewing healthy tissue behaviour subject to drug toxicity, within a global model designed to represent
both therapeutic efficacy and toxicity.

Plasma pharmacokinetic parameters for oxaliplatin (a drug which binds covalently, i.e. irreversibly to its
targets or to detoxicating molecules in living cells) have been taken from published data[4, 5] and input to
a simple first order model; tissue pharmacokinetic parameters (measuring the decrease of drug quantities in
both types of tissues, tumour and jejunal mucosa) were identified either from published data[4, 5], or by an
overall estimation when data were not available. The efficacy or toxicity function describing the cell kill effect
was chosen of the Hill type, taking into account pharmacological uses and recent published studies [13, 30],
its maximum being modulated by a 24 h-periodic cosine representing circadian pharmacosensitivity. Tissue
pharmacodynamic parameters – including maximal and minimal pharmacosensitivity phases – were identified
as much as possible from laboratory curves[18] (comparison between treated and untreated tumour growth) or
else only estimated on the basis of likeliness after other drug or tissue data when no relevant data were available.

1.2. The healthy tissue: jejunal villi cells

We chose for the representation of jejunal mucosa homeostasis a simple damped linear model, which mimics
in a satisfactory way what is known of the recovery behaviour of enterocytes subject to radiotoxic or cytotoxic
insult[31]. It may be thought of as the linearisation of a more complex nonlinear model[6] about a stable
equilibrium point, which from a pathophysiological point of view is actually a very stable equilibrium point,
representing tissue homeostasis. The drug toxicity effect was supposed to be active only on the compartment
representing the influx of young cells to the jejunal villi, since mature cells are unable to proliferate in the
jejunal mucosa, and oxaliplatin, as most anti-cancer drugs, is active mainly on proliferating cells.

1.2.1. Mathematical model for villi population
The mathematical model for the villi population A(t) at time t consists in a set of four coupled differential

equations:

dP

dt
= −λP +

i(t)
Vdist

Φ(t) (1)

dC

dt
= −µC + ξCP (2)

dZ

dt
= {−α− f(C, t)}Z − βA + γ (3)

dA

dt
= Z − Zeq. (4)
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Here P and C stand, respectively, for drug concentrations in the plasmatic and target cell population compart-
ments (plasma and the jejunal mucosa, target of toxicity, i.e. of unwanted side effects of the drug). Vdist is the
distribution volume, i.e. the volume of the central (plasmatic) compartment, in which the active drug is infused.
A is the number of mature (villi) jejunal enterocytes, Z is the instantaneous flow to villi from crypts, rate of
renewal to make up for natural elimination of villi enterocytes in the intestinal lumen. Φ(t) is given, equal to
1 during authorized infusion periods and 0 elsewhere and i(t) ≥ 0 is the time dependent drug infusion law.
Function f represents the drug toxicity on the healthy jejunal mucosa, assumed to be periodic, more precisely
here to have circadian variations with period TA; it is given by:

f(C, t) = F

(
1 + cos

(
2π

t − ϕA

TA

))
CγA

CγA
50 + CγA

λ, µ, ξC ,α,β, γ, Zeq, F,ϕA, γA, C50 are positive constants. These equations represent drug diffusion and elimina-
tion by first order pharmacokinetics for concentrations in the plasmatic and target cell compartments (P and C),
and normal jejunal mucosa homeostasis by a linear system showing a stable focus at (Zeq, Aeq = β−1(γ−αZeq)),
perturbed by the drug toxicity function which comes to strengthen the natural self-regulation coefficient α.

Classical ODE theorems demonstrate that, initial conditions at time t0 been given for XA(t) = (P (t), C(t),
Z(t), A(t)), and a piecewise continuous infusion profile i(t) been prescribed, system (1–4) has a continuous,
piecewise C1, solution for t ∈ [t0, tf ] (for any tf > t0). Moreover:

i ∈ L2([t0, tf ]) −→ A ∈ H4([t0, tf ])

is a continuous, weakly continuous, differentiable application, A(t) being a C3, piecewise C4, function of time2.

Remark 1. Functions P, C, Z, A and most functions in the following will be considered as functions of time t
and of i the infusion law (which is also itself a function of time), however we will omit to note the i-dependency
whenever there is no ambiguity, hence writing A or A(t) rather than A(i, t).

Remark 2. Functions P and C are drug concentrations and thus positive quantities; equations (1) and (2)
ensure they remain positive. Unfortunately equations (3)–(4) do not ensure the positivity of A, a population
count; however, when A(t) reaches zero the animal (or the patient: it is noteworthy that in clinical settings
severe jejunal depletion may yield diarrhoeas which may be fatal) is already dead and the model is no longer
valid!

In order to find optimal infusion laws by means of descent algorithms, we need to know the gradients with
respect to the infusion law of objective or constraint functions, that is, if W (i) is such a differentiable real

function of i ∈ L2([t0, tf ]), and
∂W

∂i
its differential with respect to i, the gradient ∇iW (i) is the element of

L2([t0, tf ]) such that:
∂W

∂i
.di = 〈∇iW (i), di〉

2In fact, solution of (1) reads:

P (t) = P (t0)e
−λt

+

∫ t

t0

i(τ)

V
Φ(τ)e

−λ(t−τ)
dτ,

thus, if i is in L2, P is in H1 and the application from L2 to H1 is affine, continuous, weakly-continuous, differentiable. Moreover

if i is piecewise continuous, P is continuous and piecewise C1.

The behaviour of (2) is similar; if P is H1 then C is an infusion profile piecewise continuous, C is C1 and piecewise C2 in time.

Now system (3-4) is linear with piecewise C2 coefficients, thus system (3-4) has a solution that is C2 and piecewise C3, for a

piecewise continuous infusion, therefore A is C3 and piecewise C4. Function f(C, t) being a Lispchitz function of C, A is a regular

function of C and then a continuous, weakly continuous, differentiable application of i.



OPTIMISATION OF CANCER THERAPEUTICS 1073

where 〈∇iW (i), di〉 is the scalar product of L2([t0, tf ]):

〈∇iW (i), di〉 =
∫ tf

t0

∇iW (i)(τ)di (τ)dτ

This will be done in the following paragraphs.

1.2.2. A first function of the villi population
Let us define, for η a given time in ]t0, tf [, a function F̃A of the drug infusion law by

F̃A(i, η) = τA − A(η)
Aeq

where Aeq is a reference level for the villi population and τA ∈]0, 1] a tolerable fraction of this reference level.
We know that FA is a continuous, weakly continuous, differentiable function of i ∈ L2([t0, tf ]). To obtain its
gradient, we will demonstrate the following lemma:

Lemma 1. The gradient ∇iF̃A of F̃A with respect to the infusion profile i is defined in L2([t0, tf ]) by:

∇iF̃A =






Φ(t)
Vdist

Pa1(t) ∀t ∈ [t0, η]

0 ∀t > η
(5)

where Pa1 is given by the adjoint system, defined for t0 ≤ t ≤ η:

dPa1

dt
= λPa1 − ξCPa2 (6)

dPa2

dt
= µPa2 + Pa3Z

∂f

∂C
(C, t) (7)

dPa3

dt
= {α+ f(C, t)}Pa3 − Pa4 (8)

dPa4

dt
= βPa3 (9)

with initial conditions at time η:

Pa1(η) = Pa2(η) = Pa3(η) = 0 and Pa4(η) = − 1
Aeq

·

The proof of the lemma can be obtained by mere identification. Indeed, one has to verify that for any di ∈
L2([t0, tf ]):

∂F̃A

∂i
.di = − Ā(η)

Aeq
=

∫ tf

t0

∇iF̃A(τ) di(τ) dτ (10)
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where Ā =
∂A

∂i
.di, the differential of A with respect to i applied to di, is defined by the following linear tangent

system, defined for t ≥ t0:

dP̄

dt
= −λP̄ +

di(t)
Vdist

Φ(t) (11)

dC̄

dt
= −µC̄ + ξC P̄ (12)

dZ̄

dt
= {−α− f(C, t)} Z̄ − ∂f

∂C
(C, t) C̄ Z − βĀ (13)

dĀ

dt
= Z̄ (14)

with vanishing initial conditions at t = t0.
The calculation then goes as follows; if ∇iF̃A is defined by (5), then:

∫ tf

t0

∇iF̃A(τ) di(τ) dt =
∫ η

t0

∇iF̃A(τ) di(τ) dτ

=
∫ η

t0

Pa1(τ)
Φ(τ)
Vdist

di(τ) dτ

and using equations (11)–(14):

=
∫ η

t0

{
Pa1(τ)

(
dP̄

dt
+ λP̄

)
+ Pa2(τ)

(
dC̄

dt
+ µC̄ − ξC P̄

)

+ Pa3(τ)
(

dZ̄

dt
+ {α+ f(C, t)} Z̄ +

∂f

∂C
(C, t) C̄ Z + βĀ

)

+Pa4(τ)
(

dĀ

dt
− Z̄

)}
dτ

doing one integration by parts, the result (10) is obtained using equations (6)–(9) and the boundary conditions
at t0 for the P̄ , C̄, Z̄, Ā and at η for Pa1, Pa2, Pa3, Pa4.

1.2.3. The minimal villi population
Now consider the constraint:

FA(i) = τA − min
t∈[t0,tf ]

A(t)
Aeq

≤ 0,

where again Aeq is a reference level for the villi population and τA ∈]0, 1] a tolerable fraction of this reference
level. We know that FA is a continuous, weakly continuous, real function of i ∈ L2([t0, tf ]). The following theo-
rem tells us that in most cases the gradient of FA exists and can be computed using the adjoint system (6)–(9).

Theorem 1. If in the vicinity of infusion i the minimum of A(t) is unique, belongs to ]t0, tf [ with a strictly
positive second derivative, then FA is a differentiable function of i. If we denote by tA(i) the time at which A
reaches its minimum, then the gradient ∇iFA is given by:

∇iFA(i)(t) =

{
∇iF̃A(i, tA)(t) ∀t ∈ [t0, tA]
0 ∀t > tA.

Let us show first that, under these hypothesis, tA is a differentiable function of i. In fact tA is locally in time
defined by the equation ∂A(i,tA(i))

∂t = 0. With the hypothesis that ∂2A(i,tA(i))
∂t2 > 0, and the property that A is
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a differentiable function of i, the implicit function theorem applied to the equation ∂A(i,t)
∂t = 0 gives the result.

Then the computation of the gradient relies on the differentiation chain rule: as FA(i) = F̃A(i, tA),

∂FA(i)
∂i

.di =
∂F̃A(i, tA)

∂i
.di +

∂F̃A(i, tA)
∂t

∂tA
∂i

.di.

The minimum of A(t) been reached at time tA it follows that ∂F̃A(i,tA)
∂t = 0 and the results follows.

1.3. The tumour cell population

Tumour growth was modelled according to a Gompertz law, which is one of the simplest laws classically used
for this purpose [12, 20, 21]. The variable B which stands for tumour cell population number (see equations
below) is in this model bound to eventually reach a plateau Bmax, after an initial exponential growth, following
an S-shaped curve. The accuracy of the Gompertz model for tumour growth has often been questioned, but also
justified on refined modelling grounds (using quiescent and proliferative subpopulations inside the tumour); it
is generally accepted at least as a first intention simple modelling approach for this purpose, and we decided to
use it in this sense.

1.3.1. Mathematical model for the tumour cell population
The mathematical model for the tumour cell population B(t) at time t consists in a set of three coupled

differential equations:

dP

dt
= −λP +

i(t)
Vdist

Φ(t) (15)

dD

dt
= −νD + ξDP (16)

dB

dt
= −aB ln

(
B

Bmax

)
− g(D, t)B (17)

where equation (15) is the same as (1), D stands for drug concentration (assumed to be homogeneously diffused)
in the tumour and B is the number of tumour cells. Function g, which represents anti-tumour drug efficacy, is
assumed (as is function f for toxicity) to present circadian variations with period TB; it is given by:

g(D, t) = H

(
1 + cos

(
2π

t − ϕB

TB

))
DγB

DγB
50 + DγB

where λ, ν, ξD, a, Bmax, H,ϕB, γB, D50 are positive constants.

Initial conditions at time t0 been given for XB(t) = (P (t), D(t), B(t)), and a piecewise continuous infusion
profile i(t) been prescribed, system (15)–(17) has a continuous, piecewise C1, solution for t ∈ [t0, tf ] for any
tf > t0. Moreover:

i ∈ L2([t0, tf ]) −→ B ∈ H3([t0, tf ])
is a continuous, weakly continuous, differentiable application, B(t) being a C2, piecewise C3, function of time.
The demonstration is similar to the one for A (note that Eq. (17) is a linear equation for the unknown ln(B)).

Remark 3. Equations (15)–(17) ensure the positivity of P, C and B. Nevertheless we will consider that the
tumour has been completely destroyed if B(t) < 1, thus integration of equation (17) has to be stopped when
this arises.

Equation (17) is made of the Gompertz law for the tumour cell population growth and of a linear destruction
law (modulated by the circadian effect) for the anti-tumour efficacy. The latter has at least two drawbacks.
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First, the drug is less and less efficient when the tumour gets smaller, one may wonder if this behaviour is
realistic. Conversely, the drug is more and more efficient when the tumour gets larger. These two extreme
behaviours explain why the numerical results are in practice nearly independent of the initial size B(0) of the
tumour. An alternative modelling assumption could be to replace −g(D, t)B by a non linear term such as
−g(D, t) B

1+B in equation (17). But in the absence of experimental or clinical data supporting this hypothesis,
we decided to keep the growth inhibition term in its linear form.

1.3.2. A first function of the tumour cell population
Let us define, for η ∈ [t0, tf ], a function F̃B of the drug infusion law by:

F̃B(i, η) = B(η).

We know that FB is a continuous, weakly continuous, differentiable function of i ∈ L2([t0, tf ]). We will
demonstrate the following lemma:

Lemma 2. The gradient ∇iF̃B of F̃B with respect to the infusion profile i is defined in L2([t0, tf ]) by:

∇iF̃B =






Φ(t)
Vdist

Pb1(t) ∀t ∈ [t0, η]

0 ∀t > η

where Pb1 is given by the adjoint system, defined for t0 ≤ t ≤ η:

dPb1

dt
= λPb1 − ξDPb2 (18)

dPb2

dt
= νPb2 + Pb3B

∂g

∂D
(D, t) (19)

dPb3

dt
= Pb3

(
a ln

(
B

Bmax

)
+ a − g(D, t)

)
(20)

with initial conditions at time η:

Pb1(η) = Pb2(η) = 0 and Pb3(η) = 1.

As it has been done for F̃A, the proof of the lemma can be obtained by mere identification. For any di ∈
L2([t0, tf ]):

∂F̃B

∂i
.di = B̄(η) =

∫ tf

t0

∇iF̃B(τ) di(τ) dτ

where B̄ =
∂B

∂i
.di, the differential of B with respect to i applied to di, is obtained by solving the following

linear tangent system, defined for t ≥ t0:

dP̄

dt
= −λP̄ +

di(t)
Vdist

Φ(t) (21)

dD̄

dt
= −νD̄ + ξDP̄ (22)

dB̄

dt
= −aB̄ ln

(
B

Bmax

)
− aB̄ − g(D, t)B̄ − ∂g

∂D
(D, t)D̄B (23)

with vanishing initial conditions at t = t0.
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1.3.3. The maximal (or minimal) tumour cell population
Now consider the objective function:

JB(i) = max
t∈[t1,tf ]

B(t),

where t1 is a given time after the initial phase of the treatment. We know that JB is a continuous, weakly
continuous, real function of i ∈ L2([t0, tf ]). The following theorem tells us that in most cases the gradient of
JB exists and can be computed using the adjoint system (18)–(20).

Theorem 2. If in the vicinity of infusion i the maximum of B(t) in ]t1, tf [ is unique with a strictly negative
second derivative, then JB is a differentiable function of i. If we denote by tB(i) the time at which B reaches
its maximum, then the gradient ∇iJB is given by:

∇iJB(i)(t) =

{
∇iF̃B(i, tB)(t) ∀t ∈ [t0, tB]
0 ∀t > tB.

The proof of the theorem is similar to the one for the villi population and relies on the differentiation chain rule
as JB(i) = F̃B(i, tB).

Remark 4. A similar result is valid for GB(i) = min
t∈[t0,tf ]

B(t).

2. Two optimisation problems

2.1. The eradication problem

Let us consider the problem of finding the infusion law leading to the smallest, and possibly vanishing, tumour
population while preserving a minimal villi population. Mathematically this can be written: find the infusion
law i ∈ L2([t0, tf ]), i(t) ≥ 0, that minimises the objective function:

GB(i) = min
t∈[t0,tf ]

B(t)

subject to the constraint

FA(i) = τA − min
t∈[t0,tf ]

A(t)
Aeq

≤ 0.

As FA is weakly continuous, the ensemble of admissible solutions

U =
{
i ∈ L2([t0, tf ]) | 0 ≤ i , FA ≤ 0

}

is weakly closed in L2([t0, tf ]); as the infused drug destroys the villi population U is also bounded; GB being
weakly continuous, this ensures the existence of an optimal infusion law for the eradication problem. However
neither the objective function, nor the constraint are convex functions of the infusion law. The optimum may
not be unique (indeed i(t) remains undefined where Φ(t) = 0) and, moreover, there may exist local minima.
Nevertheless the results from previous sections allow us to define descent algorithms to find quasi-optimal
strategies. A Uzawa-like saddle-point algorithm (see e.g. [3]) for solving the eradication problem is:

(1) Start with a Lagrange multiplier α0
A > 0.

(2) Find ik, minimising J(i) = GB(i) + αk
AFA(i) in L2([t0, tf ]) ∩ {i ≥ 0}.

(3) Define αk+1
A by αk+1

A = max
{
αk

A + ρFA(ik), 0
}
.

(4) Until FA(ik) ≈ 0.
In step (3) the coefficient ρ > 0 has to be chosen adequately (in fact this step corresponds to a gradient algorithm
for the dual problem). In practice we found more efficient to use for step (3) a bisection or a secant algorithm
to find the Lagrange multiplier αA associated to the active constraint FA = 0.
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Remark 5. If other constraints are to be imposed on the infusion law, such for example a bound for the total
infusion or a maximum instantaneous infusion rate, these constraints can be treated either in step (2) or using
more Lagrange multipliers.

2.2. The containment problem

Unfortunately there may not exist a treatment that destroys down to a sufficiently low level the tumour cells
while keeping a sufficiently high level of villi cells. As the number of villi cells is in clinical settings of primary
importance for the patient’s life, one has then to reduce the infusion rate and consequently the treatment course
will end with a non negligible number of residual tumour cells. Due to the Gompertz law, the tumour will then
grow up rapidly after the end of the course. In that context one has to look for a containment treatment, that
is a treatment repeated periodically in time that forces the number of tumour cells to remain at the lowest
possible level while preserving an acceptable number of villi cells. Mathematically this can be written: find the
infusion law i ∈ L2([t0, tf ]), i(t) ≥ 0, that minimises the objective function:

JB(i) = max
t∈[t1,tf ]

B(t)

subject to the constraint

FA(i) = τA − min
t∈[t0,tf ]

A(t)
Aeq

≤ 0.

In that case function Φ(t), that defines infusion periods, should for example take the value 1 during two days,
then 0 during five days (no treatment), and then repeatedly until tf ; as for t1 it can be taken to be 1 or 2 days
after t0 in order to allow the initial infusion to reduce significantly the tumor.

In the same way as for the eradication problem, JB is a weakly continuous function on a bounded weakly
closed ensemble, thus the optimal infusion exists, however the minimum may not be unique and local minima
may also exist.

The Uzawa-like algorithm defined previously can be applied similarly to the containment problem:
(1) Start with a Lagrange multiplier α0

A > 0.
(2) Find ik, minimising J(i) = JB(i) + αk

AFA(i) in L2([t0, tf ]) ∩ {i ≥ 0}.
(3) Define αk+1

A by αk+1
A = max

{
αk

A + ρFA(ik), 0
}
.

(4) Until FA(ik) ≈ 0.

2.3. A descent algorithm

We will briefly describe a descent algorithm designed to solve the minimisation problem in step (2) of the
Uzawa procedure for the containment problem (or the eradication problem).

