Using symbolic computation to solve algebraic Riccati equations arising
in invariant filtering
Axel Barrau1 , Guillaume Rance2 , Yacine Bouzidi3 , Alban Quadrat3 and Arnaud Quadrat2
Abstract— This paper proposes a new step in the development
of invariant observers. In the past, this theory led to impressive
simplifications of the error equations encountered in estimation
problems, especially those related to navigation. This was used
to reduce computation load or derive new theoretical properties.
Here, we leverage this advantage to obtain closed-form solutions
of the underlying algebraic Riccati equations through advanced
symbolic computation methods.

I. I NTRODUCTION
Luenberger observers are of major importance in engineering applications, both for their simplicity and their strong
theoretical properties described, for instance, in [19]. Originally introduced for linear systems, they have been adapted
to non-linear problems through first-order expansions about
a specific operating point. This strategy reaches its limits
when the first-order error equation is not (or not enough)
autonomous, i.e., depends on a specific trajectory. The development of invariant observers since the early 2000’s −
starting with [1], then going on with, for instance [11] and [9]
− has given a way to obtain autonomous errors for invariant
systems on Lie groups, making the gain tuning of Luenberger
observers much easier. The approach has been also shown
to work for combinations of left- and right-invariant systems
such as the one considered in the present paper ([23]).
In [6], a new framework has been introduced replacing the
notion of invariance with the satisfaction of a short equation
turning out to encompass left-invariant and right-invariant
systems, combinations of both, linear systems, and additional
equations arising in inertial navigation. This reformulation
made the theory much simpler, although not fully relying on
the intuitive notion of invariance, and allowed unveiling a
new and unexpected log-linear property of the error equations
for some non-linear systems on Lie groups. These advances
were used to revisit the idea of tuning the gains of invariant
observers through the methodology of extended Kalman
filtering, previously proposed in [8] and [10]. Striking industrial applications have been developed by Safran Group
which registered several patents such as [?], and, in [4],
invariant filtering was also shown to solve a classical false
observability problem of EKF-SLAM. This field is still very
active, driven by the benefits already obtained in term of
robustness and performance.
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But, in early work on invariant observers ([22], [24]), the
driving force was rather the reduction of the computation
load compared to EKF, without reducing performance. An
idea was to replace Kalman gains by their asymptotic value,
which is made possible by the autonomous error equations
produced by invariant observers. To go further, in the present
paper, we propose to leverage the simplicity of the involved
algebraic Riccati equations to solve them analytically. In this
preliminary work, we consider a classical attitude estimation
problem and show the symbolic computation methods do
allow deriving a simple analytical solution.
Undoubtedly, from both theoretical and practical viewpoints, differential and algebraic Riccati equations are one of
the most fundamental concepts in linear control theory (e.g.,
linear quadratic optimal control, H ∞ control theory, Kalman
filtering). An algebraic Riccati equation is a quadratic equation in an unknown symmetric matrix, i.e., it defines a
quadratic polynomial system. The explicit computation of the
definite positive solution of algebraic Riccati equations for
low order linear systems in terms of their coefficients, considered as unknown parameters, has recently been initiated
in [15], [2], [26], [25], [27] based on real algebraic geometry
and symbolic computation techniques such as Gröbner bases
(see, e.g., [7] and the references therein), Cylindrical Algebraic Decomposition ([13]), discriminant varieties ([18]),
. . . These results have been used to the explicit computation
of H∞ controllers for general classes of lower dimensional
linear systems ([26], [25], [27]) and successfully applied
to mechanical systems such as, for instance, the standard
benchmark in robust control defined by the two mass-spring
system with damping ([27]). In this paper, we show how
the results developed in [26], [25], [27] can also be applied
to find the closed-form solution of an algebraic Riccati
equation appearing in the estimation of the attitude of a very
simple model of a Unmanned Aerial Vehicle (UAV). More
sophisticated examples are under study and will be developed
in forthcoming publications.
Note that the proposed system is not new, neither is the
invariant observer we describe in Section III, which can
also be found in [23]. Several other papers have addressed
the problem of attitude filtering exploiting the Lie group
structure of the space of rotations SO(3) and the invariances
of the problem: see, for instance, [11], [12], [21] or [28],
[16]. Most methods used a deterministic framework (i.e.,
where noises are turned off), as we do in this paper. Attempts
to explicitly take into account some uncertainties have also
led to interesting results ([20], [5]).
The plan of the paper is the following. Section II presents

