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Abstract. The notion of computability closure has been introduced for
proving the termination of higher-order rewriting with first-order match-
ing by Jean-Pierre Jouannaud and Mitsuhiro Okada in a 1997 draft which
later served as a basis for the author’s PhD. In this paper, we show how
this notion can also be used for dealing with S-normalized rewriting with
matching modulo 87 (on patterns a la Miller), rewriting with matching
modulo some equational theory, and higher-order data types (types with
constructors having functional recursive arguments). Finally, we show
how the computability closure can easily be turned into a reduction or-
dering which, in the higher-order case, contains Jean-Pierre Jouannaud
and Albert Rubio’s higher-order recursive path ordering and, in the first-
order case, is equal to the usual first-order recursive path ordering.

1 Introduction

After Jan Willem Klop’s PhD thesis on Combinatory Reduction Systems (CRS)
[2829], the interest in higher-order rewriting, or the combination of A-calculus
and rewriting, was relaunched by Dale Miller and Gopalan Nadathur’s work on
A-Prolog [38] and Val Breazu-Tannen’s paper on the modularity of confluence
for the combination of simply-typed A-calculus and first-order rewriting [TOJT3].
A year later, Dale Miller proved the decidability of unification modulo 8n for
“higher-order patterns” [36l37], and the modularity of termination for simply-
typed A-calculus and first-order rewriting was independently proved by Jean
Gallier and Val Breazu-Tannen [11J12] and Mitsuhiro Okada [40], both using
Jean-Yves Girard’s technique of reducibility predicates [I8/[19120]. A little bit
later, Daniel Dougherty showed, by purely syntactic means (without using re-
ducibility predicates), that these results could be extended to any “stable” set
of untyped A-terms [I6/17], the set of simply-typed A-terms being stable. We
must also mention Zhurab Khasidashvili’s new approach to higher-order rewrit-
ing with his Expression Reduction Systems (ERS) [27].

Then, in 1991, two important papers were published on this subject, both
introducing a new approach to higher-order rewriting: Tobias Nipkow’s Higher-
order Rewrite Systems (HRS) [39133], and Jean-Pierre Jouannaud and Mitsuhiro
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Okada’s Executable Higher-Order Algebraic Specification Languages [22/23]. To-
bias Nipkow’s approach is based on Dale Miller’s result: the simply-typed A-
calculus, which is confluent and terminating, is used as a framework for en-
coding higher-order rewriting. He extends to this framework the Critical Pair
Lemma. Jean-Pierre Jouannaud and Mitsuhiro Okada’s approach can be seen as
a typed version of CRS’s (restricted to first-order matching). They proved that
termination is modular for the combination of simply-typed A-calculus, a non-
duplicatingﬂ terminating first-order rewrite system, and an higher-order rewrite
system which definition follows a “general schema” extending primitive recursion.
Later, Vincent van Qostrom and Femke van Raamsdonk compared CRS’s and
HRS’s [46] and developed an axiomatized framework subsuming them [47/49].

The combination of [-reduction and rewriting is naturally used in depen-
dent type systems and proof assistants implementing the proposition-as-type
and proof-as-object paradigm [6]. In these systems, two propositions equivalent
modulo f-reduction and rewriting are considered as equivalent (e.g. P(2+2) and
P(4)). This is essential for enabling users to formalize large proofs with many
computations, as recently shown by Georges Gonthier and Benjamin Werner’s
proof of the Four Color Theorem in the Coq proof assistant. However, checking
the correctness of user proofs requires to check the equivalence of two terms.
Hence, the necessity to have termination criteria for the combination of -
reduction and a set R of higher-order rewrite rules.

For proving the correctness of the general schema, Jean-Pierre Jouannaud
and Mitsuhiro Okada used Jean-Yves Girard’s technique of reducibility predi-
cates. Roughly speaking, since proving the (strong) @-normalization by induc-
tion on the structure of terms does not work directly, one needs to prove a
stronger predicate. In 1967, William Tait introduced a “convertibility predicate”
for proving the weak normalization of some extension of Kurt Godel’s system T
[43]. Later, in 1971, Jean-Yves Girard introduced “reducibility predicates” (called
computability predicates in the following) for proving the weak and strong nor-
malization of the polymorphic A-calculus [I8/T9]. This technique can be applied
to (higher-order) rewriting by proving that every function symbol is computable,
that is, that every function call is computable whenever its arguments so are.

This naturally leads to the following question: which operations preserve
computability? Indeed, from a set of such operations, one can define the com-
putability closure of a term ¢, written CC(t), as the set of terms that are com-
putable whenever ¢ so is. Then, to get normalization, it suffices to check that,
for every rule fl — r € R, r belongs to the computability closure of I. Ex-
amples of computability-preserving operations are: application, function calls
on arguments smaller than I in some well-founded ordering >, etc. Jean-Pierre
Jouannaud and Mitsuhiro Okada introduced this notion in a 1997 draft which
served as a basis for [89]. In this paper, we show how this notion can be extended
for dealing with S-normalized rewriting with matching modulo 57 on patterns
a la Miller and matching modulo some equational theory.

Y1 — r is non-duplicating if no variable has more occurrences in 7 than it has in 1.



