Computational Methods in Linear Control Theory

Daniel Robertz

Lehrstuhl B für Mathematik RWTH Aachen Templergraben 64 D-52062 Aachen Germany

21/11/02

1 Introduction

Over decades, lots of efforts have been dedicated with success to the analysis and synthesis of systems evoluating with (continuous or discrete) time. These systems are seen as dynamical systems (linear or non-linear, deterministic or stochastic) and are studied by means of different techniques adapted from differential geometry, functional analysis, algebra and probability.

However, over the last thirty years, from practical and theoretical reasons, different new classes of systems have been introduced such as differential time-delay systems, partial differential equations (PDE) with boundary control and observation, multidimensional systems, hybrid systems, repetitive systems, (multidimensional) convolutional codes. . . All these classes of systems are characterized by the fact that they are governed by new types of mathematical equations and need new techniques in order to analyze their structural properties and synthesize new control laws.

With this growth of new types of control systems, we are led to generalize certain well known results and techniques so that they can be used for more general classes of systems. However, it happens that sometimes we need to develop new concepts and tools because it is no more possible to extend the previous ones to a more general class of systems. When such a change of viewpoint appears, it usually gives a better understanding to what was previously known.

2 Scientific context of the project

The study of the algebraic structural properties of linear systems has clearly required the use of more and more powerful algebraic techniques. Let us illustrate this idea. In the seventies, the wish to study transfer matrices instead of transfer functions has led to the development of the polynomial approach [15] in which canonical forms of matrices of univariated polynomials were studied (e.g. Hermite and Smith forms, invariant factors, left/right/doubly coprimeness, diophantine equations. . . ).

By the middle of the seventies, people became more and more interested in studying the canonical forms and primeness of polynomial matrices with two and three variables (i.e. with entries in k[x_1, x_2, x_3]). Indeed, generalizing linear systems defined by ordinary differential equations to differential time-delay systems (R[s, z]), ordinary differential equations with parameters,

2-D and 3-D filters or circuits, systems over a ring . . . [4, 5, 18, 35, 38, 39], they had to face the case of systems described by means of matrices with entries in a multivariate polynomial ring. All these new systems were called 2-D or 3-D systems and, more generally, linear multidimensional systems. One quickly realized that canonical forms such as Hermite, Smith and Popov forms did not exist anymore for matrices with entries in a polynomial ring with more than one variable.

Therefore, it is not very much surprising that, in the eighties, Gröbner bases were introduced in the study of linear multidimensional systems [6]. Let us notice that the – nowadays classical – paper of B. Buchberger on Gröbner bases was first published in the book of N. K. Bose [5] on linear multidimensional systems. Hence, it seems that the control theory community was one of the first mathematical communities to be interested in symbolic methods and computer algebra. A Gröbner basis reduces a system of polynomials to a certain normal form by respect to a certain ordering in the variables x_i [36]. It is an extension of the Gauss elimination algorithm to polynomial rings. However, Gröbner bases are just effective techniques for the computation of certain information on a matrix of polynomials: this theory does not introduce new general concepts for studying systems defined by means of polynomial matrices. Gröbner bases are now available in any symbolic software (e.g. the standard Maple).

In [16], R. E. Kalman has developed a module theory approach to 1-D systems, i.e. for linear time-invariant ordinary differential systems. More precisely, using the Laplace transform, he was led to study polynomial and rational matrices in one variable s. The introduction of module theory for multivariate polynomial rings in control theory was still missing. Indeed, module theory classifies the different intrinsic properties of linear systems. It gives a methodology for the study of algebraic properties of linear multidimensional systems. In the nineties, this step was done by U. Oberst when he introduced the idea of studying linear multidimensional systems (defined by matrices with entries in a commutative polynomial ring) by means of algebraic analysis and Gröbner bases [19]. In particular, he generalized and found intrinsic formulations of the different concepts of primeness previously defined in [4, 5, 38, 39]. Moreover, using algebraic analysis techniques, he was able to develop a perfect duality between his module theory approach to control systems and the behavioural one developed by J. C. Willems and his school for 1- D systems. Since the end of the nineties, a behavioural approach to linear multidimensional systems has been successfully developed in the literature. See [21, 40] for more details and references therein.

