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Appendix: The RANKFACTORIZATION package

The RANKFACTORIZATION package is dedicated to the rank factorization problem eq. and its ap-
plications to demodulation problems and vibration analysis. The main algorithmic aspects of the rank
factorization problem eq. developed in this paper are implemented in this package. In particular,

the

general solutions of the rank factorization problem can be computed following Algorithm More

commands concerning the applications to the demodulation problems and vibration analysis will soon be
added. The package is written in Maple and is built upon the OREMODULES package |6]. Its binary is
freely available at https://who.rocq.inria.fr/Alban.Quadrat/RankFactorizationProblem.html.

RR

In the next table, we list the main functions of the RANKFACTORIZATION package.

n° 9438



46

Dagher & Hubert € Quadrat

RankFactorization(M, L, k)

Compute the outputs of Algorithm [3| where M € K™*™,

L is a list of matrices Dy,...,D, € K™*™ and k € [0,...,r —1].
Using the option “reduced” as the last argument of the function,
a reduction of the sizes of the parameters ¢ and ¢; in Algorithm [3|is
attempted but at the cost of calculation time.

Solutions(M,L, k)

Compute the solutions eq. (57) of the rank factorization
problem eq. 7 where M € K™*™ [ is a list of r matrices
Dy,..., D, € K™*™ and k € [0,...,r —1].

Using the option “reduced” as the last argument of the function,
a reduction of the sizes of the parameters ¢ and ¢; in Algorithm is
attempted but at the cost of calculation time.

IsSolution

Check again that the outputs of Solutions(M,L,k) define
solutions of the corresponding rank factorization problem eq. dZI)

Table 1: Main functions of the RANKFACTORIZATION package

In the next table, we list low-level functions of the RANKFACTORIZATION package. In this table, we

shall note R = Q[x1,...,Zm].

Factorization(M;,Mp, V, R)

Left factorize M; € S**? by My € S°*?, i.e., find (when possible)
F € §%%¢ such that My = F My, where S = R/(V4,...,V5)
and V; € R is the i*® entry of the column matrix V.

FittingIdeal(M,i, R)

Compute a set of generators for the :*" Fitting ideal Fitt; (M)
of the R-module M = cokerg (.M) finitely presented by M € RI*P.
With the option “reduced”, it returns a Grobner basis for this set
for the tdeg monomial order.

IsInvertible(P,V,R)

Check whether or not the residue class of P in the factor ring
R/{V1,...,V,) is invertible, where V; € R is the i'! entry
of the column matrix V.

IsNilpotent(P,V,R)

Check whether or not the residue class of P in the factor ring
R/{V1,..., V) is nilpotent, where V; € R is the i*} entry
of the column matrix V.

Saturation(P,L,R)

Compute the saturation (L1, ..., L) : (P)* of the ideal (L1,..., L;)
w.r.t. P, where L; is the i*® entry of the list L and P, L1,..., L, € R

Simplification(M,V,R)

Simplify the entries of M € R?*P by computing
their normal forms in the factor ring R/(V1,..., V),
where V; € R is the i*? entry of the column matrix V.

Syzygies(M,V,R)

Compute P € §"*7 such that kers(.M) = img(.P), where
S=R/(V1,...,V,), Vi € R is the i*! entry of the column matrix V,
and M € RI*P,

IFR=T[Y]and Jo=Y P —1, where P, V;,...,V,_1 €T,
then S is the localization Ap of A =T /(Vi,...,V,_1) at P.

ReducedSyzygies(M,V,R)

Reduce the output of the Syzygies function, i.e., reduce the integer r
by removing trivial syzygies among the syzygies (but at the cost
of calculation time). This function is used by the RankFactorization and
Solutions functions when the option “reduced” is added.

Table 2: Low-level functions of the RANKFACTORIZATION package

Finally, Tablegives functions that are useful for studying the demodulation problems. More func-
tions will be added in the future.
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AntiDiagonal(n) Compute the antidiagonal matrix of the size n
LeeMatrix(n) Compute a Lee matrix of size n. If the option “unitary” is added,
then a unitary Lee matrix is returned.

If the option “unitary symbolic” is added, then a symbolic unitary
Lee matrix is returned which depends on a parameter ¢
given as the third argument satisfying ¢ = 2
IsCentroHermitian(M) Test whether or not a complex matrix M is centrohermitian

CentroHermitian(M) Compute a centrohermitian matrix from M

Table 3: Functions of the RANKFACTORIZATION package for the demodulation problem

Let us illustrate the functions of the RANKFACTORIZATION package with explicit examples.
To use the RANKFACTORIZATION package, the OREMODULES package has to be called. The Maple
LinearAlgebra package can also be helpful to handle matrices.

> with(LinearAlgebra): with(OreModules): with(RankFactorization):

6.1 Low-level functions

Let us first demonstrate low-level functions of the RANKFACTORIZATION package (see Table.

6.1.1 FittingIdeal

Let us first introduce the commutative polynomial ring R = Q[z1, 2, T3x4] in the OREMODULES package.
To do that, the simplest way is to consider the Weyl algebra A4(Q) of partial differential operators in
x; = 0/0t; for i = 1,...,4, and consider ideals and matrices defined by polynomials in the z;’s (which
commutes with each other). In other words, we can do as follows:

> R := DefineQOreAlgebra(seq(diff=[x[i],t[i1]],i=1..4),polynom=[seq(t[i],i=1..4)]):
Let us now consider the following matrix

> M := Matrix([[a,b,c],[d,e,f],[g,h,j],[1,m,n]]);

a b ¢
M = d e f
g h j
I m n

whose entries are symbols but can also be elements of the ring R. Let M = cokerg (.M) = R*3/(R1** M)
be the R-module finitely presented by the matrix M. Let us now compute the different Fitting ideals of
M, ie., Fitt;(M) for i € Z>o. We have:
> FittingIdeal(M,0,R);
[aej—afh—bdj+bfg+cdh—ceg,aen—afm—bdn+bfl+cdm—cel,
ahn—ajm—bgn+bjl+cgm—chl,dhn—djm—egn+ejl+ fgm— fhl]
> FittingIdeal(M,1,R);
[ae—bd,ah—bg,am—bl,af—cd,aj—cg,an—cl,bf —ce,bj—ch,bn—cm,dh—eg,
dm—el,dj—fg,dn—fl,ej—fhyen—fm,gm—~hl, gn—jl, hn— jm]
> Fittingldeal(M,2,R);
[aa bv C, d7 €, f» 9, h7 jv la m, n]
> FittingIdeal(M,3,R);

> FittingIdeal(M,4,R);
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Let us now consider a more explicit matrix M with entries in R.

> M := Matrix([[0,-x[3],0,-x[2]],[0,x[2],0,x[3]], [x[1]+x[4],0,x[1]+x[4],0]1);

0 —XT3 0 —XT2
M = 0 T 0 x3
T+ X4 0 1+ X4 0

Let us consider the R-module M = cokerg (.M) = R**/(R'*3 M) and let us compute Fitt;(M) for
i € Z>o. We have:

> Fittingldeal(M,0,R);

[0]
> Fittingldeal(M,1,R);
[0, (z1 + x4) (CL’% - x%) ,—w3my + 23wy — 23wy + 23 ay)

Note that the elements of the above list are the different minors of all the 3 x 3 minors of M. These
elements form a family of generators of the ideal Fitt; (M). But we can also compute a Grobner basis

for the total degree of this set to obtain a more tractable family of generators of Fitt;(M). This can be
done by adding the option ‘‘reduced’’ in the FittingIdeal function as follows:

> FittingIdeal(M,1,R,"reduced");
(2321 — 2321 + 23 24 — 22 24]
Similarly, we have:
> Fittingldeal(M,2,R);
(0,22 (x1 4 24) , @3 (21 + x4), —22 (21 + 24) , —23 (1 + 24) , 23 — 23]
> FittingIdeal(M,2,R,"reduced");
[T371 + T324, 23 — 23, T2 + T2T4)
> FittingIdeal(M,3,R);
[0, 22, 23, =22, —x3, L1 + 24]
> FittingIdeal(M,3,R,"reduced");
[‘T37 x2,T1 + x4]
> FittingIdeal(M,4,R);

1]

6.1.2 Saturation

The Saturation function computes the saturation Z : (P)* of the ideal Z defined by the elements of
the list given in the second argument of the Saturation function by a polynomial P given in the first
argument (the last one being the ring R). Let us illustrate this function with simple examples.

> Saturation(x[1], [x[1]1~2],R);
1]
Therefore, we have (22) : (21)®° ={r e R| 3k € Zso, raf € (z})} = (1) =R.
> Saturation(x[1]*x[2], [x[1]1*x[2]*x[3]],R);
(23]
Therefore, we have (x1 xo x3) : (x1 22)> = (z2).
> Saturation(x[1], [x[2]~2,x[1]*x[3]-x[2]~2],R);

[$37 (L’%]
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Therefore, we have (22, 1 x3 — 23) : {11 22)® = (x3, 22).
> Saturation(x[3], [x[1]~5*x[3]"3,x[1]1*x[2]*x[3],x[2]*x[3]"4],R);
[va :L'i—’]

Therefore, we have (x5 23, z1 2o T3, T2 1) : (13)° = (79, 27).

6.1.3 IsNilpotent & IsInvertible

Let us first consider the IsNilpotent function which checks whether or not the residue class of an element
r € R — given as the first argument of the function — in the factor ring & = R/Z is nilpotent, where 7
is the ideal generated by the entries of the column matrix given in the second argument of the function
(the last one being the ring R). Equivalently, this function tests whether or not the ring S, — defined as
the localization of the ring S at the multiplicatively closed set {r¥}cz — is trivial, i.e., S, = 0.

Let us check again that the residue class of x1 in S = Q[xy, ..., z4]/(z?) is nilpotent

> IsNilpotent(x[1],Matrix([[x[1]1-2]1),R);

true
whereas the residue class of 1 + 1 in S is not:

> IsNilpotent(x[1]+1,Matrix([[x[11~2]1),R);
false

Let us give a few more simple examples by now considering the factor ring S = R/(z%, 23 xa, 21 23, 23):

> IsNilpotent(x[1],Matrix([[x[1]1-31, [x[1]~2*x[2]1], [x[1]1*x[2]~2], [x[2]~31]),R);
true

Thus, the residue class of z; in S is nilpotent.

> IsNilpotent(x[1]*x[2]+x[1],Matrix([[x[1]1~3], [x[1]1~2*x[2]], [x[1]1*x[2]~2], [x[2]1~3]1]),R);

true

Thus, the residue class of x1 o + z1 in S is nilpotent. We can check again that (m% Ty + x1)3 is a
polynomial combination of the generators of Z:

> Factorize(Matrix([[(x[1]1*x[2]1+x[1]1)~3]1]1) ,Matrix([[x[11~3]1, [x[1]1-2*x[2]1], [x[1]1*x[2]~2],
> [x[2]1-311),R);

[ 1 3x 32 a3 }
i.e., we have (% o + 21)3 = 23 + 321 (23 2) + 323 (z1 23) + 23 (23).
> IsNilpotent(0,Matrix([[x[1]-3], [x[1]~2*x[2]1], [x[1]1*x[2]~2], [x[2]1~31]),R);

true

Let us now consider the IsInvertible function which checks whether or not the residue class of an
element » € R — given as the first argument of the function — in the factor ring S = R/T is invertible,
where 7 is the ideal generated by the entries of the column matrix given in the second argument of the
function (the last one being the ring R). For instance, let us test whether or not the residue class of x;
in S = Q[z1]/(x?) is invertible:

> IsInvertible(x[1],Matrix([[x[1]1-2]11),R);
false

Therefore, the residue class of 21 in S is not invertible (since it is nilpotent).
Similarly, let us test the invertibility of the residue class of 1 + 1 in S.

> IsInvertible(x[1]+1,Matrix([[x[1]1-2]1]1),R);
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true

We obtain that it is invertible. We can check again this result by noticing that (—z1 +1) (z; +1) = 1 —2%
shows that the inverse of the residue class of 1 + 1 in S is the residue class of —x; + 1.

Let us now check whether or not z1 + 1 is invertible in the ring S = R/(z?3, 22 x5, 21 22, 23):

> IsInvertible(x[1]+1,Matrix([[x[1]1-31, [x[1]1~2*x[2]1], [x[11*x[2]1~2],[x[2]1~311),R);
true

To check this last point, we can note that the identity (z% — z; + 1) (x1 + 1) = 23 + 1 shows that the
residue class of x% — x1 + 1 is the inverse of the residue class of 1 + 1 in §. This last identity can be
obtained using the LeftInverse function of the OREMODULES package as follows:

> LeftInverse(Matrix([[x[1]+1], [x[1]1-3], [x[1]~2*x[2]], [x[1]*x[2]~2], [x[2]1~3]1),R);
[z} —214+1 -1 0 0 O]

6.1.4 Syzygies, ReducedSygyzies, Factorization & Simplification

The Syzygies function computes the left kernel kerg(.M) of a matrix M, given as the first input of the
function, whose entries belong to the ring S = R/J, where R is a commutative polynomial ring defined
in the third argument and J is the ideal generated by the entries of the column matrix V' given in the
second argument of the function.