Another way to prove the termination of R is to find a decidable well-founded
rewrite relation containing R. A well known such relation in the first-order case
is the recursive path ordering [41114] which well-foundedness was initially based
on Kruskal theorem [30]. The first attempts made for generalizing this ordering
to the higher-order case were not able to orient system T [31I32126]. Finally,
in 1999, Jean-Pierre Jouannaud and Albert Rubio succeeded in finding such an
ordering [25] by using computability-based techniques again, hence providing the
first well-foundedness proof of RPO not based on Kruskal theorem. This ordering
was later extended to the calculus of constructions by Daria Walukiewicz [50J51].

Although the computability closure on one hand, and the recursive path
ordering on the other hand, share the same computability-based techniques,
there has been no precise comparison between these two termination criteria.
In [5], one can find examples of rules that are accepted by one criterion but
not the other. And Jean-Pierre Jouannaud and Albert Rubio themselves use the
notion of computability closure for strengthening HORPO.

In this paper, we explore the relations between both criteria. We start from
the trivial remark that the computability closure itself provides us with an or-
dering: let t CR(>) wif t = ft and u € CCx (t), where CCs is the computability
closure built by using a well-founded relation > for comparing the arguments
between function calls. Proving the well-foundedness of this ordering simply con-
sists in proving that the computability closure is correct, which can be done by
induction on >. Then, we remark that the function mapping > to CR(>) is
monotone wrt inclusion. Thus, it admits a least fixpoint which is a well-founded
ordering. We prove that this fixpoint contains HORPO and is equal to RPO in
the first-order case.

2 Terms and types

We consider simply-typed A-terms with curried constants. See [2] for details
about typed A-calculus. For rewriting, we follow the notations of Nachum Der-
showitz and Jean-Pierre Jouannaud’s survey [15].

Let B be a set of base types. The set T of simple types is inductively defined
asusua: TeT=BeB|T=T.

Let X be a set of variables and F be a set of function symbols disjoint from
X. We assume that every a € X U F is equipped with a type 7, € T. The sets
T7T of terms of type T are inductively defined as follows:

- Ifae XUF, thenae T
~IfreXandte TV, then \at € T==V.
~IfoeT™VandtecT?T, then vt e TY.

As usual, we assume that, for all type T, the set of variables of type T
is infinite and consider terms up to a-conversion (type-preserving renaming of
bound variables). Let FV(¢) be the set of variables free in ¢. Let t denote a
sequence of terms t1, ..., ¢, of length n = [¢t| > 0.

Let 7(¢) denote the type of a term t. In the following, writing ¢ : T or tT
means that 7(¢) = T.



The set Pos(t) of positions in a term ¢ is defined as usual as words on {1, 2}.
Let t|, be the subterm of ¢ at position p € Pos(t), and t[u], be the term obtained
by replacing in ¢ its subterm at position p € Pos(t) by w.

A term is algebraic if it contains no abstraction and no subterm of the form
xt. A term t is linear if no variable free in ¢ occurs more than once in t.

The S-reduction is the closure by context of the relation (Axt)u —g t% where
t% denotes the higher-order substitution of z by u in ¢.

A rewrite rule is a pair of terms | — r such that [ is of the form fI, FV(r) C
FV(l) and 7(l) = 7(r). Given a set R of rewrite rules, let —px be the closure
by context and substitution of R. Hence, matching is modulo a-conversion (but
a-conversion is needed only for left-hand sides having abstractions). A rulel — r
is linear (resp. algebraic) if both [ and r are linear (resp. algebraic).

Given a relation — on terms, let <+, —= and —* be its inverse, its reflexive
closure and its reflexive and transitive closure respectively. Let also — (t) = {t’ €
T | t — t'} be the set of reducts of ¢, and SN(—) (resp. SN”(—)) be the set of
terms (resp. of type T') that are strongly normalizable wrt —. Qur aim is to prove
the termination (strong normalization, well-foundedness) of — = —g U —pg.

Given a relation >, let >ex, >mu and >p0q respectively denote the lexico-
graphic, multiset and product extensions of >. Note that all these extensions
are well-founded whenever > is well-founded.

3 Computability

In this section, we remind the notion of computability predicate introduced by
William Tait [43/44] and extended by Jean-Yves Girard with the notion of neu-
tmﬂ term [19120]. Every type is interpreted by a set of computable terms of that
type. Since computability is defined so as to imply strong normalization, the
latter is obtained by proving that every term is computable.

In the following, we assume given a set R of rewrite rules.

Definition 1 (Reducibility candidates). A term is neutral if it is of the
form zv or of the form (Axt)uv. Let — = —3 U —pg. A reducibility candidate
for the type T is a set P of terms such that:

(1) P C SNT(—).

(2) P is stable by —: —(P) C P.

(3) If t : T is neutral and —(t) C P, then t € P.

Let Q% be the set of all reducibility candidates for the type T, and Ir be the
set of functions I from B to 27 such that, for all B € B, I(B) € Q%. Given an
interpretation of base types I € Zr, we define an interpretation [T]5 € Q% for
every type T as follows:

- [BlR =1(B),
— [T = UL = {v € SNTZV | vt € [T]h, vt € [U]%}.

? simple in [I9].



One can check that SN is a reducibility candidate for 7.
We now check that the interpretation of a type is a reducibility candidate.

Lemma 1. If I € Iy then, for all type T, [T]; € OF.

Proof. We proceed by induction on 7. The lemma is immediate for T' € B.

Assume now that [T]4 € Q% and [U]L € QY. We prove that [T = UJL, €

Q£=>U .

(1) [T = U]k € SNT=Y by definition.