Algebraic analysis was developed in the seventies in order to study general systems of partial differential equations (PDE) with constant and variable coefficients using differential module theory and functional analysis [17, 20]. In the same years as [19], J. F. Pommaret was studing underdetermined systems of PDE coming from mathematical physics (e.g. elasticity, electromagnetism, hydrodynamics . . . ). He showed that this class of systems generalized classical linear multidimensional systems defined over commutative polynomial rings. See [23] for more details and references therein. Moreover, the work of M. Fliess on linear systems defined by ordinary differential equations with variable coefficients [10] also illustrated the need to pass from the polynomial point of view to the differential operators’ one. Nowadays, this theory is called partial differential control theory [23]. Let us notice that this theory generalizes the theory of multidimensional systems but has not (yet) links with infinite dimensional systems [7] in which the control and observation appear on the boundary of the domain (see the last point of the next section).

Finally, homological algebra has been introduced in [28] for the study of partial differential control theory. This has led to generalizations of classical results on the analysis and synthesis of linear multidimensional systems. Moreover, using the formal theories of PDE (Spencer theory,

Janet-Riquier theory, differential algebra, Gröbner bases for differential operators), the algebraic structural properties of such systems can effectively be checked using different algorithms developed in [28, 29, 30, 31, 32]. Hence, we are now in position to test effectively the algebraic properties of linear multidimensional systems (controllability, observability, flatness, poles and zeros, equivalences . . . ), compute different parametrizations of the systems (motion planning, tracking, π-polynomials) and propose certain feedback laws (poles placement, diophantine equations, Youla-Kucera parametrization of the controllers, optimal controllers). These different results can be applied at the same time to differential time-delay systems [12, 13, 32, 34], systems over rings [1, 35] and time-varying ordinary differential systems [10].

3 Aim of the project

Using the recent progress of Gröbner bases for differential operators, we are now in position to develop symbolic packages for the study of general linear multidimensional systems and partial control systems. Certain of the previous algorithms have recently been implemented by F. Chyzak and A. Quadrat using the library Mgfun of Maple (developed by the project ALGO at INRIA Rocquencourt). For instance, we are now able to check whether or not a linear multidimensional system is flat [11] and compute effectively its parametrizations (motion planning, tracking, π-polynomial).

Recently, J. F. Pommaret and A. Quadrat have visited my home institute at RWTH Aachen (Germany) during summer 2002. They lectured on linear multidimensional control systems and partial differential control theory. As I have improved an existing implementation of Janet’s algorithm [14, 2, 3] in my diploma studies, I have also started to develop new routines computing the parametrizations of underdetermined systems of partial differential equations. Let us notice that a Janet basis gives more information on a linear system of PDE than a Gröbner basis. Moreover, our experience shows that C++ implementations in this area are faster than Maple implementations by a factor 1000.

This is why I believe that the development of a package using Janet bases in C++ could supersede what F. Chyzak and A. Quadrat have already done in Maple. A part of the project is to develop such a package under the supervision of A. Quadrat (CAFE project, INRIA Sophia Antipolis), using the expertise of the CAFE project on efficient symbolic computations (M. Bronstein). Such a package will allow anybody, unfamiliar with algebraic analysis and Gröbner/Janet bases, to check certain structural properties of linear multidimensional systems and to obtain certain control laws.

Secondly, it seems that we can easily extend partial differential control theory [23] to larger classes of systems including repetitive systems, codes, time-varying differential time-delay systems, finite difference or q-difference systems . . . Indeed, recent work of F. Chyzak has shown that Gröbner bases still exist over a large class of non-commutative rings called Ore algebra. In particular, this class includes ordinary differential equations (polynomial or rational coefficients), partial differential equations (polynomial or rational coefficients), difference systems, q-difference systems . . . Simple rules of commutation are needed to define an Ore algebra which allows us to mix different functional operators (partial differential operators, delay operators, difference or q-difference operators, delay systems over a finite field. . . ). We believe that the results of [28] can easily be extended to this framework and be applied to certain classes of hybrid systems. Finally, the development of Janet bases for Ore algebras also seems to be an interesting new idea.

