MPRI - M2 - Quantum Cryptography and Codes 2025-2026

Exercise sheet 2

Exercise 1. Alice has a random bit b € {0,1} unknown to Bob. Consider the two

following states
2 1
|¢0> = \/;|00>XY + \/;|11>XY

1 1 1
W’l) = \/;|0+>XY + \/;|1_>XY + \/;|20>XY

1. Assume Alice sends p, = Trx(|t) (¢|) to Bob. Show that this doesn’t give him
any information about b.

2. Assume Alice sends |1p) to Bob. What is Bob’s optimal probability of guessing
b?

Solution: 1. Let p, = Trx|iy)(¢s|. We have

2 1
po = 31000+ [1)(1]

112 172\ 1/ 1/2 —1/2
p1:§<1/2 1/2 +§<—1/2 1/2>+

((1) 8) (2(/)3 123) = Po-

2. We write (o) = 3—535 = 222 We know that A(|¢ho) , [¢1)) = /T — [(to[thr) |2 =
V91— 326‘[ and we can compute from there 3+ M which corresponds to the
guessing probability. ]

Exercise 2. We consider the following bit commitment between Alice and Bob, with
a parameter o. In order to commit to a bit b, Alice chooses 2 random bits c1,cy st.
c1 b ca = b, creates

Wk (@) = Vala)la) +V1—ala)lea)
V5, (2)) = Vales) [e) + V1 —al@) ) .
and sends registers By, By to Bob. At the reveal phase, Alice reveals ¢y, co, and the

registers Ay, Ao. Bob checks that he has the state W’AlBl c1 > in registers Ay, By and
the state W 0B, (C2 > in registers Ay, Bs.

1. Let p. = TTAl|¢A1,Bl(2)><¢A1,Bl(3)| = TTAQ|¢,242,32(Z)><¢,242,B2(Z>|- Give the
expression of py and py as a function of «.
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2.
3.

Write a description of the following states: py @ po, po @ p1, p1 X po, p1 X P1-

Let &, be the state that Bob receives from Alice after the commit phase. Show
that

o = %(az + (1= a)*) (|00)(00] + [11)(11]) + (a(L — «)) (|01)(01] + [10)(10])

& = %(aQ + (1= a)?) (|01){01] + [10){10]) + (a(1 — a)) (|00){00] + [11){11])

Assume Bob wants to guess b from &, after the commit phase. What is his
optimal probability Py of guessing b? Give a measurement that achieves this
optimal probability.

Recall that Alice’s optimal cheating probability is P} = %—i— %F(ﬁo, &1). Compute
this cheating probability. For what value of o do we have P}y = Py ?

Find a strategy for Alice that allows her to reveal both b = 0 and b = 1, each
with probability Py

Solution:

1.

p= = alz)(z[ + (1 = ) [2)(z].

o ® pzy = &Pl 2120) (2122] + a(1 — @) (|21Z2) (21 72| + [7122) (F122]) + (1 — @)?|7122) (7122

. &0 = 5(po ® po) + 5(p1 ® p1) and & = 5(po ® p1) + 5(p1 @ po). We obtain the

result by pluggin in the expression from the previous question.

Ppy =1 4 288D We have

A&, &) =2-=(®+ (1 —a)®* —2a(l — @) = (2o — 1)*.

DN | —

and Pj = 1+ 1(2a — 1)%. You can get this probability by measuring in the
computational basis, and outputting b = ¢; & ¢y where ¢, ¢o are the 2 outcomes.
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Fle,) = 1/ (0 + (1 - 02) (a1~ ).

From there, we have

P % + 2\/% (62 + (1 a2)) - (a(1 — a))).

6. Didn’t have time to write it, sorry :(.



