[> restart:

> with(LinearAlgebra):
> with(OreModules):

> march('open’,

onProblem.mla"):
libname := "/Users/aquadrat/Documents/Travail/maple/Personnel",

"/Library/Frameworks/Maple.framework/V ersions/2023/lib",
"/Users/aquadrat/Documents/Travail/maple/Personnel/RankFactorizationProblem.mla"

[ > with(RankFactorizationProblenm);
[AntiDiagonal, CentroHermitian, Factorization, FiniteFreeResolution, Fittingldeal,

IsCentroHermitian, IsInvertible, IsNilpotent, IsSolution, LeeMatrix, LeftLift, Lift,
LocalSyzygyModule, RankFactorization, ReducedSyzygies, RightLifi, Saturation, Simplification,
Solutions, Syzygies |

[> R := DefineOreAlgebra(seq(diff=[x[i],t[i]],1i=1..4),polynom=[seq(t
[i],1i=1..4)]):

[ Fitting ideals

> M := Matrix([[a,b,c],[d,e,f],[g,h,j],[1,m,n]]);

a b c
d e f
g h J

I m n

> FittingIdeal(M,0,R);
[aej—afh—bdj+bfg+cdh—cegaen—afm—bdn+bfl+cdm—celahn

—ajm—bgn+bjltcgm—chl,dhn—djm—egn+ejl+fgm—fhl]

[ > FittingIdeal(M,1,R);
[ae—bd,ah—bg,am—bliaf—cd,aj—cg,an—cl,bf—ce,bj—ch,bn—cm,dh
—eg dm—el,dj—fg,dn—flej—fhen—fm,gm—hl,gn—jlLhn—jm]

(> FittingIdeal(M,2,R);
[aa ba C, d, eaﬁgs hsja ls m,”l]

> FittingIdeal(M,3,R);
[1]

> FittingIdeal(M,4,R);

"/Users/aquadrat/Documents/Travail/maple/Personnel/RankFactorizati
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i [

[4]1,0]11);
0 —X, 0 —X,
M = X X3
X, +x 0 x +x 0

> FittingIdeal(M,Q,R);

> FittingIdeal(M,1,R);
2 2 2 2 2 2
[0, (¥ +x,) <x2 —x3), —X, X, + XX, — XX, +x3x4]
> FittingIdeal(M,1,R,"reduced");
2 2 2 2
[xle — X3 X, +x2x4—x3x4]
> FittingIdeal(M,2,R);
2 2
[0,)(2 (x1 +x4),x3 (x1 —I—x4), —X, (x1 —I—x4), —X, (x1 —I—x4),x2 —x3]
> FittingIdeal(M,2,R,"reduced");
2 2
[x3 X, Xy Xy, Xy — X5, X, X, T X, x4]
> FittingIdeal(M,3,R);
[O, X,y X35 =X,
> FittingIdeal(M,3,R,"reduced");

[x3, Xy, X, + x4]

—x;, x, + x4]

> FittingIdeal(M,4,R);

[1]
[Saturation of an ideal by a polynomial

(> Saturation(x[11%x[21, [X[11*x[21%x[311,R);
[%3]
(> Saturation(x[11, [x[2]1°2,x[11*%x[3]1-x[21"2],R);
_ [ 4]
B Saturation(x[3], [x[1]175%x[3]1°3,x[1]1*x[2]1%x[3],x[2]1*x[3]1"4],R);
_ 3]
> saturation(x[11,[x[1]1°21,R);
[1]

B M := Matrix([[0,-x[3]1,0,-x[211,1[0,x[2]1,0,x[311, [x[1]+x[4]1,0,x[1]+x
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> Saturation(x[1]1*x[2],[x[1]1"2, x[2]°21,R);

i [1] (22)

> Saturation(x[4], [x[11xx[2]-x[3]*x[4],x[1]1"2xx[3]-x[2]"2%x[4],x[2]1"3
=x[11*x[3]1"2, x[1]1"3-x[2]*x[3]1"2],R);

. 2 2 VT BN S 4 22 3 2 22 22 23)
[xle Xy X4y X| Xy = X5 X,y =X, X5 X5, X] = X5 Xy, X3 = X X5, Xy Xy = X, Xy Xy, Xo XS x2x4]

> Saturation(0, [x[1]1*x[21]1,R);
[1] (24)