(2) Let v € [T = U]k, v € —(v) and t € [T]%. We must prove that v't € [U]%.
This follows from the facts that [U]L € QY, vt € [U]% and v't € —(vt).

(3) Let v7=Y be a neutral term such that —(v) C [T = U]L and t € [T]%.
We must prove that vt € [U]%. Since v is neutral, vt is neutral too. Since
[U]L € QY, it suffices to prove that —(vt) C [U]L. Since [T]% € OF,
t € SN and we can proceed by induction on ¢t with — as well-founded
ordering. Let w € —(vt). Since v is neutral, either w = v't with v’ € —(v), or
w = vt’ with ¢ € —(t). In the former case, w € [U]% since v’ € [T = Ulk.
In the latter case, we conclude by induction hypothesis on . a

Finally, we come to the definition of computability.

Definition 2 (Computability). Let I be the base type interpretation such that
I(B) = SNB. A term t : T is computable if t € [T]%.

In the following, we drop the superscript I in [T].

We do not know how to prove that computability is stable by subterm before
proving that every term is computable. However, since, on base types, com-
putability is equivalent to strong normalization, the subterms of base type of a
computable term are computable. This is in particular the case for the arguments
of base type of a function symbol:

Definition 3 (Accessibility). For all f: T = B, let Acc(f) = {i | T; € B} be
the set of accessible arguments of f.

We now prove some properties of computable terms.

Lemma 2 (Computability properties).

(C1) If t, u and t% are computable, then (A\xt)u is computable.

(C2) If every symbol is computable, then every term is computable.

(C3) If ft is computable and i € Acc(f), then t; is computable.

(C4) A term ft : B is computable whenever t are computable and every head-
reduct of ft is computable.

(C5) A symbol f : T = B is computable if every head-reduct of ft is computable
whenever t : T are computable.

(C6) A symbol f is computable if, for every rule fl — r € R and substitution
o, ro is computable whenever lo are computable.



Proof. (C1) Since (Azt)u is neutral, it suffices to prove that every reduct is
computable. We proceed by induction on (¢,u) with —p.q as well-founded
ordering (¢ and u are computable). Assume that (Azt)u — v. If v = t¥,
then t' is computable by assumption. Otherwise, v = (Aat')u with ¢ — ¢/,
or v = (Axt)u’ with u — u/. In both cases, we can conclude by induction
hypothesis.

(C2) First note that the identity substitution is computable since variables are
computable (they are neutral and irreducible). We then prove that, for every
term ¢ and computable substitution 6, t6 is computable, by induction on t.

— Agsume that t = f € F. Then, t0 = f is computable by assumption.

— Assume that t = ¢ € X. Then, t6 = x6 is computable by assumption.

— Assume that ¢ = Azu. Then, t0 = Azuf. Let v : V computable. We must
prove that t6v is computable. By induction hypothesis, u8% is computable.
Since u# and v are computable too, by (, tf is computable.

— Assume that t = «V=7Tv. Then, t§ = ufvh. By induction hypothesis, u6
and v are computable. Thus, ¢ is computable.

(C3) By definition of the interpretation of base types.

(C4) By definition of the interpretation of base types, it suffices to prove that
every reduct of ft is computable. We prove it by induction on ¢ with —p.04q
as well-founded ordering (¢ are computable). Head-reducts are computable
by assumption. For non-head-reducts, this follows by induction hypothesis.

(C5) By definition of the interpretation of arrow types and (Cf4).

(C6) After ((5), it suffices to prove that every head-reduct of ft is computable
whenever t are computable. Let ¢’ be a head-reduct of ft. Then, there is
Il —r € R and o such that t = lo and ¢’ = ro. Thus, ¢’ is computable. O

4 Computability closure

After the properties ((J2) and (CJ6)), we are left to prove that, for every rule
fl — r € R, ro is computable whenever lo are computable. This naturally leads
us to find a set CCY(1) of terms ¢ such that to is computable whenever lo are
computable: the computability closure of I wrt f.

We can include I and close this set with computability-preserving operations
like applying a term to another or taking the accessible argument of a function
call.

We can also include variables distinct from FV(I) and allow abstraction on
them by strengthening the property to prove as follows: for all t € CCf(l), to is
computable whenever lo are computable and o is computable on FV () \ FV(I).

Now, to allow function calls, the idea is to introduce a precedence on function
symbols and a well-founded ordering > on function arguments.

So, we assume given a quasi-ordering >z on F which strict part >r =
>r \ <z is well-founded. Let ~r = >z N <z be its associated equivalence
relation.



We also assume that every symbol f is equipped with a status staty €
{lex, mul}, such that stat; = stat, whenever f ~z g, defining how the argu-
ments of f must be compared: lexicographically (from left to right, or from right
to left) or by multiset.

Definition 4 (Status relation). The status relation associated to a relation
> is the relation (f,t) >gat (9,u) such that f >z g or f ~r g and t >y, u.

Note that the status relation >4, is well-founded whenever > so is.
We now formalize the notion of computability closure.

Definition 5. A function CC mapping every fT=8 and 1T to a set of terms
CCf(l) is a computability closure if, for all fT=8 1T, r ¢ CCf(l) and 0, r0 is

computable whenever 10 are computable and 0 is computable on X \ FV(I).

We now check that the computability of symbols, hence the termination of
—gU—p by (, can be obtained by using a computability closure.

Lemma 3. If CC is a computability closure and, for all rule fl — r € R,
rE CCf(l), then every symbol is computable.

