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Background

Convex analysis (notation)

@ R:=RU{—o00,+o0}.
o Ry ={teR:t>0}and R,y :={teR:t >0}

@ B, B: open and closed _unit balls cente[ed at the origin; for r > 0:
B(x,r) = x4+ rB and B(x,r) = x+ rB.

@ [E, F, G usually denote Euclidean vector spaces.

O —
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Background
Convex analysis (projection)

@ Definition. For a nonempty, closed, convex set C in a Euclidean
space [E, with scalar product (-,-) and associated norm || - ||, the
problem

inf ||y —x
inf lly — x|
has a unique solution, called the projection of x on C and denoted
Pc(x).
@ Characterization. For x € E and x € C, there hold
X=Pc(x) <= (y—Xx,x— >>0, Vye C,
= <y—x,% > > ||x—x|?, vyeC.



Background

Convex analysis (relative interior I)

@ The affine hull of P C E is the smallest affine space containing P:
aff P := ﬂ{A . A is an affine space containing P}.
@ The relative interior of P C E is its interior in aff P:
riP:={x € P :3r > 0 such that [B(x, r) Naff P] C P}.

In finite dimension, the following holds

rnC # @,
aff C = aff(ri C).

C convex and nonempty — {

O —
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Background

Convex analysis (relative interior Il)

Proposition (relative interior criterion)

Let C be a nonempty convex set and x € [E. Then

xe€riCandye C = [x,y)CriC.
xerC <= VxpeC(oraffC), It>1: (1-t)xo+txe C.

o

Let C be a nonempty convex set. Then

@ ri C is convex,
e C is convex and aff C = aff C,
@ riC=CandriC=riC (ie., the last operation prevails).

A point x € C is said absorbing if Vd € E, 9t > 0 such that x + td € C.
@ x € int C <= x is absorbing.
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Background

Convex analysis (dual cone and Farkas lemma)

@ The (positive) dual cone of a set P C I is defined by
Pt :={deE:(d,x) >0, Vx € P}.

The negative dual cone of a set Pis P~ := —P™T.

Lemma (Farkas, generalized)

Let E and F be two Euclidean spaces, A:E — F a linear map, and K a
nonempty convex cone of E. Then

AK)={yeF: Aye K} .

@ A*:F — E is defined by: V(x,y) € E xF, (A*y,x) = (y, Ax).

@ One cannot get rid of the closure on A(K) in general.

@ If K is polyhedral, then A(K) is polyhedral, hence closed.

@ For K =, one recovers R(A) = N(A*)L. e
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Background

Convex analysis (tangent and normal cones)

@ Tangent cone

» Let C be a convex set of E and x € C.
> The cone of feasible directions for C at x is T" C := R (C — x).
» The tangent cone to C at x is the closure of the previous one

T, C=Tc(x) =R (C —x).

@ Normal cone

» Let C be a convex set of E and x € C.
» The normal cone to C at x is

Nx C=Ne(x)={deE: (xX'—x,d) <0, Vx' € C}.
» There hold

Ny C=(TxC)~ and T,C=(NsC)".

,,,,,,,,,,,,,,,,,,,,,
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Background

Convex analysis (asymptotic cone )

Let IE be a vector space of finite dimension and C be a nonempty closed
convex set of E.

@ The asymptotic cone of C is
C*={decE: C+RdCC}={decE: C+dCC}.

@ Properties
» C™ is closed.
» For any x € C:

C —x

C* = {deE:x+RdCC}=)

t>0

= {dEEiﬂ{Xk}Q C, 3{tx} — oo such that %ad},
k

» Boundedness by calculation:

C is bounded <= (C* ={0}. S
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Background

Convex analysis (asymptotic cone Il)

@ Two calculation rules (there are many more)
» If K # &, then K is a closed convex cone <— K> = K.

» For an arbitrary collection {C;};c/ of closed convex sets C; with
nonempty intersection:

(Nier Gi)™° = Nie1 G°.

@ Example

» Llet A:E—F and B:E — G be linear maps, a€FF, b€ G, K be a
nonempty closed convex cone of G, and

P:={xe€E:Ax=a, Bxe b+ K} # o.

Then
P* ={deE:Ad =0, Bd € K}.

,,,,,,,,,,,,,,,,,,,,,
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Background

Convex analysis (strict separation of convex sets)

The sets 57 and S, in a Euclidean vector space E are said to be strictly
separable if there exists a vector £ € E (necessarily nonzero) such that

sup (&, x1) < inf (&, x2).
x1E€51 X2€S>

Proposition (strict separation of convex sets)

One can strictly separate two disjoint nonempty closed convex sets C; and
C> C E in any of the following situations

Q@ G — G is closed,

@ C*nCe = {0},

Q (i or (5 is compact,

@ ( and G, are polyhedral.

,,,,,,,,,,,,,,,,,,,,,,

12 /112

Background

Convex analysis (convex polyhedron)

A convex polyhedron in [E is a set of the form
P={x€E: Ax < b},

where A:[E — R is a linear map and b € R™. It is a closed set. For x € P,
define

I(x):={ie[l:m]:(Ax — b); = 0}.

® ({xx} = x) = I(xx) C I(x) for large k.
@ If T:E — Fis linear, then T(P) is a convex polyhedron.
@ If P; and P, are polyhedra, then P; 4+ P, is a polyhedron.

@ T,P=TLP={dcE: (Ad); < 0}.
I(x1) CI(x0) = T, P2 T, P.

® N, P =cone{A%¢ : i € I(x)} (A*: adjoint of A for the scalar product of E).
I(Xl) - I(XZ) — NX1 P - Nxz P. g Sa
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Background

Convex analysis (asymptotic function 1)
The domain and the epigraph of a function f : E — R U {400} are the sets

domf ={x€E:f(x) <+4oo} and epif:={(x,a) e ExR:f(x)<a}.
Let Conv(EE) be the set of closed (i.e., epi f is closed) proper (i.e., epi f # &)
convex (i.e., epif is convex) functions.
Proposition (asymptotic function )
If f € Conv(E), then

Q (epif)> is the epigraph of a function f>° : E — R U {400},

Q forall x e domf and all d € E

£2(d) = lim f(x + td) — f(x) — m f(x+ td),

t— oo t t—o0 t

© dom > C (dom )=,
Q 7 € Conv(E).

.
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Background

Convex analysis (asymptotic function I1)
The sublevel set of f : E — R U {+00} of level v € R is the set

L,(f):={xeE: f(x)<v}.

Proposition (existence of a bounded set of minimizers)
If f € Conv(E), then
@ Vv € R such that L,(f) # &, the following holds

[L(F)]™ ={d € E: f°(d) < 0},

Q the following properties are equivalent:

@ Jv eR: L,(f) is nonvoid and bounded,
@ Vv eR: L,(f) is bounded,

@ Argmin f is nonvoid and bounded,

@ VdeE\{0}: f~(d) > 0.

.
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Background

Convex analysis (subdifferential)

A subgradient at x € E of f € Conv(E) is a vector x* € E such that
fly) > f(x) + (x,y —x), VyéeE.

The subdifferential Of (x) of f at x is the set of its subgradients at x. f is
said to be subdifferentiable at x if 0f(x) # @.

Proposition (characterization of subgradients)

For f € Conv(E), x € dom f, x* € E, here are equivalent propreties
Q x* € 0f(x),
Q (x;d) > (x*,d), VdeE,
O x € Argmin g (f(y) — (x*,y)) = Arg max, g ((x*,y> — f(y)).