the considered problem, Section III describes an invariant
observer for this system and derives the algebraic Riccati
equation allowing efficient gain tuning. Section IV is the
main contribution of this paper: it provides an analytical
formula solving the algebraic Riccati equation obtained in
the previous section. Finally, Section V discusses the range
of the result and proposes further investigation on the issue
raised by the present paper.
II. A CLASSICAL ATTITUDE ESTIMATION MODEL
In this paper, we consider the classical problem of estimating the attitude of a Unmanned Aerial Vehicle (UAV).
The system is modeled by the state variables defined below:
• Rt ∈ SO(3) is an orthogonal matrix representing the
attitude of the vehicle. It is defined as the transition matrix from the body (or vehicle) frame to the geographic
frame, i.e., for any vector whose coordinates are ub in
the body frame and ug in the geographic frame we have:
Rt ub = ug .
3

vt ∈ R is the vehicle velocity vector in the geographic
frame.
These variables can be propagated over time using the
measurements of an Inertial Measurement Unit (IMU):
3
• ωt ∈ R is the instantaneous rotation vector, in the
vehicle frame, returned by the gyroscopes. Note that the
measurement bias is not modeled here. A reader having
some experience with invariant observers knows the
importance of this hypothesis in the theory and could
legitimately wonder if the results obtained in Section
IV hold if bias is modeled. This important issue will be
discussed in Section V.
3
• ft ∈ R is the specific force, in the vehicle frame,
returned by the accelerometers. It is defined as the sum
of all nongravitational forces applied to the vehicle.
Here also, bias is not modeled. This choice is more
common in the literature than ignoring gyro bias, mostly
because observability of accelerometer bias is very
dependent on the trajectory.
Now, we can write the equations followed by Rt and vt :
•

d
Rt = Rt (ωt )×
dt
d
vt = g + R t f t
dt

(1)
(2)

where g ∈ R3 is the gravity field and the notation (u)× for
u ∈ R3 denotes the skew-symmetric matrix defined by the
relation:
∀ v ∈ R3 , (u)× v = u × v.
A. Measurements
To keep an accurate attitude estimation over time, the
drone uses two measurements:
3
• Earth magnetic field b ∈ R , measured in the reference
frame of the drone by a magnetometer:
Ytb = RtT b.

•

Drone velocity vt , also measured in its own reference
frame:
Ytv = RtT vt .

It can come from an anenometer, from depth-camerabased visual odometery, or even from a virtual sensor
always returning zero. The latter case is actually a robust
way to encode the low velocity prior, which makes more
sense in most applications than the usual quasi-static
(i.e., zero-acceleration) hypothesis.
Next section directly gives the equations of the invariant
observer proposed in [23] for this problem, without going
through the whole theory.
III. I NVARIANT OBSERVER
Classical Luenberger observers theory applied to system
(1) and (2) leads to an error equation depending on the
current state estimate. This makes gain tuning difficult, even
regardless of the linear approximation issues. This problem
is circumvented by the theory of invariant observers, which
leads to autonomous error variable when it can be applied.
As shown in [23], it is the case here. Denoting by R̂t and v̂t
the estimates of Rt and vt respectively, an invariant observer
for system (1) and (2) is defined by:
 



d
R̂t ,
R̂t = R̂t ωt + kbR R̂t Ytb − b + kvR R̂t Ytv − vt
dt
×
(3)




d
v̂t = g + R̂t ft + kbv R̂t Ytb − b + kvv R̂t Ytv − vt ,
dt
(4)
where kbR , kvR , kbv , kvv ∈ R3 are gain matrices whose value
is the point of Section IV. Now,
 we introduce the invariant
estimation error ηt = ηtR , ηtv , where the rotation part ηtR ∈
R3 and the velocity part ηtv are defined as:
ηtR = R̂t RtT ,

(5)

ηtv = R̂t RtT vt − v̂t .