Proof. 1t follows from ((f6) and the fact that FV(r) C FV(1). O

Fig. 1. Higher-order computability closure

(arg) 1; € CCL(1)

gu € CCL() ie Acc(g)
u; € CCL (1)

(decomp-symb)

f>Fg
g€ CcL
~r g"=Y WY eccl) 1>l
gu € CCL (1)
u=Teccli) o ecclu
uv € CCL (1)
z ¢ FV(l)
x e CCL)
ue CCLil) z¢FV()
\zu € CCL (1)

(prec)

u

(call)

(app)

(var)

(lam)




We now present a computability closure similar to the one introduced in
[8l9] except that the relation > used for comparing arguments in recursive calls is
replaced by an abstract family of relations (>!);c7. We then prove the correctness
of this abstract computability closure under some condition.

Definition 6 (Closure-compatibility). A relation - is closure-compatible
with a family of relations (>') i1 if, for all 1 and 0, t0 = uf whenever t >' u,
t0 and ub are computable, and 0 is computable on X \ FV(I).

Note that any relation stable by substitution > is closure-compatible with
itself (the constant family equal to >). This is in particular the case of the
restriction of the subterm ordering > defined by ¢ > w if u is a subterm of ¢ and
FV(u) CFV(t).

Lemma 4. Let > = (>!)c7 be a family of relations. The function CCs de-
fined in Figure[1l is a computability closure whenever there exists a well-founded
relation on computable terms > that is closure-compatible with >.

Proof. We proceed by induction, first on (f,16) with >, as well-founded or-
dering (H1), and second, by induction on CCJ; 1) (H2).

(arg) ;0 is computable by assumption.

(decomp-symb) By (H2), guf is computable. Thus, after ((3)), u;0 is com-
putable.

(prec) By (H1), g is computable.

(call) By (H2), uf are computable. Since 1 >£tlatf u, > is closure-compatible
with >, 16 and w6 are computable, and 6 is computable on X'\ FV(I), we have
10 —gtat, ub. Therefore, by (H1), guf is computable.

(app) By (H2), uf and v8 are computable. Thus, ufvf is computable.

(var) Since x € X \ FV(I), 26 is computable by assumption.

(lam) Wlog we can assume that z ¢ codom(f). Thus, (Azu)f = Azuf. Let v : 7,
computable. After ((1), (Azuf)v is computable if uf, v and ub? are com-
putable. We have v computable by assumption and uf and w6 computable
by (H2). O

5 (B-normalized rewriting with matching modulo 387

In this section, we show how the notion of computability closure can be extended
to deal with HRS’s [39]. This extends our previous results on CRS’s and HRS’s
[5]. This computability closure approach seems simpler than the technique of
“neutralization” introduced by Jean-Pierre Jouannaud and Albert Rubio in [24].
However, the comparison between both approaches remains to be done.

In HRS’s, rewrite rules are of base type, rule left-hand sides are patterns a la
Miller [37], and rewriting is defined on terms in S-normal 7-long form as follows:
t =g u if there are p € Pos(t), l — r € R and ¢ in S-normal n-long form such
that t|, = lo |31, and u = t[ro |z1,]p.



We are going to consider a slightly more general notion of rewriting: (-
normalized rewriting with matching modulo (n, defined as follows: t —r g, u
if there are p € Pos(t), | — r € R and ¢ in B-normal form such that ¢|, is in
f-normal form, t|, =g, lo and u = t[ro],. Furthermore, we do not assume that
rules are of base type. However, in this case, one can check that, on terms in
p-normal 7-long form, =g C — g gp—5-

Matching modulo 37 is necessary when a rule left-hand side contains abstrac-
tions. Consider for instance the left-hand side [ = DAz(sin(Fz)). With matching
modulo a-conversion only, the term ¢t = DAz(sin«) matches p only if u is of the
form vz. In particular, DAz (sinz) does not match p. Yet, if one substitutes F
by Azw in I, then one gets D(Az(sin((Azu)z))) which S-reduces to t.

Take now | = DAx(Fz). With matching modulo a-conversion only, the term
t = Du matches [ only if u is of the form Azv. In particular, (D sin) does not
match [. Yet, if one substitutes F' by u in [, then one gets DAz (uz) which n-
reduces to ¢ since z ¢ FV(u) (by definition of higher-order substitution).

Higher-order patterns are terms in S-normal 7-long form which free variables
are applied to terms n-equivalent to distinct bound variables. Hence, if [ is a
pattern, ¢ and ¢ are in S-normal form and lo =g, ¢, then lo —5%,=n t, where
— 3, is the restriction of — 3 to redexes of the form (Azt)z, that is, (Azt)z —g, t
[37].

Now, for proving the termination of —3 U —g g, (hence the termination of
the HRS rewrite relation = g), it suffices to adapt the notion of computability by
replacing — g by — g gn. One can check that all the proofs of the computability
properties are still valid except the one for (C@ for which we give a new proof:

Lemma 5 (C@ A symbol f is computadle if, for every rule fl — r € R and
substitution o, ro is computable whenever lo are computable.

Proof. After (, for proving that f : T' = B is computable, it suffices to prove
that every head-reduct of ft is computable whenever ¢ : T' are computable. Let
t’ be a head-reduct of ft. Then, ft is in S-normal form and there are fl - r € R
and o such that flo «j =, ft and t" = ro. To conclude, it suffices to check
that lo are computable.