,,,,,,,,,,,,,,,,,,,,,,
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Background

Nonsmooth analysis (multifunction 1)

@ A multifunction T (or set-valued mapping) between two sets E and F
is a function from E to P(IF), the set of the subsets of F. Notation:

T:E—F:x— T(x)CF.
Same concept as a binary relation (i.e., the data of a part of E x [F).
@ The graph, the domain, the range of T : E —o I are defined by

G(T) :={(x,y) eExF:ye T(x)},
D(T):={x€eE:(x,y) € G(T) for some y € F} = mgG(T),
R(T):={y €F:(x,y) € G(T) for some x € E} = wpG(T).

@ The image of apart PCE by T is

T(P):= ] T().

XEP I
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Background

Nonsmooth analysis (multifunction II)

@ The inverse of a multifunction T : E — T (it always exists!) is the
multifunction T~ : F — [ defined by

T_l(y) ={xeE:ye T(x)}

Hence
yeT(x) <= xecTy).

@ When E, F are topological /metric spaces, a multifunction T : E — F is said
to be

> closed at x € E if y € T(x) when (xk, yx) € G(T) converges to (x, y),

> closed if G(T) is closed in E x F (i.e., T is closed at any x € E),

» upper semi-continuous at x e E if Ve >0, 35 >0, Vx' € x + B, one
has T(x") C T(x) + €B (in this definition, B may be the open or
closed ball at any place).

,,,,,,,,,,,,,,,,,,,,,,
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Background
Nonsmooth analysis (multifunction IlI)
@ When E, F are vector spaces, a multifunction T : E — F is said to be
convex if G(T) is convex in E x F. This is equivalent to saying that
V(x0,x1) € E? and V t € [0, 1]:
T(1—t)xo+txa) 2(1—1t)T(x0)+ tT(x1).
Note that
T convex and C convex in E = T(C) convex in F.
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Background

Nonsmooth analysis (Lipschitz continuity)

@ Let E and F be two normed spaces and F : E — F be a function.

@ F is Lipschitz on a set U C E if
IL>0, V(x,x)eU?: |F(x)—FK)|<L||x—-x].
@ F is Lipschitz near x € E if it is Lipschitz on some neighborhood of x.

@ F is locally Lipschitz on an open set Q C E if it is Lipschitz near any
point of Q.

,,,,,,,,,,,,,,,,,,,,,,
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Background

Optimization (a generic problem)

One considers the generic optimization problem

(Py) {min f(x)

x € X.

where

@ f:E— R (E is a Euclidean vector space),
@ X is a set of E (possibly nonconvex).

Définitions:
@ solution or (global) minimum x, € X if Vx € X, f(x.) < f(x),

@ local minimum x, € X if 3V € N(x,), Vx € XNV, f(x.) < f(x),
@ strict local/global minimum x, if f(x.) < f(x) above when x # x,.

,,,,,,,,,,,,,,,,,,,,,,
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Background

Optimization (tangent cone to a nonconvex set)

@ A direction d € E is tangent to X C E at x € X (in the sense of
Bouligand) if

Xk — X
Lk

El{xk}gX, H{tk}i()Z — d.

@ The tangent cone to X at x (in the sense of Bouligand) is the set of
tangent directions. It is denoted by

T, X or Tx(x).

@ Properties Let x € X.

T, X is closed.
X is convex = T, X is convex and T4, X = R (X — x).
24 /112

Background
Optimization (Peano-Kantorovich NC1)
Theorem (Peano-Kantorovich NC1)
If x. is a local minimizer of (Px) and f is differentiable at x,, then

Vi(x) € (Tx X)T.

@ The gradient of f at x is denoted by Vf(x) € E and is defined from
the derivative f'(x) by
VdeE: (Vf(x),d)="f(x)-d.
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Background

Optimization (NSC1 for convex problems)

@ Recall that a convex function f : E — R U {400} has directional
derivatives f'(x;d) € R for all x € dom f and all d € E.

Proposition (NSC1 for a convex problem)
Suppose that X is convex, f is convex on X, and x, € X. Then x, is a
global solution to (Px) if and only if

Vx e X: f(x;x—x)=0.
Proof. Straightforward, using the convexity inequality
Vx e X:  f(x) > Ffx)+ F(x; x — xi).

,,,,,,,,,,,,,,,,,,,,,,
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Background

Optimization (problem (Pg))

Let E, F be Euclidean vector spaces. The equality constrained problem is

(PE) { T(f;) f:():))

where f : E — R, ¢ : E — F are smooth (possibly non convex) functions.

@ The feasible set is denoted by
Xe = {x € E: ¢c(x) =0}.

@ (Pg) is said to be convex if f is convex and Xg is convex.

,,,,,,,,,,,,,,,,,,,,,
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Background

Optimization (problem (Pg) — Lagrange optimality conditions)

Theorem (NC1 for (Pg), Lagrange, XVIlIth)

If x, is a local minimum of (Pg), if f and c are differentiable at x,, and if c
is qualified for representing Xg at x, in the sense (2) below, then there
exists a multiplier \, € F such that

Vl(x:, M) = 0, (1a)
c(x.) = 0. (1b)

Some explanations.

@ The constraint c is qualified for representing Xg at x € Xg if
T Xe = T Xe := N(c'(x)). (2)

Qualification holds of ¢’(x) is surjective (sufficient condition of CQ).
@ The Lagrangian of (Pg) is the function

C:(x,A) € EXFr—L(x,\) = f(x)+ (N c(x)).

,,,,,,,,,,,,,,,,,,,,,
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Background

Optimization (problem (Pg) — second order optimality conditions)

Theorem (NC2 for (Pg))

If x, is a local minimum of (Pg), if f and c are twice differentiable at x., and if
(1a) holds for some A\, € T, then

Vd e T Xe: (Vi l(x,\)d,d)>0. (3)

.

@ Inequality in (3) is not necessarily true for d € N(c'(x)) \ Tx. Xe.
® V2./(x«, \s) is not necessarily positive semi-definite (even if qualification holds).

Theorem (SC2 for (Pg))

If f and c are twice differentiable at x., if (1) holds for some \. € F, and if

VdeTo Xe \ {0} d'V5l(x,\)d >0, (4)

then x, is a strict local minimum of (Pg).

o’
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Background

Optimization (problem (Pg))

A generic form of the nonlinear optimization problem:

inf, f(x)
(PE/) CE(X) =0
CI(X) < 07

where f : E — R, E and [ form a partition of [1L: m], cg : E — R™E, and
¢/ : E — R™ are smooth (possibly non convex) functions.
@ The feasible set is denoted by

Xer={x€E:ce(x) =0, a(x) <0}

@ We say that an inequality constraint is active at x € Xg if ¢i(x) = 0.
@ The set of indices of active inequality constraints is denoted by

1°(x) := {i € I : ci(x) = 0}.
@ (Pg) is said to be convex if f is convex and Xg is convex. i
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Background
Optimization (problem (Pg) — NC1 or KKT conditions)

Theorem (NC1 for (Pg), Karush-Kuhn-Tucker (KKT))

If x. is a local minimum of (Pg;), if f and ¢ = (cg, ¢;) are differentiable

at xx, and if ¢ is qualified for representing Xg; at x, in the sense (6) below,
then there exists a multiplier \, € R™ such that

Vil (X, Ax) = 0, (5a)
ce(x) = 0, (5b)
0 < ()\*)/ 1 C/(X*) < 0. (5C)

Some explanations.

