[> restart:

> with(LinearAlgebra):
> with(OreModules):

> march('open’,
"/Users/aquadrat/Documents/Travail/maple/Personnel/RankFactorizati
onProblem.mla"):

libname := "/Users/aquadrat/Documents/Travail/maple/Personnel", 1)

"/Library/Frameworks/Maple.framework/V ersions/2023/lib",
"/Users/aquadrat/Documents/Travail/maple/Personnel/RankFactorizationProblem.mla"

[ > with(RankFactorizationProblenm);
[AntiDiagonal, CentroHermitian, Factorization, FiniteFreeResolution, Fittingldeal, 2)

IsCentroHermitian, IsInvertible, IsNilpotent, IsSolution, LeeMatrix, LeftLift, Lift,
LocalSyzygyModule, RankFactorization, ReducedSyzygies, RightLifi, Saturation, Simplification,
Solutions, Syzygies |

[> R := DefineOreAlgebra(seq(diff=[x[1],t[i]],i=1..4),polynom=[seq(t
[i]1,1i=1..4)]):

[ Example 1 of Inria Report 9438

(> M := Matrix([[1,0$2,1],[0$4]1,[0%$4],[1,0%$2,1]1]);
(10 0 1|
0000
M= 0000 @
100 1|
> D1 := Matrix([[1,0$3],[0$4],[0$4],[0$3,-11]);
(100 0 |
o000 0
DI = 000 0 4
(000 —1 |
> D2 := Matrix([[0$4],[0,1,0%$2],[0%$2,-1,0],[0%$4]1);
)




o

- o 2

1

Ore_algebra, ["diff", "diff", "diff", "diff", "diff" ], [tl, by by by _t], [

00 0 0
01 0 0
D2 =
00 —1 0
(00 0 0
> D3 := Matrix([[0$3,1],[0$4],[0%$4]1,[-1,0$31]);
[0 0 0 1]
0 000
D3 =
0 000
| —1.00 0|
> D4 := Matrix([[0$4],[0%$2,1,0],[0,-1,0$2],[0%4]1]);
[0 0 0|
0 10
D4 =
0 —1 0 0
0 0 0 |
i> RFO := RankFactorization(M, [D1,D2,D3,D4],0);
L
0
RFO = |[0)] _ 100 1] [x —x]table([1=] v ]]). table([1=[ 1),
0

o 01 D10 L L LD [t sty tye 0] [ 1 [ ) [diff =[x, 1,). diff =[x,

0
_a],_a—>_ax2 - (g
2

Xps X5 X35 Xy

_y]) [tlﬂ tz’ t39

L1, diff =[xy, 1], diff

a j , a— ax

(C))

(6

@)

®



X, 0 X, 0
0 X, 0 Xy
0 —x; 0 —x

-x, 0 —x 0

i> RFObis_:= RankFactorization(M, [D1,D2,D3,D4],0, "reduced");

RFObis == |[0], 100 1| —x]tble([1=] v |]),wble((1=] 11),

Ore_algebra, ["diff", "diff", "diff", "diff", "diff" |, [1,, 1y, £y, 1,0 1], [X, X X3 Xy V] [0 s s

o 1 L1001 LD [t by s tyo 2] [0 [ 1 [diff =[x ] diff =[xy, 1], diff= [y, 8,], diff




X, 0 X, 0
0 X, 0 X,
0 —x; 0 —x
-x, 0 —x 0
> Solo :
X
0
Sol0 == | [0], [X, — %), 0
—X

the([lz[(h%La@wan["dﬁfﬁ”dﬁfﬂ"dﬁfﬁ”dﬁfﬂ"dﬁfﬂ,[q,@,%,a,_q,[

0

X, 0
0 X,
0 —x
—-x, 0

, table

oS O O O

S O o O

9

X5 Xy Xy X,y

) [ttty 2 TLO LT L [ by by o 2], [ 1o [ s [diff =[x, 1], diff =[x, 1,], diff

= [Xp 4] dilf =[x 1] dif = [Ly: ]},

0
o,

- a

.

j, _a—_a x4 -

> Solutions(M, [D1,D2,D3,D4],0, "reduced");

0

=[Che_a@wme["dﬁ?ﬂ"dﬁfﬁ"dﬁfﬁ"dﬁfﬁ"dﬁ?ﬂ,[Q,g,g,a,_q,[xPXé,@,&P_y}[t

¢

2’t

3’t

4

diff = [x4, t4], diff= [ », _t]],

], _a—»_ax, — (

0
- - a
(o

i> IsSolution(Sol0);

1
0 X,
[0], [xl —x4], 0 L
3
-x, 0

0

o,

0
_a—»>_ax, — (a—tl_a],_a»_a 5
0 0

(4 ) =35
0 _ v 00 _y
X3 0 00 O

,table| [ 1=
—X, -y 00 —y
0 0 00 O

)= (az <))

table([1 = [true]])
> RF1 := RankFactorization(M, [D1,D2,D3,D4],1):;

X. —

|

0
(65 -
,&mh([l

j,_a

19

—t]’ [ ]’ 0’ [ ]’ [ ]’ [tl’ t2’ l3’ t4’ _t]’ [ ]3 [ ]9 [dlﬁ: [Xl, tl]a dlff: [xza tz]a dlﬁp: [X3, f3],

0 0
_a—»>_ax, — [? _a), _a-»_ax,— [E _a), _a—_ax,
1 2

(10)

an

(12)



1 0 0 0
0 —X, Xy T X X XXt X 0
RFI = xﬁxl—x§x1+x§x4—x§x4, ) s s (13)
[ ] —1 0 0 X5 — X;
0 X, X, X, —X XX, X, 0
__y- o ]
s 5 0 0
[1 00 1], [xl—x4,x2x4—x3x4],table 1= 0 ,2= 0 ,table| |1
0 y
2=x2 00 0 0 0 | 1 2=200]
0 1 0 0 0 0 5 0 0 1 0
0 01 0 0 0 ’ 0 0 0 1
2 00 x+x, 2 yx,+1 =2 yx,—1 2 yx, 2 00

, | Ore_algebra, ["diff", "diff", "diff", "diff", "diff" ], [tl, by by 1y, _t], [x Xy Xqp X, _y], [tl, t

1’ 2’ 3) 4’ 2’

ot 1 [ 10 L LD [t s by e ] L1 [ 1 [dif= [, 1, ] diff= [y, 1], dif= [, 1], diff

0

0
_a—»_ax, — (E _a], _a~_ax,— (? _aj, _a—_ax,
1 2

= [x0 4] diff= [y, 11}

2

o o o
( 6t3 _a],_a—»_a )C4 ( 6t4 _a],_a—»_a_y ( a_t _Cl)




> Soll := Solutions(M,[D1,D2,D3,D4],1);

X, 0 X, 0
0 X, 0 X,
Soll = [xi X, — X, xi + xg X, — x§ x4], [xl — X, xg X, — x§ x4], 0 —x 0 —x | 14)
3 2
-x, 0 —=x 0

table([l = H_y-l— (xg—xi)ylﬂl, (x§ —xg)yljz, (xg—xi)ym,_y-l— (xg—

%) ¥

[(—x1 X, —)63)c4)y2’1 + (x1 X, +x2x4)y3’1, (—x1x3 —)63)64))/2’2 + (x1x2+x2x4)y3’2, (
—X, X, —x3x4)y2,3 + (x1 X, +x2x4)y3,3, (—xl X, —x3x4)y2’4+ (xl X, +x2x4)y3’4],
[—_y— (xi—xi)yl’l + (xi—xi) (2)/1,1 + (x1 +x4)y4,1 + (2_yx4—|- l)ys’1 + (

=2 yx, = D)y ) = (=) »o+ (5= 5) 2y, + (% Fx) v, + (2

F 1)y, (25 = ) ye,) — (5= %) s+ (6= x) (25 + (% +x) 24
(2t D)y (=25 =1)ys) —v— (0 =%)y. T (B =x) (2,
(5 tx) st (2ot D)yt (2 v — 1)%,4)]’

[(xl X F%%) 1t (X G T X)) Yy s (Y% T X) Y, (TX X XX Y,

(X% TXx,) Y, 3+ (XX =X X)) Yy 5 (N5 T0X) T (T —x3x4)y3,4]],2

- [[y1,1 + (xg—)é)yz,],yl’z-i- (xg_xi)yz,z’ym + (xi —xg)y2’3,y1’4+ (xi
_xg)y2,4]’

[(_xl X3 —x3x4)y3,1 + (xl X +’52’54)3’4,1’ (_x1x3 —x3x4)y3,2 + (x1x2+x2x4)y4,2, (