(1) Start from an initial infusion profile i0.
(2) Given the infusion profile ik, integrate the dynamical system (1)–(4) and (16)–(17) from t0 until tf to

obtain villi and tumour populations.
(3) Search for tA and tB and compute the value of JB, FA and J . (Note: if accidentally an extremum value

is reached at multiple times, choose the largest).
(4) Integrate the adjoint system (6)–(9) of FA from tA down to t0 and the adjoint system (18)–(20) of JB

from tB down to t0, to obtain the gradient of J .
(5) Determine a descent direction dk using the gradient of J and previous descent directions (non-linear

conjugate gradient, see e.g. [3])).
(6) Determine ik+1 by minimising J(ik + sdk) along direction dk (one-dimensional search) under the con-

straint i ≥ 0.
(7) Loop to step 2 until convergence.



OPTIMISATION OF CANCER THERAPEUTICS 1079

Remark 6. The one-dimensional search of step (6) asks for one or several evaluations of J and eventually its
gradient (Wolfe’s search, see e.g. [3]), that is integrations of the dynamical system and of the adjoint systems.

Remark 7. During the one-dimensional search of step (6), several infusion profiles are tested with respect to
the minimum of J . But incidentally one of them may be a good solution for the containment problem. It is
then worthwhile (and costless) to compare, on the fly, with respect to FA and JB, these infusion profiles to the
best profile already encountered.

Remark 8. It is in practice efficient to take for i0 in step 1 of the descent algorithm a combination of i(k−1), the
last obtained infusion in the Uzawa procedure, and a constant infusion rate. Also a small random perturbation
may be applied to i0 in order to improve the exploration of the phase space.

2.4. Optimisation with respect to the infusion period

Let us suppose that the authorised infusion period is a single interval, thus Φ(t) = χ[t0,ti](t). Then, in the
eradication problem, the objective function GB and the constraint FA can be considered as functions of i and
of ti; the optimisation can be conducted on the product space L2([t0, tf ]) × [t0, tf ]. The only difference with
the previous developments is that we need to compute the gradient of the various functions with respect to ti

(gradients are in fact simple derivatives in this case). These are, for FA(i, ti) = τA − min
t∈[t0,tf ]

A(t)
Aeq

:

∇tiFA(i, ti) =





− Ǎ(tA)

Aeq
if ti < tA

0 if not

with A(tA) = min
[t0,tf ]

A(t), and Ǎ given by the linear tangent system, defined for t ≥ ti:

dP̌

dt
= −λP̌ +

i(t)
Vdist

δ(t − ti) (24)

dČ

dt
= −µČ + ξC P̌ (25)

dŽ

dt
= {−α− f(C, t)} Ž − ∂f

∂C
(C, t) Č Z − βǍ (26)

dǍ

dt
= Ž (27)

where δ(t) is the Dirac function at origin and with vanishing initial conditions at t = ti.

And for GB(i, ti) = min
t∈[t0,tf ]

B(t):

∇tiGB(i, ti) =

{
B̌(tB) if ti < tB
0 if not
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with B(tB) = min[t0,tf ] B(t), and B̌ given by the linear tangent system, defined for t ≥ ti:

dP̌

dt
= −λP̌ +

i(t)
Vdist

δ(t − ti) (28)

dĎ

dt
= −νĎ + ξDP̌ (29)

dB̌

dt
= −aB̌ ln

(
B

Bmax

)
− aB̌ − g(D, t)B̌ − ∂g

∂D
(D, t)ĎB (30)

with vanishing initial conditions at t = ti.

3. Numerical experiments

We conducted several numerical experiments for both the containment and eradication problems. These
experiments used the following data:

• For drug infusion:
λ = 6 h−1; Vdist =10 cm3 (distribution volume for oxaliplatin in a mouse).

• For the villi population:
µ = 0.015 h−1, ξC = 1 h−1, Aeq = 106 cells, Zeq = 16500 cells/h, α = 0.0153 h−1, β3= 0.002 h−2,
γ = βAeq + αZeq = 2213.8 cells/h, F = 0.5 h−1, ϕA = 10 h, TA = 24 h, γA = 1, C50 = 10 µg/cm3.

• For the tumour population:
ν = 0.03 h−1, ξD = 1 h−1, a = 0.015 h−1, Bmax = 5.3 106 cells,
H = 2 h−1, ϕB = 21 h, TB = 24 h, γB = 1, D50 = 10 µg/cm3.

These numerical data have been deduced from laboratory experiments; however, a large uncertainty remains on
most of them, thus the goal of the subsequent numerical results is only to prove the feasibility of our approach
rather than to obtain clinically relevant results.

All the experiments start with initial conditions: P0 = C0 = D0 = 0 µg/cm3, A0 = 106 cells, B0 =
106 cells, Z0 = 16500 cells/h. The initial time t0 was noon and the time step 0.1 hour.

3.1. Eradication problem

The results presented were obtained in the framework of the eradication problem when optimising with
respect both to i, the injection rate, and ti, the infusion period. Together with the constraint to preserve a
given level τA of the villi population, a constraint was also imposed on the instantaneous infusion rate, namely
i(t) ≤ 10 µg/h4. Experiments started with a treatment duration of 48 hours (ti − t0 = 2 days), and they
converged to a treatment of almost 32 hours.

Figures 1 to 3 display respectively, as a function of time, the best infusion rate i(t), the villi population
A(t) and the tumour cell population B(t) for three different values of the minimal admissible fraction of the
villi population τA = 0.4, 0.5 and 0.6. In Figure 1, the impact of the different circadian rhythms for the villi
and tumour populations is clearly seen as they impose a strong chronomodulation on the infusion rate. This
impact is enhanced when the constraint to preserve the villi population is stronger. Note also the effect of
the limitation of the instantaneous infusion rate. The chronomodulation is also seen on the villi population
behaviour displayed in Figure 2.

3α = 1

72
ln 3, β = (α

2
)2 + ( 2π

144
)2, these values correspond to coefficients of a damped harmonic oscillator of period 6 days and

dampening coefficient 1

3
over one period, a behaviour estimated after literature data.

4The ensemble of admissible solutions is then U =
{
i ∈ L2([t0, tf ]) | 0 ≤ i ≤ 10 µg/h , FA ≤ 0

}
; the maximal constraint on

infusion rate is treated in step 2 of the algorithm (see Rem. 6).
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Figure 1. One week eradication treatment with 1.5+5.5 days cycle: optimised infusion flows
for τA = 0.4, 0.5 and 0.6.
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Figure 2. One week eradication
treatment with 1.5+5.5 days cycle:
villi population for τA = 0.4, 0.5
and 0.6.
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Figure 3. One week eradication
treatment with 1.5+5.5 days cycle:
tumour cell population for τA = 0.4,
0.5 and 0.6.

Table 1. Treatment durations and residual tumour cell numbers (eradication).

(days) (hours)
τA ti − t0 ti − t0 min

t
B(t)

0.4 1.33 31.9 3.4
0.5 1.32 31.7 114
0.6 1.38 34 2374

Table 1 presents the best treatment duration ti− t0 and objective function min
t

B(t) for the best infusion rate
i, for the three experiments. The tumour population is strongly reduced when τA decreases, however, with the
data we used, the complete eradication of the tumour (B < 1) would require to diminish the villi population
lower than 39% of the reference number, whatever the duration of the treatment, a level which, in a clinical
context, is not admissible for the patient. Thus, for the experiments presented, a few tumour cells remain after
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Figure 4. Five weeks containment treatment with 2+5 days cycle: optimised drug infusion
flow for τA = 0.5.
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Figure 5. Five weeks containment
treatment with 2+5 days cycle: op-
timised drug infusion flows for τA =
0.5, according to the week of treat-
ment.
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Figure 6. Five weeks containment
treatment with 2+5 days cycle: cell
populations for τA = 0.5.

the end of the treatment (see Fig. 3), and, due to its exponential growth the tumour population will, without
treatment, rapidly recover and overtake its initial level. This is why we studied the containment problem which
should be applied to control tumour growth when the complete eradication is out of reach.

3.2. Containment problem

Figures 4 to 6 present the results for the containment problem with a weekly scenario of an infusion period
of 2 days followed by 5 days of recovery, and an acceptable fraction τA = 0.5 for the villi population. The
calculation was performed on a five weeks time interval. Figure 4 presents the infusion law, some details of
which are shown in Figure 5. The infusion law is, as expected, strongly chronomodulated. Also, after the initial
decrease of the tumour population, the infusion law evolves toward a periodic profile; indeed in Figure 5, curves
become quickly intertwined. The tumour and villi population, displayed in Figure 6, have also this periodic
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Table 2. Tumour cell population (containment) for a treatment of 2+5 days.

τA max
t

B(t) min
t

B(t)
0.4 36 000 21
0.5 119 000 390
0.6 352 000 5900

Table 3. Tumour cell population (containment): 2.5 days of treatment + 4.5 days of recovery,
chonomodulated and equivalent constant treatment.

τA max
t

B(t) max
t

B(t)
infusion chronomodulated constant

0.4 18 400 38 500
0.5 75 300 129 600
0.6 247 000 367 000

tendency ensuring that the treatment can be repeated while controlling tumour growth. Table 2 presents the
best objective function, max

t
B(t) for the best infusion rate i, after an initial treatment period of 3 days, for

infusion cycle experiments of 2+5 days and three different values of the minimal admissible fraction of the villi
population τA = 0.4, 0.5 and 0.6. Table 2 also presents the minimum tumour population reached with this best
infusion rate. While the tumour population can be brought to a very low level, due to the exponential growth
of the tumour, the maximal number of tumour cells, after a initial period of 3 days, remains quite high, though
under control.

Table 3 corresponds to experiments performed in a four weeks course, with an infusion cycle of 2.5 days
followed by 4.5 days of recovery. In this particular setting, we also assessed here the gain obtained by the
chronomodulated scheme as compared to an equivalent constant infusion scheme: the best objective function,
max

t
B(t) after a 3 days initial treatment period, is given for the chronomodulated infusion law and for a

constant infusion law (applied during the 2.5 days infusion periods) with an infusion rate equal to the mean of
the corresponding chronomodulated instantaneous infusion flow.

One should not be surprised that for the same chronomodulated scheme, a weekly containment treatment
with an infusion period of 2.5 days leads to a lower level of tumour cells than the same with an infusion period of
2 days: the longer the recovery period, the higher the tumour can grow up. A trade-off has to be found between
the length of the necessary recovery period and the admissible maximal level for the tumour. Furthermore,
Table 3 also shows the net gain obtained by the chronomodulation strategy: the number of tumour cells is
significantly reduced when the treatment takes benefit of the circadian rhythm.

4. Discussion and conclusion

4.1. Optimisation method

In this paper, we have detailed an optimisation procedure taking into account objective and constraint
functions that are optimised in an L∞ manner, and not according to a quadratic L2, or L1 criterion, as has
already been done before in the literature. To our knowledge, this approach is original, as are the differentiability
results stated here. This approach is intended to stick to the actual clinical or experimental problem, and in
this respect extreme values are of uppermost importance as they may be fatal for the patient, our L∞ approach
controls them whereas L2 or L1 integrated criteria don’t. It is clear however that our mathematical model is
still too simple as it should take into account different toxicities (other than the intestinal, such as bone marrow
toxicity or sensory neuropathy, as is the case with oxaliplatin in clinical settings). This would lead to more
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equations and more constraints, with possible weighting – left to the clinician – between them, but our approach
extends easily to such far more complicated cases.

From the algorithmic point of view, although we cannot assert that our optimisation algorithm reaches a
global minimum, the multiplicity of iterations and the storing of the best solution at each iteration, together with
the use of some random walk to explore the phase space gives us hints of its actual optimality and robustness.

4.2. Why a purely deterministic model?

It is noteworthy that, as stated in the introduction, circadian rhythms in living organisms are synchronised
by natural light [and by social rhythms in Humans], which implies – and is observed in experimental and clinical
settings – that all subjects show the same periods and time peaks in drug sensitivity. At the cell population
level, variabilities in circadian drug sensitivity phases may occur in each compartment, healthy or tumoral, but
both phases are synchronised by the central pacemaker located in the hypothalamus (suprachiasmatic nuclei).
These phases and their variabilities may be assessed at the peripheral tissue level by measuring clock gene
(Per2, Clock, Bmal1) expression or clock-controlled gene expression of apoptosis proteins such as BAX or BCL2
as a function of circadian time [19], and at the central level by body rhythm recordings, such as temperature.
Taking them into account would only add a new parameter to the model: the robustness of circadian control.
This will surely be of interest in a future model, for describing differences in the quality of individual circadian
synchronisation within a population of individuals (laboratory animals or patients). But this was not our
primary concern in setting this frame for presenting the optimisation procedure. In the same way, artificially
adding stochastic components to the model would hardly be of any interest for this presentation.

4.3. Limits of this model

The model we used addresses the optimisation of cancer chemotherapy using pharmacokinetic-
pharmacodynamic and circadian modelling with a toxicity constraint. It does not address the problem of
drug resistance and its evolution in tumour cell populations, which is also an important limitation in cancer
chemotherapy, and has been studied by various authors already [15, 25, 33]. Nor does it address the fact that
most anti-cancer drugs (but not oxaliplatin, to our knowledge) are known to show cell cycle phase specificities.
The former should be taken into account by an extension of our simple model to subpopulations for tumour
growth, quiescent, proliferative drug-sensitive and proliferative drug-resistant. The latter implies future mod-
elling of cell cycle progression and apoptosis at the tissue level for tumour cell populations, with coupling to
local circadian clocks – a coupling which has been shown experimentally to be unidirectional, i.e. control of cell
proliferation by the clock, at least for the regenerating liver in mice [28,32]. These approaches are complemen-
tary, and according to the particular tumour and drug involved, partial or extended models should be used for
chemotherapy optimisation.

4.4. Model identification and future clinical applications

We must stress that the numerical results presented are highly dependent on the values of parameters used,
some of which had to be grossly estimated in our dataset – besides, the dataset should be completely different
for other tumours and other cytotoxic drugs –, so that any generalisation of these results to clinical conclusions
would at this stage be completely hazardous. Yet, as far as equivalent modelling equations and their parameters
may be identified in other settings, the same optimisation procedure could be successfully applied.

We will not hide that identifying cell and tissue pharmacokinetics and pharmacodynamic dose-effects (even if
these two aspects are merged together) means acquiring knowledge of hidden mechanisms which are not easily
accessible in everyday clinical routine, and this remains today a shortcoming of the method proposed here. Nev-
ertheless, we have reasonable hopes that such data, provided by the development of modern pharmacokinetics-
pharmacodynamics (PK-PD) and molecular biology techniques, will become more and more available in the
next future.

This in our meaning justifies developing such optimisation methods which make it necessary to model intimate
tissue mechanisms for drug efficacy and toxicity effects. Whole organism modelling and PK-PD development
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could lead us to use other observable than cell population numbers – for instance, as far as oxaliplatin is
concerned, peripheral sensory neuropathy has recently been proposed to be linked to insults to nucleoli in nerve
ganglia [29], not measurable by cell kill evaluations-, but such future, more detailed, models will still be liable
for the optimisation method we presented here.

Finally, one may notice that it gives a rationale, not only for circadian chronotherapy theoretic studies which
first motivated it, but also, using optimisation in the product space L2([t0, tf ]) × [t0, tf ], for so-called intensive
therapies, in which the stress is put on the best treatment course and between courses durations making possible
a necessary increase in the delivered dose when classical therapeutic schemes have failed.
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Abstract

We address the following question: can one sustain, on the basis of mathematical models, that for cancer cells, the loss of control
by circadian rhythm favours a faster growth? This question, which comes from the observation that tumour growth in mice is
enhanced by experimental disruption of the circadian rhythm, may be tackled by mathematical modelling of the cell cycle. For
this purpose we consider an age-structured population model with control of death (apoptosis) rates and phase transitions, and
two eigenvalues: one for periodic control coefficients (via a variant of Floquet theory in infinite dimension) and one for constant
coefficients (taken as the time average of the periodic case). We show by a direct proof that, surprisingly enough considering the
above-mentioned observation, the periodic eigenvalue is always greater than the steady state eigenvalue when the sole apoptosis
rate is concerned. We also show by numerical simulations when transition rates between the phases of the cell cycle are concerned,
that, without further hypotheses, no natural hierarchy between the two eigenvalues exists. This at least shows that, if such models
are to take account of the above-mentioned observation, control of death rates inside phases is not sufficient, and that transition
rates between phases are a key target in proliferation control. To cite this article: J. Clairambault et al., C. R. Acad. Sci. Paris,
Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Rythme circadien et croissance tumorale. L’objet de cette Note est de questionner, sur des bases mathématiques, le fait
expérimental que les populations de cellules de souris cancéreuses échappant au contrôle circadien, ont tendance à se développer
plus vite. Pour cela nous considérons un modèle du cycle cellulaire avec contrôle des taux de mort (apoptose) et de transition
entre phases, et deux valeurs propres. L’une est associée aux coefficients périodiques via la théorie de Floquet (dans une version
de dimension infinie), l’autre est associée au problème stationnaire avec des coefficients moyens. Nous montrons par une preuve
directe que, de façon inattendue si l’on considère l’observation expérimentale évoquée plus haut, la valeur propre périodique est
plus grande que la valeur propre stationnaire dans le cas où le contrôle périodique est effectué sur l’apoptose. Nous montrons
aussi, par des tests numériques dans le cas où le contrôle périodique est effectué sur le taux de transition d’une phase à l’autre du
cycle cellulaire, qu’il n’existe alors aucune hiérarchie naturelle entre les deux types de valeurs propres. Ceci montre au moins que,
pour que de tels modèles puissent rendre compte des observations expérimentales ci-dessus, le seul contrôle des taux de mort dans
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chaque phase est insuffisant, et que les taux de transition entre phases sont une cible clef pour le contrôle de la prolifération. Pour
citer cet article : J. Clairambault et al., C. R. Acad. Sci. Paris, Ser. I 342 (2006).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Nous étudions dans cette Note au moyen de modèles mathématiques et de simulations numériques l’idée suivante,
qui est à l’origine de la chronothérapie des cancers : les rythmes circadiens influencent la prolifération cellulaire. En
particulier, on a pu observer que la croissance tumorale est favorisée par une perturbation de ces rythmes, mesurés
notamment par l’enregistrement de la température corporelle ou du cycle repos/activité. Plusieurs études épidémiolo-
giques ont ainsi montré que des travailleurs soumis à des variations prolongées de leurs rythmes de travail sont plus
exposés au risque de cancer colorectal que ceux ayant un rythme de travail régulier. On peut donc se demander si la
perte du contrôle circadien sur le cycle cellulaire peut entraîner une accélération de la progression tumorale. Cette hy-
pothèse s’appuie sur une bonne compréhension des mécanismes moléculaires contrôlant l’apoptose et les transitions
entre phases du cycle cellulaire, sous l’influence de protéines telles que p53, mais aussi des cyclines et cycline-kinases
(cdk). En effet certains de ces mécanismes, comme la phosphorylation du dimère CycB-cdk1 par la kinase Wee1, sont
directement contrôlés par des gène circadiens, comme Bmal1.
Notre approche repose sur l’analyse mathématique de modèles du cycle cellulaire qui sont maintenant bien établis.

