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We want a proof-system
where isomorphic proposi-
tions have the same proofs
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Minimal second order propositional logic

Mx:AFt:B rMN-t:A=_=B N-s:A
Mx:AFx: A N-Xixt:A= B M-ts: B
Frt:A MN-t:vX.A
X ¢ Fv(I)

MEt:VX.A Met:AB/X]
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Minimal second order propositional logic

Mx:AFt:B rMN-t:A=_=B N-s:A
Mx:AFx: A N-Xixt:A= B M-ts: B
Frt:A N-t:vXxX.A
———— X ¢ FV() -
M-t:vX.A M=t: AB/X]

Adding conjunction
-t:A Tkr:B
- t+r :AAB

We want AAB=BAA We write
AN(BAC)=(AAB)AC t4r=r+t
SO <t,r>:(r,t> t+(r—|—5):(t+r)+5

<t’ <r’ S>> = <<ta l’>, S>

Ax.(t+r) = Ax.t+ Axr

Also A= (BAC)= (A= B)A (A= C) induces (t+1)s = ts+rs
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What about A-elimination?

rN-t+r:AANB
MNe=m(t+r): A

4/10



What about A-elimination?

FrNt+r:AAB FrNCt+r:BAA
_— ButAAB=BANAll —M ———
MNe=m(t+r): A MN-=m(t+r): B
Moreover

t+r=r+t som(t+r)=m(r+t)!!

4/10



What about A-elimination?

lrt+r:AAB FrEt+r:BAA
_ ButAAB=BAAll —M
MNe=m(t+r): A MN-m(t+r): B
Moreover

t+r=r+t som(t+r)=m(r+t)!!

Workaround: Church-style. Project w.r.t. a type

If THt:A then ma(t+r)—t

4/10



What about A-elimination?

lrt+r:AAB FrEt+r:BAA
_ ButAAB=BAAll —M
MNe=m(t+r): A MN-m(t+r): B
Moreover

t+r=r+t som(t+r)=m(r+t)!!
Workaround: Church-style. Project w.r.t. a type
If THt:A then ma(t+r)—t

This induces non-determinism

THe:A L mat

L ma(t

4/10



What about A-elimination?

lrt+r:AAB FrEt+r:BAA
_ ButAAB=BAAll —M
MNe=m(t+r): A MN-m(t+r): B
Moreover

t+r=r+t som(t+r)=m(r+t)!!

Workaround: Church-style. Project w.r.t. a type

If THt:A then ma(t+r)—t

This induces non-determinism

N-t: A

L ma(t

We are interested in the proof theory
and both t and r are valid proofs of A
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The calculus

Types
ABC:=X|A=B|AAB|VX.A

Equivalences
ANB
(ANB)AC
A= (BAC)

BAA
AN(BAC)
(A= B)A(A= ()
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(AABYAC = AAN(BACQ)
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The calculus

Types Mx:AFt:B
AB,C:=X|A=B|AAB|VX.A - . — =1
’ | | | Mx:AbEx:A T-xAt: A= B

Equivalences
AANB = BAA lrMN-t:A=_B lEs: A
(AAB)AC = AA(BAC) : =E
A= (BAC) = (A=B)A(A= C) MFhts:B
Fr-t: A ><g/:\/(r)v M-t:vX.A v
Terms T Avae. . uv A L+l Ao vl VE
t,rs = xA | AxAt | tr | AX.t | t{A} FEAXE: VXA M-t{B}: A[B/X]
[ttr]mat) TFt:A TFr:B F-t:AAB
Reduction rules Ai -
XA < tr/x] NrN-t+r:AAB IMEma(t): A
(AX2){A} — t[A/X] _ _
mat+r) st (T Ft:A) FTrt:A A=8B
t+r Sr+t Ft: B
(t+r)+s St+(r+s)
(t+r)s Ststrs Theorem (Subject reduction)

AA(t+1) S A+ AxAr
Tasp(t)r S mp(tr) If THFt:A and t—r then ThFr:A

(ifret: A= (BACQ)) with = ;= << or S



Example (1)

FAXAE x: (AAB) = (AN B)

6/10



Example (1)

FAXAE x: (AAB) = (AN B)

(AAB)= (AAB) =  ((AAB)= A)A((AAB)= B)

6/10



Example (1)

FAXAE x: (AAB) = (AN B)
(AAB)= (AAB) = (AN B) = A)A((AA B) = B)

Hence
F TanBy=a(Ax*ME.x) 1 (ANB) = A

6/10



Example (1)

FAxAE x (AAB) = (AAB)

(ANB)= (AAB) = ((AANB)= A)A((AAB)= B)

Hence
F TanBy=a(Ax*ME.x) 1 (ANB) = A

Let Fr:AAB

6/10



Example (1)

FAxAE x (AAB) = (AAB)

(ANB)= (AAB) = ((AANB)= A)A((AAB)= B)

Hence
F TanBy=a(Ax*ME.x) 1 (ANB) = A

Let Fr:AAB

F mang)sa(AXME x) 1 A

6/10



Example (1)

FAxAE x (AAB) = (AAB)

(ANB)= (AAB) = ((AANB)= A)A((AAB)= B)

Hence
F TanBy=a(Ax*ME.x) 1 (ANB) = A

Let Fr:AAB

F mang)sa(AXME x) 1 A

W(AAB);»A()\XAAB-X)Y = WA(()\XA/\B.X)I’) N 7a(r)
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Example (1)

TF = bENE (x4 y)
FTF : B=B= (BAB)

B=DB= (BAB) = B=B=DB)A(B=B=DB)

FWIB:HBbB(TF) B=B=0DB
Let Ft:B and Ff:B

W]Bé[gg:ﬂg(-n:) tf < 71']3:>]B;((TF)t) f S WB((TF)tf)

c/t

\f

— 7T]B;(t + f)
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Confluence (some ideas)

Of course, a non-deterministic calculus is not confluent!

Counterexample Ta(x* + y?)
XA g B %
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Confluence (some ideas)
Of course, a non-deterministic calculus is not confluent!

Counterexample Ta(x* + y?)

X
~ ~ Y
N A

However, we can prove it keeps some coherence

» Confluence of the deterministic fragment

» Confluence of the “term ensembles”

e.g. t
{I’,’},’ t/
N

{r?},- [Arrighi,Diaz-Caro,Gadella,Grattage’08]



Conclusions (with some examples)

Proof system

Let t be a proof of A
and r be a proof of B
so t + r is a proof of both AA B and BA A

Non deterministic calculus
t = AX X yX.x fF = AX XAy Xy
B=VXX=X=X

Ft+f:BAB
Frp(t+ ) : B

e

t fF

So far:
- Proof system where (three) isomorphic types get the same proofs
- Non-deterministic calculus
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Future directions (open problems)

Can we continue adding Di Cosmo’s isomorphisms?

eg. ANT=Ainducest+0Stand A= T =T induces Ax.0 =0
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Future directions (open problems)

Can we continue adding Di Cosmo’s isomorphisms?

eg. ANT=Ainducest+0Stand A= T =T induces Ax.0 =0
Butif T=T=T then - (AxT.xx)(AxT.xx) : T (wrong)

A more interesting open question:

Can we use this no determinism to define a probabilistic/quantum
language?

Some clues:

» Similar to the linear-algebraic lambda-calculus [arrighi,Dowek]
» We need call-by-value (no-cloning)
> In call-by-value,

t(r+s) Str+ts

But (AANB)=C Z (A= CO)A(B= ()
Workaround: Use polymorphism: VX.X = Cx

[Arrighi,Diaz-Caro]
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