The ReducedSygyzies function tries to reduce the number of generators of the left kernel kers(.M) of
a matrix M € S7P, where S = R/J, R is a commutative polynomial ring defined in the third argument
and J is the ideal generated by the entries of the column matrix V given in the second argument of the
function.

Note that if R = T[Y], where T is a commutative polynomial ring, V = (V1 ... V3 VT)T, where
V.=YP—land P, V4,...,V,_1 € T, then S corresponds to the localization Ap of A =T /(V1,...,V,._1)
at P. Note that the index of Y P — 1 does not need to be the last one for the functions (it can be any).

The Simplification function computes the normal form of all the entries of a matrix M — given in
the first argument of the function — in the ring S = R/J = R/{V4,...,V,), where R is a commutative
polynomial ring defined in the third argument and 7 is the ideal generated by the entries of the column
matrix V' given in the second argument of the function.

Let us first illustrate these functions with a simple example.

> M := Matrix([[x[1]+1,0],[0,x[1]1-111);

1'1+1 0
0 1’171

Let us first compute the left kernel of M when V is the empty list, i.e., when S = R:

> Syzygies(M, [1,R);
INJ(2)
Thus, kerg (.M) = 0, i.e., the rows of M are R-linearly independent or equivalently M has full row rank.
Since J = (0), the same result can be obtained by considering the matrix 0 in the second entry:
> Syzygies(M,Matrix([[0]]),R);
INJ(2)
Let us now consider V' = [2? — 1], which is the determinant of M. Then, we have S = R/(2? — 1), and
kers(.M) is defined by:
> K := Syzygies(M,Matrix([[x[1]1-2-1]1),R);

1171—]. 0

K= 0 1+ 1

Inria
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Equivalently, we have kers(.M) = img(.K), i.e., the S-module kers(.M) can be generated by the two
rows of K. In particular, the residue classes of the entries of the matrix K M in S is 0. But if we use the
standard product of the matrices K and M in R, we obtain

> P := Mult(K,M,R);

2
et —1 0
P'_[ 0 x%fl}

which is not the zero matrix in R. To compute the product K M in S, we have to use the Simplification
function which computes the residue classes of the entries of the matrix K M in S:

> Simplification(P,Matrix([[x[1]-2-1]11),R);
0 0
0 0
Let us now check whether or not the rows of the matrix K are S-linearly independent, i.e., whether or
not K has full row rank or equivalently whether or not kers(.M) is a free S-module.
> Syzygies(K,Matrix([[x[1]1~2-1]1),R);
X + 1 0
0 xr1 — 1
We obtain kers(.K) = img(.M), which shows that the S-module M = cokers(.M) = S'*2/(S1*2 M)
has the following cyclic free resolution:

M K M K M
Sl><2 Sl><2 Sl><2 Sl><2 Sl><2 ‘” M 0.

Let us consider the localization S,, {1 of S at the multiplicatively closed set {(z; 4+ 1)*}rcz and let us

compute the left kernel kers, ,,(.K) of the matrix K over S;, 41:

> L := Syzygies(K,Matrix([[x[1]~2-1], [x[2]*(x[1]1+1)-1]1]1),R);

1 0
L= [ Lo ]
We obtain that kers, ., (.K) = ims, ,,(.L). We note that the second row of L is twice of the first one,
ie., kers, ,(-K) =Sy +1(1 0), which shows that kers, ., (.K) is a free S;,11-module.

The trivial linear dependence of the rows of the output of the Syzygies function can be removed
using the ReducedSyzygies function (see more below):

> ReducedSyzygies(K,Matrix([[x[1]~2-1], [x[2]1*(x[1]1+1)-1]11),R);
[2 0]

Now, using the fact that kers(.M) = img(.K) (see the above free resolution of M) and the fact that
Sz, +1is a flat S-module, we have kers, ,, (M) =ims, ,(.K) =841 (1 0) =S, 41, i, kers, (M)
is a free S;,+1-module. This result is coherent with the fact that over the ring Sy, 41, M is reduced to

> N := Simplification(M, Matrix([[x[1]1-2-1], [x[2]1*(x[1]1+1)-1]1),R);

2 0
v-[39]
and thus, S;,+1 ®s M = cokers, ,(.M) = cokers, ,,(.N) = S;, 41 is a free Sy, 41-module. For more

details, see the proof of Theorem Finally, note that a similar comment holds if we consider the
localization S,, 1 of the ring S at the multiplicatively closed set {(z; — 1)¥}xez.

Let us now consider Example@ i.e., the following matrix:

> Q := Matrix([[x[1],x[2]1,0], [x[2],x[1],011);
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Q::|:£C1 To O:|

Tro I 0

Let us compute the Fitting ideals Fitt;(Q)’s of the R-module Q = cokerz (.Q) = R*3/(R*2Q):

> JO := FittingIdeal(Q,0,R,"reduced");
[0]
> J1 := FittingIdeal(Q,1,R,"reduced");
[z} — 23]
> J2 := FittingIdeal(Q,2,R,"reduced");
[x2, 71]
> J3 := FittingIdeal(Q,3,R,"reduced");
[1]

Let us now consider the rings Sy, = R/Fitty(Q) for £k =0, 1, 2, and let us compute kerg, (Q).). Since the
Syzygies function only computes left kernels, we shall compute kers, (.QT), where Q7 is given by

> Q_t := Transpose(Q);

Ty T2
Qi = T2 X1
0 0

and finally transpose the obtained matrix. Hence, we first have

> KO := Transpose(Syzygies(Q_t,Transpose(convert(JO,Matrix)),R));

0
KO:=|0
1

which shows that kerg, (Q).) = img, (Ko.). We have

> K1 := Transpose(Syzygies(Q_t,Transpose(convert(J1,Matrix)),R));

—x9 x1 O
K1 := X —X9 0
0 0 1

which shows that kerg, (Q.) = img, (K;.). In particular, we can check again that all the entries of Q K;
are reduced to zero in Sy:

> Simplification(Mult(Q,K1,R),Transpose(convert(J1,Matrix)),R);
0 0 O
0 0 0

We finally have

> K2 := Transpose(Syzygies(Q_t,Transpose(convert(J2,Matrix)),R));

1 0 0
K2=101 0
0 0 1

which shows that kers, (Q.) = img, (K».) = S3*'.

Let us now consider Example[7] i.e., let us repeat the same computations with the following matrix:

> Q := Matrix([[x[1],x[2],2*x[1]+x[2]], [x[2],x[1],x[1]+2*x[2]]1]);

Inria
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T4 X9 2x1 + X9
To T1 X1+ 2T

Q:=

We can check that that the Fitting ideals Fitt;(Q)’s of the R-module Q = cokerz (.Q)) are the same as
the previous example (i.e., Example @):

> JO := FittingIdeal(Q,0,R,"reduced");

[0]
> J1 := FittingIdeal(Q,1,R,"reduced");
(27 — 23]
> J2 := FittingIdeal(Q,2,R,"reduced");
(2, 1]
> J3 := FittingIdeal(Q,3,R,"reduced");
1]

Now, we have kers, (Q.) = img, (Ky.), where K is defined by:

> KO := Transpose(Syzygies(Transpose(Q),Transpose(convert(JO,Matrix)),R));

2
KO := 1
-1

We also have kerg, (Q.) = img, (K3.), where K is defined by:

> K1 := Transpose(Syzygies(Transpose(Q),Transpose(convert(J1,Matrix)),R));

2 0 0
K1 := 1 —3x9 2x1 + a2
-1 2.T1 — T2 —T9

We then have kerg, (Q.) = img, (K>.), where K> is defined by

> K2 := Transpose(Syzygies(Transpose(Q),Transpose(convert(J2,Matrix)),R));
1 00
K2:=|0 1 0
0 0 1
which shows that kers,(Q.) = img, (K2) = S5**.
Finally, let us illustrate the ReducedSyzygies and Factorization functions.

Let us first consider the matrix @ defined in Example ie.

> Q := Matrix(3, 2, [[-6*x[4], 10*x[1] - 9*x[2] - 10*x[3]], [3*x[1] + x[4], 0],
> [-2xx[4], 2*x[2]111);

—6 x4 101 — 929 — 1023
Q:=1| 3x1+ 24 0
—2$4 2$2

As in Example we are interesting in computing kers(Q.), i.e., kerg (.QT), where Q7 is defined by

> Q_t := Transpose(Q);

—6 1y 3x1+x4 —2x4

Qi = 102, — 9y — 1023 0 24

and the ring S is defined by R/(ey, 2, e3), where e; is the i*™® entry of the following matrix:
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> e := Vector[column] (4, [2*x[1]*x[4] - 3*x[2]*x[4] - 2xx[3]*x[4], 3*x[1]*x[2]
>+ x[2]*x[4], 2*x[1]"2 - 2*x[1]1*x[3] + x[2]1*x[4], 9*x[2]~2*x[4] + 6*x[2]*x[3]*x[4]
>+ 2xx[2]*x[4]1-2]);
21‘1 T4 — 31‘214 — 21314
3x1x2 + x0Ty
2‘%% — 2$1$3 +I‘21’4
91‘%1‘4 + 6324 2 + 2x2xi

Using the Syzygies function, we obtain

> K_t := Syzygies(Q_t,e,R);

X9 T4
2x1—2x3 31‘4
Kt T 0 31‘1+CE4
0 9x2x4+6x3x4+2x2

ie., kers(.QT) = imgs(.K;). Equivalently, we have kers(Q.) = img (K7 .), where K/ is defined by:

> Transpose(K_t);

T2 2$1—2$3 0 0
T4 3Ty 3x1+ x4 9$2$4+6$3$4+2$Z

We note that the above matrix has a column more than the matrix K given in Example It comes from
the fact that the rows of K; have trivial relations as it can be checked by computing kers(.K;):

> K_t2 := Syzygies(K_t,e,R);

[ 34 — x4 0 0
181’3 9.73‘2 +2J§‘4 0 -3
1824 224 0 -3
0 6.’L‘1 +2.7}4 0 -3
th = 0 0 2%4 -1
0 0 T2 0
0 0 2CE1 —2%3 0
0 0 0 T2
L 0 0 0 Xr1 — X3 ]

Thus, we get kerg(.K;) = img(.K;2), where some entries of Ky are invertible in S as it can be checked:

> map(IsInvertible,K_t2,e,R);

false  false false false
false  false false true
false  false  false true
false  false false true
false  false false true
false  false false false
false  false false false
false  false  false false
false  false false false

Hence, certain syzygies defined by the rows of the matrix K can be removed. There are many strategies
to remove these “trivial syzygies”. The ReducedSyzygies function implements one method to do that.
Applying thee ReducedSyzygies function to the matrix @y, we obtain a set of generators of kers(.Q;)
with three generators, namely, the rows of the following matrix

> K_tbis := ReducedSyzygies(Q_t,e,R);
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T2 T4
Ktbis = Ql’l — 2l’3 3.734
0 3x1 4+ x4

whereas the Syzygies function returned four generators, namely, the four rows of the matrix K;. There-
fore, we have kers(.Q:) = ims (. Kipis), i-€., kers(Q.) = img (Kg;is.), where K[ is defined by:

> Transpose (K_tbis);

X9 2111172173 0
X4 314 3x1+ x4

We find again the matrix K given in Example Finally, since kers(.Q:) = ims(.K3) = img(. Kipis), the
rows of K; (resp., Kipis) belong to img(.Kypis) (resp., ims(.Ky)), which means that K; = F K5 and
Kipis = G Ky for certain matrices F' and G having entries in §. These two matrices can be computed
using the Factorization function as follows:

> Factorization(K_t,K_tbis,e,R);

1 0 O

01 0
Fi= 00 1

0 0 21’4

> G := Factorization(K_tbis,K_t,e,R);

1 0 0 0
G:=]101 00

00 10

Finally, let us consider Example where the following matrix B is considered

> B := Matrix([[x[4]*(5*x[2]/2+x[3]), x[3]*(3*x[1]1+x[4]), 3*x[4]1*(5*x[2]/2+x[31)11);

5 5
= [ T4 <%+m5> x3 3x1+x4) 324 (%-ﬁ-l‘g) }

whose transpose matrix is defined by

> B_t := Transpose(B);

Considering the ring S = R/({e1, ea, e3), where the e;’s are defined by:

> el := (10*x[1]-9*x[2]-10*x[3])* (3*x[1]1+x[4]);
> e2 := (2xx[1]-3*x[2]-2%x[3])*x[4];
> e3 := (3*x[1]+x[4]1)*x[2];

(101‘1 — 929 — 10.173) (3%1 +1‘4)
(221 — 313 —213) 24
(3:171 +1‘4) To

Let us compute the right kernel of B, i.e., the left kernel of BT, over two localizations of the ring S at
multiplicative set {hf} kcz, where hy and ho are respectively defined by:

x[4]*(5*x[2]/2+x[3]);
(3*x[1]+x[4]1)*x[3];