Nous introduisons le rythme circadien comme une périodicité de certains des coefficients de ces modèles, et examinons
si cette périodicité diminue ou non la croissance du système par rapport au modèle à coefficients constants (même
moyenne). Notre but est de déterminer si ce niveau de modélisation peut rendre compte du fait expérimentalement
observé qu’une diminution du contrôle circadien favorise la croissance tumorale.
Il existe de nombreuses références classiques, s’appuyant éventuellement sur des comparaisons expérimentales,

sur le sujet des populations structurées et, comme cas particulier, du cycle cellulaire, voir [1–3,8,11,15]. Pour une
analyse récente de ces systèmes s’appuyant sur des méthodes d’entropie on peut consulter [12,13]. Nous retenons,
suivant en cela une étude précédente [4], le système d’équations aux dérivées partielles (1) pour décrire la densité
de cellules ni(t, x) ! 0 d’âge x dans la phase i = 1, . . . , I à l’instant t . Ici nous identifions la phase 1 à la phase
I + 1. Le coefficient di(t, x) représente le taux d’apoptose et Ki→i+1 les taux de transition d’une phase à la suivante
(on a choisi pour la transition I → 1 la mitose terminée par le doublement du nombre des cellules). Ces coefficients
peuvent être constants en temps (pas de contrôle circadien) ou avoir une période T lorsqu’on prend en compte le
rythme circadien. Des hypothèses sur ces coefficients sont données en (2) et (3), qui permettent de prouver que
l’opérateur différentiel sous-jacent admet un premier vecteur propre positif non seulement dans le cas des coefficients
constants (théorie de Krein–Rutman), associé à une valeur propre notée λs (s pour « stationnaire »), classiquement
appelée valeur propre de Perron dans le cas de la dimension finie, mais aussi dans le cas des coefficients périodiques
(théorie de Floquet, généralisée ici au cas de la dimension infinie), vecteur propre associé à une valeur propre notée
λper (per pour « périodique »).
En ce qui concerne le contrôle périodique par l’apoptose (les Ki→i+1 sont alors pris constants), nous démontrons

que, de façon surprenante au regard des résultats des expérimentations animales, on a toujours λper > λs. Pour le
contrôle par les taux de transition, les simulations numériques montrent qu’il n’y a pas d’ordre général entre ces deux
valeurs propres, alors que les données physiopathologiques sur la transition de G1-S-G2 à M obtenues à partir de
courbes expérimentales de croissance tumorale sur des animaux de laboratoire vont toutes dans le sens λs > λper.
Il n’est pas surprenant que l’apoptose ne suffise pas à expliquer dans le cadre de ce modèle le phénomène observé

expérimentalement, puisque l’influence attendue du rythme circadien se situe, du moins en ce qui concerne le méca-
nisme bien identifié du contrôle circadien de la kinase cdk1, au niveau des transitions de phases et non du taux de
mort dans chaque phase.

1. Cell cycle and circadian rhythm

The goal of this Note is to address by means of mathematical and numerical models the following fact which
underlies chronotherapy [9,14]: circadian rhythms influence cell proliferation. In particular, tumour growth has been
shown to be favoured by disruptions of the circadian rhythm, as assessed e.g. by body temperature or rest-activity
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recordings [5]. This is supported by clinical observations according to which patients with cancer and disrupted cir-
cadian rhythms are less responsive to chemotherapy and have poorer prognosis than others with the same diseases but
strong circadian rhythmicity [9,14]. Furthermore, molecular mechanisms underlying circadian control on apoptosis
and cell cycle phases through proteins such as p53 and cyclins are currently being unveiled [6,10,16].
Our approach relies on equations for the cell cycle which are well settled nowadays, see [1–3,8,11,15] for references

on structured population dynamics and the cell cycle, and [12,13] for a more recent approach based on entropy
properties. We introduce circadian control through periodic coefficients and assess the hypothesis according to which
periodicity diminishes the system growth as compared to constant coefficients (same average), in order to decide if
a loss of circadian control theoretically favours tumour growth. Here and following earlier work [4], we model our
population of cells by a Partial Differential Equation for the density ni(t, x) ! 0 of cells with age x in the phase
i = 1, . . . , I, at time t .






∂

∂t
ni(t, x) + ∂

∂x
ni(t, x) +

[
di(t, x) + Ki→i+1(t, x)

]
ni(t, x) = 0,

ni(t, x = 0) =
∫

x′!0
Ki−1→i (t, x

′) ni−1(t, x′)dx′, 2" i " I,

n1(t, x = 0) = 2
∫

x′!0
KI→1(t, x

′) nI (t, x
′)dx′.

(1)

Here and below we identify I + 1 to 1. We denote by di(t, x) ! 0 the apoptosis rate, Ki→i+1 the transition rates from
one phase to the next, the last one (i = I ) being mitosis. These coefficients can be constant or T -periodic in time in
order to take into account presence or absence of circadian control. Our assumptions are

Ki→i+1(t, x) ! 0, di (t, x) ! 0 are bounded, (2)
and, setting min0"t"T Ki→i+1(t, x) := ki→i+1(x), max0"t"T [di + Ki→i+1] := µi(x),Mi(x) =

∫ x
0 µi(y)dy,

I∏

i=1

∞∫

0

ki→i+1(y) e−Mi(y) dy >
1
2
. (3)

Classically, one can introduce the growth rate of the system λper (Malthus parameter, first eigenvalue) such that there
is a unique T -periodic positive solution to






∂

∂t
Ni(t, x) + ∂

∂x
Ni(t, x) +

[
di(t, x) + λper + Ki→i+1(t, x)

]
Ni(t, x) = 0,

Ni(t, x = 0) =
∫

x′!0
Ki−1→i (t, x

′)Ni−1(t, x′)dx′, 2" i " I,

N1(t, x = 0) = 2
∫

x′!0
KI→1(t, x

′)NI (t, x
′)dx′,

I∑

i=1

∫
Ni(t, x)dx = 1.

(4)

Under our assumptions (2) and (3), the existence of a solution to (4), with λper > 0, follows from an infinite dimen-
sional version of Floquet theory and one has (see for instance [12])

∑

i

∫ ∣∣ni(t, x) e−λpert − ρNi(t, x)
∣∣ϕi (t, x)dx → 0 as t → ∞,

where ϕi (t, x) is the periodic positive solution of the adjoint problem to (4) normalised by
∑

i

∫
Ni(t, x)ϕi (t, x)dx =

1, and ρ = ∑N
i=1

∫
ni(t = 0, x)ϕi (t = 0, x)dx. In other words, the periodic solution is the observed stable state after

renormalisation by the growth rate λper.
One can also introduce the coefficients averaged in time

〈
Ki→i+1(x)

〉
:= 1

T

T∫

0

Ki→i+1(t, x)dt,
〈
di(t, x)

〉
:= 1

T

T∫

0

di(t, x)dt,
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and consider the associated steady state solution. This allows us to define another growth rate λs, and a steady state
solution %Ni to






∂

∂x
%Ni(x) +

[〈
di(x)

〉
+ λs +

〈
Ki→i+1(x)

〉]%Ni(x) = 0,

%Ni(x = 0) =
∫

x′!0

〈
Ki−1→i (x

′)
〉%Ni−1(x′)dx′, 2" i " I,

%N1(x = 0) = 2
∫

x′!0

〈
KI→1(x

′)
〉%NI (x

′)dx′,
I∑

i=1

∫
%Ni(x)dx = 1.

(5)

For these problems, we address the hypothesis that circadian control reduces growth, i.e., that λper " λs. In Section 2,
we prove that, surprisingly enough, the opposite is true, i.e., λper ! λs when the control acts only on the apoptosis
rate. In Section 3, we show by numerical experiments that no hierarchy exists between the two eigenvalues when the
control acts on the transition rate K1→2 in a reduced 2-phase model. Section 4 sums up these results and gives hints
toward designing physiologically based models of the cell cycle for cancer therapeutics.

2. Control by apoptosis

In this section, we consider the case when circadian control only acts on apoptosis, i.e., Ki→i+1 depends only
upon x.

Theorem 2.1. Assume that di(t, x) ! 0,Ki→i+1(x) ! 0 are bounded and that (3) holds, then the eigenvalue problems
(4), (5) have unique solutions (λper,N(t, x)), (λs, %N(x)), and

λper ! λs. (6)

Proof. The existence part for the two problems is standard and we do not prove it again (see [4,12]). Now consider
the function qi(x) = 〈log(Ni(t, x)/%Ni(x))〉. It satisfies

∂

∂x
qi + λper − λs = 0, and qi(x = 0) =

〈
log

[∫
Ki−1→i (x)

%Ni−1(x)

N̄i(0)
Ni−1(t, x)

%Ni−1(x)
dx

]〉
.

Since dµi(x) = Ki−1→i (x)(%Ni−1(x)/N̄i(0))dx is a probability measure thanks to the condition N̄i(0) (a factor 2
should be included for i = 1), we also have

qi(x = 0) !
〈∫

log
Ni−1(t, x)

%Ni−1(x)
dµi(x)

〉
(by Jensen’s inequality)

=
∫

qi−1(x)dµi(x) =
∫ [

qi−1(0) + (λs − λper)x
]
dµi(x).

Therefore, summing over i, 0! (λs − λper)
∑I

i=1
∫ ∞
x=0 x dµi(x), and the result follows. !

3. Control by phase transition

We have performed numerical tests for the cell cycle systems (4), (5) based on a classical upwind scheme with
CFL = 1 which gives the exact transport solver (see [4] for details). We have taken a simplified version of the cell
cycle with two phases (I = 2): G1-S-G2 and M. The apoptosis rate has been taken constant and the transition rates
are: K1→2(t, x) = ψ(t)1{x!x∗}, and K2→1(t, x) = 1{x!x∗∗}.We have in mind the following order of magnitudes for
several animal tumour cells: total cycle duration is 21 h, 8 h for G1, 8 h for S, 4h for G2, 1 h for M (therefore in
this case x∗ = 20 h and x∗∗ = 1 h). But we will also consider different duration ratios x∗/x∗∗ between the 2 phases,
from 1 to 20. In fact, although the G2/M transition is known to be a circadian control target with a well identified
mechanism (Bmal1→Wee1→cdk), another control target, with another molecular mechanism in which genes per

and cMyc have been shown to be involved [6], also takes place at the G1/S transition, and the G1 phase may have a
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Table 1
The periodic and stationary eigenvalues for 2 periodic phase transition functions and different duration ratios between the first and second phases.
See text for details
Tableau 1
Les valeurs propres stationnaires et périodiques pourun modèle à deux phases avec transitions périodiques et différentes durées relatives de phases

G1-S-G2/M, brief sq. w. λper λs G1-S-G2/M, 12-12 sq. w. λper λs

1 0.2385 0.2350 1 0.2623 0.2821
2 0.2260 0.2923 2 0.3265 0.3448
3 0.2395 0.3189 3 – –
4 0.2722 0.3331 4 – –
5 0.3065 0.3427 5 – –
7 0.3472 0.3517 7 0.4500 0.4529
8 0.3622 0.3546 8 0.4588 0.4575
10 0.3808 0.3588 10 0.4713 0.4641
20 0.4125 0.3675 20 0.5006 0.4818

very variable duration. So that while in principle testing here the G2/M transition, we may also be testing the G1/S
gate control by an unknown 24 h-rhythmic factor. The function ψ(t) has 24 h period. We have tested for ψ 2 square
waves, a brief one with 4 hours at value 1 and the remaining 20 hours at 0, mimicking the shape of the cdk1 kinase
behaviour, with entrainment by 24 h-rhythmic Wee1, according to Goldbeter’s model of the mitotic oscillator [7], the
other one with 12 hours at 1 and 12 hours at 0, a version of the same cdk1 model, with no entrainment, but fixed
coefficients yielding also a 24 h period. In Table 1, we show a comparison between the two eigenvalues (periodic and
stationary), for the tested ψ periodic transition functions.
Thus no clear hierarchy can be seen between the two eigenvalues (even though some regularity may be suspected,

and these simulations show cases favourable to our initial hypothesis in the interval 2"G1-S-G2/M"7). It is likely that
2 phases only are not sufficient to account for the experimental observation which guided us in this modelling work,
and that, as it is, this model aggregates in a too simplistic way circadian effects on the G1/S and G2/M transitions.

4. Concluding remarks

(1) This model allows to study the interactions in proliferating tissues between the cell cycle and physiological control
systems such as the circadian clock.

(2) More than 2 phases and better knowledge of other mechanisms (e.g. control of Cyclin E-cdk4 at G1/S transition)
might be necessary to further investigate the first eigenvalues of the periodic and stationary problems.

(3) The result λper ! λs for apoptosis control suggests that the sole control of death rate inside cell cycle phases might
be unable to describe control of proliferation by cytotoxic drugs in cancer treatment. Transition rates should be
considered in a therapeutic perspective.
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Abstract

To make possible the design of optimal (circadian and other period) time-scheduled regimens for cytotoxic drug delivery by intravenous
infusion, a pharmacokinetic–pharmacodynamic (PK–PD, with circadian periodic drug dynamics) model of chemotherapy on a population of
tumor cells and its tolerance by a population of fast renewing healthy cells is presented. The application chosen for identification of the model
parameters is the treatment by oxaliplatin of Glasgow osteosarcoma, a murine tumor, and the healthy cell population is the jejunal mucosa, which
is the main target of oxaliplatin toxicity in mice. The model shows the advantage of a periodic time-scheduled regimen, compared to the
conventional continuous constant infusion of the same daily dose, when the biological time of peak infusion is correctly chosen. Furthermore, it is
well adapted to using mathematical optimization methods of drug infusion flow, choosing tumor population minimization as the objective function
and healthy tissue preservation as a constraint. Such a constraint is in clinical settings tunable by physicians by taking into account the patient's
state of health.
© 2007 Elsevier B.V. All rights reserved.
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1. Physiological and pharmacological background

1.1. Chronobiology and cancer chronotherapeutics

Circadian rhythms have long been known in animals and
humans, and taken into account in the therapy of cancer in
humans during the past 20 years by various teams of clinicians
in Europe, China, Canada and the United States. Recently,
molecular biology has brought new insight about the mechan-
isms by which such rhythms are generated [1–3]. New
understanding has been realized at the molecular level revealing
connections between circadian clocks and cancer therapeutics
[4–6] (see also the review in [7] for a state-of-the-art in cancer
chronotherapeutics).

Our goal here is to provide a tool that is applicable in clinical
settings. Herein, we design a model depending on parameters that
are identifiable, relying on experimental observations at the scale
of the living organism, to yield a macroscopic representation of
the evolution of cell populations exposed to cytotoxic drugs used
in cancer therapeutics. Even though the model is clearly dedicated
to cancer therapeutics, we wish to point out that its pharmaco-
kinetic–pharmacodynamic (PK–PD) part originated primarily
from models commonly used in antibiotherapy, and from more
general chronophar-macological considerations, as described in
[8]. Thus we believe that this model can be generalized to other
medical fields.

1.2. Aims of this study

Various teams of oncologists worldwide now take into account
the fact that for a given cytotoxic drug, improved anti-tumor
efficacy and reduced toxicity are possible when delivered at a

determined circadian time, depending on the particular drug
used. This approach has led to significant improvements in life
expectancy and quality, for example, in patients with colorectal
cancer.

To our knowledge, there is no theoretical model as yet that
explains or predicts the qualitative behavior of an organism
undergoing different time-scheduled anti-tumor therapeutic
regimens. The aim of this article is to partially fill this void,
by providing physicians and drug-delivery scientists with a
practical tool to enable them to improve the clinical efficacy of
anti-tumor treatments while minimizing their toxic effects on
healthy tissues by using optimally designed time-scheduled
regimens.

Since time matters in chronotherapeutics, such a tool must
be dynamic and be composed of PK–PD differential equations
describing the observed chronosensitivity of tumor growth and
healthy tissue homeostasis on a drug delivered by intravenous
infusion, the flow of which (as a function of time) is the external
control law to be optimized.

The six variables of the dynamic system considered here
(first presented in [9]) are the concentrations in active drug (in
the general circulation compartment, in the tumor, and in the
jejunal mucosa), the population of jejunal enterocytes and the
tumor cell population. The time-dependent sensitivity of both
the tumor and healthy cells to the drug is taken into account by
24-hour periodic modulation of the maximum of the PD func-
tion inducing cell death. The identification of model parameters
was performed as far as possible on experimental laboratory
data, precisely tumor size evolution curves during active treat-
ment, i.e., a sequence of oxaliplatin injections, versus inactive
treatment, i.e., the same sequence of injections of the sole drug
vehicle.
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1.3. Application chosen for this feasibility study

Oxaliplatin is one of the few drugs active on human metastatic
colorectal cancer [10]. It is also known to be active on Glasgow
osteosarcoma (GOS) in B6D2F1 mice, and the treatment of this
murine tumor has been extensively studied in our laboratory
(INSERM U 776 “Biological Rhythms and Cancers”, Paul-
Brousse Hospital, Villejuif, France) according to various time-
scheduled dose regimens [11].

Fragments ofGlasgow osteosarcomas, about 1mm3 in volume
that were sampled from fresh tumors in B6D2F1 mice, were
inoculated by subcutaneous puncture into both flanks of animals
of the same lineage. Tumor size, from the moment it had become
palpable just under the skin in the tumor-bearing animals until
their sacrifice on ethical grounds, was measured with a caliper by
its highest and lowest diameter, three times per week. The time
evolution of tumor weight, deduced from these measures by an
approximation formula (proportional to L× l2, longer and shorter
diameters, respectively), was the basis for assessing tumor growth
and therapeutic efficacy [11]. Within four weeks, all mice were
dead, by toxicity or tumor development, or they had been sacri-
ficed on ethical grounds when the tumor grew to a weight of 2 g.

In the present study, the population of jejunal enterocytes was
chosen as a healthy tissue toxicity target in mice. Leukopenia is
another known target of oxaliplatin toxicity in mice, but the main
damage documented after time-scheduled injections of oxalipla-
tin was extensive jejunal mucosa necrosis [12]. For another
cytotoxic drug, the bone marrow can be used as a target of drug
toxicity, possibly using the same type of model, or more likely
models of a different type, e.g., involving differential equations
with delays in cell cycle models as reviewed e.g. in [13].

The total dose per course in the model simulations was
limited to 20 mg/kg of oxaliplatin (300 μg of free platinum for a
30 g mouse). Actual doses in laboratory experiments consisted
of four daily injections of 4 mg/kg of oxaliplatin [11].

1.4. Physiological hypotheses, literature data and model
assumptions

1.4.1. Pharmacokinetics
Free platinum (Pt) is the active form of the drug; it binds irre-

versibly to all DNA bases, which is the assumed main mechanism
of its efficacy and toxicity [14–17]. It also binds more avidly to
sulphydryl radical-containing molecules, such as reduced gluta-
thione, that protect cells fromPt toxicity [14] and also contribute to
its elimination from blood by uptake and irreversible binding in
erythrocytes. In oxaliplatin, Pt is linked to a diamminocyclohex-
ane (DACH) nucleus (which is thought to be responsible for the
poor DNA mismatch repair mechanisms and hence higher ac-
tivity in colorectal cancer, in comparison to cisplatin [18]), and to
an oxalate ion, a compound structure which endows it with
relatively good blood solubility. Diffusion through membranes is
ensured thanks to a transporter protein, a mechanism thought to be
linear (i.e., no saturation is seen on outward/inward concentration
transfer curves), based on in vitro assessments [19].

It has been assumed in this model that DACH–Pt oxalate
(oxaliplatin) diffuses freely in the plasma and is eliminated as a

free molecule from the (central) plasma compartment by binding
irreversibly to plasma or hepatic proteins or to erythrocyte
glutathione according to first-order kinetics [14,17,20]. In the
periphery, DACH–Pt is transported through cell membranes
according to a linear mechanism to the healthy cells and, in
parallel, to the tumor cell compartment. Also according to first-
order kinetics, either it is degraded there (mainly by intracellular
glutathione) or it reaches its DNA target. This knowledge led to
the definition of a single central compartment for soluble Pt and
two peripheral compartments for nucleic acid-bound Pt, one for
the tumor and one for the healthy tissue, here the jejunal mucosa.
DACH–Pt binding to plasma proteins is fast and irreversible
[14,20], and its intracellular binding either to DNA or to reduced
glutathione and other detoxificationmolecules is also supposed to
be rapid and irreversible. Its binding to plasma proteins and red
blood cell reduced glutathione in the central compartment, on the
one hand, and to peripheral cellular reduced glutathione and other
detoxification molecules, on the other hand, may thus be repre-
sented by simple elimination terms. The parameters of natural Pt
elimination in the tissues may be evaluated by the evolution of
total Pt tissue concentrations, assuming proportionality between
nucleic acid-bound and total Pt tissue concentrations.

1.4.2. Pharmacodynamics
Drug activity is represented by an efficacy/toxicity function

(Hill function) inhibiting cell population growth in each
peripheral compartment, healthy tissue or tumor. This function
is here supposed to depend only on tissue drug concentration
and the time of drug exposure, with a time-dependent amplitude
modulation, here figured by a plain cosine function, represent-
ing circadian drug sensitivity.

1.4.3. Enterocyte population
The enterocyte population is known to respond to radiologic

or cytologic insult by damped oscillations converging to its
initial and stable equilibrium value [21,22]. The stability of this
equilibrium is ensured physiologically by exact compensation
(tissue homeostasis) of the villi cells eliminated into the
intestinal lumen by the influx of young cells from the crypts.

It is also assumed that only crypt cells (the renewing ones, in
which cell cycle activity exists) are subject to drug toxicity.