XX T XX ) Yy (4% TN X ) Yy (T T XX T (4, +x2x4)y4>4],

[_yl,l - (xi _xi)yz,l + (xi —x§) (2_yx4y1’1 + o+ 2)’2,1)’ V2T (x§ —xi) Va2
+ (x;—xi) (2_yx4y1’2 +2y2,2)’ Vi3 (xg—xi)yzﬂ + (x;—xi) (2_yx4y1’3
T2¥5) “Via (X§—X§)y2,4+ (xg—xi) (Zoxyat yt2y,) ]’

[ (2, x,0) vy (=X X = x50) Dy s (%% F20) Yo (XX T X0) Y,
(2 F0,x) vy 5+ (Xm0 X)) Vs (N5 00 vt (T =) vL]]])
,1abh([l==[(he_a@ybra,F%ﬁﬂﬁ,”dﬁfﬂ"dﬂ?ﬁ”dﬁfﬂ"dﬂ?j,[Q,Q,g,g,_q,[xpxbrg,xw
I [ty ol L] [V 0 V10 Vi3V a0 Y2 10V 0 Y2 3 YVa 00 V5,10 Y30 Y3 3 Y3 00 Ve 10 Va0 Va3
Yo wVs Vs Vs 3 VsoVo VoY Veap O [ LI L[ttty 2 [ L[] [diff=[x 4]

0
diff = [xz, z‘z], diff = [x3, 13], diff = [x4, t4], diff =1y, _t]], [_a—»_a X, — (a—tl _aj, _a-_ax,

0 0 0 0
— (a—tz_a],_a»_a)%— (a—%_aj,_aA_ax“— (a—a_aj,_aA_a_y— (G__l‘_a)

=[(h%La@wan["dﬁ?g”dﬁfg"dﬁ?h"dﬁfﬂ"dﬁ?j,[q,g,g,g,_q,[xpx?xg,g,_y}[t

,2

1°

byt by U] [ V1 00V 0 V13 V10 Y2 10 Y00 Y0 3 V2 00 Y3 10Y3,0 Y3 3 V3, 00 Va 10 Va2 Va3 Va4 ) 0,

1D [ttty by £} [0 [0 [diff= [0, 1] diff = [ 1] diff = [x3, 1], diff = [0 1,], diff

o : 9 o
=[y_ ]], [_a—»_axl (Eﬁl _aj,_a—>_ax2 (Gtz _a),_a _ax, [6t3 _a),_a

= (o) () )]

=> IsSolution(Soll);

table([1 = [true], 2 = [true]]) (15)
> RFlbis := RankFactorization(M,[D1,D2,D3,D4],1,"reduced");
1 0 0 0
0 —xx;—xx, xx+xx 0
RF1bis = [)é X, — X, x§ + xi X, — x§ x4], _q 0 0 x; _ x§ , (16)
0 XX, F XX, —X X T XX, 0




] . ] o
5 5 0 0
[ 1 0 0 1 ], [xl—x4,x2x4—x3x4],table 1= 0 ,2= 0 , table| |1
0 _y
X5 = x§ 00 xi - xi 0 0
0 1 0 0 1 0
= ,2= , | Ore_algebra, ["diff", "diff", "diff", "diff",
1 0 0 1
2 00 2 00

"', £ b byt ] XX Xy X V] [ by Byt £} LB O T [T [ byt o €] [ T,

[ 1, [diff =[x, 1, dif = [, 1,], diff= [y, 5], diff = [, 1,], diff = [y, _]],

_a-_ax,

X, 0 X, 0
9 0 X, 0 X,

>a y—|— alll
4 (a_f - ) 0 —X, 0 —X,
—X, 0 —X, 0

i> Sollbis := Solutions(M, [D1,D2,D3,D4],1, "reduced");

17)




X, 0 X, 0
0 X, 0 Xy
Sollbis = [xé X, — X, x3 + x2 X, — xi x4], [xl — X, xi X, — xi x4] , a7
0 -x; 0 —X,
-x, 0 —x 0

table([ H_y—i— (x —X )yl,l, (xi—xi)ym, (xi—xi)yu,_y—i- (xi—

xﬁ)yl"‘],
[(7X% = X%) o T (X% T X%) Vs (XX = X3) Y, (5% T XX,) 0, (

—x1x3—xx)y23+(xx +xx)y33, (—x1x3—x3x4)y2,4+(x X, +xx)y34]

[—_y-l- (xi_xi)yl,l’ (xi —xi) Y125 (xi—xi)ym, -yt <x§ _xg)y1,4]’

[(x1x2+x2x4)y2’1 + (—x1x3—x3x4)y3’1, (x X, + X, X )y22+ (—x1x3—x3x4)y3’2,

()cl X, +x2x4) Y3 + (—xl Xy = X, x4) V3.3 (xl X, +x2x4)y2’4 + (—xl X, —x3x4)y3,4]],2

- [[(xi—xi)yl’l, (xi—xi)yl,z, (xi_xi)ylj’ (xi—xi)ym],
[(7X% = X%) Vo T (X% T X5%) Vs (XX —X3) Y, (4% T XX) 0, (
X ) Va3t (XX FX5%) s 5 (TX X T X3 X)) Yy g T (X% T XX )y34]

2

)yl,Z’ (x; —x3)yl’3, —(x§ -

—xl X.

3
[-(xi—xg)yu-i-(x;—x) VE2y)s (G
xi)ym—i- (xi—xi) (_y+2y1’4)],

[(xl X F%%) 1t (X G T X)) Yy s (5% T X) Y, (TX X T X)) Y,

(ot nx) st (Tnn ) s (06 T ux) vt (Tnn T xn) v ]]])



RF2 :

, table( [1 - [OFe_algebra, [, ", ", ", T ) [, o s s (] [ Xy 0 Xy

—y]’ [tl’ 12’ t3’ Z‘4’ _l], [y1,1a y1,23y1,3ay1’4ay2, 1ay2,29y2,3a y2,4ay3, 1))’3’2’)}3,37))3,4]9 Oa [ ]9 [ ]7 [tla

t

Z’t

ot 1) L1 L1 [diff =[x, 1] diff = [x, 1], diff =[x, 5], diff =[x, 1,] diff = [y, _t]],

0 0 0
_a~_ax, — (E_a),_a»_axz— [g_a),_ae_a)% - [(,j—t3_cz),_cz—>_61)c4
1

2
9 9
( ot, —a]’-fl 4 ( 0t —a)

diff" ], [4, 6, s gy 2] X0 X0 X35 Xgs V] [T b Bys lys ] [V 15 V1 00 V1 90 V140 Vo, 10 0, 20 Vo 3

,2=|Ore_algebra, [ "diff", "diff", "diff", "diff",

)/2,4,)’3,1,)/3,2,)/3,3,)/3,4], Oa [ ]a [ ]a [tla tza t37 t4a _t]a [ ]a [ ]9 [dﬁz [xla tl]a dlffz [xza tz]a dlff

. e a 0
= [x3, t3], diff = [x4, 14], diff = [, _t]], _a~_ax, — (6_1 _a],_a—»_ax2 - (G_tz _aj,_a

1
0 0 0
- ax;— (a_%—a)’_a_)—a)%_ [a—tz‘_a),_ae_a_y— (E_a)] )}

i> IsSolution(Sollbis);

table([1 = [true], 2 = [true]])

(> RF2 i= RankFactorization(M, [D1,D2,D3,D4],2);

2 2
[xl Xy Xy X, X, = X5, X X, T X, x4],

(18)

19)



o1 Tol o)
0 0 0
0 0 0
[ 10 0 1 | [x,—x,xx,xx]tablef [1=| 0 L 2= 0 |[3=] 0 |||, table
0 oy 0
0 0 y
0 0 0
X, x5, 000 0 0 0 0 0
00100 0 0 0 0 0
00010 0 0 0 0 0
00001 0 0 0 0 0 ,
20000 —x; x, x+x, 2 yx,+1 —2 yx,—1 ’
02000 x —-x 0 0 0
00000 0 © 0 0 0
- 7x14Matri>_g
x,x, 1 000 0 0 0]
00 0 100 0 0 0
00 0 010 0 0 0
{00 0 001 0 0 0]3
20 2yx, 000 —x; x, O
02 0 000 x, —x, 0
00 0 000 0 0 1
;3 v, 1 000 0 0 0 0]
00 0 100 0 0 0 0
00 0 010 0 O 0 0
=10 0 0 001 O 0 0 0 (||, |Ore algebra, ["diff", "diff",
2 0 0 000 —x; x, yxx, 0
0 2 2yx, 000 x, —x; =1 0
00 0 000 0 O 0 1




it "difF, "] (4, . b £ (], X, X0 X x

l’ 2) 3’ 4)

by 1,

9 9 9
—_ax, ( o, _aj,_a—»_a X, [ o, _a),_a _ax, [ o, _a),_a—»_a X,
X, 0 X, 0
a a 0 xz 0 x3
—|— al|, a>a y—|— alll
(aa - ] Ay ( 91— ) 0 -x 0 -—ux
—-x, 0 —x, 0
> Sol2 := Solutions(M, [D1,D2,D3,D4],2);
X, 0 X, 0
0 X, 0 X,
o 2 2
Sol2 = [xl Xy 4 X3 X, Xy — X5, X, X, T X, x4], [xl — Xy X3 Xy X, x4], 0 % 0 -
-x, 0 —x; 0
table([1=[[%0y 1 t X301+ 260, 0 50 5 %0, 3 T 50 350, 4 T,