> hi
> h2 :
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oo (272,
4 2 3

T3 (3 x| + .1'4)

To do that, we first introduce the polynomial ring R[y]:

> R2 := DefineOreAlgebra(seq(diff=[x[i],t[i]],i=1..4),diff=[_y,s],polynom=
> [seq(t[i],i=1..4),s]):

We can now compute kers, (.B”) as follows:

> C_1t := Syzygies(B_t,Matrix([[_y*h1-11, [e1],[e2], [e3]1]),R2);

3 0 -1
0 7121’4 18$2+12$3+41’4
0 i) 0
Clt = 0 *61134 9$2+6U$3+2$4
0 15%2 0
0 -30 ya? 12 yzzzg +10 ya? +18
| 0 2_yazwy —2 0 ]

Thus, we have kers, (.BT) = imghl(.Clt), i.e., the set defined by the seven rows of the matrix Cy;

generates kers, (.BT). We can try to find a set of generators containing fewer elements by using the
ReducedSyzygies function as follows:

> C_1tbis := ReducedSyzygies(B_t,Matrix([[_y*h1-1], [e1], [e2],[e3]11),R2);

3 0 -1

Chtpis = 0 —30_ya? 12 yxszas+10_ya3+ 18

Thus, we have kers, (.BT) = img,, (.C1bis), which shows that kers, (.BT) is generated by the two rows
of the matrix Cisis. Finally, let us check again that ims, (.Cn) = img,, | (.C1iis) by verifying that the
identities C1; = F Clpis and Chypis = G C14 hold for certain matrices F' and G with entries in Sp,:

> F := Factorization(C_1t,C_1tbis,Matrix([[_y*h1-1],[el], [e2],[e3]]),R2);

1 0
0 132+2%
0 L 2 2 1 o 2 3.1
o7 _YT1 T2 X3 T qop YT1TE — on YTa T3 o YT 5502
T T
F=10 724_?3
0 ? y$11'21‘3+2 yz1x27§ yx 1‘2*2 4+ —zx
9- g YIS T g _YTEE T YT T g2
0 1
5 1 o,
_0 E_y$19€2+§_y$1$3—T8_y$2$3—§_y$3 |

> Factorization(C_1tbis,C_1t,Matrix([[_y*h1-1], [el],[e2],[e3]1]1),R2);

10 0 0 000
0 000O0T1TPO0

In Examplea different matrix C),, was given as a set of generators for kers, (.BT), whose transpose
matrix is defined by.

> C_hlt := SubMatrix(C_1t,[1,4],1..3);

o3 0 -1
hEZ10 624 a0+ 623+ 214

In other words, the matrix C}, given in Example is defined by:
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> Transpose(C_hit);

3 0
0 —61‘4
-1 929+6x3+ 224

Let us check that ims, (.Cp,) =ims, (.C1;). To do that, using Factorization function, we can check
that Cit (resp., Ch,) is a left factor of Cp, (resp., Ci4):

> Factorization(C_h1t,C_1tbis,Matrix([[_y*h1-1],[e1], [e2],[e3]]),R2);
[ ; O }
i) I3
0 2.3
2 + 5

> Factorization(C_1tbis,C_hlt,Matrix([[_y*h1-1], [e1], [e2], [e3]1]),R2);

1 0
0 5 yxu

Finally, let us compute kers, (.BT). Using the Syzygies function, we obtain that the rows of the matrix

> C_2t := Syzygies(B_t,Matrix([[_y*h2-1], [e1], [e2],[e3]1]),R2);

3 0 -1 1
0 —12x4 1225 +4xy
0 *61‘4 61‘3+21‘4
Czt = 0 6_yx3x4 -2
0 —30 yzzza 10
0 61‘4 —6{E3 —2{E4
i 0 —6x4 6x3+2xy

generate ker5h2 (.BT). Hence, the seven rows of the matrix Cy; generate kergh2 (.BT). Let us search for
a set of generators containing fewer elements by using ReducedSyzygies function:

> C_2tbis := ReducedSyzygies(B_t,Matrix([[_y*h2-1], [e1], [e2], [e3]11),R2);

o3 0 -1
2his =0 6y 6as+ 214

Thus, we have kers, (.BT) = imsg,, (.Carbis), which shows that kers, (.BT) can be generated by the two
rows of the matrix Cyyss. Transposing this last matrix

> Transpose(C_2tbis);

3 0
0 —6(E4
—1 6I3+2Z4

we obtain kers, (B.) = img,, (CJ,,,.). Using the Factorization function, we can check again that
Catpis (resp., Cat) is a left factor of Cot (resp., Catpis):

> Factorization(C_2t,C_2tbis,Matrix([[_y*h2-1],[e1], [e2],[e3]1]),R2);

- 0 i
0 2
0 1
3
0 —_ym+ 5 YT
15
0 5_yw1— — _yxo
RR n° 9438 2
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> Factorization(C_2tbis,C_2t,Matrix([[_y*h2-1], [e1], [e2], [e3]1]),R2);

1 0 0 0 0 0O
000 0O0O0°1

Therefore, we have ims,, (-Cotpis) = imsg,, (.Co;). Finally, in Examplc the matrix C’Z;, defined by

> C_h2t := Matrix([[Row(C_2t,1)], [Row(C_2t,3)/2]11);
30 -1
C”tﬁ’{o —314 3x3+x4]

is given. Up to a factor of 2 for the second row, we obtain again Cop;s. Such an esthetical cleaning will
be added to the ReducedSyzygies function in the future.

6.2 Main commands for solving the rank factorization problem
6.2.1 Description of the main functions of the RankFactorization package

Let us now illustrate the main functions of the RankFactorization package (see Table .

The RankFactorization(M, L, k) function computes the outputs of Algorithm [3| where M € K™*™
and the list L of matrices D1,...,D, € K™*™ define the rank factorization problem eq. (4), and the
index k € [0,...,r — 1] fixes the “leaf of the solution space” we are considering in the sense that the
solutions that are computed are defined over the ring S = R/J%, where Ji = Fitt,(Q).

The first output is a list of elements of R which generates the ideal Jj, the second (resp., third) one
is the matrix K (resp., Y), the fourth is a list {gx,;}icr,, where gi; € R is a preimage of hy,, where
Z=(hk1,---,hig.)s, and I C[1,..., k] is the set of the indices of the non-nilpotents elements hy, ;,
the fifth (resp., the sixth) is a list of right inverses { Ey », }icr, (resp., of kernels {Cy, p, }ier, ) of the matrix
B over the localization of the ring Sy at the multiplicatively closed set {hz,i}kez for ¢ € I;. The seventh
is the polynomial ring R[y] (which allows one to work with the ring R, ., and thus, with the ring Sy, ,;

see the comment after Lemma@), and the last one is the matrix A = (Dyx ... D,x) € R™*".
If the option “reduced” is used as the last argument of the RankFactorizationfunction, i.e., if
RankFactorization(M, L, k,“reduced”) is used, then a reduction of the parameters ¢ and t;, — re-

spectively defining the matrices K, € 8% and Cj, , € K9 (see the proof of Theorem |6|and the
general expression eq. of the solutions of the rank factorization problem) — is attempted by reducing
trivial syzygies (usually at the cost of computational cost).

The Solutions function builds the explicit solutions eq. of the rank factorization eq. from
the data obtained from the RankFactorization function (see Theorem@. Its entries are the same as
the RankFactorization function, namely, the matrix M € K™*™ a list of matrices Dy,..., D, € K™*™,
and k € [0,...,r — 1]. The first output is a set of elements of R defining the ideal J, the second one
is {g,i }icr,, the third one is A = (D12 ... D, x), the fourth is a list formed by the vy, ,’s for i € I
defined by eq. , and the last one is the polynomial ring R[y].

As for RankFactorization, the option “reduced” can be used to reduce the sizes of the outputs of
the v-components of the solutions (u, v) of the rank factorization problem eq. .

Finally, the Isolution function checks whether or not the outputs of the Solutions function define
solutions of the corresponding rank factorization problem eq. by substituting the expressions returned
by Solutions into eq. and checking whether or not the normal forms of the obtained expressions
exactly reduce to 0 in the corresponding ring S p,

6.2.2 Computation of the solutions of the rank factorization for Example[I] & Example[13]

Let us first enter the different matrices considered in Example for the rank factorization problem eq. :

> M := Matrix([[1,0$2,1],[0$4], [0$4],[1,0$2,111);

10 01
0 00O
M= 0 0 0O
1 0 01
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> D1 := Matrix([[1,0$3],[0%$4],[0$4], [0$3,-111);
(1 0 0 0 ]
000 O
D=1 09 0 o
|00 0 —1 |
> D2 := Matrix([[0$4],[0,1,0%$2],[0$2,-1,0],[0%4]11);
0 0 0 0]
01 0 O
D2=\¢ o 21 0
|00 0 0]
> D3 := Matrix([[0$3,1],[0%$4],[0%$4],[-1,0%$311);
0 0 0 1]
0 00 0
D3=1"9 00 o0
| -1 0 0 0
> D4 = MatrlX([[0$4] ) [O$2:1’0] 3 [O:_1:O$2] 3 [0$4]]) 5
0 0 0 0]
0 0 1 0
Di=149 _1 0 0
[0 0 0 0

We have m = n =4 and r = 4. Moreover, we can easily check that rankg(M) = 1 or the standard Rank
function of the LinearAlgebra package can be used.

RankFactorization(M, [D1, D2, D3, D4],0) & Solutions(M,[D1,D2, D3, D4],0) Let us now apply
the RankFactorization function for the above matrices and k& = 0. Since the outputs are too long to be
shown in a single line, we display the data in separate lines.

> RFO := RankFactorization(M, [D1,D2,D3,D4],0):
> nops(RFO0);

8

The first output is a set of generators for the ideal Jp = Fitto(Q) of R:

> RFO[1];
[0]

Thus, we have Jy = (0), and thus, Sy = R. The second output is the matrix Ky defined by:

> RFO[2];
1
0
-1
0
The third one is the matrix Y defined by:
> RFO[3];
[1 0 0 1]

The fourth output is a list of the non-nilpotent elements of a set of generators {go ; }ic1, of Zo = Fitto(Bo):

> RFO[4];

(11 — 4]
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We thus get Iy = {1} and go,1 = x1 —x4. In particular, a unique solution of the rank factorization problem
eq. l| can be found over the localization of Sp = R with respect to the multiplicative set {g(’il}kez, ie.,

So.90. = Solyl/ (W go1 — 1) = So [go1]-
In the RANKFACTORIZATION package, we use the notation _y instead of y to protect this variable
and to avoid any possible confusion with a variable y which could have been used in the Maple worksheet.
The next output is a right inverse of the matrix By with entries in the ring So g4, ,:

> RFO[5];
table([l = [ Y H)

Thus, y is the inverse of By = (x1 — 24).
The sixth output is a matrix defining a set of generators of kers, ,  (Bo.).

> RFO[6];
table ([1 = [}])

We thus have kers, ,  (Bo.) = 0.
The next output is the polynomial ring R[y]. It is internally displayed in OREMODULES as follows:

> RFO[7];
[Ore_ algebra, [‘dift”, “diff”, “dift”, “diff”, “diff”], [¢1, t2, t3, ta, 1], [x1, 22, 3, 24, Y], [t1, 2, b3, ta, 1], [],
07 Ha “7 [tla t27 t37t4a _ﬂa []7 Ha [dlﬁ = [‘rhtl]a dlﬁ = [-7;271;2]’ dlﬁ = [.Tg, t3]7 dlﬁ = [JJ4, t4]7 dlﬁ = [_ya _t]]a

0 0 0
7G/—>7G*$1_ 67751*a ,7a—>7a*x2— aiwia/ ,7G/—>76L*x3— ail%ia 5

a— ax*xzx <6 a> a— _ax _y ( 9 a)}]
2y — | — 7 I
- - Ota— )~ - - 0_t—

Finally, the last output is the matrix A = (Dyz ... Dy), where x = (v1 ... m4)7, then defined by:

> RFO[8];
T 0 T4 0
0 T9 0 I3
0 —I3 0 —T2
—Xq 0 —X 0

From the above data of the RankFactorization, we can then form the explicit solutions eq. (59). The
Solutions function first computes RankFactorization and then builds the corresponding solutions.
Again, the outputs of Solutions are too long to be displayed in a single line. Hence, we show the data
in separate lines.

> So0l0 := Solutions(M, [D1,D2,D3,D4],0):
> nops(S010);

5
The first output is a list of generators of the ideal Jp.

> Sol0[1];
[0]

As above, we have Jo = (0), and thus, S = R and V(Jp) = K**L.
The second output

> Sol0[2];
(21 — 4]

shows that there is one solution defined over Ry, , = R[y]/(ygo1—1) =R [gaﬂ, where go,1 = z1—x4, €.,
in V(J) \ V({go)) = KU\ {(ur we wuz up)T | ug, ug, ug €K} = {(u1 cooug)T e KX |y # U4}.
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The next output is the matrix A = (Dyx ... Dyz), where = (21 ... x4)7:
> Sol0[3];
T 0 T4 0
0 ) 0 I3
0 —I3 0 —XT2
—X4 0 —X 0

The fourth output gives the v-component of the solution (u, v) of the rank factorization problem:

> Sol0[4];

table 1=

O O OO
o O OO

Finally, the last output is the ring R[y] which is used to check again that the above expressions for u and
v define solutions to the rank factorization problem using the IsSolution function.