@ The Lagrangian of (Pg) is the function
C:(x,A) €E X R™ = £(x,\) = f(x) + X\ c(x).
@ The complementarity condition (5¢c) means

(M) =0, (M)l a(x)=0, and ¢(x)<0. -
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Background

Optimization (problem (Pg/) — constraint qualification)
@ The tangent cone T, Xg is always contained in the linearizing cone
T Xe :={d €E: cg(x)-d =0, cjo,(x) - d <0}
@ It is said that the constraint c is qualified for representing Xg; at x if
Tx Xer = T, Xg. (6)

@ Sufficient conditions of qualification: continuity and/or differentiability
and one of the following

> (CQ-A) ceupo(x) is affine near x (Affinity),

> (CQ-S) cg is affine, cjo(x) is componentwise convex, 3X € Xg such
that cjo(»)(X) < 0 (Slater),

> (CQ-LI) > iceum(x @iVei(x) =0 = a =0 (Linear Independence),

> (CQ-MF) > iceump @iVei(x) =0and ajppy =2 0= a =0
(Mangasarian-Fromovitz). A
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Background

Optimization (problem (Pg) — more on constraint qualification)

Proposition (other forms of (CQ-MF))

Suppose that cgyjo(x is differentiable at x € Xg;. Then the following properties
are equivalent:

@ (CQ-MF) holds at x,
Q Vv eR” 3deE: cg(x)-d=ve and cjo(,y(x) - d < Vjo(x),
@ ce(x) is surjective and 3d € E: cg(x) - d =0 and cjo(,y(x) - d <0.

,,,,,,,,,,,,,,,,,,,,,
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Background

Optimization (problem (Pg) — SC1 for convex problem)

Theorem (SC1 for convex (Pg))

If @ f is a convex function and Xg| is a convex set,
@ f and c are differentiable at x, € Xg,

@ there is a A\, € F such that (x., \.) satisfies (5),
then x, is a global minimum of (Pgy).

No need of constraint qualification.

The goal of the first part of this course is to extend the previous
NC1 and SC1 to a more general problem and to derive second order
optimality conditions.

,,,,,,,,,,,,,,,,,,,,,,,
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Background

Optimization (linear optimization duality)

@ Let ¢ € E (a Euclidean vector space), A: E — R™ and B : E — RP linear,
acR™ and b € RP.

@ A linear optimization problem (P.) and its dual (D,) read

infer <C,X> Sup(y,S)ERmXRP aTy . bTS
(Pp) Ax = a and (Dp) A*y — B*s = ¢
Bx < b s > 0.

@ Properties

(P.) has a solution <= wval(P.) € R,
val (Dy) < val (Py) [named weak duality],
(PL), (D) feasible <= Sol(P.)# @ <= Sol(D))# 2. (7)

When (7) holds [named strong duality], val (D;) = val (Py).

,,,,,,,,,,,,,,,,,,,,,,,
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Background

Algorithmics (speeds of convergence)

Let E be a normed space and {xx} C [E be a sequence converging to X.

@ {xx} is said to converge linearly, if 3r € [0,1) and K € N such that
Vk > K, one has ||xxr1 — X|| < rljxkx — X||.
» Depends on the norm of E.

@ {xx} is said to converge superlinearly, if x,11 — x = o(||xk — X||).
» Independent of the norm of E.
» Faster than linear convergence.
» Typical of the quasi-Newton methods.

o {x:} is said to converge quadratically, if x,4 1 — X = O(||xx — X||?).
» Independent of the norm of E.
» Faster than superlinear convergence.
» Typical of Newton's method.

Lemma

If {xx} — x. superlinearly, then {xx+1 — xx} ~ {xx — X }. J
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Background

Algorithmics (Dennis & Moré criterion for superlinear convergence)
Let F : E — [F and consider the nonlinear system to solve in x € E:
F(x) = 0.
A quasi-Newton algorithm locally generates a sequence {xx} by the recurrence
F(xk) + Mi(xk+1 — xk) = 0, (8)
where My € L(E,F) is an approximation of F’(xx), generated by the algorithm.
Proposition (Dennis & Moré criterion for superlinear convergence)

If @ F is differentiable at a zero x, of F,
® F'(x.) is nonsingular,

@ {xx} generated by (8) converges to x.,

then the convergence is superlinear if and only if

(M = F()) (s = 21) = (ks — xll)

.
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Optimality conditions

First order optimality conditions for (Pg) (the problem I)

@ We consider the problem

min f(x)
(Pe) {c(x) € G,

where

» f:E — R (E is a Euclidean vector space),
» ¢:E — F (F is another Euclidean vector space),
» G is nonempty closed convex set in F.

@ The feasible set is denoted by
Xe = {x€E:c(x)eG}=c}G).

@ (Pg) is said to be convex if f is convex and Xg is convex.

,,,,,,,,,,,,,,,,,,,,,,

T:E—oF:x—c(x)—Gisconvex — Xg is convex. -

2L —
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Optimality conditions
First order optimality conditions for (Pg) (the problem II)
Some examples of optimization problems that can be written in the form (Pg).
@ The nonlinear optimization problem
infyer f(x)
(Per) { ce(x) =0 and ¢/(x) <0,
where f : E — R, E and / form a partition of [1: m|, cg : E — R™E, and
¢/ - E — R™ are smooth (possibly non convex) functions.
@ The linear semidefinite optimization problem
(P ) ianES" <C,X>
SbO A(X) = b and X =0,
where C € 8", A: 8" — R™ is linear, and b € R™.
@ The composite optimization problem
inf f
inf (g0 f)(x),
where f : E — F and g : F — R. e
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Optimality conditions

First order optimality conditions for (Pg) (tangent and linearizing cones, qualification)

Proposition (tangent and linearizing cones)
If c is differentiable at x € X, then

Ty Xg C T;XG = {d ck: CI(X) -d € Tc(x) G}

@ T/ Xg is called the linearizing cone to X at x.
@ The equality T, Xg = T’ X is not guaranteed.
@ The constraint function ¢ is said to be qualified for representing X¢

at x if
TX XG - Tﬁ( XG7 (98)
c'(x)*[(T¢x) G) T is closed. (9b)
42 /112

Optimality conditions
First order optimality conditions for (Pg) (NC1)

Theorem (NC1 for (Pg))

If x, is a local minimum of (Pg), if f and c are differentiable at x,, and if ¢ is
qualified for representing X¢ at x,. in the sense (9a)-(9b), then

@ there exists a multiplier \, € F such that

VF(x)+ ' (x)" X =0, (10a)
A« € Nc(x*) G. (].Ob)

Q if, furthermore, G = K is a convex cone, then (10b) can be written

K™ > Lc(x)eK or  c(x:) €Ny, K. (10c)

One recognizes in (10a) the gradient of the Lagrangian wrt x

C:EXF—=R:x— l(x,\)=1f(x)+ (A c(x))

O —

and in (10c) the complementarity conditions.
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Optimality conditions

First order optimality conditions for (Pg) (SC1 for convex problem)

Theorem (SC1 for convex (Pg))

If @ f is a convex function and X¢ is a convex set,
@ f and c are differentiable at x, € X¢,

@ there is a A\, € F such that (x., \«) satisfies (10a)-(10b),
then x, is a global minimum of (Pg).

The goal of the next slides is to highlight and analyze a condition
(Robinson’s condition) that

@ provides an error bound for the feasible set y + X (y small),
© claims the stability of the feasible set X,
© ensures that c is qualified for representing Xg.