+ _y],

T (T X)) Vs TN TNyt (X X)) Vs )

[_xzyz,l XY T VX (2 T XY TRy, () T (2

+ 1)y9,1 + (—2_yx4— l)ylo,l) +x, (2y2,1 X%V =5yt (5 X)) v
TRyt D)y T (7205 1) y5) =000 = X500 X (20, = %),
—I—xzym—l- (x1 +x4)y8,2—|- (2_yx4+ 1))/9,2 + (—2_yx4— 1)y1o,2) + X, (2y2’2
T XV, TNVt (X)Lt (2T )yt (T2 yx D y,)s

D] [t byt £ TLO L1 [T [0 8

DL UL [diff =[x 4] diff =[x, 1] diff = [x3, 1) diff = [x,01,] diff = [y, _£]] | _a

. (20)

[ XVt XY T (xl +x4) Vsi» X3 V3 0t XY, T (xl +x4)y5’2, X333t X,



TNV, 3 T XY s X (20 3 T XY s TRy, 5t (X, Tx) )55t (2_yx4—|— 1)y9,3 + (
2 X = DYy ) T (23 N s TGy s T (X X)) st (2t )y,
+ (—2_yx4 - 1)y13,3)’ X V)4 T XY (2)/1’4 X3 V4 TNV T (xl
+x4)y8,4+ (2_yx4 + 1)y9’4 + (—2_yx4 - 1)y10,4) +x, (2y2,4 T X Ve 4 T X574

+ (x1 +x4)y11>4+ (2_yx4+ 1)y12>4+ (—2_yx4— 1)y13>4)],

[X03 0 =X 0u 0T (% %) Vig 1o % V5 0 = XYy 0 T (X T X)) Vig 0o X V5 3 — X305 T (X

T X)) Vi XV T X Vs T (5 T X)) Vi 27 [[%20 T XY T
xzyz,z+x3y1,2+y3,2’x2y2,3+x3y1,3+y3,3’x2y2,4+x3y1,4+y3,4]’

[ X0 T Xps (% F X)) Ve 1o =X V40 T X055 (X X)) Ve oo X303 F X055
T (0T %) Ve TN Vua TN Vs 4T (X T %) Ve sl

[T =%V Vs TN (2 000 TNV — 5y T 2y ) Ty, (),
XV T2 ) TR, T XY, TV T (2_yx4y3’2 TV, T Xy, T 2y1,2)
TX (X070 = X5, F200) TNV, 3 T XY 3 T 3 T (2 VX0 5T X g,

— Xy 512y 5) T X, (X073 — X355 T 2y2,3), TNV s T Vs T Vs

+ x5 (2_yx4y3’4 TNV T XYt Y 2y1’4) +x, (x2y7,4 X Vg4 T 2y2,4)],

[x2y4,1 X )5, T (xl +x4) Yo 15 Xa Va2 = X35 o T (X T X)) Vo 05 Xy Vs 3 — X305 3 T (xl

T X)) Vo3 X Xa s — X3 Ys 4 (X H ) Yoy |3 [[R200 TG00 300,
BEECPA TP TR CIPTE O CYPY o 2 PEP I ol DYP P S0 DY a2 DI ol DY

[ XV TN (X T X)) Ve TNV TN Ys ot (X T X)) Ve o XY 3 X Vs 5
+ (x1 +x4)y6,3’ XV TN Vs 4T (xl +x4)y6,4]’

[_x2y2,1 =XV TV TG (GG Y Y Ty, 2y1,1) +x, (2_yx4y3’1
TV TNV T Y2y Y ) TN T XY, T Y T (LX),
TV, T Xy, T 2y1,2) X (2 0%, TNy, XY, 2, ~Yo2)> TX3 55
XY 3T Yy T (XY 3t Y s T X 32y ) T (2 000, 5T
_x3y8,3+2y2,3_y9,3)’ TNV 4 T XY g T Vs T (VXX Ve T X Vs 4 T XYy



+ 2y1,4) +x, (2_yx4y3,4 Ty Tt vt 2y, _y9,4) ]’

[x2y4,1 =X Vs F (0 X)) Vi Va0 T X5, (X ) Vig 0 0 3 T X s 5 (Y
+ x4) Vi3 Xy Va4 — X3 Vs 4 + (x1 + x4) V10,4 ]]]), table( [1 = [OFe_algebm, ["diff", "diff",
"diff", "diff", "diff"], [tl, Ly b, Ly, _t], [xl, Xy, X35 X5 _y], [tl, by, by by _t], [yla PV e Ve Ve
Vo0V, 023 V0, 0Y30Y3,0V33 Y3 0V 10Ya,0 Va3 Va0 V515 Y5205 3 Vs 40 Ve 10 V6,20 Ve, 30
Yo,00V7,15 Y7, V7,3 V7,0 V8,10 V8,20 V8,3 Vg, 40 Vo, 10 V9,20 V9,3 Vo 40 V10,12 V10,22 V10,32 Y10, 4 V11, 10

y11,2’y11,3’y11,4’y12,1’y12,2’y12,3’y12,4’y13,1’y13,2’y13,3’y13,4’y14,1’y14,2’y14,3’y14,4]’ 0,[]

[ 1 [t s byt 2} L1 [ 1 [diff= [0, ) diff = [ 1], diff= [, 15], dif= [0 1, ], diff

ad ad ad

= [_y,_t]], [_a—»_axl - (a—tl_aj,_aﬂ_axz— [a—tz_a),_a—»_ax3— [a—%_a),_a

d 0
- _ax, — [a—a_a),_a—»_a_y— (ﬁ_a)

], 2= [Ore_algebra, ["diff", "diff", "diff",
"diff", "diff" ], [tl’ by by Uy _t]’ [xv Xps X35 Xys _y], [tl’ by U35 Uy —t]’ [ylv PV Ve Ve Mo
V2,00 82,3 V2 40 V3,10Y3,20 Y33 V3 00 V4 10 V4, 20 Va 30 Va 40 Vs 10 V520 Vs 35 Vs 40 Ve 10 V6,20 V6,30 Ve, 40

Vo0 Y72 Y73 Y70V 10V 20 Vs 3 Vs 00 Vo 15Ye 20 Yo 3 Yo ap O [ L [ ] [ oty 8y 2], [ [ ],

_a—_ax,

[diﬁ’Z [xl, f ], diff = [xz, tz], diff = [x3, t3], diff = [x4, t4], diff= [ v, _t]],
0

0 0 0 0
( atl _a],_a—»_a xz ( 6t2 _a],_a—»_a x3 ( 62‘3 _aj,_a—»_a x4 ( at4 _a),_a

3= [Ore_algebra, ["diff", "diff", "diff", "diff", "diff" ], [1,, 1 1. 1,

0
o ()

_t]’ [xl’XZ’ X35 Xy _y], [tl’ by b5, 1y, _t]’ [yl, VL2 VL3 Ve Vo 10V, 20V 3 Y0, 40 Y3, 103,20 )3, 3
y3,4’y471’y4,27y4733y4,4ay5,15y5,2’y573ay5’47y671ay6,25y6,37y6,4’y771ay7’27y773ay7’4ay8,lay&Z’

Vg3 Y8 40 Yo 12 Y0 20 Yo 32 Yo 12 V10,10 V10,22 V10,3 Yi0.ap O UL UL [ 6ot 8y 2] [ ] [ ] [diff



i)
=[x 4, ] diff =[x, 1], diff = [x3, 1], diff = [x,,,) diff = [y, 1], | _a>_ax, — [a_rl

0 0 0
_a~_ax, — (a—tz_aj,_a%_a)%— [?—a)’—a_’—‘”%_ [g_a),_aﬂ_a_y

3 4
_(9
(<))
B IsSolution(Sol2);

table([1 = [true], 2 = [true], 3 = [true]])
B RF2bis_:= RankFactorization(M, [D1,D2,D3,D4],2, " "reduced");

1 0 0 0 0 0
0 —x;, x, x +tux 0 0
RF2bis = ||x, x, + x x,xz—xz,x X, +x, x|,
[13 3440 A AN 24] -1 0 0 0 X, X, 0
0 X, =X 0 0 0 x +x,

L o ] o]
0 0 0
0 0 0

[1 0 0 1],[xl—x4,x3x4,x2x4],table 1= 0 |,2=] 0 |,3=] 0 , table
0 Ly 0
0 0 y
0 0 0