> Sol0[5];
table ([1 = [ Ore_ algebra, [‘dift”, “diff”, “dift”, “diff”, “diff”], [¢1, o, t3, ta, 1], [x1, 22, 3, T4, Y], [t1, L2, L3, ta,
_ t]a [yl,la Y1,2,Y1,3,Y1,4,Y2,1,Y2,2,Y2,3,Y2,4, Y3,1, Y3,2, Y3,3, y3,4]: 0, Ha []7 [tla to,t3,t4, _ ﬂ’ []7 Ha [dlﬁ = [xlv tl]a

dlff = [CEQ,tQL dzﬁ = [xg,tg}, dlﬁ = [x4,t4}, dlﬁ = [_ y,_t”,

0 0 0
_CL—>_CL*$1— aitl_a ,_a— _a*Ty— aitQ_(l ,_a—>_a*x3— aitg_a y

0o aras— (a%—“) Cas ax y- (%_aﬂ 0

We find again the solution (u, v), where u € {(u1 ... us)” € K**! | uy # uy} and vy, defined by the
above matrix, where _y = (z; —x4) 7!, obtained in Example Finally, using the IsSolution function,
we can check again that (u, v) defines a solution of the corresponding rank factorization problem eq. .

> IsSolution(So0l0);

table ([1 = [true]])

If the option “reduced” is added to the RankFactorization or the Solutions functions, then we obtain
the same solution.

As explained in Theorem @ S010 is the component of the solution space of the corresponding rank
factorization problem corresponding the affine algebraic set V(J), i.e., the 0" leaf of the solution space.

We can also get other solutions by considering Jj for k = 1,2,r — 1 = 3, and their corresponding affine
algebraic sets V(J), i.e., the other kM leaves of the solution space for k = 1, 2, 3.

RankFactorization(M,[D1, D2, D3, D4],1) & Solutions(M,[D1, D2,D3,D4],1) Let us briefly dis-
play the different outputs of the RankFactorization for k£ = 1.

> RF1 := RankFactorization(M, [D1,D2,D3,D4],1):
The first output is a set of generators for the ideal J; = Fitt;(Q) of R:

> RF1[1];

[#3 21 — 21 22 + 23 24 — 23 24]

Thus, we have J; = ((z2 — x3) (z2 + 3) (1 + x4)) and S = R/ J1.
The second output is the matrix K; defined by:

> RF1[2];
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1 0 0 0
0 —X3T1 — XT3 T4 T2 L1 + T2 Xy 0
-1 0 0 x3 — 2%
0 Toxy +ToTy —T3T] — T3T4 0

The third one is the matrix Y defined by:
> RF1[3];
[1 0 0 1]
The fourth output is a list of the non-nilpotent elements of a set of generators {g1 ; }icr, of Zy = Fitto(B1):
> RF1[4];
[T1 — T4, T34 — 22 14

We thus have Iy = {1, 2}, g11 = =1 — 24, and g12 = x4 (2 — x3) (x2 + x3). If we denote by hq;
the residue class of ¢g1; in &1 for ¢ = 1, 2, then two solutions exist respectively over the localization
Siny ., =Si[yl/(yhri —1) = Sy [hy;] fori=1,2.

The next output is a right inverse of the matrix B; over respectively the ring Sy 4, , for i =1, 2:

> RF1[5];
_y 0
0 0
table 1= 0 ,2 = 0
0 _y

The sixth output is a table containing the right kernel of the matrix B over respectively the ring Sy p, ,,
Le., kers, , (Bi1.) fori=1,2.

> RF1[6];
r3—2% 0 0 0 0 0 1 r3—-2% 0 0
0 1 0 0 0 0 0 0 1 0
table | 11 = 0o 01 0 0 0 2= 0 0 01
2 0 0 z14+24 2 yra+1 -2 yay—1 2 yxy 2 0 0

Similarly, the next output is the polynomial ring R[y].
> RF1[7];
[Ore_ algebm, [“diﬂ‘”7 “diff”, “diff”, “diﬁ’77 “diﬁ‘”}, [tl, tg, t37 t4, _ t], [1’1, T2, XL3,T4, y}, [tl, tg, tg, t4, _ t], []7
0, []a []7 [tlv ta, 13,14, ,ﬂ? []> Ha [dlﬁ = [Ihtl]a dZﬁ = [Ig,tz], dlﬁ = [$37t3], dsz = ['T47 t4], dzﬁ = [,ya ,t]]a

0 0 0
a— _axx)— a—tl_a ,_a— _axxg— 672_a , _a— _a*xx3— a—tg_a ,

a— _axzx <8 a> a— _ax _y ( 9 a>}]
e v ) -5
- - Ota= )~ - - o_t—

Again, the last output is the matrix A = (Dyx ... Dyx), where = (21 ... 24)7, defined by:

> RF1[8];
T 0 T4 0
0 i) 0 T3
0 —X3 0 —T2
—XT4 0 —I 0

If the option “reduced” is added to the RankFactorization, then the same matrix K7, returned in RF1[2],
is obtained. However, the matrices C,, , defining kers, , (B1.) are then shorter:

> RF1bis := RankFactorization(M, [D1,D2,D3,D4],1,"reduced"):
> RF1bis[6];
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z3—2% 0 0 z3—2% 0 0

0 10 0 1 0

table | [1 = 0 0 1 ,2= 0 0 1
2 0 0 2 0 0

As we shall later, the corresponding expressions for the solutions will thus be shorter with the “reduced”
option, i.e., fewer free parameters in the matrices Y’ will be needed (even if both expressions define the
same set of solutions).

> Soll := Solutions(M, [D1,D2,D3,D4],1):
We first obtain that the ideal [J; is generated by:

> Soli[1];
[1% T — 1 x% + 1% Ty — z% T4)
ie, J1 = {(z2 — x3) (x2 + z3) (x1 + x4)). The second output

> Soli[2];
[#1 — T4, T3 14 — 23 14

shows that two solutions can be found respectively over the localization Sy j, , (resp., S, ,) of the ring
81 = R/J1 with respect respectively to the multiplicatively closed set {h} | }rez (resp., {h} 5 }rez), where
hi,1 (resp., hi2) denotes the residue class of g11 = x1 — x4 (resp., g1,2 = x4 (x2 — z3) (2 + 3)) in the
ring Sip,, (vesp., Sin,,). Thus, the u-component of the two solutions (u, v) respectively belongs to
V(1) \ V({91,1)) and V(T1) \ V((91.2))-

As above, the third output is the matrix A = (D1 z ... Dyz), where x = (21 ... x4)7:

> Sol1[3];
T 0 T4 0
0 X2 0 3
0 —I3 0 —T2
—Xq 0 — 0

which is useful for the IsSolution function to test if the expressions returned by the Solutions function
are solutions of the corresponding rank factorization problem. The fourth output is a table with the two
v-components of solutions.

> nops(Sol1[4]);
2

For a better display, we successively show the rows of these two solutions. Let us start with the first one:

> Row(Sol1[4][1],1);

[ _y+ (353 - 903) Y1,1 (»’Cg - z%) Y1,2 (x% - 303) Y13 _Yy+ (903 - xﬁ) Y1,4 ]

> Row(Sol1[4]1[1],2);
[ (2321 —23m4) you + (221 +2224) Y31 (—T321 — T374) Y22 + (P21 + T2 24) Y32
(—w321 — T3%4) Y23+ (P21 +22w4) Y33 (—T3T1 — 2374) You + (T221 + T2 T4) Y34 ]
> Row(Sol1[4]1[1],3);
=y (B a8) v+ (53— 23) Cuns + o1 +00) yas + @_ywa+ 1) yon + (-2 _yas—1) 1)
— (23 —28) yr2 + (23 — 28) 2yr2 + (21 +24) ya2 + (2_ywa +1) ys2 + (-2 _yxs — 1) yo,2)
— (m% - I%) y1,3 + (x% - xi) Qyrs+ (x1+24) Yas+ (2 _yxa+1) ys3+ (-2 _yxs — 1) ys,3)
— y— (23 —23) yra+ (23 —23) Qura+ (@1 +2a) yaa+ 2_yza+1) ysa+ (=2 _yza —1) yea) |
> Row(Sol1[4][1],4);

[(zox1 +zoxa) Y21 + (—z321 —2324) Y31 (Tox1 +T224) Yoo+ (—T321 — T3T4) Y32
(a1 +224) Y23+ (—x321 —T324) Y33 (T2T1 +T2%4) Y21+ (—23T1 — T3T4) Y34 ]

RR n° 9438



64 Dagher & Hubert € Quadrat

where the y; ;’s are arbitrary elements of K, and then the second solution:

> Row(Sol1[4][2],1);

[yia+ (23 —23)von viz+ (23 —23) y22 i3+ (23 —23) y23 w14+ (23— 23) you |
> Row(Sol1[4]([2],2);

[(—23w1 —23w4) ys1 + (221 +2224) a1 (—2371 —2374) Y32 + (221 + T2 74) Ya2

(—w3w1 —x374) Y33+ (T2 01 +2224) Ya3 (T30 — T374) Y34 + (T2 21 + T2 T4) Yaa ]
> Row(Sol1[4][2],3);

[ —wv11— (Tg - ig) v2,1 + ( S f%) (2,11-":4 yi,1+ _v+ 2:92,1) —vy1,2 — (fg - T%) y2,2 + (f% - -'Iig) (Q,y«m y1,2 +292,2)
2

-v1,3 — ( 3 = ’3) v2,3 + ( 2~ Ts) (273,14 v1,3 +2y2,3) —vy1,4 — (ch - "3) v2,4 + (’3 - Tg) (2—ym4 vi,at_vt 2y2'4) !
> Row(Sol1[4][2],4);
[(xox1 +@224) Y21 + (—2301 —2324) Y31 (Tox1 + X2 24) Y220 + (—T3 21 — T3 T4) Y32
(T2w1 + @2%4) Y23+ (—T321 —T324) Y33 (T201 + @2%4) You + (—T321 — T324) Y34 ]

Again, the y; ;'s are arbitrary elements of K. To check the correctness of the two solutions, these arbitrary
parameters are added to the polynomial ring R. The fifth output is a table with the two corresponding
polynomial rings Rly; j]1<i j<a[_y], where _y is an extra variable to work in the localization Sy 1, , and
81,1, , With the IsSolution function.
> Sol1[5][1];
table ([1 = [ Ore_ algebra, [*dift”, “diff”, “dift”, “dift”, “dift”], [t1, ta, t3, ta, 1], [21, T2, T3, 24, Y, [t1,
t27 t3’ t47 _ tL [y1,17 y1,27 y1,37 y1747 ?J2,1: y2,27 2/2,37 92,47 y3,17 y3,2a ?J3,3: y3,47 y4,17 y4,27 y4,37 114,4’

Ys5,1,Y5,2, 5,3, 5,4 6,1, ¥6,2, Y6,3, Y6,4], 0, [], (], [t1, t2, t3, ta, _ 1, {1, [], [diff = |21, 1],
dl.[f = [antﬂa dlff = [x37t3}7 def = [$4,t4], dZﬁ = [_yv_t]]v

a— a*x17<— a> a — a*mgf(— a) a— a*x37<— a)
8t1 ’ 8752 ’ 8t3 ’
a — a*x47(— a) a— _ax* y—(— a)} )
()t4 ’ (9 t
> Sol1[56][2];

table ([1 = [ Ore_ algebra, [‘dift”, “diff”, “dift”, “diff”, “dift”], [¢1, t2, t3,ta, 1], [¥1, 22, 3, 24, Y], [t1,

to,ts,ta, ], [Y1,1,¥1,2, 1,3, Y14, ¥2,1, Y22, Y2,3, Y2,4, U315 ¥3,2, 3,3, Y3,4, Y4, 1, Y42, Y4,3, Ya,4],
O [] H [t17t2vt37t47_t]7[]7H?[diﬁ: [‘r17t1]7
dlﬁ .%2, tg dzﬁ [9&3,1&3}, dlﬁ = [1‘4,t4], dlﬁ = [_ Y, _t”,

J
0 0
_a—>_a*x1—<at1 > a*m2—<672_a),_a—>_a*x3—(873_a>,
a — a*ﬂc4—( ), a— _ax y—(i a>} m
- oty— )~ - - o_t—

We can check again that the above expressions are solutions to the rank factorization problem:

> IsSolution(Soll);
table ([1 = [true] , 2 = [true]])

Finally, we can add the “reduced” option to the Solutions function to get shorter outputs for the v-
components of the solutions.