,,,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

First order optimality conditions for (Pg) (Robinson’s condition)

We say that Robinson’s condition holds at x € X if

(CQ-R) |0¢e int(c(x) 4 d(x)E— G). (11)

We will see below that
@ it is useful since it

» provides an error bound for small perturbations y + X of Xg,

» claims the stability of the feasible set Xs with respect to small
perturbations,

» shows that the constraint function c is qualified for representing Xg
at x, in the sense (9a)-(9b),

@ it generalizes to (Pg) the Mangasarian-Fromovitz constraint
qualification (CQ-MF) for (Pgy).

,,,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

First order optimality conditions for (Pg) (Robinson’s error bound 1) [21]

Theorem ((CQ-R) and metric regularity)

If ¢ is continuously differentiable near xy € X¢, then the following
properties are equivalent:

O (CQ-R) holds at x = xg,
Q there exists a constant p > 0, such that ¥V (x,y) near (xg,0):

dist(x, ¢ (y + G)) < p dist(c(x),y + G). (12)

.

Condition @ is named metric regularity since it is equivalent to that
property (see its definition below) for the multifunction

T:E—oF:x~c(x)—G.

,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

First order optimality conditions for (Pg) (Robinson’s error bound I1) [21]

An error bound is an estimation of the distance to a set by a quantity
easier to compute.
Corollary (Robinson’s error bound)

If ¢ is continuously differentiable near xo € X¢ and if (CQ-R) holds at
X = Xp, then there exists a constant p > 0, such that

V x near xg :  dist(x, Xg) < p dist(c(x), G). (13)

o

@ dist(x, Xg) is often difficult to evaluate in E,

@ dist(c(x), G) is often easier to evaluate in [F (it is the case if c(x) is easy to
evaluate and G is simple),

@ useful in theory (e.g., for proving that (CQ-R) implies constraint
qualification), in algorithmics (e.g., for proving [speed of] converge) or in
practice (for estimating dist(x, Xg)).

,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

First order optimality conditions for (Pg) (stability wrt small perturbations)

The estimate (12) readily implies the following stability result.

Corollary (stability wrt small perturbations)

If ¢ is continuously differentiable near some xo € Xg and if (CQ-R) holds
at xg, then, for all small y € FF:

{xeE:c(x)ey+ G} # 2.

,,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

First order optimality conditions for (Pg) (open multifunction theorem I) [26, 23, 5]

Let T : E —o IF be a multifunction and Bg and By be the closed balls of E and F.

@ T is open at (xp,Y¥0) € G(T) with ratio p > 0 if there exist a neighborhood
W of (x0, ¥0) and a radius rmax > 0 such that for all (x,y) € WNG(T) and
r €0, rmax]: Yy +prBr C T(x+ rBg).
@ T is metric regular at (xp, yo) € G(T) with modulus g > 0 if for all (x, y)
near (xo, yo): dist(x, T=(y)) < u dist(y, T(x)).
Difference: (x,y) € G(T) for the openness, but not for the metric regularity.
slope 1/p

g(T)

slope p

Yoo N g(T) dist(y, T(X%

T X(y)
dist(x, T~1(y))

y + p(2r)Bg
y + prBr

g T(x)

Both estimate the change in T(x) with x (but these are not infinitesimal
notions), either from inside G(T) (openness) or outside (metric regularity).

,,,,,,,,,,,,,,,,,,,,,

49 /112



Optimality conditions

First order optimality conditions for (Pg) (open multifunction theorem II) [26, 23, 5]

Extention of the open mapping theorem for linear (continuous) maps to
(nonlinear) convex multifunctions.

Theorem (open multifunction theorem, finite dimension)

If T:E —F is convex and (xo, yo) € G(T), then the following properties
are equivalent:

Q yo €intR(T),

Q forallr>0, yp €int T(x+ rEE),

© T is open at (xp, yo) with rate p > 0,

Q T is metric regular at (xg, yo) with modulus p1 > 0.

One can take = 1/p in point 4 if p is given by point 3.

,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

First order optimality conditions for (Pg) (metric regularity diffusion) [7]

Theorem (metric regularity diffusion)
Suppose that
@ c:[E — F a continuous function, G # & a closed convex set of FF,
@ T:E—oF:xw— c(x)— G is u-metric regular at (xo, yo) € G(T),
° 5~: E — T is Lipschitz near xp with modulus L < 1/p,
@ T:E—oF:x— c(x)+d(x)—G.
Then T is also metric regular at (xo, yo + 0(x0)) € G(T) with modulus
p/(1 — Lu): for all (x,y) near (xo,yo + 6(x0)), the following holds

~ ~

dist(x, T 1(y)) < - dist(y, T(x)). (14)

No need of convexity.

,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

First order optimality conditions for (Pg) (qualification with (CQ-R) I)

Proposition (other forms of (CQ-R))

Suppose that c is differentiable at x € Xg. Then the following properties
are equivalent

Q@ 0 € int(c(x) + (X)E — G) [this is (CQ-R)],

Q@ /(XE-T,, G=F,

@ C/(X)E — Tc(x) G = F,
Q C/(X)E — Tc(x) G =F.

,,,,,,,,,,,,,,,,,,,,,,

52 /112

Optimality conditions
First order optimality conditions for (Pg) (qualification with (CQ-R) II)

Proposition (qualification with (CQ-R))

Suppose that c is continuously differentiable near x € X¢ and that (CQ-R)
holds at x. Then c is qualified for representing X¢ at x.

The figure below shows how (CQ-R) is used to create an appropriate
sequence {xx} in Xg := c1(G) to get qualification (the figure requires some oral
explanations, though ...).

Xg = c1(G)

,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions
First order optimality conditions for (Pg) (qualification with (CQ-R) III)

Proposition (Gauvin's boundedness property)
Suppose that f and c are differentiable at x, € X¢ and that the set A, of
multipliers A\, € [ satisfying (10a)-(10b) is nonempty. Then

Q AP = [(x)E — Te(x,) GIT,

Q A, is bounded if and only if (CQ-R) holds.

The property was originally established for problem (Pg) and (CQ-MF) [10].

,,,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

Second order optimality conditions for (Pg)

Let x, be a local solution to (Pg), A« be an associated optimal multiplier,
and L, := V2 0(x, \s).

In view of the second order optimality conditions of the equality
constrained optimization problem (Pg), it is tempting to claim that

Vde TX* XE : <L*d, C/> > 0.

But this is not guaranteed!

@ The good cone is not T, Xg but the critical cone C, (to be defined).
@ The multiplier A\, must be chosen, depending on d € C,.

,,,,,,,,,,,,,,,,,,,,,,,
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Optimality conditions

Second order optimality conditions for (Pg) (critical cone)
@ Critical cone at x € Xg (it is a part of T/, Xg/)
C(x):={d €E: cg(x) - d =0, cjop,y(x)-d <0, f(x)d <0}

@ Short notation for index sets

@ Other forms of the critical cone at a stationary pair (x, \s):

G = {deFE:cg(x) d=0, C//o(X*) .d <0, fi(x,)-d =0},
= {deE:c (x,)-d =0, cjgo(x*)-d<0}.

EuUI®t
57 /112
Optimality conditions
Second order optimality conditions for (Pg) (three instructive examples)
Three instructive examples
© Strong NC2 (not always true): VA, € A, Vd € C,: (L.d,d) >0,
min X
X2 2 X127
@ Semi-strong NC2 (not always true): I\, € A, Vd € C,: (L.d,d) > 0.
min Xxo
Xo = x12
Xo = —%xf.
© Weak NC2 (always true): Vd € C,, 3 € A: (L.d,d) > 0.
min X3
x3 2 (x1+x)(x1 — x) ‘ ‘ ‘
X3 > (X2 + 3X1)(2X2 — Xl) ‘ ‘ ‘
X3 = (2X2 + X1)(X2 — 3X1). Tl
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Optimality conditions
Second order optimality conditions (NC2)

Notation at a stationary point x,:

@ A :={A\. € R™: (x,, \,) satisfies the KKT system (5)}.
@ L, := V2 l(x«, \) for some specified \, € A,.