(6)

Differentiating (5) and (6) with respect to time t, then
injecting (1), (2), (3) and (4), we obtain



d R  R
ηt = kb R̂t Ytb − b + kvR R̂t Ytv − v̂t
ηtR ,
dt
×





d v
ηt = ηtR − I3 g + kbv R̂t Ytb − b + kvv R̂t Ytv − v̂t
dt
 



+ kbR R̂t Ytb − b + kvR R̂t Ytv − vt
ηtv ,
×

and finally:


d R
ηt = kbR ηtb − I3 b + kvR ηtv × ηtR ,
dt



d v
ηt = ηtR − I3 g + kbv R̂t Ytb − b + kvv ηtv
dt


+ kbR ηtb − I3 b + kvR ηtv × ηtv .

(7)

(8)

These error equations can be expanded up to the first order
using a linearized attitude error variable
ξt ∈ R3 defined

R
by the relation ηt = exp (ξt )× , where exp (·) denotes

the matrix exponential. Actually, only the first-order relation
between ξt and ηt will be used:

ηtR = I3 + (ξt )× + ◦ kξt k2 .
(9)
Introducing (9) in the left-hand term of (7), then keeping
only the first-order terms in ξt and ηtv in equations (7) and
(8), we obtain the linearized equations (10) and(11) below:
d
ξt = −kbR (b)× ξt + kvR ηtv ,
(10)
dt
d v
η = − (g)× ξt − kbv (b)× ξt + kvv ηtv .
(11)
dt t
The last step is to give this system of equations a canonical
form by introducing the stacked linear error defined by:
 
ξt
et =
∈ R6 .
ηtv

Let us seek for a definite positive

p11 0
0
0
 0 p
0 p24
22


 0
0 p33 0
P =
 0 p
0 p44
24


 p15 0
0
0
0
0
0
0

P of (13) of the form:

p15 0
0
0 


0
0 
.
(14)
0
0 


p55 0 
0

p66

We do not loose any generality in assuming this particular
form for P since, as we shall see later, a definite positive
solution of (13) of the form of (14) can be found and
there exists a unique definite positive solution of the Riccati
equation for an observable system (12).
Remark 1: In the case where we restrict the number of
the unknowns parameters ri ’s and qj ’s by, e.g., assuming that
some of them are equal or are fixed to certain values, using
Gröbner basis techniques (see, e.g., [7] and the references
Linearized equations (7) and (8) become:
therein), we can prove that (14) is a direct consequence of
d
et = (F − KH) et ,
(12) (13). For more details, see [3]. The above argument shows
dt
that it is also the case when all the parameters are considered
where the matrices F , K and H are defined by:
unknown. But we were not able to check it due to the long
! computation required to obtain the corresponding Gröbner
!
!
R
v
03
03
(b)×
0
kb kb
F =
.basis on a standard computer.
, H=
, K=
− (g)× 03
kvR kvv
03
−I3
Substituting (14) into the algebraic Riccati equation (13),
we
obtain the following polynomial system:
The system (12) can then be stabilized by choosing the gain
 2
matrix K as
p15 − q1 r5 = 0,




K = P H T R−1 ,

p266 − q6 r6 = 0,





b21 p233 − q3 r2 = 0,
where P ∈ R6×6 is the solution of the following algebraic



 p p − g r p = 0,
Riccati equation
15 55
5 11
(15)
2
2
 b1 r4 p22 + r3 p224 − q2 r3 r4 = 0,