To this end, we prove that computability is preserved by n-reduction, 7-
expansion and fy-expansion. Let ¢t be a computable term and let u be a term
obtained from ¢ by n-reduction, n-expansion or Gy-expansion. We prove that w is
computable when u is of base type. If u is not of base type then, by applying it
to computable terms of appropriate types, we get a term of base type. On base
types, computability is equivalent to strong normalization. Thus, it suffices to
prove that every reduct of u is strongly normalizable. In each case, we proceed
by induction on ¢ with — as well-founded ordering (¢ is computable).

— Po-expansion: t «—g, u. If w —g u' then either ' = t is computable or,
by confluence of 3 and since [y makes no duplication, there is ¢’ such that
t =gt <5 u'. Now, if u —p v’ then, since R-redexes are in $-normal form,
the [p-redex is either above the R-redex or at a disjoint position. Thus, there
is u’ such that t — t’ <o «’. In both cases, we can conclude by induction
hypothesis.



— n-reduction: t —, u. If u —3 v’ then, by postponement of n wrt 3 (—,—3 C
Hgﬂf,), there is ¢’ such that ¢ HE t" —y u'. Now, if u —g v’ then, since
R-redexes are in (-normal form, either the n-redex is a S-redex and ¢t —g
u —pg t' = ', or there is ¢’ such that ¢ —g ' — /. In both cases, we can
conclude by induction hypothesis.

— n-expansion: ¢t «—, u. If u — v’ then either v’ = t is computable or, by
confluence of 3, there is t' such that ¢ —5 t' < u'. Now, if u —p u’ then,
since R-redexes are in 3-normal form, there is ¢’ such that t —g ' «* u/. In

n
both cases, we can conclude by induction hypothesis. a

By property ( and Lemma {4} it follows that — = —3U —p gy, is well-
founded if, for all rule fl — r € R, r € CCL(1).

Fig. 2. Decomposition rules for higher-order patterns

Myu e CCL(l) y ¢ FV(l)
u e CCL()
uy € CCL(1) y ¢ FV(l) UFV(u)
ue CCL)

(decomp-lam)

(decomp-app-left)

Now, for dealing with patterns a la Miller, we also need to add new decom-
position rules in the computability closure.

Lemma 6. The function CCs defined by the rules of Figure[1] and[3 is a com-
putability closure whenever there exists a well-founded relation on computable
terms that is closure-compatible with >.

Proof. We extend the proof of Lemma [d] with the new decomposition rules.

(decomp-lam) Let 6’ be the restriction of § to dom(6)\{y}. Wlog, we can assume
that y ¢ codom(f). Hence, (Ayu)f’ = Ayuf’. Now, since dom(f) C FV(u) \
FV(l), dom(¢’) € FV(Ayu) \ FV(1). Thus, by (H2), Ayué’ is computable.
Since y# is computable, (Ayufd’)yé is computable. Thus, by S-reduction, ud’ g‘g
is computable too. Finally, since y ¢ dom(6’) U codom(6'), uf'4’ = ué.

(decomp-app-left) Let v : 7, computable. Since dom(6) C FV(u)\FV(l) and y ¢
FV(l), dom(0;) = dom(0) U {y} € FV(uy) \ FV(l). Thus, by (H2), (uy)d; =
uflyv is computable. Since y ¢ FV(u), uf, = uf. Thus, uf is computable. O

6 Matching modulo some equational theory

In this section, we show how the notion of computability closure can be used for
proving the termination of the combination of S-reduction and rewriting with
matching modulo some equational theory E [48/21].



To this end, we assume that F is a symmetric set of rules, thatis,l - r € E
iff r — [ in E. By definition of rewrite rules (see Section , this implies that, for
alll — r € E, ris of the form gr and FV(I) = FV(r). This includes associativity
and commutativity but excludes collapsing rules like +0 — x and erasing rules
like x x 0 — O.

Then, rewriting with matching modulo can be defined as follow: ¢ —g g u if
there are p € Pos(t), | — r € R and o such that t|, —} lo and u = t{ro],.

Rewriting with matching modulo F is different from rewriting modulo F
which is —%—r. The point is that, with matching modulo E, no E-step takes
place above t|, when one rewrites a term ¢ at some position p € Pos(t).

Hence, we correct an error in [4] (Theorem 6) where it is claimed that — U
—%— g is terminating. What is in fact proved in [4] is the termination of — 3 U
—p, — R U—R, B, where £y and Ry (resp. E, and R,,) are the first-order (resp.
higher-order) parts of E and R respectively.

For proving the termination of —3U—g g, it suffices to adapt computability
by replacing —g by —g g. One can check that all the proofs of computability
properties are still valid except the one for (q@ for which we give a new proof:

Lemma 7 (C@ Let E be a symmetric set of rules. Assume that > is a well-
founded relation on computable terms closure-compatible with > and that, for
all rule fl - gr € E, v € CC’;(l). Then, f is computable if, for every rule
fl — r € R and substitution o, ro is computable whenever lo are computable.

Proof. By Lemma [4) CCs is a computability closure. After (, for proving
that f : T' = B is computable, it suffices to prove that every head-reduct of ft is
computable whenever ¢ : T' are computable. Let ¢’ be a head-reduct of ft. Then,
there is gl — r € R and o such that ft —%; glo and ¢’ = ro. By definition of
computability closure, lo are computable since ¢ are computable (induction on
the number of E-steps). Therefore, ro is computable. ad

By property ( and Lemma {4} it follows that — = —gU —p g is well-
founded if moreover, for all rule fI — r € R, r € CCL (1).