> Sollbis := Solutions(M, [D1,D2,D3,D4],1,"reduced"):
> TIsSolution(Solilbis);
table ([1 = [true] ,2 = [true]])

Let us successively display the rows of the first solution:

> Row(Sollbis[4][1],1);
[yt (@3 —23) yia (@3—a3) o (38 —23) vis _y+ (23 —23) g1 |
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> Row(Sollbis[4][1],2);
[(—z321 —24®3) Y21 + (w221 +wa22) Y31 (—2321 — T4 23) Yoo + (T2 1 + T4 72) Y32
(—z3x1 —@ax3) Yo3+ (T2 w1 +2Ta2) Y33 (—T321 — s 23) You + (T2 1 +TaT2) Y34 |
> Row(Sollbis[4][1],3);
[ —_y+ (m% - x%) Y1,1 (13 — I%) Y1,2 (1‘3 — m%) Y13 —_Y+ (I% - x%) Y14 ]
> Row(Sollbis[4][1],4);
[(@221 +2a22) Y21+ (—T321 —2223) Y31 (2221 + 24 22) Y22 + (—T3T1 — T4 T3) Y32
(T2 21 +2472) Y23+ (—T321 —2473) Y33 (T2T1 + 24 T2) You + (T3 21 — T4 73) Y34 |

Finally, let us successively display the rows of the second solution:

> Row(Sollbis[4][2],1);
[@3-ad)ya (-2} me (2323 s (a3 —23) yra |

> Row(Sollbis[4][2],2);

[(—2173 —23%4) o1 + (V172 +227a) Y31 (—T123 — T3%4) Y22 + (T1 72 + T2 74) Y32

(—w1 23 — x374) Yo3 + (T1 02 +2224) Y33 (—T123 — T374) Y24 + (01 T2 + T2 T4) Y34 ]
> Row(Sollbis[4][2],3);

[— (23 —23) o + (23 —23) Cy+2u10) (%3 —23) 1.2

(23 — 23) Y13 — (23 —23) yra+ (23 — 23) (Ly+2y14)]

> Row(Sollbis[4][2],4);

[(z122 +2224) Y21 + (—2123 —T324) Y31 (T1T2 + T224) Y22 + (—T1 23 — T3 74) Y32

(T122 +2274) Y23 + (—T123 — ¥374) Y33 (T1 T2+ 2274) You + (—T1 23 — T3 74) Y34 ]

Hence, using the option “reduced”, shorter expressions for the v-components of the solutions for k£ = 1

are obtained.

RankFactorization(M, [D1, D2, D3, D4],2) & Solutions(M,[D1,D2,D3, D4],2) Let us now apply
RankFactorization with k = 2.

> RF2 := RankFactorization(M, [D1,D2,D3,D4],2):
We first obtain that the ideal J> is generated by:

> RF2[1];
[23 21 + 2324, 25 — 23, T2 1 + T2 24]

Thus, we have Jo = (z3 (z1 + x4), (x2 — x3) (2 + x3), 2 (1 + 24)) and S2 = R/ .
The second output is the matrix Ko defined by:

> RF2[2];
1 0 0 0 0 O 0
0 —XI3 X9 X1 + Tg 0 0 0
-1 0 0 0 T3 T2 0
0 Tr9  —I3 0 0 0 z1+ x4

Again, the third one is the matrix Y defined by:

> RF2[3];
[1 0 0 1]

The fourth output is a list of the non-nilpotent elements of a set of generators {g2 ; }ic1, of Zo = Fitto(Bs):

> RF2[4];
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[331 — T4, L3 T4, T2 364]

We thus have I» = {1, 2, 3}, go1 = ©1 — 24, go2 = 324, and ga 3 = 2 x4. If we denote by hy; the
residue class of go; in Sy for ¢ = 1, 2, 3, then three solutions exist respectively over the localization
Soa,; = Salyl/(y o — 1) = Sz [hy;] fori=1,2, 3.

The next output is a right inverse of the matrix By over respectively the ring S p,, , for i =1, 2, 3:

> RF2[5];
_ S F o o 1
0 0 0
0 0 0
table | |1 = 0 ,2= 0 |,3= 0
0 y 0
0 0 Y
i | 0 | | 0 ] L 0 ]

The sixth output is a table containing the right kernel of the matrix By over respectively the ring Sa p, ,,
Le., kers, ,, (B2.), fori=1,2,3.

> RF2[6];
table ([
zz z2 0 0 O 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
2 0 0 0 0 —23 x2 w14+xa 2 yra+1l -2 yxs—1 0 0 0 0
0 2 0 0 0 =z -—x3 0 0 0 T1+xs 2_yxa+1 -2 _yzy—1 0
0 0 0 0 O 0 0 0 0 0 0 0 0 1
T3 T2 1 0 0 O 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
2= 0 0 0 0 0 1 0 0 0|,
2 0 2 yzy 0 0O 0O —2z3 a2 O
0 2 0 0 0 0 =z —z3 O
0 0 0 0 0 O 0 0 1
T3 X2 1 0 0 O 0 0 0 0
0 O 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
3= 0 0o 0 001 0 0 0 )
2 0 0 0 0 0 —ux3 X9 _yxzxge O
0 2 2 yzs 0 0 0 22 —2x3 -1 0
0 O 0 0 0 O 0 0 0 1
The next output is the polynomial ring R[y].
> RF2[7];
[Ore_ algebra, [‘dift”, “diff”, “dift”, “diff”, “diff”], [¢1, to, t3,ta, 1], [¥1, 22, 3, 24, Y], [t1,t2, b3, ta, 1, [],
07 Ha“7[t13t27t37t4a,ﬂv[]7Ha[dzﬁt = [xhtl]adiﬁ. = [$27t2]adiﬁ = [$37t3]7diﬁ. = [-T4at4]7diﬁ. = [,ya,t]]a

) o 0
a— _axx)— aitlfa , a4 — _a*xTy— aihia , a4 — _a*xT3— ait‘g*a )

a— _axzx <6 a> a— _ax _y ( 9 a)}]
e v ) 5=
- - Ota— )~ - - 0_t—

Again, the last output is the matrix A = (Dyx ... Dyx), where 2 = (z1 ... 24)7, defined by:

> RF2[8];
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Iy 0 T4 0
0 To 0 T3
0 —x3 0 —X2

—Ty4 0 —T 0

If the option “reduced” is added to the RankFactorization, then the same matrix Ko, returned in
RF2[2], is obtained. However, the matrices Cj, , defining kers, ,, (B2.) are then shorter:

> RF2bis := RankFactorization(M, [D1,D2,D3,D4],2,"reduced"):
> RF2bis[6];

z3 w2 0 0 0 O 1 00 0 o0 O 1 0 0 0 0 0
0 0 1 0 0 O 0 10 0 0 O 0 1 0 0 0 0
0 0 0 1 0 O 0 010 0 O 0 010 0 0
table 1= 0 0 0 0 1 0],2= 0 0 0 1 0 0],3= 0 0 0 1 0 0
2 0 0 0 0 O 2_yzy 0 0 O z2 O 0 0 0 0 yazzsa O
0 2 0 0 0 O 0 0 00 —z3 O 2 yxa 0 0 O -1 0
0 0 0 0 0 1 0 00 0 O 1 0 0 0 0 0 1

Hence, as we shall, the corresponding expressions for the solutions are shorter with the “reduced” option,
i.e., fewer free parameters in the matrices Y’ are needed (even if the expressions define the same sets of
solutions). Let us now directly compute the solutions of the rank factorization for k = 2.

> So0l2 := Solutions(M, [D1,D2,D3,D4],2):
We first obtain that the ideal J> is generated by:

> Sol2[1];

[¥3 11 + 23 14, 25 — 23, X3 71 + T2 4]
ie, Jo = (x3 (1 + 4), (x2 — 3) (X2 + x3), 22 (21 + x4)) and Sy = R/Jo. The second output

> Sol2[2];

[331 — T4, T3 T4, T2 354]

shows that three solutions can be found respectively over the localization Sz n,, (resp., S2.ny.0, S2,hs5)
of the ring S with respect respectively to the multiplicatively closed set {h5,}rcz (resp., {h§72}kéz,
{h’2€73}k€z), where ho 1 (resp., ho2, ho3) denotes the residue class of go 1 = o1 — x4 (resp., g2.2 = T3 T4,
g2,3 = T2 x4) in the ring Sy p, , (resp., S2.hy 4, S2,h,y,). Thus, the u-component of the two solutions (u, v)
respectively belongs to V(J2) \ V((g2.1)) V(J2) \ V((g2,2)), and V(J2) \ V({g2,3))-

The third output is the matrix A = (Dyx ... Dyx), where 2 = (z1 ... 24)7:

> S012[3];
X1 0 g 0
0 To 0 T3
0 —I3 0 —x2
—X4 0 —T1 0
> nops(op(S012[4]));
3

Thus, there are three families of solutions. For a better display, we successively show the rows of the
three families of solutions.

Let us start with the first one

> Row(Sol2[4][1],1);

[ Tay21 +T3y10+ Y Toyeo+T3yre Tayes+E3yrs ToYeat+Tzyiat Y |
> Row(Sol2[4]1[11,2);
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[—@3ysy +a2yan+ (B1+24) Y51 —T3ys2 + T2ya2 + (T1 4+ 24) Y52
—73Y33 +T2Ya3 + (T1+24) Y53 —T3Y34 +T2yaa+ (¥1 +T4) Y54 ]
> Row(So012[4][1],3);

[—z2y21 —a3y1,1— y+x3 (2y1,1 —@3Ys,1 +T2yr1 + (x1+24) ysp +(2_yza+1) yo1 + (=2 _yza — 1) y10,1)
+z2 (2y2,1 +x2y6,1 —x3yr1 + (x1 +24) y11,1+ (2 _yxa+1) yi21 + (=2 _yza—1) y13,1)

—TaY22 —x3y1,2 + 23 (2y1,2 —x3Ys2 + Tayr2 + (x1 +24) ys2o+ (2 _yxa+1) yoo + (=2 _yxa — 1) y10,2)
+z2 (2y2,2 +T2ys2 —x3yr2 + (@1 + 24) Y112+ (2_yrxa+ 1) yi22+ (-2 _yxs — 1) y13,2)

—Z2Y23 —x3y1,3 + @3 (2y1,3 —w3ys3 +r2yr3 + (x1+24) ys3+ (2 _yxa+1) yos+ (-2 _yxa — 1) y10,3)
+z2 (2y2,3+22Ys3 —3yr3+ (@1 +24) Y113+ (2_yza+1) Y123+ (—2_yxs — 1) y13,3)

—Toyoa —Ta3Yra— Y+ T3 (2y14a — T3Yea + T2yra+ (1 +74) Ysa+ (2_yza+1) you+ (=2 _ywa—1) yi04)
+x2 (2y2,4 + T2Ys,4 — T3 yra + (1 +Ta) Y114+ (2_yra+ 1) Y124+ (=2 _yza — 1) y134) |
> Row(Sol2[4][1],4);
[T2y31 —X3Ya1 + (T1+Ta) Y141 T2Yy32 — T3Ya2 + (21 + T4) Y142

ZToyss — T3Ya3 + (T1 + Ta) Y143 To2Y3a — T3 Yaa + (X1 + Ta) Y144 |

where the y’s are arbitrary elements of K.

Let us now show the v-component of the second family of solutions

> Row(Sol2[4][2],1);
[ ToY21 +T3Y1,1 + Y31 T2Y22+T3Y12+t Y32 T2Y23+X3Y1,3+ Y33 T2Y24at+T3Y14t+ Y34 ]

> Row(So0l2[4]1[2],2);
[ —23ya1 +T2ys1 + (U1 +T4) Y61 —T3yaz +T2Ys2 + (21 +T4) Yo2
—¥3Ya3 + 22Y53 + (T1+74) Y63 —T3Yaa+T2ysa+ (¥1 + Ta) You ]
> Row(Sol2[4][2],3);

[—2oyo1 — @311 — 31 +23 (2_yzaysy +2ays1 —T3yra+ _y+2y11) + 22 (Tayr1 —T3ys,1 +2y2,1)
—T2Y22 —TaYi2 — Y32 T T3 (2_yTays2 +Tays2 — Tayr2 +2y12) + T2 (T2y7,2 — T3 ys,2 +2Y2,2)
—T2Y2,3 — T3Y1,3 —Y3,3 + 3 (2_YTays3 +T2Ys,3 — T3 Y73 +291,3) + T2 (T2Y7,3 — T3 Ys,3 + 292,3)

—TaY24 — T3Y1a —Ysa+ T3 (2_YTaysa+T2Ysa —TsYrat+ _y+2y14) + 22 (T2yra — TaYsa +2y24) |

> Row(Sol2[4][2],4);
[22ya1 —@3ys1 + (T1+ 24) Yo1  TaYa2 — T3Ys2 + (21 + 24) Yo 2

ToYas — T3Ys53 + (T1 + T4) Yo,3 ToYaa — T3 Ysa + (T1 + Ta) Yoo ]

where the y’s are arbitrary elements of K.