X, x, 000 0] 1 000 0 O]

001000 0 100 0 0

000100 0 010 0 0

1o o0oo0010l2= 0 001 0 0|3

20 00 0 0 2 yx, 000 x, O

020000 0 000 —x 0

00 0001 0 000 0 1

a)

@1

., (22)



1 000 0 0]
0O 100 0 0
0O 010 0 0
= 0 001 0 0 Ore algebra, ["diff", "diff", "diff", "diff", "diff"],
0 000 yxx, O
2 yx, 000 —1 0
0 000 0 1

(£ by by by t]s [%0 % X5 X V] [y By o 1 [ 100 LT T [t s By by ] [ 1 [ ) [diff

0
= [xl, A ], diff = [xz, tz], diff = [x3, ts]’ diff = [x4, t4], diff= [ », _t]], _a—»>_ax, — [E _a),

9 9 9
_a—_ax, (atz _aj, a-_ax, (61‘3 _a), a-_ax, [6t4 _a),_a—»_a_y
X, 0 X, 0
9 0 X, 0 X,
—[— alll
( ot~ ) 0 —x; 0 —x
—X, 0 —X, 0

i> Solei§ := Solutions(M, [D1,D2,D3,D4],2, " "reduced");

. 2 2 .
Sol2bis = [xl Xy 4 Xy Xy, Xy = X5, X, X, X, x4], [x1 Xyp Xy Xy5 X, x4],

(23)



X, 0 X, 0
0 X, 0 X,
0 —x 0 —x ,table([IZ[[x2y2’1+x3y1’1+_y,x2y272+x3y172,
-x, 0 —x 0

NV 3 TNV XY, s TX5Y 4T _)7],

[ NV TNV (X TX) s TN, Yt (Y X)) Vs 0 T 3 T,
+ (x1 +x4)y5’3, XV TNV T (xl +x4)y5’4],

[x2y2,1 T XYV T N, TN 0 N0, 3 XY 3 N0, T XYy __y]’

[X05 0 =X a0 T (X %) Vo 1o %2 V30 = X3 V4 0 T (X T X)) Ve 0o X V3 3 — X305 1 (X

+x4) Vo3 X2 V34~ X3V4 4t (xl +x4) y6,4]]’ 2= [[yl,l’ V1,2 y1,3’y1,4]’

[ NV TRV (X T X))V TN, Yt (Y X)) Y0 TN, 3 T
+ (x1 +x4)y4’3, X TNV T (xl +x4)y4’4],

[_yl,l + x; (2_yx4y1’1 X T V) TXNXYs s 7Y, T (2_yx4y1>2 +x2y5,2)
XX Vs 0 TV 3T (2 00 5NV 5) TN XY 5 T TG (2 X0,
+x2y5’4+_y) —x2x3y5>4],



[xzyz,l — Xy T (xl +x4) Vo1> XV — %303, T (xl +x4)y6,2’x2y2,3 — X )5 T (xl

+x4) Vo3 Xy Ya 4~ X3)54 (xl +x4) y6,4]]’ 3= [[yl,l’yl,z’ y1,3’y1,4]9

[ X0 T X%y (% H X)) Yy =X 00 T X001 (X X)) Ve =X30, 3 X0,
+ (xl +x4)y4’3, XV XY, T (xl +x4)y4’4],

[ Vi +_yx§x4y5,l +x, (2_yx4y171 +_y—y571), Vi +_yx§x4y572 +x, (2_yx4y1,2
_ys,z)’ V5t _yx§x4y5’3 + X, (2_yx4y1’3 —y5’3), V4t _yx§x4y5’4

+x, (2_yx4y1,4+_y—y5,4)],

[ 22 1 =X Y5 F (X T X)) Ve 1o %0050 =XV T (X T X)) Ve by 3 T X055 (X
+ x4) Vo33 Xa Va4 — X3 V34T (X T X4) Ve 4 ]]]), table( [1 = [Ore_algebm, ["diff", "diff",
"diff", "diff", "diff" ], [tl, by by by _t], [xl, Xy X35 Xy _y], [tv by b, 1y, _t], [yl’ PV Ve Ve
Vo102, 0 Y03 V2 00 V3 103,083 3 V3 0 Ve 0 Va0 Va3 Va0 Vs 10Ys5,20 V5 3 Vs 40V, 10 V6,20 Ve, 30
Yoa b O L L L)L [t tyty 2 [ L[] [dl'ﬁE [X 4] diff = [X2 15, diff = [X3: 45> diff = [X40
(] diff= [y, 1]]
0 0 0
( o, _a],_a—»_a X, ( o, _a],_a—»_a_y ( 51 _a)

["diff", "diff", "diff", "diff", "diff" ], [£, 6. bt 0] [X % X0 Xge V] [0 s b bye L] [P0

0 0
_a~_ax, [atl _a),_a _ax, (65 _aJ,_a _ax,

,2= [OFe_algebra,

YoV VeV, 02,202,320 V3 103,033 V3 0V 10 Va,2 Va3 Ve 00 Vs 105,005,305 0

y6,1’y6,2’y6,3’y6,4]’ 0,[ L[ [tv by s 1y _t]’ [LL] [d’ﬁ: [xl’ t1]’ diff = [xz’ tz]’ diff = [x3,

a 0

_a~>_ax, — [g _a), _a~>_ax,— [a_t _a), _a~_ax,
1 2

6], diff =[x, t, ], diff = [y, _t]];
9 9 0
— (a—%_a]’_aa_ax“— (a—tz‘_aj,_a—)_a_y— (a—_t_a)

,3= [OFe_algebra,



[, ", ", ", ) (1 b s e (] [% 6 X X V] [y s s fye 0] [
YoV, 30 Ve0Y 10020003003 03,0 Y33 V30 Ve 0Va, 0 Va3 Vs 05 105,20 V5 3 Vs 40

y6,17y6,29y6,39 y6,4]’ 0’ [ ]’ [ ]’ [tl’ tZ’ 13’ t4’ _t]’ [ ]’ [ ]’ [dlﬁ: [xl’ tl]’ dlﬁf: [XZ, 2‘2], dyf: [X3,

0 0
_a->_ax, — [? _a), _a->_ax,— [E _a), _a—_ax,
2

&N

L] diff =[x 4y ], diff = [y, _t]];
o o o
— ( or, _a],_a—»_ax4— ( o, _aj,_a—»_a_y— ( 2 1 _a)
table([1 = [true], 2 = [true], 3 = [true]]) 24)

i> IsSolution(Sol2bis);

[> RF3 i= RankFactorization(M, [D1,D2,D3,D4],3);

1.0 0 0 0 ]
01 00O [1 0 0 1] 0
RE3 == | [x,, x,, x, +Xx,], , , [x,], table| | 1 = ,table| |1 (25)

[ 327722 71 4] O 0 1 O [ 4] Ly
0 0 01 0

(1 0 0 ]]

010

= 1 0 0 , | Ore_algebra, ["diff", "diff", "diff", "diff", "diff" ], [tl,tz, Ly by _t], [xl,xz,
0 01

X5 X ]y [t by byt A L0 [T [ [ by by o 2], [ 1o [ s [diff= [0 1], diff = [0 1],

0 0
diff = [y 15} diff = [, ] diff= [y, 1], | a~_ax, = (aT )* = [E )
1




X, 0
0 X,
0 —x
-x, 0

7? RankFactorization(M, [D1,D2,D3,D4], 3, "reduced");

[x3, Xy, X, + X, ],

(e)

(e)

S = O =
S

X X V] [ty byt £ L1 00 L 1 L1 [t s s o 2] [0 [ 1 [diff =[x, ] diff =[x, 1],

diff =[xy, ], diff = [x,, 1, ], diff = [y, _t]],

_a~_ax,; — (

- o o O

1
0
0
0

9

0

or,

0
1
0
0

[Ore_algebra, [, ", ", ", A, (4, 8, 11, t] [X, 5

0

0
1
0

0
0
0
1

100 1] [x,) table| | 1=

0
0
_y
0

ad ad
_aj,_a—»_ax4— [g_a),_a—»_a_y— (E_a)

, table

1

(26)



X, 0

0 X,

0 —X,

—X, 0
B Sol3 :

Sol3 =

Y21
V+y

Y31

Y20
M1,2
V3,2

Y14
V2,4
B Y
V3,4

0

0

, table

1 27)

, table[ [1 - [Ore_algebra, [diff", "dife", "diff,

”diff’, "diff”], [tla tza t3a t4: _t]a [-xp xza -x3a x4a __y]: [tp tza t3a t49 _t]: [J’], 1ay1,29 y1,3’ y1’4’ yz’ 1°

yz’zay2’3>y2’4:y371ay3,29y3’3ay3’4]> O: [ ]a [ ]a [tp tza t3: t4> _t]a [ ]a [ ]a [dﬁ: [xp t] ]: dljﬁp: [-x2>