7 Higher-order data types

Uuntil now, we used the subterm ordering in (call). But this ordering is not strong
enough to handle recursive definitions on higher-order data types, i.e. data types
with constructors having functional recursive arguments. Consider for instance
a type P representing processes with a sequence operator ;: P = P = P and
a data-dependent choice operator X : (D = P) = P. Then, in the following
simplification rule [45]:

(XP);x — X)hy(Py; )

the term Py is not a subterm of X' P.



In this section, we describe an extension of the computability closure to
handle such definitions. It is based on the interpretation of “positive” higher-
order data types introduced by Nax Paul Mendler in 1987 [3435].

As usual, the set Pos(T) of positions in a type T is defined as words on {1, 2}.
The sets Pos™(T") and Pos™ (T') of positive and negative positions respectively are
inductively defined as follows:

— Pos’(B) = {¢}.
~ Pos’(T = U) =1-Pos™°(T) U2 - Pos’(U).

Let Pos(B,T) be the positions of the occurrences of B in 7. A base type B
occurs only positively (resp. negatively) in a type T if Pos(B, T) C Pos™ (T) (resp.
Pos(B,T) C Pos™ (T)).

Nax Paul Mendler showed that the combination of S-reduction and reduction
rules for a “case” or “match” construction does not terminate if a data type B has
a constructor having an argument in the type of which B occurs negatively (we
say that B is not positive). Take for instance ¢: (B=N) =B, f: B = (B=N)
together with the rule f(cx) —g x. Then, by taking w = Axfzx : B = N, we
have w(cw) — 5 f(cw)(ew) =g w(cw) —45 ...

He also showed that the set of all reducibility candidates is a complete lattice
for inclusion and that, if B is positive, then one can build an interpretation of
B as the fixpoint of a monotone functional on reducibility candidates, in which
the reduction rules for the case construction are safe. In this case, we can say
that every argument of a constructor is accessible. We extend this notion of
accessibility to every (defined or undefined) function symbol as follows.

Definition 7 (Accessible arguments). For every fT=8 € F, let Acc(f) =
{i < T| | Pos(B,T;) C Pos* (T,)}.

In our example, we have Pos(P,D = P) = {2} = Pos™(D = P) and
Pos(P,P) = {¢} = Pos™(P). Thus, Acc(X) = {1} and Acc(;) = {1,2}.

We now define the functional the least fixpoint of which will provide the
interpretation of base types.

Lemma 8. The function FL(B) = {t € SNP | VfT=Bt t —* ft = Vi ¢
Acc(f), t; € [T;]%} is a monotone function on Zg.

Proof. We first prove that P = F}(B) € Q8.

(1) P C SN® by definition.

(2) Let t € P, t' € —(t), f : T = B and t such that ¢ —* ft. We must prove
that t € [T]g. It follows from the facts that ¢ € P and t —* ft.

(3) Let t® neutral such that —(t) C P. Let fT=B t such that t —* ft and
i € Acc(f). We must prove that t; € [T;] g. Since ¢ is neutral, t # ft. Thus,
there is ¢ € —(t) such that ¢ —* ft. Since t' € P, t; € [Ti] r-

For the monotony, let <™ = < and <~ = >. Let I < J iff, for all B,

I(B) C J(B). We first prove that [T]% C° [T]# whenever I < .J and Pos(B,T) C
Pos®(T'), by induction on 7.



— Assume that T = C € B. Then, § = +, [T]% = I(C) and [T]% = J(C). Since
1(C) € J(C), [T]} € [T]k.

— Assume that T' = U = V. Then, Pos(B,U) C o ~(U) and POS(B7V) -
Pos’ (V). Thus, by induction hypothesis, [U]%, C~° [U]% and [V]5 C° [V]4.
Assume that § = +. Let t € [T]% and u € [U]%. We must prove that
tu € [V]#. Since [U]%L 2 [U]%, tu € [V]%. Since [V]L C [V]4, tu € [V]%-
It works similarly for § = —.

Assume now that I < J. We must prove that, for all B, F4(B) C F3(B).
Let B 6 B and t € FA(B). We must prove that ¢t € F{(B). First, we have
t € SN® since t € F}(B). Assume now that t —* fT=Bt and let i € Acc(f).
We must prove that t; € [T;]%. Since t € F4(B), t; € [T;]%. Since i € Acc(f),
Pos(B,T;) C Pos™ (T;) and [T;]% C [T3]%- O

Definition 8 (Computability). Let Ir be the least fizpoint of Fr. A term
t: T is computable if t € [T]4

In the following, we drop the superscript I in [[T]]%R.
One can check that all the proofs of computability properties are still valid
except the one for ((fd) for which we give a new proof:

Lemma 9 (qz[) A term ft : B is computable whenever t are computable and
every head-reduct of ft is computable.

Proof. We first need to prove that ft is SN. This follows from the previous
proof of ((fd). Assume now that ft —* gu and i € Acc(g). We prove that u;
is computable by induction on t with —p..q as well-founded ordering (¢ are
computable). If ft = gu, then u; = ¢; is computable by assumption. Otherwise,
ft — v —* gu. If v is a head-reduct of ft, then v and u; are computable.
Otherwise, we conclude by induction hypothesis. a

The least fixpoint of F'p is reachable by transfinite iteration from the smallest
element of Zg. This provides us with an ordering that can handle definitions on
higher-order data types.