1.4.4. Tumor cell population
Without treatment, tumor growth is assumed to follow a

Gompertz law [23]: firstly exponential growth, then conver-
gence towards a plateau. This is representative of the early
stages of tumor growth, before neoangiogenesis induces
regrowth. The particular choice of the Gompertz model for
such an S-shaped curve may be justified by considerations of
the existence of proliferative and quiescent subpopulations in
the tumor [24,25]. Though more elaborate models might be
used, for instance using partial differential equations for tumor
growth and inhibition by drug contact [26,27], or modifications
of the Gompertz model, itself, obtained by making the upper
limit, Bmax, dependent on time so as to take angiogenesis into
account [28,29], we chose to represent the first stages of tumor
growth only, and to assess optimization procedures on such a
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basic model endowed with but few parameters. Drug resistance
may also optionally be introduced into the model as the
probability for a given tumor cell to develop such resistance
[30], though this is not considered here.

2. The model

2.1. Pharmacokinetics

The three dynamic variables considered here are Pt con-
centration (oxaliplatin being a compound DACH–Pt oxalate) in
the central, or plasma, compartment, P, and nucleic acid-bound
Pt concentrations in the healthy tissue (jejunal mucosa), C, and
in the tumor, D. The first-order kinetic equations are:

dP
dt

¼ "λP þ i tð Þ
Vdi

ð1Þ

dC
dt

¼ "lC þ nCP ð2Þ

dD
dt

¼ "mDþ nDP: ð3Þ

Here λ, μ and ν are decay parameters representing Pt
elimination by irreversible binding to plasma proteins, hepatic
or red blood cell glutathione, on the one hand (λ), and to
intracellular glutathione or protective proteins, on the other hand
(μ for healthy cells and ν for tumor cells). Parameter Vdi is the
drug distribution volume, which is assumed to be constant, in the
central compartment, and i: t↦ i(t) is the drug infusion flow
control law. The flow i may be a constant function, in the case of
constant continuous infusion, or a periodic one, in the case of a
time-scheduled drug regimen, as is commonly used in clinical
settings, and in the latter case may show different forms: square,
sinusoid-like, or sawtooth-like waves, all of which are clinically
implemented using programmable and portable infusion pumps
like the ones that have been used for delivering the chronotherapy
of cancer medications over the past several years; it may also be a
brief, quasi-dirac-like impulsion function in the case of bolus
administration, or any continuous function of time. Factors ξC and
ξD beforeP in the second and third equations represent active drug
transfer rates from the plasma to the peripheral compartments.

2.2. Pharmacodynamics: toxicity and therapeutic efficacy
functions

These functions represent the mean drug activity in the
healthy and tumor cell populations considered here, and are
functions of the drug concentration, in the healthy tissue for
toxicity, and in the tumor tissue for therapeutic efficacy. Both
are Hill functions, modulated in amplitude by a circadian
chronosensitivity factor:

f Cð Þ ¼ Fd 1þ cos 2p
t " uS

T

! "n o
d

CgS

CgS
S50 þ CgS

g Dð Þ ¼ Hd 1þ cos 2p
t " uT

T

! "n o
d

DgT

DgS
T50 þ DgT

where C and D are as defined earlier, γS and γT the Hill
coefficients (N1 if drug activity is known to show cooperative
reaction behavior as in certain enzymatic reactions, and by
default equal to 1 if drug binding to its target, and subsequent cell
death, is assumed, as will be the case here, to follow Michaelis–
Menten kinetics), CS50 and DT50 half-maximum activity
concentrations, F and H the half-maximum activities, T =24 h
(period of circadian drug sensitivity oscillations), andφS andφT

are phases (in hours with reference to a fundamental 24-hour
rhythm, i.e., taking into account 24-hour periodicity) of the
maximum activities of functions f and g.

2.3. Enterocyte population

Growth of the enterocyte population evolution in an
arbitrarily fixed volume of jejunal mucosa is represented by
two dynamic variables: the mature villi cell population, A (in
number of cells), and the flow, Z (in number of cells per time
unit), of incoming young cells counted positively which migrate
per each time unit from the crypts to replace ageing villi
enterocytes that are eliminated into the intestinal lumen (Fig. 1):

dA
dt

¼ Z " Zeq ð4Þ

dZ
dt

¼ "a" f Cð Þf gZ " bAþ g: ð5Þ

Here f (C) is the drug toxicity function in the healthy tissue
introduced earlier, α a natural autoregulation factor in the crypt
which the drug toxicity function thus modulates additively, β a
mitosis inhibitory factor (a so-called “chalone”) supposedly sent
from the villi to the crypts, Zeq the steady state (constant) flow
from crypts to villi, and Aeq ¼ g"aZeq

b the steady the steady state
villi population (without treatment). In healthy jejunal mucosa,
tissue homeostasis (here represented, in the absence of drug
damage, by constant cell population at steady state) is granted,
so the equilibrium point (Zeq,Aeq) is a stable one. The parameters
of the damped harmonic oscillator (Z,A) are entirely determined

Fig. 1. Model oscillations of the population of enterocytes in response to a brief
radiotoxic or cytotoxic insult shown over 20 days. Villi cells (top) and flow from
crypts (bottom) are represented here recovering in a steady state behavior after
an initial deviation from their equilibria at time zero. They may be seen as the
linear approximation of a more complex phenomenon, e.g., as proposed in [31].
Units are in millions of cells for villi (solid line) and in units of 105 cells for the
flow of cells from crypts (dashed line). Time (abscissa) is in hours.
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if its period and dampening coefficient, together with the
equilibrium point coordinates, are known (they can indeed be
determined by elementary computation, as shown in the
Appendix).

2.4. Tumor growth

Tumor growth is represented by the number of tumor cells,
B, which is assumed to follow the Gompertz law without
treatment, modified by a “therapeutic efficacy term” −g(D) ·B:

dB
dt

¼ "adBd ln B=Bmaxð Þ " g Dð ÞdB ð6Þ

where g(D) is the therapeutic efficacy function earlier introduced
(here seen as a instantaneous death rate in the tumor cell
population), Bmax is the asymptotic (that is, maximal, since
without dBdt N0) treatment value of B, a is the Gompertz exponent,
i.e., without treatment, one has dB

dt ¼ Gde
"a t"t0ð Þ dB, where G ¼

1
B t0ð Þ

dB
dt jt¼t0 is the initial growth exponent if t0 is the chosen initial

observation time, conveniently estimated on the initial part of a
tumor growth curve without treatment. Without treatment, this

integrates immediately in B tð Þ ¼ B t0ð Þe
G
a 1"e"a t"t0ð Þ
# $

, whence
Bmax ¼ B t0ð ÞdeG=a. An example is shown in Fig. 2.

3. Model identification and computer simulation

3.1. Drug doses and pharmacokinetics

In the case of constant or periodic delivery regimens, the
daily dose of active infused drug (Pt in oxaliplatin) was fixed as
60 μg of free Pt (corresponding to 4 mg/kg/d of oxaliplatin for a
30 g mouse, a common dosage for the laboratory, where the
daily doses range between 4 and 17 mg/kg). Diffusion
parameters (Vdi=10 mL, λ=6, μ=0.015, ν=0.03) were
estimated according to published laboratory data [20] on
plasma concentration and half-life of free Pt in plasma and
total Pt in peripheral tissues (jejunal mucosa for toxicity and red
blood cells for therapeutic efficacy, in the absence of actual data

on tumor tissue); the value ν=2μ corresponds to the elimination
of the total Pt from the tumor being twice as fast as in the healthy
jejunum.

3.2. Pharmacodynamics

Hill exponents γS and γT were arbitrarily fixed as 1 in the
absence of data on the actual concentration efficacy dependence,
and CS50 and DT50 were set to a high value (10) compared to the
average drug tissue concentrations in the model, so as to bring
the efficacy/toxicity functions into a linear zone, in the absence
of data on these Hill, or Michaelis–Menten functions at the
tissue level.

The optimal injection phase (i.e., circadian time) of an
oxaliplatin bolus was identified from laboratory experiments as
15 h after light onset (HALO), which corresponds to the middle
of the activity time in the nocturnally active mice housed under
a 12 h light–12 h dark regimen. This dosing time was observed
to be optimal in both senses simultaneously: optimal in the
sense that it yielded best anti-tumor efficacy and also optimal in
the sense that it led to least drug-induced toxicity. This
remarkable experimental result — a coincidence that has been
always observed in experiments with mice in our laboratory,
with no explanation so far, was obtained with a time resolution
of 4 h by recording survival and tumor weight evolution in six
different groups of mice, each group being defined by a specific
HALO designation corresponding to the circadian time at
which the animals received bolus injection of oxaliplatin for
four consecutive days (see [11] for details). The maximal anti-
tumor efficacy phase (φT=21 HALO) for a bolus was deduced
by numerical variation along a one-hour step grid in
simulations of the model. This delay Δφ of approximately
6 h (from 15 HALO to 21 HALO) between the optimal
injection phase φI – note that for a bolus the peak phase and the
phase of the beginning of infusion, φI, coincide – and the
maximal efficacy phase φT in the model may also be obtained
by direct computation (see the Appendix). The maximal
healthy tissue toxicity phase was estimated as φS =9 HALO
based on two convergent considerations. First, we assumed by
our cosine model of chronosensitivity a 12 h delay between
highest and lowest drug-induced toxicity phases – and we
already knew the circadian phase of lowest toxicity – and
second, the circadian phase φS=9 is also known to be the
phase of the minimum concentration of non-protein sulphydryl
compounds (i.e., reduced glutathione and cysteine, the main
actors in the tissue detoxification of oxaliplatin) in mouse
jejunum cells [32].

In the absence of data on the evolution of jejunal cell
population under treatment, the parameter F was adjusted
(F=0.5) so as to yield a residual villi population always greater
than 10% of the initial cell population for daily doses lower than
200 μg of free Pt (the approximate lethal dose effect for a 30 g
mouse). The parameter H was estimated from tumor size
evolution curves derived from animals under treatment (see
Fig. 2) to obtain a likely value which was then fixed; the value
then used in further simulations was H=2 (see the Appendix for
details).

Fig. 2. Example of simple model Gompertzian growth: B(t)=B0e
G /a(1− e − at )

where, G=a ¼ ln Bmax
B0

, a=0.005 and Bmax/B0=150; time (x-axis) and number of
cells are here in arbitrary units, from a minimum value B0 arbitrarily set to 1 on
the y-axis to a maximum value Bmax.
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3.3. Healthy and tumor cell proliferation

The equilibrium point (Zeq,Aeq) for the enterocyte model was
(16,500,106), the latter value arbitrarily fixed and the former
proportionally fixed according to data previously published in
the literature [21]. The period of oscillations (6 days) and damp-
ening coefficient (1/3) were also estimated using data found
in the literature [21,31], whence α, β, γ (see Appendix for
details). The initial growth exponent G and the Gompertz ex-
ponent a, whence Bmax /B(t0)=e

G / a, were first estimated based
upon tumor size evolution curves (see Fig. 3) without treatment.
Their values varied from one individual to the other (a between
0.005 and 0.1, Bmax between 1.2 and 30 times the value of B
at the beginning of its steep increase). Intermediate values
chosen were a=0.015 and G=0.025, leading for the para-
meter Bmax to a value of 5.3 times the initial observed value B(t0)
at the onset of steep tumor growth. These values were retained
so that further simulations might correspond to a human-like
situation where the tumor grows rapidly, in a bounding envi-
ronment, and being the object of an efficient chemotherapy (see
Appendix for computational details).

The attainable parameters for model identification in clinical
settings should thus be a and Bmax for natural tumor growth,
and H for therapeutic response.

3.4. Computer simulation

Numerical integration of the system of six ordinary differ-
ential equations was performed first in SCILAB or inMATLAB,
then using programs written in fortran. The time unit was the
hour, counted from 0 HALO on day 1. Integration (observation
step: 0.1 h) began with treatment; the applied solvers were
Adams and an implicit (BDF) scheme. The set of initial values
was (P0=0, C0=0, D0=0, A0=Aeq=10

6, Z0=Zeq=16,500,
B0=10

6). In clinical-like conditions that mimic hospital settings
in where medications are delivered on a 24-hour basis, the
chosen periodic control law was either a square, a sawtooth-like,
or a sine wave.

4. Results: optimizing cancer chronotherapeutics

4.1. Frames for therapeutic optimization

In a first attempt, we adopted the types of drug-delivery
regimens which are common in clinical therapeutics. Usually
they entail infusion times of 1 to 12 h each day, periodically
repeated on a 24-hour basis over four or five days, followed by a
drug-free interval of time to allow patient recovery from drug-
induced toxicity. This course of treatment is repeated every
other week (when the duration of effective treatment is four
days per course) or every third week (when the duration of
effective treatment is five days per course). The optimal peak
infusion time being known from previous experimental data, the
search for optimality then consisted of obtaining the best
infusion duration for the best daily regimen chosen among a
limited dictionary of infusion profiles, of square, triangle, or
sine wave shape. This best infusion was determined by varying
this duration from 1 to 12 h by one-hour steps for each profile,
and evaluating the resulting number of residual tumor cells.

Then we decided, using mathematical optimization techni-
ques, to remove the periodical infusion scheme constraint, still
taking into account the optimality of the peak infusion times,
which is represented in the model by a sinusoidal modulation of
the maximum effect. This yielded other optimal therapeutic
drug-delivery schemes.

These two different attitudes toward therapeutic optimization
and their results are described below.

4.2. Mimicking hospital routines: 24-hour periodic chemother-
apy courses

A typical five day-infusion chemotherapy course, with the
first five days of recovery, is represented in Fig. 4, where one
can see the six variables of the dynamic system, from top to
bottom: P, C, Z, A, D, and log10(B). The objective function (to
be minimized) is the minimal number of tumor cells (ideally
zero) and tolerability consists of preserving a minimal number
of villi cells, a percentage of the arbitrary initial value of 106

cells.
A graphic illustration of injection phase optimization in the

model is presented in Fig. 5. The plateaus (centered on
maximum anti-tumor efficacy phase φT) represent the logical
variable L ¼ a ln Bmax

B " g Dð Þb0
# $

that is highly dependent on
drug chronosensitivity in the tumor: 1 when the drug actually
inhibits tumor growth, 0 when it does not. The optimization
principle used here (numerically varying the circadian phase φI

of the beginning time of infusion) may be seen as graphically
superimposing the areas under peaks of tumor drug concentra-
tion (D, sawtooth line) on these plateaus (L=1). Tumor cell
population evolution is shown in parallel on a logarithmic scale.

Therapeutic optimization may take place in two different
contexts, depending on the patients' state of health, based on
clinical criteria (to be evaluated by physicians), leading to two
different schemes: either an aggressive curative scheme for
patients who are able to tolerate a high degree of toxicity in the
hope of obtaining complete tumor eradication, which is the

Fig. 3. Examples of tumor growth curves: without treatment (dashes) and after four
evenly spaced injections (on days 5, 6, 7 and 8 following tumor inoculation into the
test animals) of oxaliplatin, 4 mg/kg (solid line) in two B6D2F1 mice bearing a
Glasgow osteosarcoma. When tumor weight grew to two grams, animals were
sacrificed on ethical grounds. Tumor weight is in units of mg (y-axis) and time is in
units of days (x-axis).
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main goal of therapy; or a reduced toxicity scheme, leading only
to tumor stabilization, i.e., forsaking eradication but maintain-
ing an absolute limit of healthy cell toxicity, within which one is
left with as few tumor cells as possible at the beginning of
recovery time (usually followed by repeated subsequent courses
of chemotherapy in order to contain the tumor). Transposed in
the context of this model study, this choice between an
aggressive and a reduced toxicity scheme led to the definition
of two different types of simulations.

4.2.1. Simulations focusing on anti-tumor efficacy
The criterion for the “aggressive curative scheme” was to

yield the smallest number of tumor cells during the course of
chemotherapy (5 days of treatment and 16 days of recovery) for
a standard daily dose of 60 μg/d of free platinum. A possible
temporary decrease in the mature enterocyte population to as
low as 35% of the initial population was allowed (compare this
threshold with the previous one of 60% in the reduced toxicity
scheme; these values are arbitrary in the absence of data known
to us on the severity of diarrhea related to mucosal depletion,
but they could easily be changed).

For the square wave control law, the best result (four residual
tumor cells out of 106 initially) was obtained with an effective
five-hour infusion duration that begins at 12 HALO. Even a
better result (3 residual tumor cells) than with this five-hour
square wave for the same daily dose was obtained with a sharp
sinusoid-like model infusion law lasting five hours that begins
at 12 HALO. Respect for the optimal injection phase is
essential, since constant infusion yields worse results (16 cells)

than square wave time-schedule beginning at optimal injection
phase φI =12 HALO (four cells), but achieves better results
than the beginning time coinciding with the worst phase of 0
HALO (52 cells). In other words, this means that chronotherapy
can be worse than constant infusion if the beginning infusion
time φI is ill-chosen.

These simulations show in this theoretical framework the
advantages of a time-scheduled regimen as compared to the
conventional constant infusion scheme, provided that the
beginning infusion (circadian) time φI is accurately chosen.
Note that this last point is dependent on the chosen drug, not on
the individual, inasmuch as the fundamental circadian rhythms

Fig. 5. Graphic chronotherapeutic optimization. Solid line = tumor population,
logarithmic scale log10(B); dashed line plateaus: up when the drug actually
inhibits tumor growth, down when it does not; sawtooth dashed line = drug
concentration in the tumor shown in arbitrary units; time shown in hours.

Fig. 4. A five-day optimal time-scheduled 24-hour periodic regimen followed by five days of recovery. Time (abscissa) is in hours and quantities in ordinates in units
that depend on the track considered: μg/mL for drug plasma concentration, arbitrary units for tissue drug concentrations (depending on an unknown transfer constant
from plasma to tissue) and cell populations in number of cells.
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of the individuals in a population (as determined by their body
circadian clocks [33]) are synchronized by environmental time
signals of light, meals, social life, etc.; this was the case for the
nocturnally active mice of this study that were all previously
synchronized to a regimen of 12 h light alternating with 12 h
darkness. These simulations also suggest that sinus-like waves
actually used in clinical chronotherapies are a good approxi-
mation for optimality in this context.

4.2.2. Simulations focusing on treatment tolerability
The criterion for the reduced toxicity scheme was prohibition

of the decrease of the mature enterocyte population below a
given threshold (arbitrarily fixed between 40% and 60% of the
initial population value) to obtain the therapeutic regimen

yielding, by variation of the drug daily dose, the smallest
number of tumor cells during the course of chemotherapy (in
this case, 5 days of treatment and 16 days of recovery).

In the case of the threshold to preserve 60% of the initial
population of enterocytes, the best result (2400 residual tumor
cells out of 106 initially) was obtained with a right sawtooth-like
infusion model law lasting 2 h (i.e., steep increase, then drop)
beginning at φI =14 HALO, allowing the infusion of a
maximum dose of 33 μg/d of Pt. In the perspective of
applications to clinical settings, the main drawback of this
time schedule is the achievement of very high drug concentra-
tions over a short period of time; in humans, at least a two-hour
duration of oxaliplatin infusion is recommended to prevent
acute muscular toxicity, in particular laryngeal spasm, an acute

Fig. 6. Optimal eradication treatment preserving at least 50% of jejunal enterocytes: instantaneous drug infusion flow i (in μg/h), tumor cell population B, villi cell
population A, and the resulting dose (in μg) – obtained by integration of i between times t and t+24 h – administered over a sliding window of 24-hour duration.
Figure courtesy of C. Basdevant. See Ref. [38] for further details.

1061J. Clairambault / Advanced Drug Delivery Reviews 59 (2007) 1054–1068



toxicity symptom which imposes termination of treatment. Such
acute toxicity is excluded in the model, where chronic jejunal
toxicity is the focus, by setting an upper limit to the drug
infusion flow and its derivative with respect to time. The ad-
vantage of this reduced toxicity scheme is better anti-tumor
outcome compared to the conventional constant infusion thera-
py that, for the same limit toxicity, imposes (in the model) a
dose delivery no greater than 29 μg/d of Pt (7000 residual tumor
cells).

These simulations illustrate in a modeling frame what is well
known to oncologists involved in chronotherapeutics: first, a

well chosen time-scheduled regimen can yield better results
than a constant infusion scheme, and second, the shorter the
infusion time, the less intolerance to treatment, as far as chronic
toxicity is concerned.