L] diff =[xy, 5], diff =[x, 1,], diff= [y, _t]],

() o= (e a)

i> IsSolution(Sol3);

a
_a~_ax, — ( Py j ,_a—_ax,
1

0
(62‘4 _aj,_a _a'y (

0
o,

0

o 0
o,

x4— at_a)

)

table([1 = [true]]) (28)
=> Sol3bi§ 1= Solutions(Mf [Db1,D2,D3,D4],3,"reduced");
X, 0 X, 0
0 X, 0 X,
Sol3bis = [x3, X5, X, +x4], [x4], 0 —x 0 -x, ,table| |1 29)
-x, 0 —=x 0




Vi Yiio N3 V1,4

Y21 Va2 Va3 V2.4 . ) )
= ,table| |1 =|Ore_algebra, ["diff", "diff", "diff",
VAV Vi Vs YT

Y31 V3o V33 V3,4

"dift", "diff" ], [tl, Lyt by, _t], [xl, X, Xy X5 _)’], [tl, Ly by 1y, _t], [yl, Y12V 3V eV
Y2,20)2,3 V2 0 y3,1vy3,2’y3,3’y3,4]’ O.TLL% [tl’ by by 1y —t]’ L1 L) [diﬁ: [xl’ b ]’ diff = [x2’

b, diff =[x, 5], diff =[x, 1, ], diff = [y, _t]],

i> IsSolution(Sol3bis);

0
_a~_ax, — [ Py j ,_a—_ax,
1

table([1 = [true]]) (30)

[Example 2 of Inria Report 9438

(> M := Matrix([[1,01,[0,111);
10 .
o1 Gl
[> D1 := Matrix([[-1,-21,[1,211);
SR
DI == RS 32)
(> D2 := Matrix([[-3,-4]1,[3,411);
[ —3 —4
D2 = - 33)
[> Solo := Solutions(M,[D1,D2],0);
Sol0 == "No solutions" (34)
[> Soll := Solutions(M, [D1,D2],1):
Soll := "No solutions" 35)

[Example 3 of Inria Report 9438



> M := Matrix([[15,14,13],[24,20,16]1]);

> RFO

Matrix([[1,2],[-1,211);

Matrix([[1,-1],[1,11]1);

Matrix([[1,3],[4,311);

15 14 13
| 24 20 16
1 =1
DI =
1 1
1 2|
D2 :=
-1 2
1 3
D3 =
4 3

i= RankFactorization(M, [D1,D2,D3],0);

1

0
[xi, X, X, xﬂ, 01
00

15 14 13
24 20 16

2

, [xz, X| Xy X ], table| | 1

b

0
0
1

_y(35x1+194x2) _y(85x1+194x2)
B 388 388
21 31 51x, —91
_y( x + xz) _—y( Xy x2) 2
388 388
_y(7x1+22x2) _y(17x1—2x2)
194 B 194
55 yx, 5 yx
194 194
3 11x, +7 3 — 17
_)/( X xz) —y(xl xz) 3
194 194
_y(11x1—7x2) _y(x1+17x2)
97 97

(36)

37

(38)

(39)

(40)



66 yx, 6_yx
97 97
38x, +33x 23x, —3x
| 28N ) _ 2P 2) , table| | 1
97 97
_y(7x1+22x2) _y(17x1—2x2)
B 97 97
5X?+12x1x2 5X?+12x1x2 5x + 12x,
= —3xf—|—5x1x2+6x§ ,2= —3xf—|—5x1x2+6x§ 6_)/)(2—3x1—|—5x2 ,3
—2xf—4x§ —2xf—4x§ —4_yx§—2x1
5)(?—|-12x1x2 12 yx x,+5 5x,+ 12x,

= —3x%+5x1x2+6x§ 5_yx1x2+6_yx§—3 6_yx1x§—3x1+5x2 ,

2 2 2 2
—2x,—4x, —4 yx,—2 —4 yxx,—2x

[Ore_algebra, ["dift", "diff", "diff" ], [tl, by _t], [xl,xz, _y], [tp Ly _t], [0, [ ][] [tl, by

0

_a—»_ax, — [ PR ), _a—_ax,
1

UL [ [3 ] diff = [ ] diff= [ 0],

o 9
( ot, -fl]’—a 4 ( 0t —a)

> Sol@ := Solutions(M,[D1,D2,D3],0);
X, —|—2x2

X, — X

| ) x1+2x2 x1+3x2

3

x, +x, —x +2x, 4x1+3x2

,table[[IZH
15_y(35x1+194x2) 6_y(85x1+194x2) 5
- 338 + 97 + (5x1+ 12x1x2)y1’1,

X, — X, x, + 3 X,
. 2 2 2 2
Sol0 = [xz, X| Xy, X ], [xz, X, Xy, X ],

x,+x, —x;+2x, 4x +3x,

7y (35x +194x,) 5 y(85x + 194x))

- 194 + 97 + (5 xf + 12 x, x2) Vi
13_y(35x1+194x2) 4_y(85x1+194x2)

- 388 + Y, + (5xf+12x1x2)y1,3 ,

15 y (21x1 +31x2) 6 y (SI)C1 —91x2) 5 5
388 - 97 +(—3x1+5x1x2+6x2>y1’1,

7_y(21x1+31x2) 5_y(51x1—91x2) 5 5
194 - 97 +(—3x1+5x1x2+6x2>y1,2,

41)



13_y(21x1+31x2) 4_y(51x1—91x2)
388 — 97 +( 3x +5xx+6x>y13,

15_y(7x1+22x2) B 12_y(17x1—2x2)

194 97 + (—2x?—4x§)y1’1,

7_y(7x1+22x2) 10_y(17x1—2x2)

97 97

+( 2x—4x)y12,

13_y(7x1+22x2) 8_y(17x1—2x2)

194 N 97 F(m2n—an) H
945 yx, 5 435 yx,
—T—i-(5xl+12x1x2)y1’1—i-(5xl+12x2)y2’1,—T-i-(Sx1
795 yx,

+12x1x2)y1’2+(5xl+12x2)y2,2,— Tod +(5xf+12x1x2>y1,3+(5x

1

+ 12x2) y2’3l,

45_y(11x1+7x2) 36_y(x1—17x2) ;
[ 194 + 97 +< 3x+5xx+6x)y11+(6_yx2

21_y(11x1+7x2) 3O_y(x1—17x2)
97 + 97 +(—3x§+5x1x2+6

—3x1+5x2>y2,1,

39_y(11x1+7x2) N 24_y(x1—17x2)

2 3
N) ot (6 v =3x+5%) 9, 194 97 "

—3x?+5x1x2+6x§>y1’3+ (6_yx;—3x1+5x2>y2’3 ,



15_y(11x1—7x2) N 24_y(x1+17x2)
97 97

+ (—2x?—4x§)y1,1 + (—4_yx;

14_y(11x1—7x2) N 2O_y(x1+17x2)
97 97

—2x1)y2’1, +(—2x?—4x§)y1,2+(

13_y(11x1—7x2) . l6_y(x1—|-17x2)
97 97

_4_yx;_2x1)y2,25 +(_2x?_4x§)y1,3

1134 yx
3 1 2
+ (—4_yx2 —2x1)y2,3H,3= H—97 + (le + 12)cl)cz>yL1

1044 yx,
97
954 yx,
97

T (12 yxx,+5)yy + (5x+12x) »; + (5)‘? + llexz)yl,z

+ (12 yx, %, +5) yy, + (5% +12x,) y; 5, + (Sxf + 12x1x2)y1,3

+ (12_yx1 x, + S)yz’3 + (le + 12x2)y3’3l,

15_y(38x1+33x2) B 24_y(23x1—3x2)
97 97

2 2
+ (—3x1 -+-5xlxz-|-6xz)yl>1

14 y (38 x, + 33 xz)
97

—I—(5_yx1x2+6_yx§—3)y2’1—|-(6_yx1x§—3x1+5x2)y3’1,

20 y (23x1 - 3x2)

- 97 +(—3xf+5x1x2+6x§)y1,2+<5_yx1x2+6_yx§—3>y2’2

13 y (38x, +33x 16 y(23x, —3x
+(6_yx1x§—3x1+5x2)y3’2, ( 971 2) - ( 971 2) _|_(_3




x?+5x1x2+6x§)y1’3+(5_yx1x2+6_yx§—3)y2,3+(6_yx]x§—3xl+5x2)y3,3,

B 15_y(7x1+22x2) N 24_y(17x1—2x2)
97 97

+ (—2x§—4x§)y1,1 + (—4_yx§

14_y(7x1+22x2) 20_y(17x1—2x2)
—2)y2’1+(—4_yx1x§—2xl)y3,1,— 97 + 97

+(—2xf—4x§)yl’2+(—4_yx§—2)y2,2+(—4_yx1x§—2x1)y3,2,
B 13_y(7x1+22x2) N 16_y(17x1—2x2)