"> Saturation(x[1]%x[2],[01,R);

[0] (25)

[Test whether or not an element in a factor polynomial ring is nilpotent

> IsNilpotent(x[1],Matrix([[x[1]1721]),R);

i true (26)
[ > IsNilpotent(x[1]+1,Matrix([[x[1]17211),R);
false 27)

> IsNilpotent(x[1],Matrix([[x[1]173]1, [x[11°2xx[2]], [x[1]*x[2]72], [x[2]

~311),R);
true (28)

> IsNilpotent(x[1]*x[2],Matrix([[x[1]73], [x[1]172%x[2]1], [x[1]*x[2]"2],
[x[2]7311),R);
true (29)
> IsNilpotent(x[1]xx[2]+x[1],Matrix([[x[1]73], [x[1]172%x[2]1], [x[1]*x

[2]172],[x[2]73]11),R);
true 30)

> Factorize(Matrix([[(x[1]*x[2]+x[1]1)7311),Matrix([[x[1]"3], [x[1]1"2*x
[2]1]1, [x[1]*x[2]"2], [x[2]"3]]),R);
1 3x 3x? x? (31)
> IsNilpotent(x[2],Matrix([[x[1]173], [x[1]172%xx[2]1], [x[1]1%xx[2]"2], [x[2]
~311),R);
true (32)
> IsNilpotent(0,Matrix([[x[1]173], [x[1172%x[2]1], [x[1]1*x[2]°2],[x[2]1"3]
1),R);

true (33)

[Test whether or not an element in a factor polynomial ring is invertible



> IsInvertible(x[1]+1,Matrix([[x[1]1°21]1),R);

i frue (34)
[ > IsInvertible(x[1],Matrix([[x[1]172]1]1),R);
false (35)

=> IsInvertible(x[1]+1,Matrix([[x[1173]1, [x[1]172%xx[2]1]1, [x[1]1*xx[2]1"2]1, [x

[2]173]11),R);
true (36)

=> LeftInverse(Matrix([[x[1]1+1]1, [x[1]1731, [x[1]172xx[2]], [x[1]1xx[2]"2],
[x[2]17311),R);

2—

X=x+1 =100 0 37

[Computation of syzygies for a finitely presented module over a factor polynomial ring

[> M := Matrix([[x[1]+1,0],[0,x[1]-1]11);
x, + 1 0
M= 0 x, — 1 38)
> Syzygies(M, [1,R);
i INJ(2) (39)
(> Syzygies(M,Matrix([[0]1),R);
i INJ(2) (40)
[> K := Syzygies(M,Matrix([[x[1]~2-111),R);
x, — 1 0
A “h
> Mult(K,M,R);
x; — 1 0
i “2)
0 x— 1
> simplification(%,Matrix([[x[1]*2-111),R);
00
0o 43)
> Syzygies (K,Matrix([[x[1]%2-111),R);
x, +1 0
0 x —1 @9




> L := Syzygies(K,Matrix([[x[1]"2-1], [x[2]*(x[1]+1)-11]1),R);
1 0

20

i> ReducedSyzygies (K,Matrix([[x[1]72-1], [x[2]*(x[1]+1)-111),R);
[2 0]

L=

(> L := Syzygies(K,Matrix([[x[1]172-1], [x[2]*(x[1]-1)-111),R);

0 1
L =
0o -2
[> K2 := Syzygies(M,Matrix([[x[1]1*2-11, [x[2]*(x[1]1-1)-111),R);
1 O
K2 =
-2 0
(> P2 := Mult(K2,M,R);
x, +1 0
P2 =
—2x,—2 0

> Simplification(%,Matrix([[x[1]72-1], [x[2]*(x[1]-1)-1]1]),R);
0 0

0 0

[Example 6 of Inria Report 9438

> Q := Matrix([[x[1],x[2]1,0],[x[2],x[1],011);
x, x, 0
Q= X, X 0
=> Q_t := Transpose(Q);
XX
Qt=|x X
0 0
(> 30 := FittingIdeal(Q,0,R,"reduced");
JO == [0]
(> 31 := FittingIdeal(Q,1,R,"reduced");
JI = [x?—xi]