Let us now show the v-component of the third family of solutions

> Row(S012[4]1[3],1);
[ @ayon +23y10 + Y31 Tay2o +3Y12FYs2 ToYas+T3Yis sz ToYoa +T3Yiat+Ysa |

> Row(Sol2[4][3],2);
[—23ya1 +2oysi+ (x1+24) Y1 —T3Ya2+ Tays2 + (1 + T4) Ys2
—x3Ya3+ Tayss+ (X1 +T4) Y63 —T3Yaa+ T2ysa + (L1 + Ta) Ye,a )

> Row(So012[4][3],3);
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[—Z2y2,1 —23y1,1 — Y31 + 23 (_YT3Tayo,1 +22Ys,1 — T3 yr,1 +2y1,1)
+x2 (2_yzaysy +x2yrn —x3ysa1+_y+2y21 —Yo,1)
—T2y22 — T3 Y2 — Y32 + T3 (_YT3Tayo2 +Tays2 — T3Yr,2 +2y12)
+x2 (2 _yxayse+T2Y72 — T3Ys,2 + 2Y2,2 — Yo,2)
—T2Y2,3 — T3Y1,3 — Y3,3 + T3 (_YT3TaYo,s +T2Ys3 — T3 Y7,z +291,3)
+x2 (2_ywayss+T2yr3 —T3ys3 +2y2,3 — Yo,3)
—ToY2,4 —T3Y1,4 — Y34+ T3 (_YT3TaYoa + T2ysa — T3 yra +2y1,4)
+x2 (2 _yraysa+Toyra—T3yYsa+ Y+ 2y24— Yoa) |
> Row(So012[4][3],4);
[T2ya1 —x3ys1 + (v1 +24) Y101 T2ya2 — T3Ys2 + (21 + 24) Y102
Toya3 — T3Ys,3 + (L1 + T4) Y10,3 T2 Y44 — T3 Y54 + (T1 + T4) Y104 ]

where the y’s are arbitrary elements of K.
The fifth output is a table with the two corresponding polynomial rings R[y], where vy is an extra

variable to work in the localization Sa 5, ,, S2.5,,, and Sz i, , with the IsSolution function.

> Sol2[5][1];
table ([1 = [ Ore_ algebra, [*diff”, “dift”, “dift”, “dift”, “dift”], [t1, ta, t3, ta, 1], [1, T2, T3, 24, Y], [t1,
to,t3,ta, ], [Y1,15 Y1.2, Y1,3, U1,4, U2,15 2,25 2,3, Y2,4, U3,15 Y325 U3,3> 3,4, Y4 1, Y425 Y4, 35 Y44 U5,1, U5.25 U5,35 Y5,45
Y6,1,Y6,25Y6,3,Y6,4, Y7.1, Y7,2,Y7,3, Y7,4, Y8,1, Y8,2, Y8,3, Y8.,4, Y9,1, Y9,2, Y9,3, Y9,4, Y10,1, Y10,2, Y10,3, Y10,4,
Y11,1,Y11,2, Y11,3, Y11,4, Y12,1, Y12,2, Y12,3, Y12,4, Y13,1, Y13,2, Y13,3, Y13,4, Y14,1, Y14,2, Y14,3, y14,4], 0, [], H, [th
t27t3’t4>,t]> Hv []7 [dzﬁ = [xlatllv
dlff = [332, tg}, dlff = [‘rg,tg}, dlff = [$4,t4], dZﬁ = [_ Y, _t”7

0 0 0
a— _axx — 8—h_a , 4 — _a*xTg— 8—t2_a , _a— _a*xTg— a—ts_a ,

0o arms— (a%_a) Cas ax y- (%_aﬂ 0

> Sol2[5][2];
table ([l = [ Ore_ algebra, [‘dift”, “diff”, “dift”, “diff”, “diff”], [¢1, t2, t3,ta, 1], [x1, 22, 3, 24, Y], [t1,
to,t3,tas _t], [Y1,1,U1,2,Y1,3, Y1,4, Y2,15 2,2 Y2,3, Y2,4, Y3,1, ¥3,25 3,35 Y345 Y4, 1, Y4,2, Y4,3, Ya,4> Y5,15 5,2, Y53, U5 4,
y6,1a y6,27 y6,37 y6,47 y7,17 y7,27 y7,3a y7747 y8,17 y8,27 y8,37 y8,47 y9,1’ y9,27 y9,37 99,4}7 07 []7 []7 [t17 t?? t37
t4a ,ﬂa []7 Ha [dlﬁ = [xbtl]a dZﬁ = [l‘gﬂfg], dlﬁ = [$37t3]: dlﬁ = [$47 t4]7 dlﬁ = [,ya ,t]]a

0 0 0
_a— _a*xT]— 87751*a , a4 — _a*xTy— 6*@fa , a4 — _a*xT3— ait?)*a 5

4= _axxy— (%_a) , 4= _a%x _y-— (%_a)} 0

> Sol2[5][3];

table ([1 = [ Ore_ algebra, [‘dift” “dift” “dift” “diff”, “diff”], [t1, to, t3, ta, 1, [x1, 22, x5, 24, 9, [t1,
t27 t37 t47 _ t]v [yl,lv 91,27 y1,37 y1,47 92,1» y2,27 y2,37 ?J2.,47 y3,17 y3,27 y3,37 y3747 y4,17 ?44.,27 [114,37 y4,47 y5,17 y5,27 y5,37 y5,47
Y6,1, 96,25 Y6,3,Y6,4, Y7,1,Y7,2,Y7,3, Y7,4,Y8,1,Y8,25 Y8,35 Y8,4, Y9,1, Y9,2, Y9,3, Y9,4, Y10,1, Y10,2, Y10,3, 910,4]7 0, []7 Ha [th

t2at37t47_t]7 Hv []7 [dlﬁ = [xlvtl]v
diff = [w2,ta], diff = [w3,t3], diff = [wa,ta], diff = [_y, 1],

0 0 0
_a— _a*xT]— 67751*a , a4 — _a*xTy— afwia , _a4— _a*xT3— aitgfa 5

a4 axxy— (8%4*&) , 4= _a%x _y-— (%Jz)} 0

We can finally check again that the above expressions are solutions of the rank factorization problem:

> IsSolution(So0l2);
table ([1 = [true] ,2 = [true],3 = [true]])
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Finally, we can add the “reduced” option to the Solutions function to get shorter outputs for the v-

components of the solutions.

>  Sol2bis
> IsSolution(Sol2bis);

:= Solutions(M, [D1,D2,D3,D4],2, "reduced"):

table ([1 = [true] ,2 = [true]])

Let us successively display the rows of the v-component of the first solution:

> Row(Sol2bis[4][1],1);
[ To2y21 +T3Y11+ _Y X2Y22+2T3Y12

> Row(Sol2bis[4][1],2);
[—@3ys1 +Toya1+ (21 +24) Y51
—T3Y3,3 + T2Ya3 + (T1 +24) Y53

> Row(Sol2bis[4][1]1,3);
[ T2Y2,1 +T3Y1,1 — _Y T2Y22 +T3Y12

> Row(Sol2bis[4][1],4);
[z2ys,1 — T3Yan + (@1 + 24) Y1
T2 Y33 — T3Ya,3 + (T1 + T4) Y63

T2Y23+T3Y13 T2Y24 +T3Y14+ _Y ]

—x3Y32 + TaYa o+ (T1 + Ta) Y52
—T3Y34 + T2Yaa+ (T1 +24) Y54 )

ToY23+T3Y1,3 T2Y24 +T3Y14— _Y ]

Ta Y32 — T3 Ya2 + (T1 + Ta) Yo,2
To Y34 — T3 Yaa + (T1 + Ta) Yo,4 ]

Let us successively display the rows of the v-component of the second solution:

> Row(Sol2bis[4][2],1);
[ Y1 Y12

> Row(Sol2bis[4][2],2);
[—23y21 +22ys1 + (21 +24) Ya1
—x3Y23 + Tayss + (X1 + T4) Va3

> Row(Sol2bis[4][2],3);
[—tia+2s 2_yzayi1+T2ys1 +_Y) —T223Y51

—y1,3+23 (2_yzayis+T2Ys3) — T2T3Ys3

> Row(Sol2bis[4][2],4);
[z2y21 —x3y31 + (T1 + 24) Y61
Ta Y23 — T3Y3,3 + (T1 + T4) V6,3

Y1,3 Y14 ]

—Z3Y22 + Tays2 + (T1 + T4) Ya
—x3Y2.4 + Taysa + (X1 + T4) Yas ]

—t12+23 (2_yzayio +ToYs2) — T2T3Ys2
—y1a+23 (2_yzayia+Toysat _Y) —T2T3Ys5.4 )

Tay22 — T3 Y32 + (1 + T4) Y62
Ta Y24 — T3 Y34 + (T1 + Ta) Yo,4 ]

Let us successively display the rows of the v-component of the third solution:

> Row(Sol2bis[4][3],1);
[ Y1 Y12
> Row(Sol2bis[4]1[3],2);
[—23y21 +22ys1 + (21 +24) Ya
—x3Y23 + Tayss + (X1 +T4) Va3
> Row(Sol2bis[4][3],3);
[—yia+ _yadzaysy +22 2_yzavin+_y—ysi)
—yi3+ _yr3zayss+ a2 (2_yrayis —ys3)
> Row(Sol2bis[4][3],4);
[z2y21 —x3y31 + (21 + 24) Y61
Ta Y23 — T3Y3,3 + (L1 + T4) V6,3

Y1,3 Y14 ]

—T3Y22 + Tays2 + (T1 + T4) Yao
—x3Y2.4 + T2ysa + (X1 + T4) Yas ]

—y12+ _Yr3zays o+ a2 (2_yTayio — Ys2)
—Y1a+ _yr3aaysa+r2 (2_yrayiat _y—Yysa))

Tay22 — T3 Y32 + (1 + T4) Y62
Ta Y24 — T3Y3.4 + (T1 + Ta) Yo,4 )

Using the option “reduced”, we get shorter expressions for the v-components of the solutions for k = 2.
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RankFactorization(M,[D1, D2, D3, D4],3) & Solutions(M,[D1,D2, D3, D4],3) Let us now apply
RankFactorization with & = 3.

> RF3 := RankFactorization(M, [D1,D2,D3,D4],3):

We first obtain that the ideal J3 is generated by:

> RF3[1];

(3, T2, 1 + 24]

Thus, we have J3 = (3, 22, 21 + x4) and S3 = R/ J3.
The second output is the matrix K3 defined by:

> RF3[2];

oo o
O O = O
o= OO
= o oo

Hence, we have K5 = I;. Again, the third one is the matrix Y defined by:

> RF3[3];
[1 0 0 1]

The fourth output is a list of the non-nilpotent elements of a set of generators {gs ; }icr, of Zs = Fitto(Bs):

> RF3[4];
[24]

We thus get I3 = {1} and g31 = x4. In particular, a unique solution of the rank factorization problem
eq. lw can be found over the localization of S3 with respect to the multiplicative set {hg}l}kez, ie.,

S3hsy = Solyl/(yhsa — 1) = So [h31]-

The next output is a right inverse of the matrix Bs over the ring Sz p, ,:

> RF3[5];
0
0

_Y
0

table 1=

The sixth output is the right kernel of the matrix Bz over Ssp, ,, L., kers, , | (Bs.).

> RF3[6];
1 0 0
0 1 0
table 1= 10 0
0 0 1
The next output is the polynomial ring R[y].
> RF3[7];
[OT@_ algebm, [‘Ldiﬂ777 “diﬁlwa “diﬁ.”’ Mdiﬁ.”7 “diﬁ.”L [th t2a t37 t47 _ t]a [Ila T2,T3, T4, _ yL [tla tZa t37 t47 _ t]a []7
0,0, [, [t1, ta, ta ta, _t), (1, [], [diff = [x1,t1], diff = [wa, ta], diff = [x3,t3], diff = [x4,t4], diff = [_y, _1]],

0 0 0
a— _axx — 8—h_a , 4 — _a*xTo— 872_a , a4 — _a*xTg— 8—t3_a ,
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Again, the last output is the matrix A = (Dyx ... Dyx), where z = (21 ... 24)7, defined by:

> RF3[8];
X 0 Xq 0
0 T2 0 3
0 —XT3 0 —XT2
—XT4 0 —T1 0

If the “reduced” option is used, then the same outputs are obtained.
Let us now directly compute the solutions of the rank factorization for k = 3.