Theorem (NC2 for (Pg))
Suppose that

® X, is a local minimum of (Pg),

@ f and cg are C? near x,, Co is twice differentiable at x., Cr\/o Is continuous
at X,

@ (CQ-MF) holds at x,
thenVd € C., 3\ € A such that (L.d,d) > 0.

These conditions are named weak second order necessary conditions and also read

Vde C.: max (L.d,d)>0. (15)
A>‘< e/\* h,i,,‘i,a:;
59 /112

Optimality conditions
Second order optimality conditions (SC2 I)

Theorem (SC2 for (Pg))
Suppose that

@ f and cgyjo are twice differentiable at x.,
@ (xx, \.) verifies the KKT conditions (5),

@ the following equivalent conditions hold

Vde G\ {0}, JA.eA.: (Ld,d) >0, (16a)
35>0, VdeC, 3INeEA: (Ldd >7|d|? (16b)

then V-~ € [0,%), 3 a neighborhood V' of x,, Vx € (V \ {x«}) N Xg:

F(x) > Fx) + 2 lIx = x> (17)

In particular, x, is a strict local minimum of (Pg;).

o

60 /112



Optimality conditions
Second order optimality conditions (SC2 II)

@ Condition (17) is called the quadratic growth property.
@ No need of a constraint qualification assumption.

@ The property
AN €N Vde G \{0}, (L.d,d)>0

is stronger than (16) and is called the semi-strong SC2.

@ The even stronger property
VA €N Vde G \{0}, (L.d,d)>0

is called the strong SC2.

,,,,,,,,,,,,,,,,,,,,,,
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Perturbation analysis
Stability result for (Pg) with a polyhedral cone G | [22]

@ Let P be a vector space. For p € P, consider the perturbed problem

P min, f(x, p)
(Pic) { C(X,p)ez,

where f : E X P — R smooth, ¢ : E x P — F smooth, K C F convex
polyhedral cone.

@ Optimality system at x € E: 9\ € F such that

Vif(x,p) + c(x,p)*A =0 (18)
K= 3\ 1c(x,p) €K.

® The multiplier multifunction A : E x P —o [ is defined at (x, p) € E x P by
A(x,p) :={A € F: (x,p,\) satisfies (18)}.
@ The stationary multifunction ¥ : P — [E is defined at p € P by

Y(p) ={x€E:Ax,p)# 2} o
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Perturbation analysis
Stability result for (Pg) with a polyhedral cone G Il

Assume the framework defined above.

Proposition (stability of (Pk))

If @ (-, po) and c(-, po) are C? near xo € IE for some py € P,
@ f!, ¢ and ¢, are Lipschitz continuous near (xo, po),
@ 0 € int(c(xo, po) + ci(x0, Po)E — K),

@ xp € X(po),
@ I\ € A(xo, po) such that strong SC2 holds for (P}°),

then 4L > 0, such that ¥ p near po:

Q X(p) # 2,
Q Vx e X(p) near xo, VA € N(x, p):

dist ((x, A), {x0} x A(x0, P0)) < L|p — poll-

o
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|inearization methods

Overview

Two classes of linearization methods that are used to solve systems with
nonsmoothness.

@ Methods that capture much of the local behavior of the system.

Features
> Expensive iteration (nonlinear), fast convergence, easy to globalize.
Examples

» The Josephy-Newton algorithm for functional inclusions.
» The SQP algorithm for (Pg).

© Methods that use a single piece of the local behavior of the system.

Features
» Cheap iteration (linear), fast convergence, difficult to globalize.
Example
» The semismooth Newton algorithm for nonsmooth system of equations.

O —
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|inearization methods

Josephy-Newton algorithm for functional inclusions (functional inclusion 1)

Let E and F be Euclidean vector spaces of the same dimension, F : E — F be a
smooth function, and N : E — [ be a multifunction.

We consider the functional inclusion problem

(PF/) F(X) + N(X) > 0. (19)

Interested in algorithmic issues (not theoretical ones, like existence of solution).
Examples
© The variational problem if N = Nx the normal cone to X C E at x (= @ if x ¢ X):
(Pv) F(x) + Nx(x) 3 0. (20)

© The variational inequality problem is (Py) with X = C (a closed convex set):

xeC
(Pv) {<F(x),y—x>>o, vyeC. (21)

© The complementarity problem is (Pg) with N = N+ o G (closed convex cone
KCF, G:E—T)

(Pcp) K" 3 G(x) L F(x) € K. 22y
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|inearization methods

Josephy-Newton algorithm for inclusions (functional inclusion II)

Examples (continued)

© The Peano-Kantorovitch NC1 of problem min{f(x) : x € X} reads
Vf(x)+ Nx(x) 3 0.

© The first order optimality conditions for (Pg), when G = K is a closed convex
cone, can be written N ) )
K™ >X%x 1L F(X) € K,
with the variable X := (x,\) € E x T,

F(%) = (Vf(X)—JcF(j)(X)*A) and K :={0g} x (—K). (23)

Q If N is the constant multifunction x — {0gf } x R C R™ =T where E and |
make a partition of [1: m], (Pr) becomes the system of equalitites and
inequalitites

FE(X) =0 and F/(X) < 0.

,,,,,,,,,,,,,,,,,,,,,,,
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Linearization methods
Josephy-Newton algorithm for inclusions (the JN algorithm) [15, 16]

Algorithm (Josephy-Newton algorithm for solving (Pg))

Given xy, compute xx11 as a solution to the problem in x:

F(xx) + Mi(x — xx) + N(x) 2 0, (24)

where My = F'(xx) or an approximation to it.

Remarks

@ Only F is linearized, not N (is the reason for the chosen structure of (Pg)).
@ (24) captures more information from (Pg) than a “simple” linearization.
@ (24) is often a nonlinear problem, hence yielding an expensive iteration.

@ Makes sense computationally if N is sufficiently simple.

O —
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|inearization methods

Josephy-Newton algorithm for inclusions (semi-stability) [3]

A solution x, to (Pgy) is said semi-stable if 31 > 0 and 02 > 0 such that

(x,p) e ExF
F(x)+ N(x) > p = x=x| < o2flpl-
X = x| < o1

Remarks

@ The perturbed inclusion F(x) + N(x) 3 p is not required to have a solution.

@ Semistability implies that x. is the unique solution to (Pg) on B(x.,o1).

@ If N = {0}, then semi-stability of x, < injectivity of F'(x.) (hence, nonsingularity
if dimE = dimF).

,,,,,,,,,,,,,,,,,,,,,
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Linearization methods
Josephy-Newton algorithm for inclusions (semi-stability for polyhedral VI) [3]

Proposition (semi-stability characterization for polyhedral VI)

Consider problem (Py;) with a convex polyhedron C and F being C' near a
solution x,. Then the following properties are equivalent:

@ x. is semi-stable,

Q x. is an isolated solution to
F(x:) + F'(x:)(x — x«) + Nc(x) 2 0,
© one has (F'(x.)(x — xx),x — xx) > 0 when x € C\ {x.} satisfies
(F(x+),x —x:) =0 and F(x)+ F'(x:)(x — x«) + Nc(x:) 20,
@ x. is the unique solution to

Nc(x) € Ne(xi), (F(x),x —x) = 0, Ry F(x)+F'(x:)(x—x%)+N¢(x) > 0.

o
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|inearization methods

Josephy-Newton algorithm for inclusions (speed of convergence) [3]

Proposition (speed of convergence of quasi-Newton methods)

Suppose that F is C' near a semi-stable solution x, to (Pg). Let {xx} be a
sequence generated by algorithm (24), converging to x.