Definition 9 (Size ordering). For all B € B and t € [B]g, let the size of t be
the smallest ordinal o8,(t) = a such that t € F3(0)(B), where F§ is the transfinite
a-iteration of Fg. Let =g be the union of all the relations =% inductively defined
on [T]r as follows:

—t =B wif B(t) > 0B (u).

~t =E=Uw if, for all v € [T]g, tv =Y uv.

In our example, we have [P[r = {t € SN” | VfT=Pt t —* ft = Vi €
Acc(f), t; € [Ti]r}. Since Acc(X) = {1}, if ¥ P € [P]r then, for all d € [D]g,
Pd € [P]r and o%(Pd) < o (X P).

We immediately check that the size ordering is well-founded.

Lemma 10. >y is a well-founded quasi-ordering containing — .



Proof. The relation =g is the union of pairwise disjoint relations. Hence, it
suffices to prove that each one is transitive and well-founded. We proceed by
induction on 7. For T € B, this is immediate. Assume now that (¢;);cy is an
increasing sequence for >£:>U. Since variables are computable, let = € [T]g. By
definition of =27V (t;2);cy is an increasing sequence for =%,. O

Fig. 3. Accessibility ordering

i€ Acc(g) be X\FV()
gA:BaA >t gB=BpB

(>base)

a>lbr e X\ (FV(b)UFV(D))

1
(>lam) Axa > b
(>red) M
a>lc
(>4 ) a>'b b>le
rans) ——————

a>le

We now define some relation strong enough for capturing definitions on
higher-order data types and with which > g is closure-compatible.

Lemma 11. =g is closure-compatible with the family (>')c7 defined Figure @

Proof. We prove that af > g b whenever a >! b, af and bf are computable, and
6 is computable on X \ FV(I).

(>base) By definition of Ir, or(gal) = a+ 1 and a;0 € [B = B]]g*. Since
b € X\FV(I) and 0 is computable on X\FV (), bf are computable. Therefore,
a;0b0 € If,(B) and ar(gab) > a > or(a;0b0).

(>lam) Let w : 7, computable. Wlog we can assume that = ¢ dom(6) U
codom(#). Hence, (Aza)d = Azxaf. We must prove that (A\zxaf)w =g bbw.
By B-reduction, (Araf)w =g af¥. By induction hypothesis, ad¥ -pr (bx)0Y.
Since z ¢ FV(b) Udom(f) U codom(h), (bx)0Y = bw.

(>red) By induction hypothesis and since —g C *g.

(>trans) By induction hypothesis and transitivity of > g. O

By property ((f2) and Lemma [} it follows that — = —sU—pg is well-
founded if, for all rule fl — r € R, r € CCL (1),

Note that we could strengthen the definition of (>!);c7 by taking in (>base),
when [ = f1, b € CCL (1) instead of b € X \ FV (1), making the definitions of >
and CCs mutually dependent. See [7] for details.



8 The recursive computability ordering

We now show how the computability closure can be turned into a well-founded
ordering containing the monomorphic version of Jean-Pierre Jouannaud and
Albert Rubio’s higher-order recursive path ordering [25].

Indeed, consider the relation CR(>) = {(fl,r) | r € CCL(),FV(r) C
FV(1),7(fl) = 7(r)} made of all the rules which right-hand side is in the com-
putability closure of its left-hand side. After ( and Lemma —5 U —=CR(>)
is well-founded whenever > is well-founded and stable by substitution. Hence,
CR(>) is itself well-founded and stable by substitution whenever > is well-
founded and stable by substitution.

We now observe that the function mapping > to CR(>) is monotone wrt
inclusion. It has therefore a least fixpoint that is stable by substitution and
which closure by context is well-founded when combined with — 3.

Lemma 12. The function mapping > to the relation CR(>) = {(fl,r) | r €
CC’;(I), FV(r) CFV(), 7(fl) = 7(r)} is monotone wrt inclusion on the set of
well-founded relations stable by substitution.

Proof. Assume that >; C >5. One can prove by induction on (fI,7) € CR(>1)
that (fl,r) € CR(>2). In the (call) case, we use the fact that the function
mapping > to >, 1S monotone wrt inclusion.

Now, assume that > is well-founded and stable by substitution. After ((2)
and Lemma |3 —3 U —cg(>) is well-founded. Thus, CR(>) is well-founded.
Now, one can check that CR(>) is stable by substitution whenever > is stable
by substitution. a

Definition 10. Let the weak higher-order recursive computability (quasi-) or-
dering >whorco be the least fixpoint of CR, and the higher-order recursive com-
putability (quasi-) ordering >yorco be the closure by context of >whorco-

In Figure 4] we give an inductive presentation of >},.¢, Obtained by replacing
u € CCL{(I) by fl > u in Figure (1} and adding a rule (cont) for the closure by
context and a rule (rule) for the conditions on rules.

Strictly speaking, >horco, like >horpo, is not a quasi-ordering. One needs to
take its transitive closure to get a quasi-ordering. On the other hand, one can
check that >yhoreo 1S transitive, hence is a true quasi-ordering (note that, if
t >whorco U, then ¢ is of the form ft).

Moreover, since >yhorco 18 not closed by context, it is better suited for proving
the termination of rewrite systems by using the dependency pair method [114213].