> So0l3 := Solutions(M, [D1,D2,D3,D4],3):
> for i from 1 to nops(Sol3) do print(Sol3[i]) od;

X1 0 Tg 0
0 T 0 T
[x3, w2, 21 + T4, [74], 0 7;3 0 7;’2
—Xy4 0 —I1 0
Y11 Y1,2 Y1,3 Y1,4
table | |1 = Y21 Y22 Y23 Y2,4
Yty Y12 Y13 _YtYia
Y31 Y32 Y33 Y3,4
table ([1 = [ Ore_ algebra, [‘dift”, “diff”, “dift”, “diff”, “diff”], [t1, to, t3, ta, 1], [1, T2, T3, T4, _ Y], [t1, t2, L3, ta,
_ t]a [yl,h Y1,2,Y1,3,Y1,4,Y2,1,Y2,2,Y2,3,Y2,4, Y3,1, Y3,2, Y3,3, y374]a 07 []: []7 [tla t27 t37 t47 _ t}a []7 []7 [dlﬁ = [xla tl]:

diff = [wa, to], diff = [vs,ts], diff = [wa, ta], diff = [_y, 4],

0 0 0
_a— _a*xx]— aitl_a ,_a— _a*xTy— £_a ,_a— _a*xT3— %_a y

0o asas— (a%_a) Cas ax y— (%_aﬂ )

Therefore, we have J3 = (x3, T2, 1 + T4), S3 = R/ T3, I3 = (T4)s,, v € V(T3) \ V({x4)) and the v-
component of the corresponding solution (u, v) of the rank factorization problem is given by the matrix
defined in the above table.

We can finally check again that the above expressions are solutions of the rank factorization problem:

> IsSolution(So0l3);
table ([1 = [true]])

As shown above, the “reduced” option does not simplify the solutions in the case of k = 3.

6.2.3 Computation of the solutions of the rank factorization for Example

Let us consider again Example i.e., the rank factorization problem eq. (4) with the following matrices:

weli ]

> M := Matrix([[1,0],[0,1]11);

> D1 := Matrix([[-1,-2]1,[1,211);
-1 -2
D1 :z{ 1 9 ]
> D2 := Matrix([[-3,-41,[3,4]11);

-3 —4
b ]

Let us first compute the solutions of the corresponding rank factorization problem for k = 0.
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> 8010 := Solutions(M, [D1,D2],0);

“No solutions”

Thus, no solutions exist for k£ = 0.
Finally, let us compute the solutions of the corresponding rank factorization problem for & = 1.

> Soll := Solutions(M, [D1,D2],1);

“No solutions”

Therefore, as shown in Example |2 the rank factorization problem has no solution.

6.2.4 Computation of the solutions of the rank factorization for Example

Let us consider again Example i.e., the rank factorization problem eq. (4) with the following matrices:

> M := Matrix([[15,14,13],[24,20,16]1]1);

15 14 13
M’:{u 20 16}
> D1 := Matrix([[1,-1],[1,111);
1 -1
D1 :[1 1 }
> D2 := Matrix([[1,2],[-1,2]11);
1 2
D2 :[_1 2}
> D3 := Matrix([[1,3],[4,3]11);
1 3
b1 2]

Let us first compute the solutions of the corresponding rank factorization problem for k = 0.

> So0l0 := Solutions(M, [D1,D2,D3],0):
> for i from 1 to 3 do print(SolO[i]) od;
[xg - xQ] [wQ - xz] T — Ty X1+ 229 T1 + 379
2y 4241, L)y L2y L2401, L]y 21+ To —m1 + 2wy 4wy + 330

> mnops(op(S010[41));

Thus, we have three families of solutions.
Let us successively display the rows of the v-component of the first family of solutions

> Row(Sol0[4][1],1);
[715_y(35x1+1941“2) 6 y(85xy + 194 a9)
388 97

T_y (3521 +1949) n 5 y(85z + 194 x9)
194 97
13y (35w +194ay) | 4_y (85 +194wy)

388 97
> Row(Sol0[4][1],2);

15 21 31 6 5lz; — 91
[ _y (2121 + 31 29) _ _y (5la T3) + (—31’%—5—51’21'1 —&-61’3) i

+ (5 + 122021) Y11

+ (5 l% + 1212 .’L'l) Y1,2

+ (5 l‘% + 12 xgl'l) Y1,3 ]

388 97
7 21z + 31 5 5lz; — 91z
_y (Lot 3len) 5y OLor =90 | gua s,k 63) o

13 y(2lxz1+31ze) 4 y (5layg —9lzs)
RR n° 9438 388 - 97
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> Row(So0l0[4][1]1,3);
[ 15_y (7o +22x5)  12_y(1721 —229)

+ (—2 x% — 4x§) Y1,1

194 97
T y(Ter +22x9) 10 _y (1721 —229)
97 - 97 + (-2%% — 4.%%) y1,2
13 y(Tax1+22x2) 8 y(17z1 —229) 9 5
= - 2= 9222 4
194 97 + ( xl .1132) y1,3 ]

where the y’s are arbitrary elements of K.
Let us successively display the rows of the v-component of the second family of solutions

> Row(S0l0[4][2],1);
(=M _yn

194
_ 435 yz

+ (5 23 + 1229 I1> yia+ Oz +1222) Y21
+ (5 T% + 12 T .Tl) y1’2 + (5 T + 12 ZEQ) y2’2

=+ (52T + 12zx1) Y13+ (5a1 +1222) Yo 3]
> Row(So0l0[4]1[2],2);

45 y (11azy + 7x9) N 36y (xy —17x9)
194 97

[

+ (=321 + 52w +6x3) Y11+ (6 _yah — 3z +532) Y21

21 11z, +7 30 — 17

,y( 9?1 l‘2)+ ,y(l’gl’? x2)+(—3$%+5$2$1+6$%) y172+(6_yx§—3x1+5x2) Yoo
39 1114+ 7 24 —17

= 19311 w2l B (m917 22 (—3af + 5201 +643) y15+ (6 _yal — 321 +522) g3 ]

> Row(Sol0[4][2],3);
[ 15 _y (11-7;1 - 7-752) + 24y (1'1 + 171’2)

+ (—2 x2 — 436%) Y11+ (—47y33§ - 2331) Y21

97 97
14 y(1lazy —Tas) 20 y(z14+ 172
_y( 971 2)+ 79(917 2)+(—2x%—4x§) Yo+ (—4_yz3 —211) yoo
13 11z —7x 16 1+ 17x
_y( 971 2) + —y( 917 2) +<—2$%—4$§) y173+(—4_yxg—2x1) y2,3]

where the y’s are arbitrary elements of K.
Finally, let us successively display the rows of the v-component of the third family of solutions

> Row(S0l10[4][3],1);

1134 x
[ il i + (5 2 + 1229 xl) yi1+ (12 _yzime +5) yo1 + (bz1 + 1222) ys31

1044y

97
954 wyx
% + (52 +122021) Y13+ (12 _yz122+5) yo3+ Ga1 +1222) ys3 ]

> Row(S010[4][3],2);
15y (38x1+33x3) 24 y(23x1 —3x9)
[ 97 a 97
+ (—395% + 591 +6x%) Y11+ (57y1'11'2 +6 _yai— 3) Y21 + (673/1‘11'% —3x1 +5z2) Y31
14 y (3821 +33x3) 20 y(23z1 —3x9)
97 B 97
+ (57ym1 To+6 _yad— 3) Y2,2 + (Giyzl 22— 32 + 5382) Y3,2
13 _y (3821 +3323) 16 y (23z1 —3x9)
97 B 97
+ (573/:1011“2 +6 _ yaxl —3) Y2,3 + (671/@’158% — 31 +5x2) Y3.3 ]
> Row(So0l0[4][3],3);

+ (5 22+ 1219 x1) yi2+ (12 _yxi22+5) yoo + (bx1 +1222) Y32

+ (-3]3’% + 5z + 6x§) Y1,2

+ (*3:16% + 5w 21 + 6116%) Y1,3
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(- 15y (Tz1 4+ 2222) n 24 y(17z1 — 2x2) n

(72x% — 428%) y1,1 + (747;1/30% — 2) Y2,1 + (747yx1 x% — 2&51) Y3,1

97 97
14 Txy+22x 20 1721 — 2z
— _u 9; 2) + _y 971 2) + (—2:0? —413) Y1,2 + (—4_ya:§ —2) Y2,2 + (—4_yx1 x2 —2:101) Y3,2
13 Tx1+22x 16 17z —2x
_18_y( 9; 2) + _y( 971 2) + (—21% —496%) y1,3 + (—4_ym§ —2) y25+ (-4 _ym x3 —2%1) Y33 |

where the y’s are arbitrary elements of K.
We can check again that the above expressions are solutions to the rank factorization problem:

> IsSolution(So0l0);
table ([1 = [true] ,2 = [true],3 = [true]])
Finally, let us compute the solutions of the corresponding rank factorization problem for k = 1.
> Soll := Solutions(M, [D1,D2,D3],1);
“No solutions”

Finally, we can add the “reduced” option to the Solutions function to get shorter outputs for the v-
components of the solutions.

> So0lObis := Solutions(M, [D1,D2,D3],0,"reduced"):
> for i from 1 to 3 do print(SolObis[i]) od;

T1— T2 T1+21 1+ 322

2 2 2 2
r5, Lo X1, X Tr5, 21, X
[ 2, 4241, 1}7[ 2y L4241, 1]7 21 + To —.T1+2.I2 4l‘1+3l‘2

> nops(op(Sol0bis[4]1));

Thus, we have three families of solutions.
Let us successively display the rows of the v-component of the first family of solutions

> Row(SolObis[4][1],1);
. 15 _y(35z1 +19422) 6 _y (8521 + 194 9)

[ 388 + 97 + (5 ZL‘% + 122, Zz) Y1,1
7 3521+ 194 5 85x1 + 194
_ry ( 154 2) + _Y ( 917 2) + (5 w% + 121, -732) Y1
13 35 194 4 85x1 + 194
_ _Y ( 3;;18‘1‘ x2) + _y ( "11‘917 1'2) + (5:1;% + 12%’1 %’2) i }

> Row(SolObis[4][1],2);
15y (2121 +31zy) 6 _y (5lay —9lay)

+ (—31% + 5z 29 + 6I§) Y1,1

388 97
7T y(2lay +3lze) 5 _y(5lay —91zs)
194 — 97 + (73w%+5w1 w2+6x§) Y1,2
13 21 31 4 51 —91
vl 3§é+ IQ)— vl g; x2)+(—3m%+5m1m2+6m§) Y1,3 ]

> Row(SolObis[4][1],3);
[ 15 _y (Tar+222y) 12 _y (1721 — 22)

+ (72 ac% — 490%) Y1,1

194 97
T y(Tay+22x9) 10 _y(17z1 — 229)
13 y(Tax1+2229) 8 y(17xy —229)
194 - 97 +(-22f —4a3) y13]

where the y’s are arbitrary elements of K.
Let us successively display the rows of the v-component of the second family of solutions

> Row(SolObis[4][2],1);

RR n° 9438



76 Dagher & Hubert € Quadrat

795 _yxa

945 _ym
194

194
> Row(SolObis[4][2],2);
45 y(1lazy +Txa) 36y (z1—1722)
[ 194 97
21 y(1lay +7xe) 30 _y (x1 — 1729)
97 + 97
39 y(1lay + 7Txe) N 24y (z1—17x9)
194 97
> Row(SolObis[4][2],3);
[15_yle177xg_+24_y($1+17$ﬂ
97 97

435 _yx

o7 + (527 + 1221 22) 1,2

+(5 zf + 122 T2) Y11 +(5 ot + 122 2) Y13 }

+ <—3£E% + 5%1 T + 6%%) y171

+ (731}% + 5z 29 + 633%) Y1,2

+ (=321 +5z1 224+ 63) y13]

+ (—2 J}% — 41‘%) Y1,1

147]/(11?131—7?132) 207y(1}1+17.132)
o7 + 97 + (—293% —4x3) Y12
13 11 —7x 16 1+ 17x
_y( 971 2)+ _9(917 2)+(—2x%—4x%) Y3 ]

where the y’s are arbitrary elements of K.
Finally, let us successively display the rows of the v-component of the third family of solutions

> Row(SolObis[4]1[3]1,1);
1134y,
—
> Row(SolObis[4][3]1,2);
15 y(38x14+33x2) 24 y(23x1 —3z2)
[ 97 - 97

954  yxq
97

1044  yz,

o + (5a% + 1221 22) Y12 + (5a? + 1221 22) Y13

+ (5 mf + 1224 {Eg) Y1,1

+ (—3$% + 5$1 To + 6.17%) Y1,1

14 38z + 33z 20 23x1 —3x

_yl 971 2) 20y 971 2) + (—32f +5x1 22 +623) y12
13 38x1 + 33z 16 23z —3x

_y( 971 2) _ _y( 971 2) + (-3@'%4-5%’1’524-6’5%) y1,3}

> Row(SolObis[4][3],3);
15 y(Taxy+2225) 24 y(17x; —219)
[ 97 + 97 +

(*2 CIZ’% — 41’%) Y11

14 y(Tax1+22x5) 20 y 17z —229)
13 Tx1+22x 16 1721 —2x
BT 22es) 10y AT =20) (942 gad) )

where the y’s are arbitrary elements of K. Using the option “reduced”, we thus get shorter expressions for
the v-components of the solutions. We find again the solutions obtained in Examplo

6.2.5 Computation of the solutions of the rank factorization for Example

Let us consider again Example i.e., the rank factorization problem for the following matrices:
> M := MatriX( [ [30:0$2] > [0$3] s [12:0$2] 3 [12:O$2] ] ) 5