Q If (Mk — F'(x:)) (k1 — X)) = o([Ixer1 — xcll),
then {xx} converges superlinearly.

9 /f(Mk — F/(X*))(X;H_l — Xk) = O(ka—H — XkHz) and F is Cl’l hear Xy,
then {xx} converges quadratically.

Corollary (speed of convergence of Newton's method)

Suppose that F is C' near a semi-stable solution x, to (Pf). Let {xx} be a
sequence generated by algorithm (24) with My = F’(xx), converging to x.. Then

© {xx} converges superlinearly,

Q if, furthermore, F is CY1 near x,., then {xx} converges quadratically.

o
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|inearization methods

Josephy-Newton algorithm for inclusions (local convergence) [3]

A solution x, to (Pg) is said hemi-stable if Vao> 0, 35 >0, Vx € B(x*,ﬁ), the
“linearized” inclusion in x

F(x0) + F'(x0)(x — x0) + N(x) 0

has a solution in B(x., a).

Theorem (local convergence of JN)

Suppose that F is C' near a semi-stable and hemi-stable solution x, to (Pry).
Then e > 0 such that if x; € B(x.,€), then
Q the JN algorithm (24) with M = F'(xx) can generate {x} C B(x.,¢),

@ any sequence {xi} generated in B(x,,<) by the JN algorithm converges
superlinearly to x, (quadratically if F is C11).

,,,,,,,,,,,,,,,,,,,,,,
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Linearization methods
The SQP algorithm (overview)

Recall the equality and inequality constrained problem

infy f(x)
(PE/) { CE(X) =0
C/(X) < 0.

Three popular methods to solve (Pg/)

@ Augmented Lagrangian methods: a dual method that generates
{(Aks )} CR™ X Ryy by
: r r
o inf () + (W)Fee() + Slce(IB + ()T (arx)+5) + Sl (x)+s3) |

* \ip1 = (M + rkc(xk))# and re+1 = ? (heuristics for nonlinear problems).

@ SQP methods: it is a linearization method on the KKT system (see below).
@ Interior point methods, which can be viewed as a penalization method solving
(approximately) a sequence of problems (25) below with 1 | 0, thanks to the SQP

algorithm:
mings) f(x) —pd ;e log si (25)
CE(X) = 07 C/(X) + s = 0 &,,_/q/ﬁ
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Linearization methods
The SQP algorithm (definition - KKT is a nonlinear complementarity problem)

@ Similarly to Newton's method in unconstrained optimization, the SQP
algorithm is conceptually interested in solutions of the first order optimality
(KKT) system in (x, A) of (Pg):

Vol \) = 0, (262)
ce(x) = 0, (26b)
O0< A\ L C/(X) < 0. (26C)

@ This system in (x,\) can be written like (Pg) or (Pcp), namely
F(x,A) + Nk+(x,A) 20 or KT > (x,\) LF(x,\)eK, (27)

with the data

Flx, A) = (ngc((xx’f)) and K = {0} x ({Ozme} x R™).  (28)
Hence, K™ =E x (R™ x RT"). A
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Linearization methods
The SQP algorithm (definition - the SQP algorithm viewed as a JN method) [22]

@ The SQP algorithm (SQP for Sequential Quadratic Programming) for
solving (Pg) is the JN algorithm (24) on the functional inclusion (27)-(28):

VXE(X/(, >\k) -+ Mk(X — Xk) -+ C/(Xk)*(A — >\k) = 0, (293)
CE(Xk) + C/E(Xk) . (X — Xk) =0, (29b)
0< A\ L (C/(Xk) + C;(Xk) . (X — Xk)) <0, (29C)

where My = Ly := V2 £(xx, \x) or an approximation to it (M 2 V2f(xx)!).

@ (29) is formed of the KKT conditions of the osculating quadratic problem

min, (VF(xk), x — xi) + 53 (Mi(x — xx), x — xi)
(OQP) ce(xk) + cg(xk) - (x —xx) =0, (30)
C/(Xk) + C,/(Xk) . (X — Xk) < 0.

The primal-dual solution (xx11, Ak+1) to the OQP is the new iterate.

,,,,,,,,,,,,,,,,,,,,,
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Linearization methods
The SQP algorithm (definition - the local SQP algorithm) [12, 13]

Algorithm (local SQP)

From (xx, Ak) to (Xkr1, Aks1):

Q /f (26) holds at (x,\) = (xk, Ak), stop.
Q Compute a primal-dual stationary point (xx11, Akr1) of the OQP (30).

o

Remarks

@ The OQP'’s are still hard to solve (not just a linear system, expensive iteration):

> If My = L % 0, the OQP is NP-hard.
» One of the good reasons for taking My ~ Ly with My >~ 0, updated by a
quasi-Newton method; the OQP is then polynomial, but still difficult.

@ Other (non local) difficulties to overcome:

» What if the linearized constraints are incompatible?
» What if the OQP is unbounded?

@ Nothing is done for forcing the convergence from remote starting points. ela—
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|inearization methods

The SQP algorithm (local convergence - semi-stability and hemi-stability of a KKT
pair) [3]

Proposition (semi-stability and SC2)

If x, is a local minimum of (Pg;) and \. is an associated mutiplier, then the
following properties are equivalent:

O (x«, \.) is semi-stable,
Q A ={)\.} and x, satisfies SC2.

At a local solution, semi-stability implies hemi-stability:
Proposition (SC for hemi-stability)

If @ x, is a local minimum of (Pg),
® (xu, A\y) satisfies the KKT conditions,

@ (xx, \s) is semi-stable,

then (x., A\«) is hemi-stable.

o
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Linearization methods
The SQP algorithm (local convergence - the result) [3]

Theorem (local convergence of SQP)

If @ f and ¢ are C*! near a local minimizer x, of (Pgy),

@ there is a unique multiplier \, associated with x,,

@ SC2 s satified,
then there exists a neighborhood V of (x., A«) such that if the first iterate
(x1,A1) € V, then

Q the SQP algorithm can generate {(xx, Ak)} in V,
Q any sequence {(xx, \x)} generated in V' by the SQP algorithm
converges quadratically to (X, Ax).

,,,,,,,,,,,,,,,,,,,,,
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Linearization methods
The SQP algorithm (exact penalization)

@ Consider the nonsmooth penalty function ©, : E — R associated with (Pg):
O, (x) := f(x) + o [l c(x)"|,
where for v € R™, v#* € R™ is defined by: (v¥); = v; when i € E and

(v¥*); = vi" = max(0, v;) when i € .

@ The dual norm of || - || is defined by
|ullp = sup u'v.
vil<1

Proposition (exact penalty property)

If @ f and c are C? near a local minimizer x, of (Pg),

@ the set N\, of associated optimal multipliers is nonempty,

@ weak SC2 holds,

o o = sup{||Allp : A € AL} and o > || \||p for some X, € A,
then x, is a strict local minimum of ©,.

.
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Linearization methods
The SQP algorithm (globalization - descent property of the convex OQP solution)

Recall the osculating quadratic problem at (xx, Ax): My =~ L(xk, Ax) and

mingy (Vf(xk),d>;:% gwm, d) (31)

00Ph  { {eiey L g
We often make the following assumption (true for £, norms)

|7 || : v € R™ i ||[v¥|| is convex.