4.3. Drug flow optimization in a general non-periodic frame

With the same model, but removing usual clinical chron-
otherapeutic requirements which impose 24-hour periodicity of
the infusion scheme, we set the mathematical problem of
therapeutic optimization as maximizing tumor cell death under

Fig. 7. Three weeks stabilization treatment with repeated chemotherapy courses of 1.5 of active medication 5.5 days medication-free interval: same variables as on
Fig. 6. Figure courtesy of C. Basdevant. See Ref. [38] for further details.
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the constraint of maintaining the healthy cell population always
above a given threshold. This point of view has also been
developed by other authors with different methods, in a similar
context but with preservation of a different healthy cell
population [36,37].

Whereas the clinical tolerability constraint is unequivocal
(yet tunable by physicians according to the patient's state of
health), the tumoral cell death maximizing goal may be
understood in two different ways, since a tumor that has not
been eradicated starts to regrow at the end of treatment. Either
one assumes that complete eradication is possible and then the
objective function to be minimized is the minimum number of
tumor cells, as close as possible to zero, during a one course
treatment; or one admits that there always will remain an
ineradicable fraction of tumor cells, which may only be
contained by repeated treatment courses under an acceptable
threshold, compatible with patient survival. Then the objective
function to be minimized is the maximum number of tumor cells
during repeated treatment courses, in fact during the recovery
period of the course.

This distinction leads to two different optimization strate-
gies, respectively: the eradication strategy in a single course,
and the stabilization strategy for repeated courses of the same
treatment, which aims only at containing the tumor. This point
of view has been extensively developed in a recent article, to
which we refer for detailed results [38]. To briefly state the
results obtained for each one of these two strategies, an optimal
drug infusion flow (to be implemented using a programmable
pump) is derived to minimize the tumor cell number (minimum
or maximum) and to satisfy the conditions: a) the healthy cell
population number remains above a given threshold; b) the total
drug dose is lower than a prescribed level; and c) its
instantaneous flow and its derivative with respect to time also
remain below a prescribed level. Examples of these results are
illustrated in Figs. 6 and 7. Since the resulting optimized
infusion flows are not superimposable onto the 24-hour periodic
sine wave like flows used in clinics, this suggests that classical
repeated sine wave chronotherapeutic regimens are only
approximations to optimality and may be further improved.
Yet, in the absence of precise knowledge of all the parameters of
the model, and their related confidence intervals, it would be
hazardous to quantify in terms of tumor cell kill the gain
expected from this optimized procedure as compared to the
classical chronotherapeutic regimens.

5. Discussion and clinical perspectives

5.1. Advantages and limits of the model

The described model provides a semi-quantitative prediction
tool. First, it shows that time-scheduled regimens are likely to
yield a better treatment outcome than a constant infusion
regimen, provided that the beginning time (with reference to
circadian rhythms) φI of the infusion is well chosen. Second, it
allows one to optimize time-scheduled regimens by acting on
the beginning (or peak time) and duration of the infusion, and
on the shape of the programmable infusion control law. To our

knowledge, this is the first time that such clinical know-how has
been set upon theoretical grounds.

The model was chosen to be a simple one to help parameter
identification under the restraint of a relative scarcity of
available data on the internal mechanisms of tumor growth
and inhibition by medications. Its quasi-linear form without
treatment (set W=ln B in the last equation and the model
without treatment becomes completely linear) may be seen as a
robust and natural approximation, in a neighborhood of its
initial values, of a hypothetic, more complete and realistic
model for cell proliferation. Some of its components, such as
drug activity functions, remain unknown and were chosen
according to the experience of pharmacologists working with
different medications, such as antibiotics; in the same way,
some parameters had to be estimated on questionable grounds,
such as extrapolation from one tissue to another. Nonetheless,
the other parameters were identified after experiments done in
our laboratory on the effects of oxaliplatin treatment on GOS
tumor-bearing B6D2F1 mice.

5.2. Model assumptions

5.2.1. Healthy cell population
The linear system representing jejunal mucosa homeostasis

may be seen as the linearization of an unknown non-linear
system, which should describe the enterocyte population
kinetics in a more accurate way (as in [31]), around its stable
equilibrium point (Zeq,Aeq). Tissue homeostasis may be
observed after brief radiologic or cytotoxic insult. In the case
of a sudden perturbation, return to equilibrium with damped
oscillations has been reported [22]. To guarantee the validity of
this linear approximation, we make the additional assumption
that this equilibrium point is hyperbolic, i.e., the linear tangent
system has no zero or purely imaginary eigenvalues. Then
linearization is valid, up to topological equivalence, in the
vicinity of the equilibrium point, according to the Hartman–
Grobman theorem (see for instance Perko [34]).

No basal (without treatment) circadian variation of the
enterocyte population has been taken here into account; where-
as, at least circadian variations in the enterocyte cell cycle have
been known for some time [22,35]. The reason for this is the
irrelevance of such variations for the follow up of the enterocyte
population during a course of chemotherapy. The variables (Z,A)
should rather be seen as sliding averages over the last 24 h
of the population described beforehand. It is quite likely that
instead of a basal equilibrium point, the non-linear system pres-
ents rather a stable limit cycle, with 24-hour period, but we are
interested here only in controlling drug toxicity on an average
villi population, since circadian variations of this population are
negligible compared to the havoc produced by the drug-induced
cytotoxicity.

Other toxicities such as neurotoxicity and hematotoxicity,
known to be induced by oxaliplatin in human beings, were
taken into account by imposing course scheduling designed as
short treatment durations followed by sufficiently long recovery
times, e.g., two days of treatment followed by five days of
recovery in the case of repeated chemotherapy courses. Such a
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recovery duration may seem short, but GOS is a fast growing
tumor, with an apparent doubling time in exponential models
being about 1.4 days; so, the long recovery times as used in
clinical settings for curable human tumors (e.g., 10 days in
2 weeks or 16 days in 3 weeks) are not realistic here, since they
would enable the tumor too much time for regrowth beyond its
initial value after the end of the last infusion.

Neuropathy could not be experimentally examined in mice.
Hematotoxicity (mainly leukopenia) was assumed in this study
to be made up for by natural bone marrow proliferation during
recovery. Post-mortem histology performed in animal experi-
ments in our laboratory showed tolerable bone marrow
depletion; in contrast, jejunal toxicity was most severe, with
extensive necrosis of the mucosa [12,20].

5.2.2. Tumor cell population
The initial value for the tumor cell population number was

arbitrarily fixed as 106 cells, and eradication was considered
complete when it became lower than 1. These values could easily
be replaced by 5×109 and 200 (oncologists agree on these figures,
which represent a frequent lower limit for clinical or radiological
discovery and a cell population number under which a tumor is
usually considered as non-viable). The optimality, in the
conditions of our model, of the infusion duration and initial
phase (between 0 and 24, i.e., taking into account 24-hour
periodicity) will not be changed by such modifications, given the
homogeneity of Eq. (6) and the scale independence of the chosen

criterion min
ta 0;T½ '

B tð Þ or max
ta 0;T½ '

B tð ÞÞ
%

.

It is possible to introduce drug resistance in tumor cells,
following Goldie and Coldman [30], by replacing in Eq. (6) the
cell kill term −g(D)d B by "g DÞ:B: 1þBq

2

#
where q is −2 times

the probability for a cell to become resistant, a probability that
in this formulation is independent of the time of or the amount
of delivered dose, yielding a population of Bd

1"Bq

2 resistant
cells; for instance, if one out of a thousand cells acquires drug
resistance, then q=−0.002.

5.2.3. Pharmacodynamics
No cell cycle phase specificity of oxaliplatin has been

reported, which is consistent with its supposed mechanism of
action at the cell level, i.e., binding to DNA at any stage of the
cell cycle. This makes inclusion of cell cycle kinetics in the
present model unnecessary, at least as long as oxaliplatin is the
only cytotoxic drug used for pharmacological control and
circadian drug sensitivity is represented in the above-mentioned
simplified way.

Drug toxicity and anti-tumor efficacy functions have been
chosen to act as multiplicative factors on the population size of
enterocytes and tumor cells. While this assumption is quite
natural in the linear frame of the enterocyte model, where f (C) is
just an enhancement of the natural autoregulation coefficient α,
it is more questionable for the Gompertz tumor growth model: it
has the consequence “big tumor, big effect; small tumor, small
effect”. This may be true for oxaliplatin, but not for other drugs;
other representations of the anti-tumor effect could be used
instead of −g(D)B, such as "g Dð Þ B

KþB, as in [26].

The only place in the model where circadian variability
occurs is by modulation of the maximal drug effect (parameters
F and H). This simplifying assumption thus aggregates all
possible circadian influences on one term in each peripheral
compartment. The actual physiological circadian variation in
drug sensitivity is more likely due to the variations in drug
detoxification mechanisms in the central (hepatic enzymes,
plasma proteins) and peripheral (cellular glutathione) compart-
ments, but tissue measures which would be necessary to identify
the parameters of these chronopharmacokinetic (i.e., biological
rhythms in drug pharmacokinetics) mechanisms were not
available to us, even though one may hope they will become
available through future routine laboratory experiments or
clinical data investigations.

The representation of drug chronosensitivity by a plain
cosine intervening as a multiplying factor in the expression of
the drug activity functions may be considered to be a coarse
description of circadian rhythmicity. In the same way, this
model does not include recent advances in the knowledge of
the genetic determinants of mammalian circadian rhythms,
such as the clock genes CLOCK, BMAL1, PER and CRY (and
their proteins), nor of their influences on the cell cycle of the
cellular populations involved [5–7]. In this respect, the cosine
model might be replaced by a circadian oscillator model of the
type developed by A. Goldbeter for Drosophila [2] or for
mammals [3,4] or even by a simple Van der Pol oscillator, as
suggested in [39]. But, as it is, this cosine function takes
pragmatically into account the chronomodulation of the PD by
circadian factors which has been observed in experimental and
clinical settings.

5.3. Possible extensions of the model

5.3.1. Perspectives for clinical applicability
The design of this model originated from the desire to

improve already existing time-scheduled regimens used in
chronotherapeutics, mainly for metastatic colorectal cancer. But
the present identification of its parameters in a population of
mice, especially those related to untreated tumor progression, is
not easily transposable to the clinic for evident ethical reasons.
Yet if we want to apply chronotherapeutic optimization
procedures outlined in this paper in clinical settings, we need
to evaluate for a given cancer in a given patient the parameters
of tumor growth dynamics and of drug response.

In particular, in order to give confidence intervals for the
results of therapeutics optimized with the help of this model, a
linear sensitivity analysis of the space of its parameters clearly
remains to be done, and this will be accomplished in a future
and extended version of this work. Nonetheless, individual
patient tailoring of therapeutics involves developing for this
model population PK and PD parameter evaluation methods
which will require a better understanding of the various forms of
tumor growth, relying on mathematical modeling and the
analysis of in vitro, experimental and clinical data.

This presented model is thus intended to serve as an intro-
ductory example to the use of a general method for therapeutic
optimization. Further modeling work is yet required to take
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into account the accumulating knowledge of tumor growth
dynamics and to apply this model in the everyday treatment of
cancer patients, which uses combinations of different cytotoxic
drugs.

5.3.2. Toxicities
Other toxicities need to be considered. In the perspective of

future applications to medicine, it must be stated that oxaliplatin
toxicity in human beings consists of peripheral sensory
neuropathy, diarrhea and vomiting (taken here into account by
jejunal toxicity), and hematological suppression [14].

Neurotoxicity is usually reversible in humans. As men-
tioned earlier, when it does not manifest itself as an acute
symptom, such as laryngeal spasm which imposes immediate
cessation of the treatment (this is normally avoided by averting
high instantaneous drug concentration flows). it is a chronic
toxicity, dependent on the total delivered dose, which imposes
in clinical settings only a minimum recovery time between
courses of chemotherapy. The prevention of acute neuropathy
is taken into account in the model by imposing an upper limit
to the drug infusion flow and its first derivative with respect to
time.

In the perspective of clinical applications, hematotoxicity is
not an issue in colorectal cancer chronotherapeutics by
oxaliplatin and 5FU; whereas, intestinal toxicity is. For
instance, it has been shown that in a pilot clinical trial [40] of
oxaliplatin and 5-Fluorouracil (5FU) in patients with colorectal
cancer, comparing chronotherapeutic time-scheduled regimen
with the more widely used FOLFOX2 protocol, fewer episodes
of neutropenia and more numerous episodes of diarrhea
occurred in the chronotherapy arm.

It is clear that the future inclusion of other cytotoxic drugs in
model therapeutics will imply considering the representation in
the model of other such toxicities.

5.3.3. Molecular pharmacology modeling to explain drug
synergies

Some future extensions of this model will be necessary to
actually help oncologists, such as representation of several
drugs acting in the same chemotherapy course (for instance
oxaliplatin, 5FU and folinic acid, as currently used in com-
bination for the treatment of human colorectal cancer). To
account for synergies between drugs and their optimization, as
much as possible such PD modeling should be led at the
molecular level within a model of the cell cycle. For instance,
oxaliplatin action should be represented by the damage it
exerts directly on DNA as a function of its intracellular con-
centration; whereas, the PD of 5FU should be represented by
its action on thymidylate synthase during the S phase of the
cell cycle. The resulting cell kill in fast renewing tissues will
then be due to phase transition blocking and apoptosis in-
duction, in particular, by the protein p53. Models which partly
take into account cell cycle dynamics of tumor growth and
therapy already exist [41–43], but considerable work remains
to be done to represent multidrug-induced modifications at the
molecular level in a model that will be useable by oncologists
in the clinic.

5.3.4. Drug resistance and other problems not considered
here

Other options include representation of a tumor drug
resistant cell population as an independent dynamic variable,
as in [44,45] with possible dependence of the probability of
transition to resistance on the drug dose level, genetic
polymorphism in the response to cytotoxic drugs (this may
be done more easily in molecular PK–PD models), and all
other issues linked to metabolic and tissue environmental
factors such as tumor angiogenesis, local and remote invasion,
some of which are representable by reaction–diffusion
equations for tumor growth and therapy, as in [26,27]. These
manifestations of cancer growth may also be included as
targets for anticancer therapy, i.e., included in an objective
function to be optimized; whereas, emerging resistance linked
to high drug doses provides a supplementary constraint
comparable to clinical tolerability in healthy tissues. These
complementary problems can thus be taken into account as
objective functions and constraints for optimization methods in
extended versions of the model without changing the principle
of balancing therapeutic efficacy and unwanted adverse
medication effects.
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Appendix A. Parameter identification procedures

A.1. Enterocyte model

As mentioned in the text, tissue homeostasis (conservation of
the cell population number, at least in the mean, i.e., averaged
over 24 h and thus independent of circadian factors) of the
jejunal mucosa may be represented by an equilibrium point of a
dynamic system. Since convergence towards equilibrium is
experimentally obtained with damped oscillations, the model
should be of dimension 2 at least, but dimension 2 is also
sufficient to design a linear oscillating model. Besides,
assuming hyperbolicity of the equilibrium point, the Hart-
man–Grobman theorem allows us to replace, in a neighborhood
of the equilibrium, the unknown system, one output of which is
the villi cell number, by its linear tangent system (see for
example Perko [34]).

To justify the particular form adopted for this linear
system, first consider that the villi population is not submitted
to a renewal process from itself, so dA

dt is not dependent on A;
besides, the factor 1 between dA

dt and Z−Zeq is justified by the
fact that eliminated villi cells may be reasonably assumed to
be compensated one for one by the flow of young cells from
the crypts. In this respect, Zeq is clearly the mean rate of
mature cells which are eliminated in the intestinal lumen:
1400/day for a villus of 3500 cells, according to [21], hence
the number of approximately 16500 cells per time unit (=1 h)
and for an equilibrium villi population of (arbitrarily) 106

cells.
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Second, the estimation of the coefficients on the second line
dZ
dt

# $
comes from 3 equations:

a. The equation giving the dampening coefficient over one
period (T):

s ¼ exp " a
2
T

! "

since " a
2 is the real part of the eigenvalues of the linear system,

the characteristic polynomial of which is λ2 þ aλþ b (and s=1
3

after estimation based on literature data [22]).
b. The equation giving the period of oscillations: T ¼ 2p

x ,
where ω is the imaginary part of the complex eigenvalues of the
linear system, i.e.

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b" a2

4

r

(T=6 days after estimation based on published data[22]).
c. The equilibrium equation

aZeq þ bAeq ¼ g:

Hence the values of α, β, γ

a ¼ "2
ln s
T

; b ¼ 4p2 þ ln sð Þ2

T2 ; g ¼ aZeq þ bAeq

A.2. Gompertz model for tumor growth without treatment

In principle, as the Gompertz model is without treatment
linear inW=ln B: dWdt ¼ a Wmax"Wð Þ, it should be possible to
obtain the slope −a and intercept aWmax by linear interpolation

on a data set ln B tið Þ; lnB tiþ1ð Þ" lnB tið Þ
B tið Þ tiþ1"tið Þ

! "
. But such an identi-

fication procedure requires points rather close to one another on
the S-shaped curve, which was not the case in our laboratory
data set that showed only three points per week.

So we used another procedure, eliminating the unreachable
value Bmax, based on the equation dW

dt ¼ a Wmax "Wð Þ: since

Wmax "W tð Þ ¼ e"a t"t0ð Þ Wmax "W t0ð Þð Þ

i.e. for all i

lnBmax " ln B tið Þ ¼ e"a ti"t0ð Þ ln
Bmax

B t0ð Þ
ln Bmax " ln B tiþ1ð Þ ¼ e"a tiþ1"t0ð Þ ln

Bmax

B t0ð Þ

whence

lnB tiþ2ð Þ " lnB tið Þ
lnB tiþ1ð Þ " lnB tið Þ

¼ e"a tiþ2"t0ð Þ " e"a ti"t0ð Þ

e"a tiþ1"t0ð Þ " e"a ti"t0ð Þ :

Given three consecutive times ti, ti+ 1, ti+ 2, the first member is
known, and the second is a rational fraction in X=e−24a, since
any ti is of the form t0+24ki, ki∈N. This gives a polynomial
equation in X, which has always one root strictly between 0 and

1, the natural logarithm of which is identified as −24a. For this
procedure to be efficient, it is necessary to choose three points in
the middle part of the evolution curve, not too close to its
beginning, where ln B(t) is almost constant, and not too far,
where other phenomena, e.g., linked to neoangiogenesis, may
complicate the picture. This usually left hardly more than three
points in our laboratory data set, e.g., measures at days 8, 9 and
12 on untreated animals, or days 16, 19 and 21 on treated
animals.

We estimated G ¼ a ln Bmax
B t0ð Þ ¼

dB t1ð Þ
B tð Þdt jt¼t0 by

B t1ð Þ"B t0ð Þ
B t0ð Þ t1"t0ð Þ i.e., on

the initial part of the curve, where B(t1)−B(t0) is small, but
non-zero, whence the determination of Bmax=B(t0) · e

G / a.
These primary estimations were then used as initial values for
curve fitting algorithms, by using a least mean square
procedure on each individual animal tumor growth evolution
curve.

Only one pair of values (a=0.015, Bmax=5.3×B(t0)) was
retained for further simulations and optimization procedures.
These values correspond to a concave growth curve, since for
parameter estimations we have focused on the fast growing part
of each curve.

It means that we have in fact simulated an efficient treatment
beginning at an advanced stage of tumor growth.

A.3. Pharmacodynamics

As mentioned above, the jejunal toxicity function ( f (C))
could not be identified, and was arbitrarily set as yielding likely
curves for the enterocyte population, with levels not under 10%
of the equilibrium value for the drug doses in use at our
laboratory. In the absence of data on the subject, for instance,
40% of villi population depletion was set to represent moderate
toxicity, and 60% severe toxicity.