30 0 0
0 0 0
12 0 0
12 0 0

> D1 := Matrix([[0%$3,2],[3,0%2,1], [0%4], [0$3,2]]1);
0 0 0 2

1
0
2

S O W
o O O
o OO
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> D2 := Matrix([[5,3,0$2], [0%$4],[0,5,2,0],[0,3,2,011);

5 3 0 0
0 0 0 O
0 5 2 0
0 3 2 0

Let us compute the solutions of the corresponding rank factorization for k = 0:

> S0l0 := Solutions(M, [D1,D2],0,"reduced"):
> for i from 1 to 3 do print(Sol0[i]) od;

22421 —3x2m4 — 23 T4, 3T1 T2 + T2 T4, 2@’% — 22123+ T2 24,
922 x4 + 631914 + 229 23], [5 a2 T4 + 223 24,371 T3 + T3 4],
21y 5x1 + 312
3$1+1‘4 0
0 ST+ 23
2%4 3$2+2$3
> nops(S0l10[4]);

2
Thus, we have two families of solutions. Let us display the v-component of the first family of solutions
> Sol0[4][1];
[Bzayi1+ (221 —223) (4_y—yi1+ (24 _yzsza +20 _yai +18) y21)
3zay12+ (221 —223) (—y12+ (24 _yazas +20 _yai +18) o)
3wayrs+ (2w —2x3) (—y1s+ (24 _yasas +20 _yad +18) y23) |
where the y’s are arbitrary elements of K.
Let us now display the v-component of the second family of solutions
> Solo[4][2];
[Bzayin+3as (4_y—v1ia+ (24 _yasas +20_yal +18) yo1) —60 (321 +24) _yalyan
3xay1 2+ 324 (—y1,2 + (247yx3 x4 +20 _ya?+ 18) yz’z) —60 3z1+24) _yziyso
3zay13+3xs (—y13+ (24 _yasay +20_yai +18) yo3) — 60 (31 +x4) _yaiyss]

where the y’s are arbitrary elements of K.
The last element of So10 is the ring R[y]:

> Sol0[5];
table ([1 = [ 07'67 algebm, [“diﬂ.”, “diff”7 “diﬁ‘”, “diff”7 “diﬂ‘”], [th t27 t3, t4, _ t}, [.’El7 X2, XL3,Tg, y], [tl, tQ, t3, t4,
_t}v [yl,lv Y1,2,Y1,3,Y2,1,Y2,2, y2,3} 707 []7 Hv [t1>t2a 3,14, _t]a []7 []a [d’tﬁ = [wlv tl]v dlﬁ = [1‘2, t2]>

diff = [‘T37t3]7 diff = [:)34,t4], diff = [_y,_t]],

a— _axx <6 a> a— _axx (6 a) a— _axzx (8 a>
1= | 5~ ) 2= | 3~ ; 3=\ 57 )
- - oty — - - Oty — - - Otz —
a— _a*xmxy— 9 a a— _ax_ y-— 0 all )
- - * oy— )~ —ary o_t—

We can check again that the above two expressions are solutions to the rank factorization problem:

> IsSolution(S0l0);
table ([1 = [true] , 2 = [true]])

Finally, let us compute the solutions for k& = 1:

> Soll := Solutions(M, [D1,D2],1);
“No solutions”

No solutions thus exist for k£ = 1.
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6.2.6 Computation of the solutions of the rank factorization for Example

Let us consider again Examplestudying the rank factorization problem eq. for the following matrices:

> M := Matrix([[0$3], [0$3]1]);

0 0 O

0 0 O
> D1 := DiagonalMatrix([1$2]);

"1 0]

L O 1 .
> D2 := Matrix([[0,1],[1,011);

"0 1]

L 1 d
> D3 := Matrix([[2,1],[1,2]11);

o 1]

L 1 d

Let us compute a parametrization of the solutions of the rank factorization problem for k = 0:

> So0l0 := Solutions(M, [D1,D2,D3],0):
> for i from 1 to 4 do print(SolO[i]) od;

2911 2%12 2113

r1 Ty 211+ X9 B
[0], [0], [ 2y 11 11+ 219 } ytable | |1=1 w11 w12 ¥13
Y11 —Yi2 —Yi3

The y’s are arbitrary elements of K. So10[5] corresponds to the following polynomial ring:

> Sol0[5];
[07"6_ algebm, [“diﬁ.”,“diff”L [tla t27 t3]a [111, $2]a [tlth]a [yl,la Y1,2, yl,3] :07 Ha []7 [tla tZL []7 Ha [dlﬁ = [xbtl}a

diff = [, t2]], [7a — _a*x]— (%7@) , a4 — _a*To— (%761)}]

Let us now check again that So10 defines a family of solutions to the rank factorization problem:

> IsSolution(So0l0);
table ([1 = [true]])

Let us now compute a parametrization of the solutions for k£ = 1:

> Soll := Solutions(M, [D1,D2,D3],1):
> for i from 1 to 3 do print(Soll[i]) od;

r1 T2 23’11 +1‘2

2 _ .2
[z1 — 23], [0], Ty T T+ 279

> Soll[4];
2Y1,1 2y1,2 2913
table 1= y11—-322y21+ (2x1+22) ys1 Y12 —3T2y22+ (221 +22) ys,2 Y13 — 3x2y2,3 + (221 + 22) Y33
—y11+ (221 —x2) Y21 — T2ys1  —Yi2+ (221 —T2) Y22 — T2ys2 —Y1,3+ (221 — T2) Y2,3 — T2Y3,3
The y’s are arbitrary elements of K. Sol11[5] corresponds to the following polynomial ring:

> Soll[5];

[Ore_ algebra, [“diff”, “dift”], [t1, ta, t3], (@1, 2], [t1, ta]s [W1,1, Y1,2, 1,3, Y2,15 Y2,2, ¥2,3, U3,1, ¥3,2, 3,3] »
07 []a []7 [tlvtﬂv []7 Hv [dlﬁ = [xbtl}a dlﬁ = [I27t2]]a

a— _a*xx (6 a) a— _a*xx (8 a)}]
1= | 5 ) 2
- - oty = )~ - Oty —
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Let us now check again that Sol1 defines a family of solutions to the rank factorization problem:

> IsSolution(Soll);
table ([1 = [true]])

Finally, let us now compute a parametrization of the solutions for k& = 2:

> So0l2 := Solutions(M, [D1,D2,D3],2):
> for i from 1 to 4 do print(Sol2[i]) od;

Yi,1 Y12 Y13
T Xz 2x1 + X2 . ’ ’ ’
[x2, 1], [0], { vy Ty -+ 21 } ytable [ |1 = | y21 Y22 ¥23
Y31 Y32 Y33
> Sol2[5];
[Ore_algebra, [‘diff”, “dift”], [t1, ta, t3], [1, w2], [t1, L, [Y1,1, Y1,2, Y13, Y2,15 2,2, Y23, ¥3,1, Y32, U335

0, []7 []7 [tlthL []7 Hv [dlﬁ = [xlvtlL diﬁ = [‘T27t2]]7

[ a— _a*xx (8 a) a— _a*xzx (8 aﬂ]
1=\ 5~ ) 2= | 3~

Let us now check again that Sol12 defines a family of solutions to the rank factorization problem:

> IsSolution(So0l2);
table ([1 = [true]])

We find again the results given in Example

6.3 Demodulation functions

We briefly describe a few more functions of the RankFactorization package which are useful for the
study of the demodulation problems (which are associated with the rank factorization problem) listed in
Table For more details, see Section |18], and the references therein.

The applications of the results obtained in this paper to the demodulation problems will be developed
in a forthcoming paper. Therefore, more functions dedicated to the study of the demodulation problems
will be added to the RANKFACTORIZATION package in the future.

The AntiDiagonal function computes the antidiagonal matrix of a given size (see Section.

The LeeMatrix function defines a Lee matriz M of a given size n, namely, a matrix M € C™"*" that
is J-real, i.e., J, M = M, where J, is the antidiagonal matrix of size n. Lee matrices are used to define
Lee’s transformations which map sets of centrohermitian matrices to sets of real matrices. For more
details, see Section 1| |18|, and the references therein.

The IsCentroHermitian function tests whether or not a complex matrix M € C™*" is centroherrmi-
tian, namely, satisfies M = J,,, M J,, (see Section .

The CentroHermitian function maps a matrix M € C™*"™ to the centrohermitian (M + J,,, M J,,)/2.

Let us illustrate these functions with simple examples.

Let us first compute the antidiagonal matrix of sizes 1 and 4:

> AntiDiagonal(1l);

[1]

> AntiDiagonal(4);

= O o o
o= OO
OO = O
o O O =

Now, let us define a Lee matrix of size 2:

> L := LeeMatrix(2);

RR n° 9438
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A

Let us check whether or not the matrix L is centrohermitian:

> IsCentroHermitian(L);
false

The matrix L is not centrohermitian. We can then define the centrohermitian (L + J3 L J3)/2 defined by:
> H := CentroHermitian(L);

+ +

H =

1 1T 1 1
272 272
1 I 1 1
2 2 2 2
We can check again that the matrix H is centrohermitian:

> IsCentroHermitian(H);

true
Let us now define a Lee matrix of size 3:
> LeeMatrix(3);
1 0 I
01 0
1 0 —I

Using the option “unitary”, the LeeMatrix function then returns a unitary Lee matrix:

> M := LeeMatrix(3,"unitary");

V2 I
— 0 =v2
2 2\[

M = 0 1 0
V2 I
— 0 —=v2
2 2\[

We can check again that M is unitary, i.e., M* M = I5:

> simplify(Transpose(conjugate(M)).M);
1 0 0
01 0
0 0 1

If we prefer to work with an algebraic expression for v/2, i.e., if we want to use a symbol v satisfying the
equation u? = 2, then we can use the option “unitary symbolic™

> R := LeeMatrix(3,"unitary_symbolic",u);
1 I
0 =
U U
R := 0 1 0 Ju,u? —2
1 -1
-0 —
U U

We can work algebraically with the symbol u as, for instance:

> assume(R[2],real):
> S := CentroHermitian(R[1]);
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1 1 1 1
% 20 U 2
S = 0 1 0
11 )
2u 20 0 B
> IsCentroHermitian(S);
true

Finally, the next two examples show how Lee’s transformations can be used to bijectively transform
centrohermitian matrices onto real matrices. Such transformations play a central role in the study of the
demodulation problems as briefly explained in Scction

Let us first consider the following square centrohermitian matrix:

> M := Matrix([[9+18%I,-225,9+198%I],[0,0,0], [9-198%I,-225,9-18%I]1]);

9+181 —225 9-+198I1
M = 0 0 0
9—-1981 —225 9—-18I

We can check again that M is centrohermitian:

> IsCentroHermitian(S);
true

Let us now define a Lee Matrix of size 3

> U := LeeMatrix(3);

1 0 I
U=]101 0
1 0 -1

which is, by construction, invertible. Let us compute its inverse:

> U_inv := MatrixInverse(U);
1 1
2 0 3
Uinv = 0 10
1 1
-3 0 3

We can now introduce the matrix M, = U~! M U defined by:

> M_rho := U_inv.M.U;

18 —225 180
Mypo = 0 0 0
216 0 0

We can check that M, € R3%3. Hence, the centrohermitian M is sent to the real matrix M, = U'MU.
Of course, this transformation is invertible:

> U.M_rho.U_inv;

94181 —225 9+ 1981
0 0 0

9—-1981 —-225 9-—181
Therefore, the set CHs 3 of the 3 x 3 centrohermitian matrices is bijectively maps onto R3*3.
Let us consider the non-square centrohermitian matrix, i.e., the following 2 x5 centrohermitian matrix:
> M := Matrix(2, 5, [[-29, 0, -26, -6%I, -56%I], [56%I, 6xI, -26, 0, -2911);

Mo -29 0 —-26 —-6I -561

| 561 61 —-26 O —29
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Defining a Lee matrix of size 2

> U := LeeMatrix(2);

1 I
v 4]
and its inverse
> U_inv := MatrixInverse(U);
11
UZTL’U - 21 %
2 2
as well as a Lee matrix of size 5
> V := LeeMatrix(5);
100 I 0
01 0 0 I
V=001 0 0
01 0 0 -I
1 0 0 -I 0
and its inverse
> V_inv := MatrixInverse(V);
1 1
5 0 0 0 5
0 3 0 3 0
Vine = 0 0 1 0 O
I I
-5 0 0 0 5
o -2 011 o0

then the matrix M, = U1 M V is defined by:
> M_rho := U_inv.M.V;

-29 0 -—-26 —-56 —6
Mrho = |: :|

-56 -6 0 =29 0
Clearly, we have M, € R2%5_ This transformation is invertible:

> U.M_rho.V_inv;

-29 0 -26 —-6I -—56I
561 6I —-26 O -29

More generally, the set CHg 5 of the 2 x 5 centrohermitian matrices is bijectively sent onto R?*3 by

means of the transformation M — U M V.
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