Proposition (descent direction)
If @ (dk,A7") is a stationary pair of (31),
o || -# | is convex,
then
Q O (xk; dk) < — (Midk, di) + (AF") T c(xk) — ollc(xk)*
Q O (xk;dx) <0, ifo > H)\(,fp|

7

p, My = 0, and xi is not stationary.

o
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Linearization methods
The SQP algorithm (globalization 1)

The SQP algorithm with linesearch forces M) = 0 and minimizes the
changing nondifferentiable merit function ©,, along the SQP directions d.

Algorithm (global SQP)

Given (Xk7 Ak, Mk) e R" x R™ x S—T——l—' compute (Xk+1, )\k+17 /V/k+1) by
o solve (31) to get a PD solution (dk, \7") (if any),
o impose o = ||A\Y ||p + G keeping o constant if {\"} is bounded,
@ linesearch: ay > 0 such that ©,, (xkx + akdk) < Oy, (xk) + wakAk,
@ Xji1 = Xk + aydy and Ak+1 = Ak + Oék()\(lfp — )\k),
@ update My ~ My 1.

We have used Ay := (VF(xx), di) — ok|/c(xc)|| as a negative
over-estimate of O (xx; dk).

,,,,,,,,,,,,,,,,,,,,,
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Linearization methods
The SQP algorithm (globalization 1)

Theorem (global convergence of SQP)

If @ f and c are C11,

o || -7 || is convex,

o {M} and {M, '} are = 0 and bounded,

@ (31) has a PD solution (di, A\Z") for all k > 1,

o {A\"} is bounded,

@ O,, (xk) is bounded below,
then the KKT conditions are satisfied asymptotically, meaning that
Vol (xk, )\(I‘?P) — 0, C(Xk)# — 0, ()\fp)/ >0, and ()\fp);rC/(Xk) — 0.

O —

83 /112

|inearization methods

The semismooth Newton method (motivation)

@ Let E and F be (finite dimensional) normed spaces and 2 C E be open.

@ We consider the problem of fiding a zero of a nonsmooth function
F:Q—TF:
F(x) = 0. (32)
@ Examples
@ The CP (0 < x L ®(x) > 0) can be represented by (32):
V(x,d(x)) =0,

where W(u,v) = {¢(ui, vi)}i and ¥ is a C-function, meaning that
Y(a,b) =0iffa>0, b>0, and ab = 0. Examples (F = Fischer):

Ymin(a, b) = min(a, b) and r(a,b) = +/a%>+ b% — (a+ b).

@ The VI problem (find x € C s.t. (®(x),y —x) >0 for all y € C) can be
written llike (32):
Pc(x — ®(x)) — x =0.

,,,,,,,,,,,,,,,,,,,,,
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|inearization methods

The semismooth Newton method (motivation)

@ Suppose that F : E — [ is Lipschitz continuous near x. € Q.

@ Then OcF(x) # @ for x near x. and one could think of the Newton-like algorithm
generating {x} by
Xieyr = xk — Ji TF (),

provided some nonsingular Jx can be found in OcF(x«).

@ Actually, this algorithm may not converge locally as in the example below [18]:

F :R — R is Lipschitz,
F(0) =0,
9cF(0) =[3,2] # 0,

imy o FCR=FOFL06-0) 5 1

@ Semismoothness is an assumption on F that prevents such a cycling (arbitrary
close to the zero). .

,,,,,,,,,,,,,,,,,,,,,,
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Linearization methods
The semismooth Newton method (generalized differentiability I) [6]

For a function F: E — FF (E, F are finite dimensional vector spaces), denote
Dr .= {x € E : F is Fréchet-differentiable at x}.

Theorem (Rademacher, 1919)

If F is Lipschitz near any point of an open set 2 C E, then the Lebesgue measure
of Q\ Dr is zero; in particular Df is dense in Q, i.e., Q C Dg.

@ The B-differential (B honoring Bouligand) of F at x is the set

OgF(x) :={J € L(E,F) : 3{xx} C Df such that xx — x, F/'(xx) — J}.

@ The C-differential (C for Clarke) of F at x is the set

OcF(x) := co0gF(x).

,,,,,,,,,,,,,,,,,,,,,
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Linearization methods
The semismooth Newton method (generalized differentiability II) [6]

Proposition (compactness and upper semi-continuity)
If F is L-Lipschitz near x, then

@ OcF(x) is nonempty compact (C LB) and convex,
Q@ OcF is upper semi-continuous at x.

OcF(x) is said to be nonsingular if any J € ¢ F(x) is nonsingular.
Proposition (nonsingularity diffusion)
If F is Lipschitz near x and Oc F(x) is nonsingular, then there are constants

C > 0 and § > 0 such that

sup  max (|[J]|, [J71]]) < C.
x"€B(x,9)
JEacF(X/)

o
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|inearization methods

The semismooth Newton method (semismoothness - definition) [19, 20]

Let E, I, ... be normed spaces of finite dimension and €2 be open in E.
@ F:Q — [Fissemismooth at x € Q if

(S1) F is Lipschitz near x,
(S2) F'(x; h) exists for all h € E,
(S3) for h — 0 in E, the following holds

F(x + h) — F(x) — Jh
sup |F(x + h) — F(x) — Jh|
JEDC F(x+h) | Al

— 0.

@ F:Q — F is strongly semismooth at x € Q if it is semismooth at x
with (S3) strengthened by

(S4) for h small in E, the following holds

sup  [|F(x + h) — F(x) — Jhl| = O(||A[I?).
JeacF(X+h)

,,,,,,,,,,,,,,,,,,,,,
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|inearization methods

The semismooth Newton method (semismoothness - properties I) [9, 14]

Proposition (differentiable function)

IfFF:Q —TFis C' (C"") near x € Q, then F is (strongly) semismooth at x.

Proposition (convex function)

If f:Q — R is convex in a convex neighborhood of x € Q, then f is semismooth at x.
. w

F : Q — F is said to be piecewise semismooth at x € Q if there exist a neighborhood V
of x and functions F; : V — F, with i € I (/ finite), which are semismooth at x, such
that e F is continuous on V and, ¢ for all y € V, F(y) = Fi(y) for some i € I.

Proposition (piecewise semismooth function) J

If F:Q — T is piecewise semismooth at x € Q, then F is semismooth at x.
When the pieces are affine, F is said to be piecewise affine at x.

Proposition (piecewise affine function)
If F:Q — F is piecewise affine at x € €0, then F is strongly semismooth at x. J
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|inearization methods

The semismooth Newton method (semismoothness - properties 1) [9, 14]

Proposition (componentwise semismooth function)

Let F1 : Q — TFq1, Fo:Q — >, and x € Q. Then (Fl,FQ)ZQ%Fl X s is
(strongly) semismooth at x € S if and only if F; and F, are (strongly)
semismooth at x.

Proposition (composition of functions)

If F:Q — F is (strongly) semismooth at x € Q, V is a neighborhood of F(x),
and G : V — G is (strongly) semismooth at F(x), then G o F is (strongly)
semismooth at x.

Proposition (calculus)

If F1:Q—F and Fy : Q — F are (strongly) semismooth at x € Q, then the
following functions are (strongly) semismooth at x (for the last two, F = R™):

Fi+ F, (Fi,F), max(Fi,F), and min(F,F).