For the anti-tumor therapeutic efficacy function (g(D)),
tumor size evolution curves under treatment were available.
Animals which had previously been synchronized to an
environmental regimen of 12 h of light alternating with 12 h
of darkness and had received subcutaneous inoculation of
Glasgow Osteosarcoma cells were treated with the same daily
dose of oxaliplatin, according to a procedure described in
[11] (where one can find that another daily dose of 5.25 mg/
kg/d was also used, confirming the optimality of the 15
HALO injection phase). The treatment consisted of a bolus of
4 mg of oxaliplatin injected in the retroorbital venous sinus
on four consecutive days with different groups of animals
each one being treated consistently at one of six different
HALO time points (each differing by 4 HALO from another).
We could then compute the dynamics of the oxaliplatin
concentration and therapeutic effect based on our model, as a
function of its maximal value 2H (DT50 and γT being fixed
respectively as 10 and 1, to obtain g Dð Þ≈ H

DT50
D for current

levels of variable D, a quasi-linear behavior), and compare
these calculations with the experimental curves. We started
from the linear relation

dW
dt

¼ "aW þ aWmax " g Dð Þ
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where W= ln B; on integration, this becomes:

W tð Þ ¼ Wmax þ eat W0 "Wmaxð Þ

" e"at
Z t

0

HD uð Þeau

DT50 þ D uð Þ
1þ cos2p

u" uTð Þ
24

' (
du

whence

H ¼
eat ln Bmax

B tð Þ " ln Bmax
B0

R t
0

eauD uð Þ
DT50þD uð Þ 1þ cos2p u"uTð Þ

24

n o
du

:

The integral was evaluated between time 0, representing the
time of the last bolus of a series of four injections, on days 5, 6,
7 and 8 after tumor inoculation (the tumor being palpable on
day 5), and other subsequent times, evenly spaced by multiples
of 24 h. For instance, with t=0 corresponding to the last in-
jection on day 8, time t for the upper bound of the integral was
13×24 h, corresponding to a measure on day 21, at the same
given HALO.

Each bolus was injected at the same HALO for the same
animal, and consisted of a unique dose (per day) of 4 mg/kg
oxaliplatin (60 μg of free platinum for a 30 g mouse). Each
bolus was taken as an initial condition P0=60 μg, for the first
equation, whence D(t) (drug concentration in the tumor):

D tð Þ ¼ P0

λ
1þ e"24v þ e"48v þ e"72v# $

e"vt:

In order to assess comparable data, we evaluated a and Bmax

on the same mouse chosen for the evaluation ofH, but at the end
of the tumor size curve, when drug concentration in the tumor was
almost zero. As stated earlier, there were so large inter-individual
differences in the evaluation of the Gompertz parameters G and
Bmax that we preferred this procedure, specifically for the
evaluation of parameter H, rather than evaluating G and Bmax

on curves without treatment for other mice.
Based on these computations for the evaluation of H on

different mice subject to oxaliplatin injections, we eventually
used an H value of 2, which allowed us to qualitatively compare
treatments in an effective way in model simulations.

The time difference Δφ of approximately 6 h between the
phase φT of maximal therapeutic effect and the optimal peak
infusion phase φI (for a bolus, beginning and peak times are the
same) may be obtained as follows.

Suppose a bolus of drug is injected at t=0, giving rise to an
initial concentration P0. Then by straightforward integration,
plasma concentration will be P(t)=P0e

− λt and tissue concen-
tration, D tð Þ ¼ P0 ¼ e"vt"e"λt

λ"v c P0
λ e"vt, since ν≪λ.

Replacing the pharmacodynamic function (with γT=1):
g Dð Þ ¼ H D

DT50þD 1þ cos 2p
24 t " uTð Þ

) *
by a linear approxi-

mation in D, g Dð Þ ¼ H0D 1þ cos 2p
24 t " uTð Þ

) *
, we have

g D tð Þð Þ ¼ H0
P0
λ e"vt 1þ cos 2p

24 t " uTð Þ
) *

.
On integration between 0 and 24 h of the equation

d
dt

ln B=Bmaxð Þ ¼ dB
Bdt

¼ "ad ln B=Bmaxð Þ " g DÞð

we obtain

ln B 24ð Þ=Bmaxð Þ ¼ ln B 0ð Þ=Bmaxð Þe"24a

" e"24a
Z 24

0
H0

P0

λ
e a"vð Þt

( 1þ cos
2p
24

t " uTð Þ
' (

dt

and we want to know for which value of φT this last integral
takes its maximum: this value of φT will be the delay between
the optimal injection time (known from experimental observa-
tions, here assumed to be zero) and the tissue optimal anti-tumor
efficacy time φT. This maximum will be obtained when its
derivative with respect to φT is zero, i.e., when
Z 24

0
e a"vð Þt sin

2p
24

t " uTð Þ
' (

dt ¼ 0

which by simple computation is the case if and only if

a" vð Þsin 2p
12

uT þ
p
12

cos
p
12

uT ¼ 0

leading to

uT ¼ 12
p

Arc tan
p

12 v" að Þ

with ν=0.03 and a=0.015, this value is approximately 5.78 h,
for which value of φT the second derivative

" 2p
24

Z 24

0
e a"vð Þt cos

2p
24

t " uTð Þ
' (

dt

of the integral with respect to φT is easily seen to be negative,
showing that the integral actually reaches a maximum for this
value of φT. Hence if the optimal injection time has been
approximately determined as 15 HALO, then this means that
φT≈21 HALO.
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Abstract We present a nonlinear model of the dynamics of a cell population divided
into proliferative and quiescent compartments. The proliferative phase represents the
complete cell cycle (G1–S–G2–M) of a population committed to divide at its end.
The model is structured by the time spent by a cell in the proliferative phase, and by
the amount of Cyclin D/(CDK4 or 6) complexes. Cells can transit from one compart-
ment to the other, following transition rules which differ according to the tissue state:
healthy or tumoral. The asymptotic behaviour of solutions of the nonlinear model is
analysed in two cases, exhibiting tissue homeostasis or tumour exponential growth.
The model is simulated and its analytic predictions are confirmed numerically.
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1 Introduction

Living tissues, subject to renewal, are constituted of two different categories of cells:
proliferating cells (p) and quiescent cells (q). Proliferating cells grow and divide,
giving “birth” at the end of the cell cycle to new cells, or else transit to the quiescent
compartment (often referred to as the G0 phase), whereas quiescent cells do not grow
nor divide but either transit to the proliferative compartment or else stay in G0 and
eventually differentiate according to the tissue type.
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In a tumour cell population the number of proliferating cells increases continuously
as long as it is malignant and active, whereas in a normal (healthy) cell population, the
size of the proliferative compartment remains bounded since the total number of cells,
proliferating and quiescent, remains constant (at least in the mean, e.g. by averaging
over 24 h) so as to maintain tissue homeostasis.

During the first phase (often referred to as G1) of the proliferation cell cycle, until
the restriction point (R) in late G1 has been reached, proliferating cells may enter
the quiescent G0 phase and stop proliferation. Indeed, experiments by Zetterberg and
Larsson [12,44] showed that the restriction point (R) divides the G1 phase into two
parts: before R, cells may enter the quiescent phase, but once it has been passed,
they are committed to proceed through the other phases (S,G2,M, which will not be
considered here as such) until cell division.

The switching of cells between quiescence and proliferation depends on extracellu-
lar environmental conditions such as growth and antigrowth factors, and is regulated
differently in normal and tumour cells, due to differences in the expression of the
involved genes.

The model we present in this paper belongs to the category of physiologically struc-
tured population dynamics (see [3,23,25,35,43] for a general approach). It relies on
Partial Differential Equations structured both in age and cyclin content for cell pop-
ulations. Cell population models with proliferative and quiescent compartments have
been investigated by several authors (e.g., Arino, Gyllenberg, Rossa, Sanchez, Webb)
who studied their asynchronous exponential growth property [4,17,18,34]. Our goal
here is to design a generic cell population model applicable to both cancer and normal
tissue growth.

Unlimited tumour growth, by opposition to healthy tissue homeostasis, can be seen
in particular as a deregulation of transitions between proliferative and quiescent com-
partments. Furthermore, recent measurements [19] indicate that cyclins are the most
determinant control molecules for phase transitions.

For these reasons, and since we are interested in studying in parallel the behaviour
of healthy and tumour cell populations, we structure our cell population model in age
and cyclin content, a process which we describe step by step in Sects. 2 and 3. In
Sect. 4, we analyse the theoretical properties of the model, which we illustrate by
numerical simulations in Sect. 5. Finally, some comments and future prospects are
briefly developed in Sect. 6.

2 Molecular mechanisms involved in the G1 phase

A variety of proteins are produced during the proliferative cell cycle. The progression
of a cell through the cycle is controlled by complexes composed of two proteins: a
cyclin (structural protein) and a cyclin dependent kinase (or CDK), an enzyme which is
needed for the cyclin to activate. Each phase of the cell cycle has specific Cyclin/CDK
complexes. In particular, Cyclin D/(CDK4 or 6) and Cyclin E/CDK2 activate during
the G1 phase. Cyclin D is the first cyclin which is synthesized at the beginning of the
cell cycle. The level of Cyclin D is controlled by the extracellular environment.

Thus, Cyclin D synthesis is induced by specific growth factors (GFs) [6], and its level
decays when cells are deprived of GFs. GFs bind to specific receptors on the external
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cytoplasmic membrane, stimulating an intracellular signalling pathway (Ras/Raf/Map
kinase) by means of which Cyclin D is eventually synthesized (see [2,5,37], for more
details). Experiments reported in [20,39,45] show the important role of Cyclin D as
a regulator of the transition between G1 and G0. They show that a reduced exit from
G1 to G0 occurs when Cyclin D is overexpressed, whereas non-overexpressing cells
remain in G0. Progression through the restriction point (R) is essentially related to
Cyclin D level in as much as when there is a sufficient amount of Cyclin D, cells
pass the restriction point and are committed to proceed through the rest of the cell
cycle.

The passage through the restriction point is also dependent on the cyclin dependent
kinase inhibitor p27(Kip1) concentrations, since it has been shown [21] that the intra-
cellular levels of p27(Kip1) are strongly and negatively correlated to the probability
for a cell to pass through the restriction point.

Moreover, Cyclin D makes complexes with either CDK4 or CDK6 kinases and
these complexes are able to phosphorylate other proteins which are important for cell
progression in the G1 phase through the restriction point and further for the rest of the
cell division cycle: DNA replication, mitosis and cell division [38,39]. It is also known
(see e.g. [31] and articles cited therein) that an important role of the Cyclin D/ (CDK4
or 6) complexes is to bind to p27 and thus fight its inhibitory activity in the passage
of cells through the restriction point. This mechanism naturally relates, in a compet-
ing manner, Cyclin D/(CDK4 or 6) to p27(Kip1) concentrations, so that the balance
between Cyclin D/(CDK4 or 6) and p27(Kip1) concentrations may be seen as a reliable
marker of the cells that have passed this restriction point.

In this paper, we are interested in the molecular interactions that are related to the
activity of the Cyclin D/(CDK4 or 6) complexes in fast renewing cell populations (not
in individual cells as such). In the same way, the molecular concentrations we use
must be understood only as averaged concentrations in the subpopulations considered
(quiescent or proliferating), without regard of between cell variability or molecular
density distribution within these subpopulations.

Several authors [29,30,32,41] have described and simulated, under specific assump-
tions, part of the complex molecular reactions involved. Here, we give a simple model
to describe the activity of a lumped variable representing the activity of
Cyclin D/(CDK4 or 6) induced by growth factors, which is known to balance the
p27(Kip1) CDK inhibitor. This switch-like dynamics models the irreversible passage
through the restriction point, and it has been also represented in a comparable way
by other authors who used models with more variables ([29,41] and other references
therein). In fact, it may be shown (material not presented here) that the complex molec-
ular dynamics of Cyclin D/(CDK 4 OR6) linking to p27, as modelled e.g. in [29], may
be seen to yield a variable such as [T otal Cyclin D]/[Unbounded K ip1], repre-
senting a balance between active Cyclin D and p27, that shows a time dynamics very
close to that of the lumped variable x we will describe now. It must be stressed that we
use it only as a variable leading the passage of a cell population through the restriction
point, which is essential in modelling the exchanges between proliferative and quies-
cent phases. It is also clear that we would have to be more specific in the design of
another Cyclin D model if we wanted to include these G0 to G1 exchanges in a detailed
model of the cell cycle with phases G1, S,G2 and M , as presented elsewhere [11].
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For its present use in this simplified cell population model of the exchanges between a
proliferative and a quiescent compartments, described by a reduced set of equations,
we consider it as physiologically plausible enough and sufficient for our needs.

Let x be the amount of complexes Cyclin D/(CDK4 or 6) (or the ratio of concen-
trations [Cyclin D/(CDK4 or 6)]/[Free p27], if one is to take the inhibitory role of p27
into account) in the cell populations considered, and w another aggregated variable
representing the amount of the various molecules (Ras/Raf/. . .MAPK) involved in the
production of active Cyclin D. We assume that the stimulation of active Cyclin D
production by the aforementioned complex signalling pathways (Ras/Raf/MAPK),
that are triggered upstream by growth factors, involves a limited positive feedback
from Cyclin D itself, in as much as these growth factors (w) are supposed to impinge
directly, but in a saturable manner as stated earlier, our lumped variable x , which may
be seen to represent more Cyclin D itself.

We consider x andw as regulating variables in a simple nonlinear system of ordinary
differential equations (ODEs) with respect to age a in the G1 phase. We assume in
this system an infinite reservoir, with constant production rate, of w, only dependent
on upstream growth factors, and no (or negligible) consumption by x (Cyclin D),
i.e., no feedback from x , and participation, in a limited way, of Cyclin D itself in its
synthesis, which is triggered by variable w. Clearly, a simple bilinear equation (e.g.
ẋ = awx − bx, ẇ = c − dw) to represent this positive feedback of Cyclin D by a law
of mass action in its production is not relevant and must be excluded, since solution x
would burst exponentially, as shown by straightforward computation. We thus hypoth-
esize Michaelis–Menten-like dynamics of the lumped variable x for the contribution
of Cyclin D in its synthesis triggered by the aggregated variable w, replacing awx by
awx
1+x in the first equation. A simple ODE model with these features can thus be written
as follows:

{
dx
da = c1

x
1+xw − c2x, x(0) = x0 > 0,

dw
da = c3 − c4w, w(0) = w0 > 0.

(1)

The saturable influence of x in its production is the only nonlinear part in this system
and it is this term which yields its switch-like dynamics: S-shaped monotone conver-
gence from low initial values to a plateau. The coefficient c2 is the linear degradation
rate of Cyclin D, c3 is the constant production rate of the lumped variablew, and c4 is
a coefficient describing its linear degradation rate. All coefficients ci (1 ≤ i ≤ 4) are
strictly positive. Substituting the solution of the second equation of (1), we can reduce
(1) to one equation in x :

dx

da
= c1

x

1 + x

(
c3

c4
+ e−c4a

(
w0 − c3

c4

))
− c2x, x(0) = x0. (2)

This holds only for the G1 phase since we assume that cyclin amount x and age a
remain constant in G0 phase. A natural quantity arises in the qualitative analysis of
(2), the x -nullcline:
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X (a) = c1

c2

(
c3

c4
+ e−c4a

(
w0 − c3

c4

))
− 1.

We assume that w0 ≤ c3
c4

and c1c3 > c2c4 which is a way to express that the lumped
variable w is increasing from its initial to its asymptotic value, and that in the early
G1 phase the overall synthesis of the chemicals involved in the progression of the G1
phase overcomes their degradation. Therefore, a fundamental property of Eq. (2) is
that the cyclin concentration x is limited by:

xmax = c1c3

c2c4
− 1 > 0. (3)

We keep this simple model for our next purpose which is to describe a population
of cells, in proliferative or quiescent state.

3 Physiologically structured model

In the cell population model we will now present, we consider only two phases: a
quiescent one (physiologically G0) and a proliferative one (physiologically G1–S–
G2–M). The cell populations we study are firstly structured by the time spent inside
the proliferative phase. This phase represents the complete cell division cycle since
cell birth, and time in the phase will hereafter be referred to as a, for physiological
age in the cycle. As proposed in [7,42], we also structure the model by the amount of
(active, not bound to p27) cyclin D/(CDK4 or 6) complexes, denoted by variable x .
Indeed, as mentioned earlier, this biological quantity is the most important determinant
of progression up to the restriction point R in the late G1 phase.

Let p (t, a, x)and q (t, a, x) be respectively the densities of proliferating and qui-
escent cells with age a and content x in Cyclin D/(CDK4 or 6) complexes at time t.
We also consider a “total weighted population”, i.e., an effective population density,
N defined by

N (t) =
+∞∫
0

+∞∫
0

(
ϕ∗(a, x)p (t, a, x)+ ψ∗(a, x)q (t, a, x)

)
da dx . (4)

Here the weights ϕ∗ and ψ∗ represent environmental factors such as growth and anti-
growth factors acting on the populations of proliferating and quiescent cells, respec-
tively. N is the density of the fraction of the total population consisting in the cells
that are sensitive to these factors and are thus qualified to influence, for example by
a mechanism related to density inhibition, the G0/G1 transition. This excludes for
instance apoptotic or pre-apoptotic cells.

Exits from the quiescent compartment are due either to apoptosis (physiological
cell death) at a nonnegative rate d or to transition to the proliferative phase according
to a “recruitment” or “getting in the cycle” function G, which is assumed to depend on
the total weighted population N . We also assume that cells may leave the proliferative
compartment for the quiescent one according to a “demobilisation” or “leak” function
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L (a, x). These functions L and G, which represent the core mechanism of exchange
from proliferation to quiescence and vice-versa, respectively, in our model, will be
described in Sect. 3.2. Quiescent cells are assumed to be halted in their individual
physiological evolution, in the sense that once a cell becomes quiescent, its age and
cyclin content are fixed at their last values as belonging to a proliferative cell. In this
way, quiescent cells do not age and do not change their cyclin content.

The model, the coefficients of which, unless otherwise specified, will always be
strictly postive, may be written as

⎧⎪⎪⎨
⎪⎪⎩

∂
∂t p (t, a, x)+ ∂

∂a (�0 p (t, a, x))+ ∂
∂x (�1 (a, x) p (t, a, x))

= − (L (a, x)+ F(a, x)+ d1) p (t, a, x)+ G (N (t)) q (t, a, x) ,
∂
∂t q (t, a, x) = L (a, x) p (t, a, x)− (G (N (t))+ d2) q (t, a, x) .

(5)

The parameter �0 denotes the evolution speed of physiological age a with respect
to time t , which is assumed to be constant in this model; if for example �0 = 0.5, it
means that physiological age a evolves twice as slowly as real time t . Similarly, the
function �1 represents the evolution speed of Cyclin D/(CDK4 or 6) with respect to
time, i.e., �0 times the speed dx

da of x with respect to physiological age a, which is
given by Eq. (2), with w1 = w0 − c3

c4
< 0 :

dx

da
= �1 (a, x)

�0
= c1

x

1 + x

(
c3

c4
+ e−c4aw1

)
− c2x .

The parameters d1, d2 are apoptosis rates for proliferating and quiescent cells respec-
tively, and F(a, x) is the fraction of cells which leave the proliferative population to
divide according to a process which will be described later.

To complete the description of the model (5), we specify initial conditions:

p (0, a, x) = pi (a, x), a ≥ 0, x ≥ 0, (6)

and
q (0, a, x) = qi (a, x), a ≥ 0, x ≥ 0, (7)

where pi and qi are nonnegative functions.
In the following section, we describe a condition for entering the proliferative

phase (physiologically in G1) at age a = 0, but note that no such condition is needed
at x = 0 , since cyclin level x = 0 is never reached in the process described by (2)
because �1 vanishes at x = 0 .

3.1 Unequal division

The distribution of the cellular material between daughter cells is assumed to be
unequal. Due to variability in cyclin content between the two daughter cells when
division occurs (see [22,40] for a relation with aging), some cells may inherit a larger
amount of certain proteins such as cyclins, whereas others start the cycle with a smaller
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amount of the same proteins. We consider that the distribution of the amount of cyclin
D/(CDK4 or 6) between the two daughter cells is given by a conditional density
f (a, x, y) such that the probability for a daughter cell, born from a mother cell with
content y in Cyclin D/(CDK4 or 6) with x1 ≤ y ≤ x2 , to have itself content x in
Cyclin D is

∫ x2
x1

f (a, y, x) dy∫ +∞
0 f (a, y, x) dy

.

We also consider that all newborn cells are at birth in the proliferative compartment.
Then we have the following condition at the boundary a = 0,

p (t, 0, x) = 2

�0

+∞∫
0

+∞∫
0

f (a, x, y) p (t, a, y) da dy. (8)

The following conditions follow from the earlier interpretation:

(1) The amount of cyclin in a daughter cell is smaller than that of its mother cell at
the time of division:

f (a, x, y) = 0 if x > y.