97 907 +(—2x§—4x§)y1,3+(—4_yx§

— 2) Vst (—4 X x§ — le) y3’3HU, table([l = [OFe_algebra, ["diff", "diff",

"', £ b t]s [%0 % V) [f b t] [PV Vs b 0 LB LD [t 2] [ 1 0 1 [diff

0

: . 9
= [xl,tl], diff = [xz, tz], diff= [ v, _t]], _a-»_ax, — (g _a],_a—>_ax2 — (E _a],_a

1 2

,2= [Ore_algebra, ["diff", "diff", "diff" ], [tl, Ly _t], [xl, X, _y], [tl,

0
()
by _t]’ [ym’yl,z’yl,a’yz,1’y2,2’y2,3]’ 0,[L[) [tl’ b _t]’ [LI] [diﬁ: [xl’ L ]’ diff = [xz’

0 0
_a—»_ax, — [— _a),_a—»_ax2 - (a— _a],_a—»_a_y
h

] diff = [y, 1], o

(a7 )

[V 12V P Va1 Vo Vo3 s Vs Vs | O L1 e [t et [ ) [ 1. [diff= [x,. 1, diff

,3= [OFe_algebra, ["diff", "diff", "diff" ], [tl, Ly _t], [xl, X,, _y], [tl, Ly _t],

0 0
= [xz’ tz]’ dl'ﬁf: [_y,_t]], _a-_ax, — (E_a],_aa_axz— (g_a},_a—»_a_y
1 2

~(az <))

i> IsSolution(Sol0);

table([1 = [true], 2 = [true], 3 = [true]])
> RFObis := RankFactorization(M, [D1,D2,D3],0,"reduced");

42)

(43)



1 00
' 5 s 15 14 13 5
RFObis = [xz,xlxz,xl], 01 0] 4 20 16 ,[xz,xlxz,xl],table 1
0 0 1
_y(35x1+194x2) _y(85x1+194x2)
B 388 388
21 x, +31x 51x, — 91 x
_ V(2lx ) (3l 2)’2
388 388
_y(7x1+22x2) _y(17x1—2x2)
194 - 194
55 yx, 5 yx
194 194
3 11x, +7x 3 x, —17x
_| 3y 2) 3 (n 2) 3
194 194
_y(11x1—7x2) _y(xl+17x2)
97 97
66 yx, 6 _yx
97 97
38x, +33x 23x, —3x
= _y( ! 2) __y( ! 2) ,table| |1
97 97
_y(7x1+22x2) _y(17x1—2x2)
B 97 97
2
S5x;+12xx, S5x,+ 12x, Sx +12x,
= —3x?+5x1x2+6x§ ,2= 6_yx§—3xl—|-5x2 ,3= 6_yx1x§—3x1+5x2
—2x —4x —4_yx;—2x, —4 yx,x—2x,

)| Ore_algebra, i, "aite, "dift ), [ 1), x5 ] [1

t2’ _t]’ [ ]’ 0’ [ ]’ [ ]a [tp

1°

(43)



o ) U1 L1 [diff =[x, 0] diff =[x 1], diff = [_v. _1]],

o 0

( ot, _a],_a—»_a_y ( qt —a” ’
(> SolObis := Solutions(M, [D1,D2,D3],0,"reduced");
x1+2x2 X, -l-3x2

X, =X, x1—|—2x2 x1+3x2

x, +x, —)c1-|-2x2 4x1-|—3x2

X=X

o 2 2 2 2
Sol0Obis = [xz, X, Xy, X ], [xz, X, X,, X ],

x, +x, —x1+2x2 4)c1-|—3x2

_ 15y (35x 4 194n) 6y (85 +194x))
388 97

7_y(35x1+194x2) 5_y(85x1+194x2)

+ (5 xf + 12 x, xz)yl’l,

B L n 5 +(5x+ 12X, %) ¥,

) 13_);(35;28+-194Xé) . 4_)/(85;27+-194X§) b (524 12X&X§)Jﬁ,3L
U_y@g§+3L@)_<LyGI;—9Uﬂ F (=38 4555+ 62)y,

7megqug)_s;usty—m&)+«_3ﬁ+5%%+6gyhp
13}(2§+3nﬂ _4qu;y4ﬂﬁ)+(—3ﬁ+5%%+6éwq4

15_y(7x1+22x2) 12_y(17x1—2x2) 5 5
194 - 97 + (_le _4x2)y1,1,

7_y(7x1+22x2) 10_y(17x1—2x2) 5 5
97 B 97 (=20 —4%) v,

13_y(7x1+22x2) 8_y(17x1—2x2) 5 5
194 - 97 +(—2x1—4x2)y1’3 , 2=

a
_a~_ax, — [ o @ ) ,_a—_a
1

X

[



945 yx, 435 yx, 795 yx,
—T + (le + 12x2)y1’1, —T + (S)C1 + 12x2)y1’2, —T

+ (le + 12)62))/1’3 ,

45_y(11x1+7x2) N 36_y(x1—17x2)
194 97
21_y(11x1+7x2) 30_y(x1—17x2)

+ (6_yx;—3x1+5x2)y1,1,

3

5 + 97 + (6 v, =3x,+5x5)y
39_y(11x1+7x2) 24_y(x1—17x2) 3

194 i 97 (65 =35 +55)y,)

15_y(11x1—7x2) N 24_y(x1+17x2)

97 97 (=4 =23 s

14_y(11x1—7x2) 20_y(x1+17x2)
+

97 97 +(—4_yx§—2xl)y1,2,

13_y(11x1—7x2) N 16_y(x1—|—17x2)

+ (—4_yxz—2x1)y1’3H,3=

97 97

1134 _yx, 1044 _yx, 954 yx,
[T +(5x +12x%)p . BT + (5% +12x)y,, Y
+12x2)y1,3l,

15 _y (38x, +33x,)) 24 y(23x,—3x,)
[ 97 - 97 + (6_yx1x§—3x1+5x2)y1,1,
14 38x, +33x 20 23x, —3x

( 971 2) _ D ( 971 2) +(6_yx1x§—3x1+5x2)y1,2,

13_y(38x1+33x2) 16_y(23x1—3x2)
97 — 97 +(6_yx1x§—3x1+5x2)y1,3 ,

+ (5%,



24_)/(17)61 —2x2)

15_y(7x1+22x2)

[_ 97 + 97 +(—4_yx1x§—2xl)y1’],
14_y(7x1+22x2) 20_y(17x1—2x2)

B 97 + 97 +(—4_yx1x§—2xl)yl,2,

B 13_y(7x1+22x2) N 16_y(17x1—2x2)

2
97 97 —I—(—4_yx1x2—2x1)y1’3HD,table[[l

= [0re_algebm, ["dift", "diff", "diff" ], [tl, Ly _t], [xl, X, _y], [tp Ly _t], [yl, YL ym], 0,

(30D [ty 0] LT 0 [diff =[x 0} diff = [0 1], diff= [y, 1],

o o o
( all _a],_a _CZX2 ( 6[2 _Cl],_él a'y ( a_l _Cl)

[”diff', "diff“, ”diff'], [tl’ tZ’ _t], [xl, xz, _y], [tl’ tZ’ _t]a I:yl’ 1° yl’za y1’3:|, 09 [ ]7 [ ]; I:tly tZ’ _t]a

_a—_ax,

,2= [Ore_algebra,

0
_a~»>_ax, — ( o j, _a—_ax,
1

[ 00 [diff =[x 0] diff= [ 1, diff = [y, 1],
0 0
(b ) (354

_l‘], [xpxza _y]a [tp 2‘2, _t]a [ylypyl,zaylﬁ]’ 0, [ ]’ [ ]9 [Zl, tzﬁ _t]’ [ ]’ [ ]s [dlﬁpz [xp tl ]a dﬁ

,3= [Ore_algebra, ["diff", "diff", "diff" ], [tl, by

0 0
=[x, t |, diff=[ vy, t]|,| a=> ax — (— _a],_a—»_ax - (— _aj,_a—>_a_y
[ 2 2] ] 1 atl 2 atz
_ (5
)l
[> IsSolution(Solobis);
table([1 = [true], 2 = [true], 3 = [true]]) (45)
> Soll := Solutions(M,[D1,D2,D3]1,1);
Soll = "No solutions" (46)

[Example 4 of Inria Report 9438

> D1 := Matrix([[0$3,2],[3,0$2,1],[0$4],[0$3,2]]);

47




3x

4 3x1+x4

X4

2
9x2x4-|—6x3x4-i-2x4

000 2]
3001
DI =
00 0O
00 0 2
> D2 := Matr‘ix([[5,3,0$2],[0$4],[0 5,2, 0],_[@,3,2,0]]);
53 00
00 0O
D2 =
0520
03 20
> M := Matrix([[30,092], [0$3], [12,0$2], [12,052]1);
30 0 O
0 0O
M =
12 0 0
12 0 0
> Soll := Solutions(M,[D1,D2],1);
Soll = "No solutions"
(> RFO i= RankFactorization(M, [D1,D2]1,0);
RFO = [2x4x1—3x2x 2x; %, 3 x, X, +x2x4,2x —2xx +x2x4,9xx + 6x,x, X,
X, 2x,—2x 0 0
+2x2xi], ,[ 6 00 ], [szx

47)

(48)

49)

(30)

(1)



0 ) .
0
2y 0
+2x3x4,3x1x3+x3x4,6x§x4+5x3xi],table 1= 3 ,2= , 3
0 y
0
0 i |
0
-3 _yx
= 0 ,table[llz[H3,0,0,0,0,0,0,0,0,0, l,
Sy
2

[—1, 18x, +12x; +4x,,9x, +6x; +2x,, 24_yx3x4+20_yxi+ 18,0,0,0,0,0,0,

2 2
0,0, =6x,,0, =2x,,x,,9x, —2x,,6x;x, +2x,,2,4 yx,, ...