Thirdly, I want to understand which of the previous results can be extended to non-linear systems. I hope to learn some deeper differential algebra at INRIA Sophia Antipolis to treat some classes of non-linear systems. At a first step, I will learn the content of the papers [8, 9] on effective techniques for non-linear control systems defined by ordinary differential equations. Using the package diffalg of Maple developed by E. Hubert (CAFE project, INRIA Sophia Antipolis), the different algorithms of [8, 9] can nowadays easily and efficiently be developed on Maple 8. Using the fact that the classical Janet algorithm can be carried over to quasi-linear systems, it would be interesting to see if Janet bases can used instead of characteristic sets [8, 9].

To finish, the problem of parametrizing a non-linear system of ordinary/partial differential equations is called the Monge problem. A common group of the projects MIAOU (J.B. Pomet, L. Baratchard) and CAFE has been working on this problem. Hence, I could learn the state of art on this question attending this group.

Finally, I also want to use the opportunity to be at INRIA Sophia Antipolis to learn more on the module approach to linear infinite dimensional systems [7, 37] as it is developed in [30, 31, 32, 33] for robust stabilization problems. I also want to study the connections (recently developed by J. Tervo and A. Quadrat) between linear multidimensional systems and infinite dimensional systems using Boutel de Monvel algebras and pseudo-differential operators.

References

[1] Assan, J. (1999). Analyse et synthèse de l’approche géométrique pour les systèmes linéaires sur anneau, PhD Thesis, IRCCyN, France.

[2] Blinkov, Y. A., Cid, C. F., Gerdt, V. P., Plesken, W. and Robertz, D. (2002). The Maple Package “Janet”: I. Polynomial Systems, to be submitted to Journal of Symb. Comp..

[3] Blinkov, Y. A., Cid, C. F., Gerdt, V. P., Plesken, W. and Robertz, D. (2002). The Maple Package “Janet”: II. Linear Partial Differential Equations, to be submitted to Journal of Symb. Comp..

[4] Bose, N. K. (1982). Applied Multidimensional Systems Theory, Van Nostrand Reinhold.

[5] Bose, N. K. (1985). Multidimensional Systems Theory, D. Reidel.

[6] Buchberger, B. (1985). “An algorithmic method in polynomial ideal theory”, in N. Bose ed.

Multidimensional Systems Theory, D. Reidel, 1985, pp. 184-232.

[7] Curtain, R. F. and Zwart, H. J. (1991). An Introduction to Infinite-Dimensional Linear Systems Theory, TAM 21, Springer-Verlag.

[8] Diop, S. (1991). “Elimination in control theory”, Math. Control Signals Systems, 4, pp.

17-32.

[9] Diop, S. (1992). “Differential algebraic decision methods and some applications to system theory”, Theoret. Comput. Sci., 98, pp. 137-161.

[10] Fliess, M. (1990). “Some basic structural properties of generalized linear systems”, Systems and Control Letters, 15, pp. 391-396.

[11] Fliess, M., Lévine, J., Martin, P. and Rouchon, P. “Flatness and defect of nonlinear systems:

introduction theory and examples”, Int. J. Control, 61, pp. 1327-1361.

[12] Fliess, M. and Mounier, H. (1998). “Controllability and observability of linear delay systems:

an algebraic approach”, ESAIM Control, Optimization and Calculus of Variations,3, pp. 301-314.

[13] Habets, L. (1994). Algebraic and Computational Aspects of Time-delay Systems, PhD Thesis, Eindhoven.

[14] Janet, M. (1929). Leçons sur les systèmes d’équations aux dérivées partielles, Cahiers Scientifiques IV, Gauthier-villars.

[15] Kailath, T. (1980). Linear Systems, Prentice-Hall.