(2) The amount y of cyclin of the mother cell is exactly conserved and shared by
the two daughters

f (a, x, y) = f (a, y − x, y)

and

+∞∫
0

f (a, x, y)dx = F (a, y) ,

where F(a, y) is the fraction of cells which at age a and cyclin content y leave the
proliferative phase to undergo cell division. These cells disappear and are replaced by
two daughter cells which immediately restart in the proliferative phase for their own
part.

We choose for F a standard Hill function:

F (a, y) = k1 yγ1

kγ1
2 + yγ1

1l[A∗,+∞[(a),

where 1lJ is the indicator function of interval J (i.e., 1lJ (x) = 1 if x ∈ J , else 0), k1
is the maximum effect of Cyclin D on cell division, k2 is the cyclin content yielding
its half-maximum effect, γ1 is the Hill coefficient tuning the steepness of the switch
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at y = k2 between 0 and k1 for the effect, and A∗ is the minimal cell cycle duration;
we also consider that cyclin repartition is uniform after division:

f (a, x, y) = F (a, y)

y
1l[0,y](x).

3.2 Transition control between proliferation and quiescence

Lynch et al. [24] have studied the effect of a transcription factor that inhibits the prolif-
eration of human colon cancer cells by reducing Cyclin D gene expression and hence
inducing an accumulation of cells in G0. Deprivation of growth factors (GFs) in the
early G1 phase also leads to a low Cyclin D level in cells, when Cyclin D/CDK4 is
the only Cyclin/CDK complex present, and the low level of Cyclin D is such that cells
exit G1 to enter the G0 phase.

We firstly assume that transition from proliferation to quiescence depends on age
and cyclin content of the cell. At the beginning of the cell cycle, the cell remains in
the proliferative phase but from a certain age on, if its content in Cyclin D/(CDK4 or
6) is not high enough, the cell passes to the quiescent phase.

We set the “demobilisation” function from proliferation to quiescence as:

L (a, x) = A1
Aγ2

2

Aγ2
2 + xγ2

1l[ Ā,+∞[(a).

In this setting, if the Hill exponent γ2 is high enough (e.g. between 5 and 10), A2 is
the “switching” cyclin content value x beyond which the “leak” function L becomes
close to zero, preventing escape to quiescence. At this point, the cell population is irre-
versibly committed to proceed into the proliferative phase until division. The value
A2 may thus be interpreted as the Cyclin D/(CDK4 or 6) level determining the restric-
tion point, in the sense of Zetterberg and Larsson [44]. The steep switch in function
L represents the fact that transition from G1 to G0 is preceded by a rapid increase
in physiological cyclin-dependent kinase inhibitors (CDKIs), such as p15, p21, and
especially p27, significantly reducing the activities of the G1 CDKs [36].

Secondly, as regards the reverse transition from quiescence to proliferation (the
“recruitment” function), it may be assumed to depend on the total population of cells
(see e.g. [15]). In the present model we assume, as stated above, that the recruitment
depends on those cells (subpopulation N of the total population) that are “qualified”
to be sensitive to growth or anti-growth factors. Two cases are studied here, since we
assume healthy tissues and tumours to behave differently with respect to the transition
from G0 to G1:

(1) For a healthy tissue, the fraction of the quiescent cells that re-enter the prolif-
erative phase decreases when the total population grows; in this case we define the
recruitment function G as a monotone Hill function of N decreasing to zero, repre-
senting density inhibition:

G (N ) = α1θ
n

θn + N n
, (9)
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where the parameters α1, θ and n have the same meaning as k1, k2 and γ1 for function
F(a, x), see, except that the switch is from α1 to zero instead of zero to k1.

(2) For a tumour, the fraction of the quiescent cells that enter the proliferative
phase is also decreasing with the total population, but asymptotically tends towards a
non-zero value when the population is very large, representing a population density
inhibition less complete than in healthy tissues. So, in the tumoral case, we take G as
follows:

G (N ) = α1θ
n + α2 N n

θn + N n
with 0 < α2 < α1 to ensure decay. (10)

We then analyse the qualitative behaviour of the model, which enables us to distinguish
a healthy tissue from a tumour by the asymptotic behaviour of their cell densities.

4 Analysis and qualitative behaviour

We now perform the analysis of the model developed above. We use the method of
Generalised Relative Entropy (GRE), which was recently introduced by Michel et al.
[26–28]. It allows us to deal with the model in its full generality. The GRE method is
based on the study of eigenproblems for linearised systems and relies on the Krein–
Rutman theorem for compact positive operators (see [13]). The use of other methods
is possible, for instance methods based on the theory of abstract semigroups with
structural conditions as described below or, in special cases, reduction to differential
equations with delay (see [1] for instance).

4.1 Linear problem

The linear problem associated with (5) assumes that the transition rate from the qui-
escent to the proliferative state is a constant G̃, such that:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∂p
∂t + ∂(�0 p)

∂a + ∂(�1(a,x)p)
∂x

= − (L (a, x)+ F(a, x)+ d1) p (t, a, x)+ G̃q (t, a, x) ,

∂q
∂t = L (a, x) p (t, a, x)− (G̃ + d2)q (t, a, x) ,

p (t, 0, x) = 2
�0

∫ +∞
0

∫ +∞
0 f (a, x, y) p(t, a, y)da dy.

(11)

Gyllenberg and Webb, studying a similar linear problem by methods relying on the
theory of continuous semigroups, proved the existence and uniqueness of a positive
solution for the system, and also proved that it has the property of asynchronous
exponential growth [17] (note that this results in fact from variants of the Krein–
Rutman theorem [13]). It means the following: the growth rate associated with (11)-the
so-called Malthus parameter- i.e., the first eigenvalue of the problem, also referred to
as the Perron eigenvalue in the finite-dimensional case, is defined as the only λ yielding
a nonnegative steady state (P, Q) solution of:
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⎧⎪⎪⎪⎨
⎪⎪⎪⎩
λP + ∂(�0 P)

∂a + ∂(�1(a,x)P)
∂x = − (L (a, x)+ F(a, x)+ d1) P + G̃ Q,

(λ+ G̃ + d2)Q = L (a, x) P,

P(0, x) = 2
�0

∫ +∞
0

∫ +∞
0 f (a, x, y) P (a, y) da dy.

(12)

Of course this system can be reduced to a single equation on P , and λ depends con-
tinuously upon G̃. For an age-structured model it can be solved by the method of
characteristics.

At this stage, it is also useful to introduce the adjoint system, following the theory
developed in [26]. The adjoint problem reads:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
λϕ − �0

∂ϕ
∂a − �1 (a, x) ∂ϕ

∂x − 2
∫ +∞

0 ϕ (0, y) f (a, y, x) dy

= − (L (a, x)+ F(a, x)+ d1) ϕ + L (a, x) ψ,

(λ+ G̃ + d2)ψ = G̃ϕ,

(13)

with ϕ ≥ 0, ψ ≥ 0, and normalisation by the condition:

+∞∫
0

+∞∫
0

(
ϕ(a, x)P (a, x)+ ψ(a, x)Q (a, x)

)
da dx = 1.

These equations imply that solutions of (11) satisfy:

+∞∫
0

+∞∫
0

(
ϕ(a, x)p (t, a, x)+ ψ(a, x)q (t, a, x)

)
da dx

= eλt

+∞∫
0

+∞∫
0

(
ϕ(a, x)pi (a, x)+ ψ(a, x)qi (a, x)

)
da dx , (14)

a condition that clearly expresses exponential growth with rate λ.
In the following, we explain why these growth rates can allow us to qualitatively

distinguish between healthy and tumoral tissues. This will be done according to the
behaviour of the first eigenvalue λ for the system linearised at the extreme values of the
recruitment function G, G(0) = α1 and G∞ = α2. We then present the main features
of the nonlinear problem using a method introduced in [10] enforcing conditions on
the linearised problem.

4.2 Healthy tissue: non-extinction (a priori bound from below)

Coming back to the nonlinear problem, we first state conditions enforcing non-extinc-
tion. For this purpose, we need to investigate the linearised problem around N (t) = 0
and its first eigenvalue.
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We assume that the coefficients are such that the following qualitative properties hold
true:

(H1) For G̃ = G(0) = α1 , the first eigenvalue, denoted here as λ0, of system (12)
and its adjoint (13), is positive (λ0 > 0).

(H2) For the corresponding solutions to (12) and (13) obtained for G̃ = G(0) ,
(p0, q0) and (ϕ0, ψ0), there exists a constant C0, such as ϕ∗ ≤ C0ϕ0 and
ψ∗ ≤ C0ψ0 (ϕ∗, ψ∗ as defined in (4)).

These assumptions express that even if there are very few cells in the healthy tissue,
the population can be regenerated spontaneously. Note that if we a priori assume the
existence of a maximum possible age, then the positivity of ϕ0 and ψ0 implies that
(H2) is automatically satisfied for any pair of bounded functions (ϕ∗, ψ∗) .

Lemma 1 Under hypotheses (H1) and (H2) there exists a number m0 such that:

+∞∫
0

+∞∫
0

(
ϕ0(a, x)p(t, a, x)+ ψ0(a, x)q(t, a, x)

)
da dx ≥ m0 > 0 ∀t ≥ 0.

Proof of Lemma 1 Indeed, setting:

S0(t) =
+∞∫
0

+∞∫
0

(
ϕ0(a, x)p(t, a, x)+ ψ0(a, x)q(t, a, x)

)
da dx,

and using (5) and (13), we have, by the same duality principle used for deriving (14):

d S0

dt
(t) = λ0S0(t)− λ0 + d2

G(0)
(G(0)− G(N (t)))

+∞∫
0

+∞∫
0

ψ0(a, x)q(t, a, x)da dx ,

whence, because p ≥ 0 :
d S0

dt
(t) ≥

(
λ0 + d2

G(0)
G(N (t))− d2

)
S0(t).

Therefore, firstly:

S0(t) ≥ S0(0) exp

⎧⎨
⎩

t∫
0

(
λ0 + d2

G(0)
G(N (u))− d2

)
du

⎫⎬
⎭ > 0.

Now, if the minimum of S0 (t) is attained at t = 0 , then S0(t) ≥ S0(0) > 0 ; otherwise
it is attained at some point t0 (possibly at infinity), where d S0

dt (t0) = 0 , which yields:

G(N (t0))
λ0 + d2

G(0)
− d2 ≤ 0,
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or equivalently:

G(N (t0)) ≤ d2

λ0 + d2
G(0).

Since G is continuous and decreasing to 0, there exists a number N0 > 0 such that:

G(N0) = d2

λ0 + d2
G(0).

Thus G(N (t0)) ≤ G(N0) , which implies that N (t0) ≥ N0 > 0 and by (H2), for all
t ≥ 0, S0(t) ≥ S0(t0) ≥ N0

C0
. Therefore we have proved the result with

m0 = min

(
N0

C0
, S0(0)

)
.

4.3 Healthy tissue: limited growth (a priori bound from above)

We also need conditions enforcing tissue homeostasis, meaning that the total cell pop-
ulation density is limited in its growth: for this purpose we assume that for some λlim
with −d2 < λlim < 0 (recall that d2 is the apoptosis rate in the quiescent phase), there
exist a real number Nlim > 0 and nonnegative functions (ϕlim, ψlim) satisfying:

(H3) For G̃ = G(Nlim) = α1θ
n

θn+N n
lim
, the first eigenvalue, denoted here as λlim, of

system (12) and its adjoint(13), is negative (λlim < 0).
(H4) For the corresponding solutions to (12) and (13) obtained for G̃ = G(Nlim) ,

(plim, qlim) and (ϕlim, ψlim), there exists a constant Clim, such that ϕ∗ ≥ Climϕlim
and ψ∗ ≥ Climψlim .

These assumptions express that a large excess of cells is regulated negatively and thus
the population remains bounded.

Lemma 2 Under hypotheses (H3) and (H4) there is a number mlim such that:

+∞∫
0

+∞∫
0

(ϕlim(a, x)p(t, a, x)+ ψlim(a, x)q(t, a, x))da dx ≤ mlim, ∀t ≥ 0.

Proof of Lemma 2 Indeed as in the proof of Lemma 1, we define

Slim(t) =
+∞∫
0

+∞∫
0

(ϕlim(a, x)p(t, a, x)+ ψlim(a, x)q(t, a, x))da dx .
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Then,

d Slim

dt
(t) = λlim Slim(t)− (G(Nlim)− G(N (t)))

λlim + d2

G(Nlim)

×
+∞∫
0

+∞∫
0

ψlim(a, x)q(t, a, x)da dx

≤ λlim Slim(t)− (G(Nlim)− G(Clim Slim(t)))
λlim + d2

G(Nlim)

×
+∞∫
0

+∞∫
0

ψlim(a, x)q(t, a, x)da dx,

because, due to assumption (H4):

N (t) ≥ Clim Slim(t).

Therefore, following the arguments,

Slim(t) ≤ max

(
Slim(0),

Nlim

Clim

)
:= mlim.

4.4 Tumoral tissue: unlimited growth

Following Sect. 3.2, in the tumoral case, the recruitment function from quiescence to
proliferation is given by the function (10):

G (N ) = α1θ
n + α2 N n

θn + N n
.

Here, we expect that the population will show unlimited growth, and a condition
leading to this property is:

(H5) For G̃ = G(∞) = α2 , the first eigenvalue, denoted here as λ1, of system (12)
and its adjoint (13), is strictly positive (λ1 > 0 ).

(H6) For the corresponding solutions to (12) and (13) obtained for G̃ = G(∞),

(p1, q1), (ϕ1, ψ1), there exists a constant C1, such that ϕ∗ ≥ C1ϕ1 and ψ∗ ≥
C1ψ1.

Lemma 3 Under hypotheses (H5) and (H6), we have

N (t) −→
t→+∞ +∞,

and +∞∫
0

+∞∫
0

(
ϕ1(a, x)p(t, a, x)+ ψ1(a, x)q(t, a, x)

)
da dx −→

t→+∞ +∞.
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Proof of Lemma 3 Indeed, we define:

S1(t) =
+∞∫
0

+∞∫
0

(ϕ1(a, x)p(t, a, x)+ ψ1(a, x)q(t, a, x))da dx .

We have, since G is decreasing,

d S1

dt
(t) = λ1S1(t)− (G(∞)− G(N (t)))

λ1 + d2

G(∞)

+∞∫
0

+∞∫
0

ψ1(a, x)q(t, a, x)da dx

≥ λ1S1(t).

This implies that S1(t) has exponential growth. Finally, due to (H6) we have
N (t) ≥ C1S1(t) . We conclude that N (t) tends to infinity and Lemma 3 is proved.

Note that we can also consider the case λ1 = 0 in (H5). In this case, S1(t) would
have unlimited, but not exponential growth, and we would be closer to experimental
observations of tumour growth [9,14]. Such polynomial-like growth behaviour may
actually be obtained in the model by incorporating specific exchange functions L and
G between G0 and G1 actually yielding λ1 = 0, as shown elsewhere [8].

4.5 Steady state for healthy tissue

Numerical experiments show that in the case of healthy tissues, the cell population
goes to a steady state that represents tissue homeostasis. This can be analysed in the
present model, since a steady state (p∗, q∗) for (5) satisfies the following system of
equations:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂(�0 p∗)
∂a + ∂(�1(a,x)p∗)

∂x

= − (L (a, x)+ F(a, x)+ d1) p∗ (a, x)+ G (N∗) q∗ (a, x) ,

L (a, x) p∗ (a, x)− (G (N∗)+ d2) q∗ (a, x) = 0,

p∗ (0, x) = 2
�0

∫ +∞
0

∫ +∞
0 f (a, x, y)p∗ (a, y) da dy,

with

N∗ =
+∞∫
0

+∞∫
0

(
ϕ∗(a, x)p∗(a, x)+ ψ∗(a, x)q∗(a, x)

)
da dx . (15)

123



An age-and-cyclin-structured cell population model for healthy and tumoral tissues

Substituting q∗, we obtain the equation:

⎧⎪⎨
⎪⎩
∂(�0 p∗)
∂a + ∂(�1(a,x)p∗)

∂x = −r(a, x, N∗)p∗ (a, x) ,

p∗ (0, x) = 2

�0

∫ +∞
0

∫ +∞
0 f (a, x, y)p∗ (a, y) da dy,

(16)

with

r(a, x, N∗) = d2

G (N∗)+ d2
L (a, x)+ F(a, x)+ d1.

Proposition 4.1 With the assumptions (H1), (H2), (H3) and (H4), the system (15),
(16) has a unique positive solution (p∗, q∗).

Proof of Proposition 4.1 Equation (16) is an eigenproblem as is Eq. (12); therefore,
given a steady state population number N∗, we can find λ(N∗) solution of (12). We
know by (H1), (H2) that λ(0) > 0 and by (H3) and (H4) that λ(Nlim) < 0 . Because
λ(N∗) is continuous, and decreasing since r is increasing with N∗, there is a unique
value of N∗ such that λ(N∗) = 0 . It remains to normalise the eigenvectors properly
to obtain (15).

Remark 1 From (H5) and (H6) we deduce that, for tumour growth, (5) has no steady
state.

5 Numerical simulations

Some of the model parameters are known for specific cells in other settings for func-
tions used in a similar context. For stem cells, the parameters are well documented in
the literature on the subject (see e.g. [15]), and we chose parameter values according to
these sources, knowing that actually identifying these values on other cell lines would
be necessary for experimental validation of the model. Parameter values come from
[41] for c1, c2, c4, and from [15] for d1, d2, α1, n, θ . The factors determining transition
from proliferation to quiescence have been proved to be directly related to Cyclin D
[6,20,24,45], but the exact rates are not known. In the same way, parameters A1, A2,
k1, k2, γ1, γ2,w0, �0, α2, A∗, A are not known, but the choices made have been deter-
mined either by fixing arbitrary values -as likely as possible, e.g. A∗ = 24 h, A = 15 h
or by giving a range of values within which our numerical simulations exhibit a behav-
iour illustrating the theoretical properties of the model demonstrated under assump-
tions (H1)–(H6) (Table 1).

In our numerical simulations, we have used ϕ∗ = ψ∗ ≡ 1 , which means that
all cells are eligible for recruitment control (by cell density inhibition, growth or
antigrowth factors) in phase G1.

For healthy tissues, Fig. 1 shows the trend towards a steady state as stated in
Proposition 4.1 and Fig. 2 shows the distribution of cells according to their age and
Cyclin D/(CDK4 or 6) concentrations in the quiescent and proliferative phases.
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Table 1 Parameters and values
used in simulations

Parameters Values Parameters Values

c1 0.04 γ1 5 – 10

c2 0.03 A∗ 24 h

c3 0.3 A1 0.8 – 1

c4 0.01 A2 25

w0 1 γ2 5 – 10

�0 0.5 A 15 h

d1 0.07 day−1 α1 0.8 day−1

d2 0.07 day−1 θ 0.095 × 106

k1 1 n 1

k2 20 α2 0.7 day−1

Fig. 1 Time evolution of total population for a healthy tissue. Left total quiescent cells∫ +∞
0

∫ +∞
0 q(t, a, x)dadx ; right total proliferating cells

∫ +∞
0

∫ +∞
0 p(t, a, x)da dx

Fig. 2 Isovalues of the total cell population for a healthy tissue at steady state
(

p∗, q∗)
: variable x (cyclin

content) is in abscissae, variable a (age in the proliferative phase) in ordinates, and level lines indicate
constant p∗ or q∗ values. Left quiescent cells q∗(a, x); right proliferating cells p∗(a, x)

We have verified that assumptions (H1) and (H3) hold true. The so-called power
algorithm [16] allowed us to obtain numerically the first eigenvalue for system (12).
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Fig. 3 Time evolution of total population for a tumoral tissue. Left total quiescent cells∫ +∞
0

∫ +∞
0 q(t, a, x)dadx ; right total proliferating cells

∫ +∞
0

∫ +∞
0 p(t, a, x)dadx

For G̃ = α1 = 0.8 , we have obtained λ0 = 0.026 , which is compatible with (H1);
we have also numerically determined Nlim = 5.6 × 106 , and obtained λlim = −0.12
for G̃ = G(Nlim) = α1θ

n

θn+N n
lim

, which is compatible with (H3) since the cell population

has limited growth.
For a tumoral tissue, Fig. 3 shows that the population has unlimited exponential

growth in both the quiescent and proliferative phases.