We now would like to compare this ordering with the monomorphic version of
>horpo Which definition is reminded in Figure @ To this end, we need to slightly
strengthen the definition of computability closure by replacing > by its closure
by context —~, and by adding the following deduction rule:

weCCLl) u>wv

ed) el




Fig. 4. Higher-order computability ordering

(rule)

(call)

(Cont) t >whorco U p € POS(C)
Clt]p >horco Clulp
t" >uY FV(u) CFV(t) T=U
t >whorco U
(arg) fl>1;
fl>gu i€ Acc(g)
(decomp-symb) >
>
(prec) 1229
fl>g
f ~r gU:U fl > UU l (>whorco)statf u
fl>gu
fl>uV=T fl>0Y
(app) >
(var) SEFVO
fl>zx
(lam) fl>u ¢ FV()
fl> Azu

One can check that all the properties are preserved. More details can be found
in [7]. Hence, we get the following additional deduction rules for >orco:

(call)

f~F gUéU fl> ul 1 (>horco)statf u

fl>gu

fl>u U >horco v
fl>v

(red)

We now prove that >phorpo is included in the transitive closure of >porco-

Lemma 13. >horpo Cc >Iorc0'

Proof. Note that FV(u) C FV(t) and T = U whenever t7 >,0p0 uY (>horpo 18

a set of rules).

We first prove the property (*): ft > v whenever ¢; >} . vor ft > v,
Assume that t; >} .., v. By (arg), ft > t;. Thus, by (red), ft > v. Assume now
that ft >horco U >t U By (red), it suffices to prove that ft > u. There are

two cases:

— ft = fatyb, u = fat}.b and t; >norco t),- We conclude by (call).



Fig. 5. HORPO [23]

P(f,t,u) = ft >horpo U V (3]) tj zhorpo u

(1) t’L Zhorpo u
fT:TtT

>horp0 UT

f >F g P(f7t7u)
FT=THT >0 gV =T 0l

(2)

f=rg staty =mul t (Shorpo)stat; U
fT:>TtT >horpo gU:>TuU

3)

J~rg staty =lex t (>horpo)stat; v P(f,t,u)
fT:>TtT >horpo gU:>TuU

__Pfitw)
fTi}Tt >h0rp0 uT

(4)

(5)

6 {t17t2} (>h0rpo)mul {’UJ,’LLQ}
( ) tU:>TtU =T,V
1 2 Ua

>horpo UY

t >horpo u
ATt >horpo ATU

(7)

— ft = flb, w = rb and fl >ynhorco - One can check that fIt > rt whenever
fl>r.
We now prove the theorem by induction on >porpo-

(1) By induction hypothesis, t; >}, u. By (arg), ft > t;. Since t; >norpo u
and ft >porpo U, ft — t; is a rule. Thus, ft >ywhoreco t; and, by (red),
ft >whorco U-

(2) By induction hypothesis, for all i, ft >1T0r00 u; or t; >;  u,;. Hence, by
(*), ft > u. By (prec), ft > g. Thus, by (app), ft > gu. Since ft — gu is
a rule, ft >whorco JU.

(3) By induction hypothesis, t (>} )mw u. Hence, by (*), ft > w. Thus, by
(call), ft > gu. Since ft — gu is a rule, ft >yhorco JU-

(4) By induction hypothesis, ¢ (>ix‘—orco)5tatf u and, for all ¢, ft >ﬂ'0rco Uu; Or
tj > oo Wi- Hence, by (*), ft > u. Thus, by (call), ft > gu. Since ft — gu
is a rule, ft >yhorco gU-

(5) By induction hypothesis, for all i, ft >/ w; or t; > . u,;. Hence, by
(*), ft > w; for all 4. Thus, by (app), ft > wu. Since (ft,u) is a rule,
ft >whorco U-

(6) For typing reasons, (t1,ul) (>horpo)prod (t2,u2). Thus, by induction hy-
pothesis, (t1,u1) (>1 . )prod (t2,u2). Hence, by (cont) and transitivity,
tito >;orc0 UL Us.



(7) By induction hypothesis, ¢ > . Thus, by (cont), Azt >;" - Azu. O

We observe that, if (6) were restricted to (1 >norpo U1 Ata = ua) V (11 =
U1 Ata >horpo U2), then we would get >horpo C >horco, Sinice this is the only case
requiring transitivity.

Note that >yorc0 can be extended with the accessibility ordering defined in
Figure [3] The details can be found in [7].

Finally, we remark that, when restricted to first-order terms, the recursive
computability ordering is equal to the usual first-order recursive path ordering
[4Tl/T4], the subterm rule being simulated by (arg) and (red).

Lemma 14. The relation defined in Figure[J] by the rules (arg), (decomp-symb),
(call) and the rule:

f>7g"=Y fl>uY
fl>gu

(prec-app)

is equal to the usual first-order recursive path ordering.

9 Conclusion

We show through various extensions how powerful is the notion of computability
closure introduced by Jean-Pierre Jouannaud and Mitsuhiro Okada. In partic-
ular, we show how it can easily be turned into a well-founded ordering con-
taining Jean-Pierre Jouannaud and Albert Rubio’s higher-order recursive path
ordering. This provides a simple way to extend this ordering to richer type dis-
ciplines. However, its definition as the closure by context of another relation is
not completely satisfactory, all the more so since one wants to combine it with
the accessibility ordering. We should therefore try to find a new definition of
HORPO that nicely integrates the notions of computability closure and accessi-
bility ordering in order to capture definitions on higher-order data types (data
types with constructors having functional recursive arguments).
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