F P + P F T + Q − P H T R−1 HP = 0,
(13)




p255 − 2 g r5 p15 − q5 r5 = 0,

6
−1
6


where Q ∈ R and R ∈ R are tuning parameters encod

b21 r4 p22 p24 + r3 p24 p44 + g r3 r4 p22 = 0,


ing the trust we have, respectively, in the dynamics and in
 2
b1 r4 p224 + r3 p244 + 2 g r3 r4 p24 − q4 r3 r4 = 0.
the observations. The classical design procedure consists in
solving once and for all the equation using existing methods Inspecting (15), we note that (15) can be split into the
(see, e.g., [17], [29] and the references therein), then keeping following four uncoupled polynomial systems:
 2
the obtained gain constant in the final embedded system. If

 p15 − q1 r5 = 0,
evidence rises that some sensors are undergoing performance
p15 p55 − g r5 p11 = 0,
(16)
degradation, the only way to adapt is to have pre-computed


2
several gain values and set a switching-mode condition.
p55 − 2 g r5 p15 − q5 r5 = 0,
Indeed, usual electronics embedded on drones does not allow
b21 p233 − q3 r2 = 0,
(17)
real-time resolution of algebraic Riccati equations. What
2
p66 − q6 r6 = 0,
(18)
next section will show is that the dramatic simplification of
 2
2
2
b
r
p
+
r
p
−
q
r
r
=
0,

error equations allowed by invariant filtering makes analytic
3 24
2 3 4
 1 4 22
resolution possible, using symbolic computation methods.
b21 r4 p22 p24 + r3 p24 p44 + g r3 r4 p22 = 0,
(19)


2
2
2
r3 p44 + b1 r4 p24 + 2 g r3 r4 p24 − q4 r3 r4 = 0.
IV. R ESOLUTION OF THE ALGEBRAIC R ICCATI EQUATION
In this section, we shall consider the following case

T

 b = (b1 , 0, 0) , b1 6= 0,
H = diag(r1 , . . . , r6 ), ri > 0, i = 1, . . . , 6,


Q = diag(q1 , . . . , q6 ), qi > 0, i = 1, . . . , 6,
where the notation diag(r1 , . . . , r6 ) stands for the matrix
with the ri ’s on the diagonal and 0 elsewhere.

We note that (17) and (18) are independent equations which
completely determine p33 and p66 . Also, the first equation
of (16) can be used to obtain p15 , i.e., we have:
r
q3 r2
√
√
p15 = ± q1 r5 , p33 = ±
, p66 = ± q6 r6 .
b21
Note that p33 only exists when b1 6= 0, which is always the
case since we assume the system (13) to observable.

Eliminating the variables p55 and p15 from (16) (e.g., by
computing a Gröbner basis of (16) for the elimination term
order p55 > p15 > p11 ([7])), (16) is then equivalent to the
following polynomial system:

2
2 3

 2 q1 p55 − g p11 + q1 q5 p11 = 0,
2 g q1 p15 − g 2 p211 + q1 q5 = 0, ,

 2 2
(g p11 − q1 q5 )2 − 4 g 2 q13 r5 = 0.
The above triangular system can easily be solved:

p = 2 g1q1 (g 2 p211 − q1 q5 ),

 15

p55 = 2 1q2 p11 (g 2 p211 − q1 q5 ),
1


 2 2
(g p11 − q1 q5 )2 − 4 g 2 q13 r5 = 0.
2

p211

2

(20)

4 g 2 q13 r5 .

Let us note π1 = (g
− q1 q5 ) −
The solutions of (16) can be obtained by solving the univariate
polynomial π1 and then substituting its solutions into the
first two identities of (20) to get p15 and p55 . Noticing that
√
g 2 p211 − q1 q5 = ±2 g q1 q1 r5 , we have:

√
,

 p15 = ± q1 r5√
g
p55 = ± q1 p11 q1 r5 ,
(21)

 2 2
2
2 3
(g p11 − q1 q5 ) − 4 g q1 r5 = 0.
The polynomial π1 is even in p11 , i.e., if we set p211 = x,
then x satisfies the following quadratic equation:
(g 2 x − q1 q5 )2 − 4 g 2 q13 r5 = 0.
√
If we note u = 2 g q1 q1 r5 and v = q1 q5 , then the solutions
of π1 are defined by:
1√
u + v,
g