[16] R. E. Kalman, P.L. Falb and M.A. Arbib, Topics in Mathematical System Theory, McGraw- Hill (1969).

[17] Kashiwara, M. (1970). Algebraic Study of Systems of Partial Differential Equations, Mémoires de la Société Mathématiques de France, 63 (1995) (english translation).

[18] Morf, M., Lévy, B. C. and Kung, S.-Y. (1977). “New results in 2-D systems theory, part I:

2-D polynomial matrices, factorization, and coprimeness”, Proceedings of IEEE, pp. 54-65. [19] Oberst, U. (1990). “Multidimensional Constant Linear Systems”, Acta Appl. Math., 20, pp.

1-175.

[20] Palamodov, V. P. (1970). Linear Differential Operators with Constant Coefficients, 168, Springer-Verlag.

[21] Pillai, H. K. and Shankar, S. (1999). “A behavioural approach to control of distributed systems”, SIAM J. Control Optim., 37, pp. 388-408.

[22] Polderman, J. W. and Willems, J. C. (1998). Introduction to Mathematical Systems Theory.

A Behavioral Approach, TAM 26, Springer.

[23] Pommaret, J. F. (2001). Partial Differential Control Theory, Kluwer. [24] Pommaret, J. F. and Quadrat, A. (1998). “Generalized Bezout identity”, Applicable Algebra in Engineering, Communication and Computing, 9, pp. 91- 116.

[25] Pommaret, J. F. and Quadrat, A. (1999). “Localization and parametrization of linear multidimensional control systems”, Systems and Control Letters, 37, pp. 247-260.

[26] Pommaret, J. F. and Quadrat, A. (1999). “Algebraic analysis of linear multidimensional control systems”, IMA J. Control and Information, 16. pp. 275-297.

[27] Pommaret, J. F. and Quadrat, A. (2000). “Formal elimination for multidimensional systems and applications to control theory”, Mathematics of Control, Signals, and Systems, 13, pp. 193-215.

[28] Quadrat, A. (1999). Analyse algébrique des systèmes de contrôle linéaires multidimensionnels, PhD Thesis, Ecole Nationale des Ponts et Chaussées, France.

[29] Quadrat, A. (2000). “Extended Bézout identities”, ECC, Porto (Portugal).

[30] Quadrat, A. (2001). “The fractional representation approach to synthesis problems: an algebraic analysis viewpoint. Part I: (weakly) doubly coprime factorizations. Part II: internal stabilization”, to appear in SIAM J. Control Optim..

[31] Quadrat, A. (2002). “On a general structure of the stabilizing controllers based on the stable range”, submitted to SIAM J. Control Optim..

[32] Quadrat, A. (2002). “On a generalization of the Youla-Kucera parametrization. Part I: The fractional ideal approach to SISO systems”, submitted to Systems and Control Letters.

[33] Quadrat, A. (2002). “A behavioural interpretation to the operator-theoretic approach to stabilizability. Part I: SISO systems”, submitted to SIAM J. Control Optim..

[34] Rocha, P. and Willems, J. C. (1991). “Controllability of 2-D systems”, IEEE Trans. on Automat. Control, 36, pp. 413-423.

[35] Sontag, E. (1976). “Linear systems over commutative rings”, Richerche di Automatica, 7, pp. 1-34.

[36] Vasconcelos W. V. (1998). Computational Methods in Commutative Algebra and Algebraic Geometry, Springer.

[37] Vidyasagar, M. (1985). Control System Synthesis: A Factorization Approach, MIT Press, Cambridge.

[38] Youla, D. C. and Gnavi, G. (1979). “Notes on n-dimensional system theory”, IEEE Trans.

Circuits Syst., 26, pp. 105-111.

[39] Youla, D. C. and Pickel, P. F. (1984). “The Quillen-Suslin theorem and the structure of ndimensional elementary polynomial matrices”, IEEE Trans. Circuits Syst., 31, pp. 513-518.

[40] Zerz, E. (2000). Topics in Multidimensional Linear Systems Theory, Lecture Notes in Control & Information Sciences, Springer.