[ 9x
0,=6,0, =30 yx, 1,0, 1, =—= =3x;—x, =3 yx, =2 yx, =2 yx, .. m

4 x 16 Matrix |, 2 = [[[3, 0,0,0,0,0,0,0,0,0, ... ],

[—1, 12x, +4x,6x;,+2x,, =6, =2, —6,4,6,0,0, ... ],

[0, 0, —6x, —2_yxi, —2_yxi, —6 _yx;x, — IO_yxi, 4_yxi, 2_yxi, —2x,, —2x,,
[0, —6,0,9 yx;+ yx,3 yx;+ yx,, 12 yx;+5 yx,, =6 yx;—2 yx,, =9 yx,
— vx, 1,1, .. ]]],

4 x 12 Matrix |, 3 = [[[3,0,0,0,0,0,0,0,0,0, U




—1,18x,+ 12x, + 4x,,9x,+ 6x, +2x,,0,0,0,0,0,0,0, ... l

2 3 3
0,0, =6x,, =2x,,x,,9x,—2x,,6x;x, +2x,, =2, =2 _yx,, 10 _yx,, ... l,

[ 9x, 15 5
0,—6,0,1,0,1, —T—3x3—x4,9_yx2x3—l——_yx2x4—|—6_yx3—|—5_yx3x4,

l)z

—3_yx2x4+_yxi, 15_yx2x4—5_yxi, l

4 x 13Matix || |, | Ore_algebra, ["diff", "dift", "diff", "diff", "diff" ], [ll, by Ly 1y _t], [xl, X,

X5 X V] [t b byt L1 0 LT [ [ by by o 2], [ 1o [ s [diff= [0, 1], diff = [0 ],

0 0
4= [y 6} 7= [s 6} = [ 11} | oo, = - a ) a=ax = [ a)
1 2

5

0 s 0
_a—_a .X3 ( 6t3 _a j ,_a—_da .X4 ( 6t4 _a j ,_a—»_a 'y ( a_l‘ _aj

2x4

3x1+x4 0

5x1-i-3x2

0 5x2+2x3

2x4 3x2+2x3

(> RFO := RankFactorization(M, [D1,D2],0, "reduced");




o _ _ 2 2
RFO = [2)64)61 3x, % = 2x3x,, 3%, %, +x,x,, 2X] — 2x, X%, +x,x, 90, x, + 6x, X, x,

X, 2x, —2x 0
+2X2Xi], ’ 1 3 ,[ 6 00 ], [5x2x4+2x X4 3 X, X, +x x4],
X, 3x, 3x, +x, 3 3003
0 ]
0 3 0
2 2
table| |1 = T_y 2=1 0 ,table| | 1= —1 24 yx;x,+20_yx;+ 18 2
2
0 y 0 —60 _yx,
3 0

=| =1 =6x=2x |||, | Ore_algebra, ["diff", "diff", "diff", "diff", "diff"], [1,, £, t;, 1,

] [0 X X0 Yo s [y s by o L T 10, [0 [ ] [ s by o 2], [0 T [iff= [0 1],

0
diff = [xz, tz], diff = [x3, t3], diff = [x4, t4], diff = v, _t]], [_a—»_a X, — (a— _aj, _a—_ax,

f

o o o o
( Y _a], _a—_a X3 ( al‘S _a], _a—_a )C4 ( 614 _(lj, a—-»> a'y ( a_t _Cl) ,

(32)



i> 5010_:= Solutions(M, [D1,D2],0, "reduced");

Sol0 =

2x, 5x1+3x2“
3x,+x, 0

0 5x,+2x,

2x, 3x,+2x

2 2
[2)64)61 —3x,x, = 2x;%, 3%, %, +X,x,2x —2x,x,+x,x,9%x, +6x,x;x,

2x, S5x +3x, |
3x1+x4 0
2
+2x2x4], [5x,x, + 2x,%,, 3%, x5 + x,%, ), 0 S 4o ,table([l:[
2 3
2x, 3x, +2x,

[3x2y1’1+(2x1—2x3) (4_y—y1>1+(24_yx3x4+20_yxi+18)y2,1),3x2y1,2
+ (2x1—2x3) <—y1’2+ (24_yx3x4+20_yxi+18)y2’2),3x2y1’3+ (2x1—2x3)<

—y1,3+(24_yx3x4+20_yxi+18)y2’3)],

[3x4y1,1+3x4 (4_y—y1’1+<24_yx3x4+20_yxi+18>y2,1)—60 (3x1+x4)_y

xﬁy2’1,3x4y1,2+3x4(—y1,2+(24_yx3x4+201xi+18)y2’2)—60 (3x1+x4)_y

xiy2,2,3x4yl,3+3x4(—ym-l—(24_yx3x4+20_yxi+18)y273)—60 (3x, +x,)

xiy2’3]],2= [[3% i+ (2% —2x) (—»,+ (—6x3 —2X)),1):3%),
+ (Zx1 —2x3) (_y1,2+ (—6)63 —2x4)y2’2),3x2y1>3+ (2x1 —2x3) (—yL3 + (
—6x3—2x4)y2,3)],

[3x4y1,1—|-3x4 (—y1,1+ (—6x3—2x4)y2,1) + (3x1+x4) (6x4y2’1—|—6_y),3x4y1,2

+3x, (—yh2 + (—6x3 —2x4)y2,2) +6 (?ax1 +x4) x4y2,2,3x4y1,3 +3x, (—yL3 + (

(33)



—6x; — 2x4) y2,3) + 6 (3 x, + x4) x4y2’3]]]), table([l = [OFe_algebm, ["diff", "diff",
"dift", "diff", "diff" ], [tl, by Ly by _t], [xl, Xy X35 Xy _y], [tp by by, by _t], [yl’ PV e Ve Yo
y2,2’y2,3]’ O’ [ ]’ [ ]’ [tl’ t2’ t3’ t4’ —t]’ [ ]’ [ ]’ [dﬁz ['xp t] ]3 dﬂz [xza tz]a dﬁz [x39 t3 ]9 dlff

, 9 9
= [Xp 44 ] diff= [y, ]}, | _a»_ax, — (G_tl _aj, _a—_ax,— (a—tz _aj, _a-_ax,

o o o
( 6l3 _a],_a _ax4 ( 6t4 _aj,_a a'y ( a_l _a)

["diff", "diff", "diff", "diff", "diff" ], (1, £y £ Ly ]s [%0 X0 X0 Xpo V] [Bs s by Le L] [V 10

,2= [Ore_algebra,

y1’2,y1,3,)/2,1,)/2’2,)/2,3], 07 [ ]7 [ ]a [tla tza t37 t47 _t]a [ ]a [ ]9 [dlff‘z [xla tl]a dlffz [x27 tz]: dlff
0 0
_a~>_ax, — (G_Z _a],_a—»_ax2 — (g _aj,_a
2

(&)

= [Xp 4] diff =[x, 1], diff = [ Ly: 1]},
9 0 0
~>_ax; — (a—%_aj,_ae_axét— [a—a_a),_a»_a_y— (a__t_a)

[Example 7 of Inria Report 9438

(> M := Matrix([[0$3],[0$31]1);
0 0 O
M =
0 0 O
S D1 := DiagonalMatrix([1$2]);
1 0|
Dl =
0 1
(> D2 := Matrix([[0,1],[1,011);
[0 1
D2 =
1 0
(> D3 := Matrix([[2,1],[1,211);
S
D3 =
1 2
(> RFO := RankFactorization(M, [D1,D2,D3],0);

(54)

(35)

(36)

(37)