6 Discussion and conclusion

We have considered a nonlinear model to describe a cell population structured by its
age and its amount of cyclin with two compartments: proliferating and quiescent cells.
We have structured our cell population model by the amount of Cyclin D/(CDK4 or 6)
since it is the cyclin/CDK complex, or rather the balance between Cyclin D/(CDK4
or 6) and p27(Kip1) concentrations, which is the most determinant factor for the pro-
gression in the cell cycle through the restriction point, and it is also important for
the transition from proliferation to quiescence, since there is only one proliferating
phase in the model, i.e., other cyclins (E , A, B) have not been considered. We have
also assumed that the transition from quiescence to proliferation depends on the total
(“qualified”) cell population: this nonlinear feedback has been introduced on purpose
to allow for a possible cell population steady state which is the norm in fast renewing
healthy tissues. Our cell population model can thus be applied to both cancer and
normal tissue growth.

The analysis we have carried out, assuming reasonable hypotheses on the parame-
ters, exhibits a steady state for a healthy tissue and, on the contrary, unlimited growth
for tumoral tissue. In addition, the numerical simulations confirm these results, as
illustrated by Figs. 1, 2 and 3.

Throughout our analysis, we have particularly studied the role of transitions between
quiescence and proliferation, focusing on the intracellular amount of Cyclin D, to
connect the physiological behaviour of individual cells with the asymptotic behaviour
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of the corresponding cell populations with respect to their growth dynamics, for both
healthy and tumoral tissues.

In this paper, we did not take space into account, a choice which was unlikely
to yield, for the solutions of the equations, the Fisher-KPP-like long-term behaviour
which has been observed by various authors for the growth of solid spheroid tumours
[9,14], i.e., R(t) 	 kt for the tumour radius as a function of time. But note that these
observations deal with tumours that have in common to be described at a late stage,
when space limitations are essential to tumour growth kinetic mechanisms. In this
respect, the present model, in the tumoral case, may be suitable only for the phenom-
enological representation of the initial exponential step of solid tumour growth, or
of tumours of the hematopoietic system. Other models [33] take both space and cell
cycle control into account, and adding space as a structuring variable (i.e., designing
in the future a model structured in age, cyclin content and space) is an open option.

We can hope that a better understanding of the cell cycle and its control can be
used practically in cancer therapy. Drugs used in cancer chemotherapies affect only
proliferating cells, often in a specific phase of the cell cycle and are often specific
to particular proteins of the cell cycle. In the future, we will add to this model the
representation of the effects on the cell cycle of drugs such as antagonists of EGFRs
(epidermal growth factor receptors). These receptors, on stimulation by growth fac-
tors, act on the G1 phase, inducing quiescent cells to enter the proliferating phase and
these drugs, which are more and more widely used in clinics, inhibit this recruitment.
We will also separate the proliferating phase (i.e., the complete cell division cycle)
into specific phases (G1/S–G2/M) onto which specific drugs act, e.g. 5 Fluorouracil
on S phase.

Such modelling principles will allow us to represent separately the cytotoxic effects
of alkylating agents, such as e.g. platinum compounds, non-phase-specific, of anti-
metabolites, S phase-specific, as well as the cytostatic effects of EGFR antagonistic
drugs on transitions between quiescent and proliferative states. Taking into account
the effects of such different drugs is indeed a necessity in order to actually help cli-
nicians, since modern treatments in oncology use combinations of drugs in standard
therapeutic protocols.
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Abstract— The molecular circadian clock which is present in
almost all cells of animal organisms exerts a control on the cell
division cycle in proliferating tissues by modulating the activity
of cyclins and cyclin dependent kinases (CDKs), the proteins
which determine transitions from one phase of the cell cycle to
the following one, until effective division. Each peripheral cell
circadian clock is under the synchronising control of a central
hypothalamic pacemaker which itself receives inputs, synchro-
nising or disruptive, from external light and from circulating
molecules such as cytokines.

Principles for modelling these interacting systems are exposed.
They rely on age-structured partial differential equations for cell
proliferation in a population of cells and ordinary differential
equations for the control of cell cycle phase transtions and for
the circadian system presented as a network of oscillators with
synchronisation and desynchronisation. These physiological cellu-
lar systems are coupled together and subject to pharmacological
inputs, e.g. from anticancer therapies, which may be synchronised
with cell cycle timing by the knowledge of the body circadian
clock status, investigated by noninvasive measurements.

The output of the controlled cell proliferation is a population
growth exponent identifiable by in vivo tissue measurements;
it allows to assess the proliferative status of the tissues under
investigation, as a function of the circadian clock status, well
fit or disrupted, and of pharmacological inputs such as used in
anticancer treatments.

I. INTRODUCTION

Cancer growth and response to therapy by anticancer drugs
have been shown to be dependent on circadian clock inputs
([9], [15]). Indeed, tumour growth is enhanced by perturba-
tions of the central hypothalamic clock ([6], [7]) and this is
most likely related to cell cycle control disruption ([8], [9]).
What are the relationships between molecular circadian clock
and cell cycle timings? How should anticancer therapeutics
be designed so as to induce efficient recovering of such
control mechanisms? To answer these questions, an integrative
physiology model has been designed, taking into account cell
proliferation at the level of a population of cells by age-
structured partial differential equations (PDEs), its control by
cell cycle proteins (variables in ordinary differential equations,
ODEs), and the control of these molecular mechanisms by the
circadian system, designed as a network of coupled oscillators
also described by ODEs.

II. CELL PROLIFERATION: POPULATIONS OF CELLS

In tissues subject to renewal, in particular in tumours, but
also in fast renewing healthy tissues such as gut, skin and
bone marrow, the individual cell is the fundamental level of

description for the interacting molecular mechanisms at stake
in cell cycle progression and circadian clock timing systems.
But it is tissue proliferation which is at stake in cancer growth,
and also in healthy tissue homeostasis, and that is a matter of
cell population dynamics. This leads to consider age-structured
cell populations, which are described, for each phase of the cell
division cycle, classically divided in phases G1, S−G2 and M ,
by evolution equations for cell densities dependent on time and
age spent in each phase. Cells in renewing tissues are either in
the quiescent, or G0, phase (where nothing happens), or in the
proliferating phases G1, S (for DNA synthesis, i.e., genome
duplication), G2 and M (for mitosis, or actual cell division).
Exchanges of cells between phases G0 and G1 may occur
at any time in phase G1 as long as the so-called restriction
point has not been reached; afterwards, a proliferating cell is
irreversibly committed to proceed until actual division -unless
it is stopped, e.g. by anticancer drugs, in its progression at
cell cycle phase transition checkpoints, the most important of
which occur at the G1/S and G2/M transitions. The transition
rates from one phase to the following one (hereafter noted
Ki→i+1 in the model) are the main targets of the circadian
(and pharmacological) control on cell cycle progression.

A. An age-structured partial differential equations (PDE)
model of the cell cycle

The model chosen ([4]) is linear and of the Von Foerster-
McKendrick type. For each phase i (1 ≤ i ≤ I) of the cell
division cycle, ni = ni(t, a) denotes the density of cells of
age a in phase i at time t. Inside each phase, the variation of
the density of cells is due either to a spontaneous death rate
di = di(t, a) or to a transition rate Ki→i+1 = Ki→i+1(t, a)
from phase i to phase i + 1 (with the convention I + 1 = 1):














































∂
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ni + ∂
∂a

[vi(a)ni]) + [di + Ki→i+1]ni = 0,

vi(0)ni(t, a = 0) =

∫

α≥0

Ki−1→i(t, α) ni−1(t, α) dα,

2 ≤ i ≤ I

n1(t, a = 0) = 2

∫

α≥0

KI→1(t, α) nI(t, α) dα,

where
I

∑

i=1

∫

α≥0

ni(t, α)dα=1, vi(a) denotes a “speed” func-

tion of age a in phase i with respect to time t, and
Ki→i+1(t, a) = ψi(t)1{a≥ai}(a).
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The transition rates are chosen as ψi(t)1{a≥ai}(a), which
means that a minimum age, from 0 to ai, must be spent in
phase i, and that a dynamic control t #→ ψi(t) is exerted on
the transition. The control function ψi integrates physiological
control, such as hormonal or circadian, as well as external
environmental and pharmacological influences. Another pos-
sibility to take circadian control into account would be by
action on the death rates di, but it can be shown that at least
by itself such control is not compatible with observations from
laboratory experiments on tumour growth with modifications
of the circadian clock ([4]).

B. Tumoral cells: unlimited growth

As it is, with positive functions as parameters, this linear
model is bound to show exponential growth. It can be shown
indeed that it yields a so-called Malthus exponent λ which
governs the asymptotic behaviour of the solutions ni, in the
sense that for all i, the normalised solutions t #→ e−λtni(t)
are bounded, asymptotically constant if ψi is constant, and
asymptotically periodic if ψi is periodic, with the same period.
This Malthus exponent λ may be assessed in the case of solid
tumours by in vivo tissue growth measurements (only approx-
imately, if one neglects the presence of necrotic material) by

λ =
ln 2

Td
, if Td is the apparent doubling time of tumour size.

C. Healthy cells: tissue homeostasis

In the case of healthy cells, of course there can be no
exponential growth, and tissue homeostasis must be ensured,
in the sense that for healthy renewing tissues, cell loss must be
made up for, and with no excess, by influx from newly formed
cells. This can be modelled by the introduction of a G0 (or
quiescent) phase exchanging cells with the G1 phase, taking
into account in the control of these exchange mechanisms a
limitation by cell density dependent inhibition, see [2]. In this
case, the Malthus exponent λ is zero since the asymptotic
growth behaviour of the total population of cells is evolution to
stationarity or periodicity, and there is no exponential growth.

An interest in simultaneously representing a tumoral and
a healthy cell population is, in the perspective of therapeutic
optimisation, to control unwanted toxicity on healthy tissues,
a constant side effect in anticancer therapies. These unwanted
effects on the healthy cell division cycle are also dependent
on the control of cell cycle phase transition by the circadian
clock, but possibly with phase differences, as compared with
tumours, which may explain observed differences between
worst toxicity and best efficacy times for drug infusion ([15]).
In this respect, the therapeutic control objective may be seen
as to obtain a negative Malthus exponent for tumour cells, and
zero growth for healthy cells.

III. CELL PROLIFERATION CONTROL: CYCLINS AND CDKS

A. Control of cell cycle phase transitions by cyclins and CDKs

Cyclins and their activating kinases (Cyclin dependent ki-
nases, or CDKs) are the proteins which are the most important
determinants for the processing through cell cyle phases and

transitions between phases. In particular, Cyclin E associated
with CDK2 is essential for the G1/S transition, and Cyclin
B associated with CDK1 must be at a level high enough to
allow G2/M transition.

B. Circadian control on cyclins and CDKs

Of these two mechanisms, the most known is the inhibition
of G2/M transition by the circadian clock-controlled kinase
Wee1, which deactivates CDK1, thus blocking cells in G2. It
has been described by A. Goldbeter in [10] by an ODE system
in which Wee1 is a mere parameter. This system oscillates
with an intrinsic frequency which depends on its parameters,
but which may be entrained at a 24 h period by Wee1 if
Wee1 becomes an output of the molecular circadian clock.
A simulation of the entrainment of the normalised M-cell

population t #→ e−λt

∫ +∞

0

n2(t, a) da, in a simplified 2-phase

model (n1 = cells in G1 − S − G2, n2 = cells in M ) of the
population, by a 24 h-entrained CDK1 is shown on Figure 1.

0 2 4 6 8 10 12
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

CDK1 (lower trace)
M cells (upper trace)

Fig. 1. (abscissae: tens of hours; ordinates: arbitrary units) Entrainment of
G2/M transition in a simplified 2-phase cell cycle population model (n1: G1-
S-G2 cells; n2: M cells) by the circadian clock: CDK1 kinase (lower trace),
taken as function ψ in the cell cycle model and entrained by Wee1 (square
wave, not shown, of 4 h duration with 24 h period) in A. Goldbeter’s mitotic
oscillator model, and normalised population of cells in M phase (upper trace).

C. Pharmacological control on cyclins and CDKs

Cell cycle control proteins such as p53 act both at the
G1/S and G2/M checkpoints as sensors of DNA damage
and effectors of cell cycle arrest by inhibiting the formation of
Cyc E/CDK2 and Cyc B/CDK1 complexes. Anticancer drugs
such as alkylating agents act by damaging DNA, and thus
provoke cell cycle arrest by triggering p53 and its effects on
phase transitions at G1/S and G2/M ([18]). And it has been
shown that p53 on the one hand, and many cellular enzymatic
drug detoxification mechanisms (such as reduced glutathione)
on the other hand, are dependent on the cell circadian clock,
showing 24 h periodicity in their gene expression ([3]). Hence
the molecular circadian clock exerts its control on cell cycle
transitions both physiologically and when an external phar-
macological control is applied. In this modelling frame, the
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target of both controls will be on the time-dependent transition
functions t #→ ψi(t) introduced above.

IV. THE CIRCADIAN SYSTEM: A NETWORK OF

OSCILLATORS

This circadian clock control on the cell division cycle is
not a constant independent of individual or environmental
factors. Though it is endowed with an intrinsic circa 24 h
(circa diem) period given by a hypothalamic pacemaker -
the suprachiasmatic nuclei-, it is dependent on photic inputs
(entrainment by the light/dark cycle through the retinohypotha-
lamic tract), and also on the disruptive input of circulating
molecules such as cytokines, often elevated in cancers, which
may perturb its amplitude so deeply that any physiological
body circadian rhythm (temperature, cortisol, rest/activity, etc.)
becomes undetectable. Indeed, it has been shown that patients
with cancer showing disrupted circadian rhythms are less
responsive to chemotherapy and have poorer prognosis than
patients with preserved circadian rhythmicity ([15], [17]).

A. The network and its constituents

The body circadian clock ([12], [16]), as far as its control
on peripheral cell proliferation is concerned, may be seen as
an orchestra consisting in the same basic individual oscil-
lators: cell molecular circadian clocks, since the molecular
mechanisms are the same whatever the cells, its peripheral
constituents (“the musicians”) being slaves, hardly or not
communicating together, to the central pacemaker located in
the suprachiasmatic nucleus (“the conductor”).

Various physiological ODE models of individual circadian
clocks have been published in the last ten years. They rely
on transcriptional regulation, a mechanism possibly yielding
limit cycles, which is a natural mathematical way to represent
robust periodic behaviour ([10], [11], [13]). The simplest such
physiological model of circadian clock is the 3-dimensional
ODE model of FRQ (or PER) protein regulation in Neurospora
Crassa ([13]), and it was chosen for the individual cell
clock model. In this model (see next paragraph for detailed
equations), PER and mRNA stand for the PER cytoplasmic
protein and its messenger RNA concentrations, and Z for a
transcriptional retroinhibition factor linked to PER synthesis.

B. The conductor: the suprachiasmatic nuclei (SCN)

1) Diffusive neuronal coupling in the SCN: From this
individual clock model, a network of circadian oscillators
results by diffusive coupling of PER. Such coupling may
be physiologically achieved either through gap junction con-
nections between suprachiasmatic neurons, or through local
release in the intercellular space of neurotransmitters such as
vasointestinal peptide (VIP), abundant in the ventrolateral part
of these nuclei, where the main pacemaker is supposed to
be located, and binding to VPAC2 membrane receptors on
these same neurons, or even through electrical signalling with
glial participation ([14]). This coupling is thus not necessarily
instantaneous, possibly relying mainly on slow tissue diffusion
through gap junctions or ligand-receptor connections, but

nevertheless may be considered as fast at a time scale of 24
hours, relevant for cell division cycle timing. The coupling is
formulated as:










































dmRNA(i)

dt
= Vs

Kn

Kn + Z(i)n
− Vm(i)

mRNA(i)

Km + mRNA(i)
dPER(i)

dt
= ksmRNA(i) − Vd

PER(i)

Kd + PER(i)
− k1PER(i)

+k2Z(i) + Ke

∑

j %=i

[PER(j) − PER(i)]

dZ(i)

dt
= k1PER(i) − k2Z(i)

where 1≤ i, j≤N , N being the number of neurons connected
in the pacemaker network. The degradation rate Vm of the
messenger RNA is supposed to differ from one neuron to
the other (with random distribution around a central value)
and thus holds variability in individual PER level period.
The output of this pacemaker network,to be transmitted to

the periphery, is an average
1

N

N
∑

i=1

PER(i) between neurons,

which shows as higher amplitude in its periodic variations (i.e.,
good synchronisation) as the coupling strength Ke is stronger.

2) Synchronising photic inputs: But it is also known that
light, through the retinohypothalamic tract, modulates, equally
for all neurons, the transcription rate Vs, which is thus sup-

posed to be Vs = Vs0

[

1 + L cos
2πt

24

]

, and this modulation

actually entrains the suprachiasmatic pacemaker, initially en-
dowed with a period dependent on the parameters, e.g. 21 h
30 with our parameter set, to a forced 24 h period, provided
that the entrainment by light L is strong enough to overcome
the spontaneous period yielded by diffusive coupling between
neurons inside the pacemaker.

3) Disruptive inputs from cytokines and drugs: Circulating
molecules such as cytokines (interferon, interleukins), either
secreted by the immune system in the presence of cancer cells,
or delivered by therapy, are known to have a disruptive effect
on the circadian clock, most likely at the central pacemaker
level, and elevated levels of cytokines have been shown to be
correlated with fatigue ([17]), a symptom constantly found in
cancer, and which presents close relationships with the “jet-
lag” of transmeridian flights. This has also been found with
anticancer drugs, and is supposed to be a result of drug toxicity
on the suprachiasmatic nuclei. It may be taken into account in
the model by a positive effect on variable Z , which represents
transcriptional inhibition, in the central neuronal clocks.

C. Transmission pathways from the centre to peripheral cells

These pathways are not completely known, but the auto-
nomic nervous system, and neurohormonal ways using the
hypothalamo-corticosurrenal axis, are likely candidates to this
role. The messengers may be represented by supplementary
evolution equations (not shown) describing a chain between
messengers: intercentral, hormonal (such as ACTH) and tis-
sular (such as cortisol), the terminal control being exerted on
peripheral cells by acting on the transcription of cell clock
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variables, acting themselves on cell cycle control proteins in
the case of proliferating cells, in the model through the target
functions ψi introduced above.

D. The musicians: peripheral cell circadian clocks

This terminal control is supposed, as in the case of cytokines
in the pacemaker, to be exerted at the transcriptional level
through a modification of variable Z in individual cell clocks.
Clocks in peripheral cells will be entrained by the central
pacemaker at a 24 h rhythm if the transmitted rhythm is strong
enough. To illustrate this, Figure 2 shows variables mRNA,
PER and Z of the model circadian clock averaged in a
population of peripheral cells subject to entrainment by the
central pacemaker when it is itself entrained or not by light.
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Fig. 2. (abscissae: hours; ordinates: arbitrary units) 3 epochs of 240 h for
variables mRNA, PER and Z of a peripheral circadian clock: a) without
entrainment by light (L=0); b) with entrainment (L=1); c) without (L=0).

V. CONCLUSION

This paper presents a modelling frame for the circadian
control of cell and tissue proliferation. It aims at providing
a rationale for therapeutic optimisation of cancer chemothera-
pies, that is, maximisation of tumour cell kill with shielding of
healthy renewing tissues from unwanted toxic side effects, by
using synchronisation of the drug delivery schedule and its cell
processing with intrinsic cell cycle timing. Such synchronisa-
tion naturally relies on the circadian system and it has been in
use in clinical ([15]) and in theoretical ([1], [5]) settings in on-
cology with macroscopic modelling for drug delivery regimen
and therapeutic efficacy and unwanted toxicity representation.
Anticancer drugs are delivered at the whole organism level,
but act at the cell and tissue level on cell cycle control
mechanisms. This multiscale modelling framework provides
oncologists with a theoretical tool -still under construction-
to bridge the gap between the pharmaceutical clinical control
level and the molecular pharmacological hidden level of drug
action; optimal design of pharmacological control on the
cell cycle thus may rely on the knowledge of the natural
synchronising control of both cell proliferation and cell drug
processing mechanisms by the circadian system, which may

be routinely assessed by noninvasive measurements in clinics.
Future modelling developments will aim at designing practical
clinical rules for dynamic drug delivery schedule optimisation
based on molecular pharmacokinetic-pharmacodynamic data
for the drugs in use and drug enzymatic metabolism and
circadian profiles for patients under anticancer treatment.
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