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M,N:=x| AXxM| (M)N|M+N|aM]|O0

Beta reduction:
(Ax-MYN — M[x := N|

“Algebraic” reductions:
a.M+ M — (a+ 58).M,
(M)(Nl + Nz) — (M)Nl + (M)N27

(oriented version of the axioms of vectorial spaces)
Two origins:
» Differential A-calculus: capturing linearity 4 /a Linear Logic
— Removing the differential operator: Algebraic A-calculus (Aaig) [Vaux’09]
» Quantum computing: superposition of programs

— Linearity as in algebra: Linear-algebraic A-calculus (Aiin)
[Arrighi,Dowek’08]



M,N:=x| XxM| (M)N|M+N|aM]|O0

Beta reduction:
(Ax-MYN — M[x := N|

“Algebraic” reductions:
a.M+ M — (a+ 58).M,
(M)(Ny + No) - _(M)/Vl + (M)N;,

(oriented version of the axioms of vectorial spaces)

)\alg )\Iin
Origin  Linear Logic  Quantum computing
Strategy Call-by-name Call-by-value
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Solution 1 (Ajn):
B+Y, —1).Y,
i 31’( )-Ye a.M+B.M = (a+ B).M
B* only if M is closed-normal

and others similar restrictions

Solution 2 (Aaig):

Only positive numbers 5°|Uti°_" 3:
Ye+Ys — B+Yg+Ys — B+2Yg  forbid ool (type system)
{
2.Yp ... and equalities

Objective: to forbid oo — oo‘
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Possible type systems

Straightforward extension of a classic type system

r=m:T1 r=N:T r-=m: T
T S F
Fr’-=M+N:T rMN-aM: T :
Pros: Cons:
» Simple » Too restrictive

Scalar type system [Arrighi, Diaz-Caro 2009]

r=M:a.T Fr=N:p.T r-mM:T
o ———a; T a7V
r-M+N:(a+p).T rcaM:a.T r-0:0.7
Pros: Cons:
» Characterises the 'amount’ » Still too restrictive

of terms
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Possible type systems

Additive type system [piaz-Caro, Petit 2010]

rEmM: T r’EN:R FEM:T
+i o tigg
rEM+N:T+R aM:a. +0
Pros: Cons:
» More versatile » Defined for a fragment
» Interpretation in System F (no scalars!)
with pairs
Vectorial type system [Arrighi, Diaz-Caro, Valiron 2011]
r=m:T r'-N:R r=m:T r=M: T
+ —_— — 0y
rN-M+N:T+R N-aoaM:aT r=0:0.7
Pros: Cons:
» Much more versatile » Complex
» Good characterisation of » Overkill (confluence!)
terms

Idea: extend Additive ‘
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ldea: \CA - Extend additive

Key idea

r=M: T
r-aM:|la.T=T+---+T
—_——

Lo

If-M: T, thent (0.9).M+ (1.1).M: T

(0.9).M+ (1.1).M »2.M and +2.M:2.T

Theorem (weak subject reduction)
M—-NTEM:T=TFN:RwithT <R
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Unicity of types

Second problem:
M+M—=2M

fr=M:TandTEFM:R TF2.M:?

Solution: Church style
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Confluence

Local confluence + Strong normalisation = Confluence

» Local confluence: Coq proof.

» Strong normalisation:
Plan

» Translation from to Ajin (i.e. remove annotations)
» Preservation of reduction by the translation

» Typability in A®A = Typability in Vectorial

» SN in Vectorial = SN in \“*

)\CA
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Strong normalisation

Lemma

There is no infinite sequence reduction consisting only of type beta rules
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Strong normalisation

Lemma

Proof.
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Lo
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Abstract interpretation

Translation to additive:

Lo
T(a.M) = Z (M)

i=1

Theorem (Abstract interpretation)

Lemma (Typing preservation)

12/15



Abstract interpretation

ACA T Aadd Fp

~l/ ia ~LF
() ()

\CA Aadd F,
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Contributions

“Powerful” alternative to Vectorial (extension of Additive)
(weak) Subject reduction

Strong normalisation (via translation to Vectorial)
Confluence (via SN)

Abstract interpretation in System F with pairs (via Additive)

vV v.v vy

14/15
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Taking also the ceil to have intervals... [Philippe Jorrand]
FaM:[laf,[a]]l.T

(better approximations)

> pairs to represent negatives... [Simon Perdrix]
FaM:(la],*).T F—a.M:(x|a]).T
» Complexes... [Simon Perdrix]

= (a = Bi).M:[(lal, %), (x [B)]. T
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