2

RE0 = {10} | 1 L[0o 0 o]on[[o][[1 H,[Ore_algebra, ["diff", "diff' )[4, (58)
—1

Ll [%e %] (6] [LOLL L [4:6] 0L 0L [diff =[x, 4], diff =[x, 4,]], | _a=_ax
9 9 X, X, 2x1+x2
_((')_tl_a]’_a_)_a%_(a_tz_a]]’ X, x; x+2x,
(> RF1 := RankFactorization(M, [D1,D2,D3],1);
2 0 0 0 100
REL=|[x—x] | b 73% 20Fn {0 0 0o} (f0|L{|01 0] &9
—1 2x1—x2 —X, 0 0 0 1

[Ore_algebm, ["diff", "diff" . [4, ) %] [0 ] [ 10 LB L L [t 6] [ 1 [ ) [diff

. a a
= [xl’tl]’ diff = [xz, tz]], _a~_ax, — [(')_tl _a),_a»_axz — (a_tz _a]

X, X, 2x1 +x,

X, X, X +2x2

[> RF2 := RankFactorization(M, [D1,D2,D3],2);

100 0 100
RF2:= | [x,x],| 0 1 0 [0 00 0][|0fL][010 ,[Ore_algebm,["diff‘, (60)
00 1 0 00 1

"diff'], (4 6) (¥ 5] [ b TR0 L LT (6 6] 01 L1 [diff =[x, 4] diff = [x. 1,]]:

0 0
_a~_ax, — (a_t _aj,_a—»_ax2 - [E _a”
1 2

"> Sol@ := Solutions(M, [D1,D2,D3],0);

X, X, 2x1 + X,

2

X, X, X —|—2x2

2y 2y 2y
X, X, 2x1—|-x2 b b2 b3

Sol0 = [[0], [0],

v x x. +2x stable| | 1=1 Vi1 Vi Vi ,table([l (61)
I 2

Vi TV TN




= | Ore_algebra, ["diff", "diff" ], [tl, tz], [xl,xz], [tl, tz], [y1,1vy1,2’y1,3]’ 0,[ .11 [tp tz],

9 0
_a~>_ax, — (O_Z _a],_a—»_ax2 - (g _a
1

(310 [diff =[x, 0] diff =[x 1,]]

i> IsSolution(Sol0);
table([1 = [true]])

> Soll := Solutions(M,[D1,D2,D3],1);

X, x, 2x +x,

Soll = [xf —)é], (0],

X, X, X, +2x,

[yl,l T30Vt (20 ) s Y T3, (201 0) V00 5 T 300,

+ (2% + X)) p; 5],

[_yl,l + (le X))V TNV TV, T (2x1 X))V TNV Vs T (2x1
—%) N3 T %Y5]]]) table([l = [Ore_algebm, ["diff", "diff" ], [7, 4, ], [ %, ], [45 5],

(V1 V0 D3 Ya 00 V0 2 Yo s Va0 Va0 ¥ss b O L1 LD (6 6] [ [ ) [diff =[x, 1)) diff

=[5 0]} | _a~_ax, — (a%_a]’—“*—axz_ (6%—“”””

i> IsSolution(Soll);

table([1 = [true]])
(> Sol2 := Solutions(M,[D1,D2,D3]1,2):

1 1 1,1 1,2 1,3

X, Jtable| | 1= Y0 Voo Yoz

X, x; X +2x,
Vi1 Vi Vi3

— [Ore_algebra, ["dift", "diff" ], [tl, tz], [xl,xz], [tl, tz], [y1,13y1,29y1,3’y2,1’y2,2’y2,3’y3,1’

J’3’2:y3,3]’ 0,[ L[] [tp tz]’ (L) [dlﬁr: [xl’ 4 ]’ diff = [xz, t2]]’

o= (g <))

i> IsSolution(Sol2);

table([1 = [true]])

> M := Matrix([[30,0$2],[0$31,[12,0$2]1,[12,0$2]]);

2

ctable([1=[[2, 15 27, 5 27,5

,table([l

0
_a-»_ax, — ( or

(62)

(63)

(64)

(65)

(66)



3x

X4 4

2
3)c1 +x, 9x2x4-|—6x3x4-i-2x4

oS o o O

,10,3,2,011);

2xx+xx 9xx+6xxx

24

30 0 0 |
0O 00
M =
12 0 0
12 0 0
(> D1 := Matrix([[0$3,2],[3,0%2, 1]1,[0%4],[0$3,2]11);
0 0 0 2
3001
Dl =
0 0 0O
0 0 0 2
(> D2 := Matrix([[5,3,0$2],[0$4],[0 5,2,0]
5 30
0 0O
D2 =
05 2
0 3 2
> RF0 i= RankFactorization(M, [D1,D2],0);
RFO = [2x4x1—3x2x 2x; %, 3 x, X, +x2x4,2x
X, 2x1—2x3 0 0
+2x2xi],

Lsoo]|

(67)

(68)

(69)

(70)



0 ) .
0
2y 0
+2x3x4,3x1x3+x3x4,6x§x4+5x3xi],table 1= 3 ,2= , 3
0 y
0
0 i |
0
-3 _yx
= 0 ,table[llz[H3,0,0,0,0,0,0,0,0,0, l,
Sy
2

[—1, 18x, +12x; +4x,,9x, +6x; +2x,, 24_yx3x4+20_yxi+ 18,0,0,0,0,0,0,

2 2
0,0, =6x,,0, =2x,,x,,9x, —2x,,6x;x, +2x,,2,4 yx,, ...

[ 9x
0,=6,0, =30 yx, 1,0, 1, =—= =3x;—x, =3 yx, =2 yx, =2 yx, .. m

4 x 16 Matrix |, 2 = [[[3, 0,0,0,0,0,0,0,0,0, ... ],

[—1, 12x, +4x,6x;,+2x,, =6, =2, —6,4,6,0,0, ... ],

[0, 0, —6x, —2_yxi, —2_yxi, —6 _yx;x, — IO_yxi, 4_yxi, 2_yxi, —2x,, —2x,,
[0, —6,0,9 yx;+ yx,3 yx;+ yx,, 12 yx;+5 yx,, =6 yx;—2 yx,, =9 yx,
— vx, 1,1, .. ]]],

4 x 12 Matrix |, 3 = [[[3,0,0,0,0,0,0,0,0,0, U




—1,18x,+ 12x, + 4x,,9x,+ 6x, +2x,,0,0,0,0,0,0,0, ... l

2 3 3
0,0, =6x,, =2x,,x,,9x,—2x,,6x;x, +2x,, =2, =2 _yx,, 10 _yx,, ... l,

[ 9x, 15 5
0,—6,0,1,0,1, —T—3x3—x4,9_yx2x3—l——_yx2x4—|—6_yx3—|—5_yx3x4,

l)z

—3_yx2x4+_yxi, 15_yx2x4—5_yxi, l

4 x 13Matix || |, | Ore_algebra, ["diff", "dift", "diff", "diff", "diff" ], [ll, by Ly 1y _t], [xl, X,

X5 X V] [t b byt L1 0 LT [ [ by by o 2], [ 1o [ s [diff= [0, 1], diff = [0 ],

0 0
4= [y 6} 7= [s 6} = [ 11} | oo, = - a ) a=ax = [ a)
1 2

5

0 s 0
_a—_a .X3 ( 6t3 _a j ,_a—_da .X4 ( 6t4 _a j ,_a—»_a 'y ( a_l‘ _aj

2x4

3x1+x4 0

5x1-i-3x2

0 5x2+2x3
2x4 3x2+2x3

> RFObis := RankFactorization(M, [D1,D2],0, "reduced");




0y

RFObis = [2x4xl — 3x2x4—2x3x4,3x1x2+x2x4,2x?—2xl Xy +x2x4,9x§x4+ 6x,x,x, (71)

X, 2x, —2x 0
+2X2Xi], ’ 1 3 ,[ 6 00 ], [5x2x4+2x X4 3 X, X, +x x4],
X, 3x, 3x, +x, 3 3003
0
0 3 0
2 2
table| |1 = T_y 2=1 0 ,table| | 1= —1 24 yx;x,+20_yx;+ 18 2
2
0 y 0 —60 _yx,
3 0

1 =6x=2x 11| | Ore_algebra, ["diff", "diff", "diff", "diff", "diff"], [#,, 1,, £, £,

xl’xza x3’ X4, _y]a I:tp tza t37 t4a _t]a [ ]a 0> [ ]a [ ]7 [tla ZZ’ t37 t4> _t]a [ ]a [ ]’ [dlj?‘: [xla tl ]5

0

diff = [xz, tz], diff = [x3, t3], diff = [x4, t4], diff = v, _t]], [_a—»_a X, — (g _aj, _a—_ax,

1

0

0 0
g_a],_a—»_a)%— (a—%_a}_a—»_a)%— (a—t“_aj,_a—»_a_y— (G__t_a)

2




2x4 5x1+3x2“
3x1+x4 0
0 5x2+2x3

2x

4 3x2+2x3“