.
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|inearization methods

The semismooth Newton method (semismoothness - examples) [9, 14]

Examples

® The ¢, norm, for 1 < p < o0, is strongly semismooth.
@ The min C-function ¥mi, : (a, b) € R?2 s min(a, b) is strongly semismooth.

@ The Fischer C-function 9F : (a, b) € R? — /a2 + b2 — (a + b) is strongly
semismooth.

@ The projector Px on the convex set K := {x € E: ¢(x) < 0} is semismooth
at x, provided

» c:E—R™is C? and componentwise convex,
» the constant rank constraint qualification (CQ-CR) holds at Pk(x)
[(CQ-LI) is certainly fine].

,,,,,,,,,,,,,,,,,,,,,,
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|inearization methods

The semismooth Newton method (the algorithm)

Algorithm (semismooth Newton for equations)

Given x, € E, compute x,11 € E as a solution to
F(xx) + Jk(x — xx) =0,

for some nonsingular Ji, € OcF(xk) (if any).

Remarks

@ To work well the algorithm needs smoothness and regularity assumptions.

@ There is a single linear system to solve per iteration (i.e., cheap iteration).

,,,,,,,,,,,,,,,,,,,,,,
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|inearization methods

The semismooth Newton method (local convergence)

Theorem (local convergence of the semismooth Newton method)

If e F(x.) =0,
@ F is semismooth at x,,
@ JOcF(x.) is nonsingular,
then
Q there is a neighborhood V' of x, such that the semismooth Newton
algorithm starting at x; € V is well defined and generates a sequence
in V/, converging to x, superlinearly,
© if F is strongly semismooth, then the convergence is quadratic.

,,,,,,,,,,,,,,,,,,,,,,
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Semidefinite optimization

Problem definition (cones S} and S7.)

Notation and first properties

@ S" is the Euclidean space of symmetric n x n real matrices, equipped with
the scalar product

(,) 1 (A, B) € (S")? = (A, B) = tr(AB) = 3, AjBj € R.

@ S" is the cone of §” made of the positive semidefinite matrices:

A0 &5 AeS8” <« AA) C[0,+00),

A0 < VB»=0: (AB)>0, (33)
if A=0and B=0,then (A,B)=0 <«= AB=0,
TaS] ={DeS8":v'Dv>0, for all v € N(A)}.
By (33), S} is self-dual, meaning that (S7)* = S1.

@ S is the cone of 8" made of the positive definite matrices:

A-0 & AeS!, <« AA)C(0,+x),
A-0 <<= VBeSI\{0}: (A B)>0,
A=0and [vTMv >0, Vve N(A)\{0}]] = M+ rA=0 for largedszzi—
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Semidefinite optimization

Problem definition (primal and dual problems)

The primal and (Lagrange) dual of the SDO problem read

{ inf (C, X) { sup (b,y)
(P) AX)=b and (D) A*(y)+S=C (34)
X =0 S>>0,

where
@ CcS8"and beR™,
@ A:S8" — R" is linear (A* : R™ — S§" is its adjoint).

Notation

@ Feasible sets: F, := {X € ST : A(X) = b},
Fo={(y,S) e R" xS : A*(y)+ S = C}, and F := F,, x Fp.
@ Strictly feasible sets: Fj := {X € ST, : A(X) = b},
Fy={(y,S) e R" xS, : A*(y)+ S = C}, and F* := F; x F;.

@ Optimal values: val(P) and val(D).
@ Solution sets: Sol(P) and Sol(D). f
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Semidefinite optimization

Problem definition (Lagrange dualization consequences)

The Lagrangian of problem (P) is the function ¢/ : 8" x R™ x §” — R
defined at (X,y,S) € S" x R™ x 8" by

E(X,y,S) — <C7X> o <Y7A(X) o b> o <57X>

Proposition (consequences of the Lagrangian dualization)
Q val(D) < val(P).
Q (X,v,5)e F = (C, X> (b,y) =(X,S5) >0
Q (X,y,5)e F, (X,5) =

— Xe¢€ S I(P), (y, ) € Sol(D), val(D) = val(P),
— (X,(y,S)) isa sadd/e—pomt of £ on §" x (R™ x SF).

Remarks
@ One says that there is a duality gap if val(D) < val(P). ’
@ X € Sol(P), (y,S) € Sol(D) # val(D) = val(P). A
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Semidefinite optimization

Problem definition (examples of SDO formulations)

The Schur complement of A~ 0 in

A B
K= (g ¢)

is (A|K) := C — BTA"1B. The following holds

A=D0

K-0 = {(A|K)>o.

Examples of SDO modelling

@ Linear optimization.

© Convex quadratic optimization.

© Global minimization of polynomials (relaxation if # variables > 2).

@ Rank relaxation of a QCQP.

@ Many more . .. eia—
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Semidefinite optimization

Existence of solution

@ Strong duality of linear optimization no longer holds (since the linear
image of a closed convex cone is not necessarily closed).

@ Here are conditions for having nonempty compact sets of solutions.

Proposition (compact sets of solutions)
Q FoxF,#2@ — Sol(P) # @ and compact.

Q FixFr#93 = Sol(D)N(R(A) x 8") # & and compact.
Q F°*#92 = Sol(P) and Sol(D) N (R(A) x 8") # @ and compact.

In these cases, there is no duality gap: val(D) = val(P).

@ The sufficient condition in @ is (CQ-R) for (D).
The sufficient conditions in @ are (CQ-R) for (P).

,,,,,,,,,,,,,,,,,,,,,
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Semidefinite optimization
Optimality conditions

Proposition (optimality conditions)
Suppose that F° # &, then

(X, (y,S)) € Sol(P) x Sol(D) <« { A(X) = b, X = 0,

O —
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Semidefinite optimization
An interior point algorithm (central path I)

@ There are good reasons to generate iterates well inside F;. This is obtained
analytically (not geometrically) by an interior penalization:

) o~ (P {infx (C,X) + pld(X)

A(X) = b,
©) o~ o) { R PYT)

where Id : 8" — R is the strictly convex and closed function defined at X by
| —logdet(X) if X >0
d(X) = { +00 otherwise.

@ Three properties of Id (with X > 0 and H, K € §"):
d'(X)-H=— (X" H),
d”(X) - (H,K) = (X"THX1, K),
d>® = Zsy.

,,,,,,,,,,,,,,,,,,,,,
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Semidefinite optimization
An interior point algorithm (central path II)

The central path is the smooth curve € : 1 € Ry, + the unique solution
to
A(y)+S5=C, S>>0,
(0,) AX)=b, X >0, (36)
XS = pl.

Proposition (existence and smoothness of the central path)
Suppose that F*° # & and pn > 0. Then,

Q the system (O,) has a solution (X, y,, S.), unique in 87 x R(A) x ST,
Q themap € Ry — (X, yu, Spu) € STy x R(A) x ST, is C*=.

,,,,,,,,,,,,,,,,,,,,,
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Semidefinite optimization

An interior point algorithm (an algorithmic scheme)

A primal-dual path-following interior-point algorithm generates iterates
zx = (X, Yk, Sk) € F* in a neighborhood V(@) of the central path ¢
(0 € (0,1) is a parameter that determines the size of the neighborhood).
Each iteration proceeds along a Newton direction aiming a moving point
on ¢, whose central parameter if ofi(z) where o € (0,1) and

i(2) = (X, ) /n
Algorithm (primal-dual path-following IP)

From one iterate z to the next one z.
O Let d be the Newton direction on a symmetrized version of (Oyjy(2))-
Q Determine a large stepsize ov > 0 such that z + ad € V/(6).
Q z. =z+ad.

O —
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