45)
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> J2 := FittingIdeal(Q,2,R,"reduced");
J2 = [xz,xl]
(> 33 := FittingIdeal(Q,3,R,"reduced");
J3 = [1]
(> KO := Transpose(Syzygies(Q_t,Transpose(convert(J0,Matrix)),R));
0
KOo:= |0
1
(> K1 := Transpose(Syzygies(Q_t,Transpose(convert(J1,Matrix)),R));
-x, x 0
KI — xl _.xz O
0 0 1
B Simplification(Mult(Q,K1,R),Transpose(convert(J1l,Matrix)),R);
0 00
000
(> K2 := Transpose(Syzygies(Q_t,Transpose(convert(J2,Matrix)),R));
1 00
K2 = 010
0 01

[Example 7 of Inria Report 9438

> Q := Matrix([[x[1],x[2],2*x[1]+x[2]], [x[2],x[1],x[1]+2*x[2]]1]);

X, x, 2x +x,
Q= X, X, x; +2x,
> Q_t := Transpose(Q);
X, X,
0 t:= X, X

2x1 +x, X —|—2x2

> JO := FittingIdeal(Q,0,R,"reduced");
JO == [0]
(> J1 := FittingIdeal(Q,1,R,"reduced");

JI = [x? —xi]
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> J2 := FittingIdeal(Q,2,R,"reduced");
J2 = [xz,xl]
(> 33 := FittingIdeal(Q,3,R,"reduced");
J3 = [1]
(> KO := Transpose(Syzygies(Q_t,Transpose(convert(J0,Matrix)),R));
2
KO = 1
—1
(> K1 := Transpose(Syzygies(Q_t,Transpose(convert(J1l,Matrix)),R));
2 0 0
K] = 1 —3x, 2x+x
—1 2x —x, —X,
(> K2 := Transpose(Syzygies(Q_t,Transpose(convert(J2,Matrix)),R));
1 00
0 01

_Computation of left/right/generalized inverses for a finitely presented module over a factor
| polynomial ring

> LeftInverse(Q_t,R);
[]
> S := LeftLift(Q_t,Matrix([[x[4]*J1[1]-111),R);

X (4 1t 2x,) X, Xy
S =
0 X, (2x1—|—x2) %
2 2
[ > simplify(S.Q_t);
(xl —xi) Xy 0
0 (x% —xi) X,

> Simplification(S.Q_t,Matrix([[x[41*J1[11-111),R);
1 0

01
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> T := RightLift(Q,Matl_‘ix([[x[4]*J1[1]—1]]),R);

> LeftLift(Q_t,Matrix([[x[4]*J2[1]-11]),R);
[]

> LeftLift(Q_t,Matrix([[x[4]%J2[2]-1]]1),R);
[]

> M := Matrix([[x[11], [x[211, [x[3]111);

> LeftLift(M,Matrix([ [x[4]xx[1]-111) ,R-) ;

x, 0 0]

> LeftLift(M,Matrix([ [x[4]xx[2]-111),R);

0 x, 0
> LeftLift(M,Matrix([[x[41%x[3]1-111),R);
0 0 x,
(> N := SyzygyModule(M,R);
—x; 0 x
N=|—x, x 0
0 —X, X

> LeftLift(N,Matrix([[x[4]*x[1]-1]11),R);
[]

0 0
X, (x1+2x2) X, (2x1+x2)
T := 2 2
.Xl .X4 X4X2
2 2
> Simplification(Q.T,Matrix([[x[4]1%J1[1]1-111),R);

1 0
0 1
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RightLift(N,Matrix([[x[4]1*x[1]-111),R);
[ ]

P := Lift(N,Matrix([[x[4]*x[1]-1]11),R);
0O 0 O

P = 0 x, 0

4

x, 0 O

4

Simplification(N.P.N-N,Matrix([[x[4]*x[1]-1]11),R);

0 00
0 00
0 00
P2 := Lift(N,Matrix([[x[4]*x[2]-111),R);
0 —x, 0
p2=|0 0 0
0 0 «x

4

Simplification(N.P2.N-N,Matrix([[x[4]*x[2]-111),R);

00O
000
0 00
P3 := Lift(N,Matrix([[x[4]1*x[3]1-11]1),R);
-x, 0 0
P3 = 0 0 —x
0O 0 O
Simplification(N.P3.N-N,Matrix([[x[4]1*x[3]-111),R);
0 00
00O

0 0O
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