1√
−u + v.
g
(22)
The first two solutions of π1 are real, the first (resp., second)
one is positive (resp., negative). Moreover, if we have v ≥ u,
√
i.e., q5 ≥ 2 g q1 r5 , then the third and fourth solutions of
π1 are also real (complex otherwise), and thus π1 admits 4
real solutions. In this case,
√ solution is positive, the
√ the third
fourth is negative and u + v ≥ −u + v.
Similarly as for (16), eliminating p44 and p24 from (19)
(e.g., by computing a Gröbner basis of (19) for the elimination term order p44 > p24 > p22 ), with the notations

α = 2 g q2 r32 ,





β = −b41 q2 r4 + b21 q4 r3 + g 2 r32 ,



 γ = q r (b2 q r − q r ),
−

1√
u + v,
g

2 3

1 2 4

1√
−u + v,
g

−

4 3


ε = q2 r3 (q22 r42 b61 − 2 q2 q4 r3 r4 b41 + q42 r32 b21





+ g 2 r32 (q4 r3 − 3 b21 q2 r4 )),



ν = γ 2 − α2 q2 r4 ,
(19) is equivalent to the following polynomial system:

2

 α p24 + β p22 + γ = 0,
1 2
2 3
(23)
2 α p44 − β p22 + ε p22 = 0,

 2 4
β p22 − 2 ε p222 + ν = 0.

Thus, all the solutions of (19) are then defined by:

1
2

 p24 = − α (β p22 + γ),

p44 = α22 p22 (β 2 p222 − ε),


 2 4
β p22 − 2 ε p222 + ν = 0.

(24)

Let us note π2 = β 2 p422 − 2 ε p222 + ν. The solutions of (19)
can be obtained by first solving the univariate polynomial π2
and then substituting its solutions into the first two identities
of (24). Note that π2 is even in p22 , i.e., if we set p222 = y,
then y satisfies the quadratic equation:
β 2 y 2 − 2 ε y + ν = 0.

(25)

The discriminant of the polynomial (25) is then:
∆ = 4 (ε2 − β 2 ν) = 16 g 4 q23 r37 r4 (b21 q4 + g 2 r3 ) ≥ 0.
If δ = ∆/4, then the solutions of (25) are reals and:
√
√
ε− δ
ε+ δ
, y2 =
.
y1 =
β2
β2
We have y1 > y2 . The fourth solutions of π2 are given by:
√
√
√
√
y1 , − y1 ,
y2 , − y2 .
(26)
√
If y2 < 0, i.e., ε ≤ δ, then π2 has only two reals solutions,
one positive and one negative.
Remark 2: In particular, this last condition holds if ε ≤ 0.
Alternatively, if −ν√> 0, then we get δ = ε2 − β 2 ν ≥ ε2 ,
and thus, we have δ ≥ |ε|. Since the case of ε ≤ 0 has
just √
been considered, let us suppose that ε ≥ 0. Then, we get
√
√
ε − δ ≤ 0, which shows that y2 and − y2 are complex.
Hence, if −ν > 0, i.e.,


q22 r42 b41 − (2 q2 q4 r3 r4 ) b21 − 4 q2 r32 r4 g 2 + q42 r32 ≥ 0,
or if ε ≤ 0, i.e.,


q22 r42 b61 − 2 (q2 q4 r3 r4 ) b41 + q42 r32 b21
+r32 (q4 r3 − 3 b21 q2 r4 ) g 2 ≤ 0,
then π2 has only one positive real solution.
All the (complex) solutions P of the form of (14) of
the algebraic Riccati equation (13) are thus polynomially
parametrized by the solutions of the univariate polynomials
π1 and π2 . Considering the degrees of these polynomials and
of (17) and (18), we obtain that the number of (complex)
solutions of (15) is 2 × 2 × 4 × 4 = 64 = 26 , where 6 is the
order of the linear system (12).
Since the system is observable (b1 6= 0), one knows that
there exists a definite positive real solution P of the Riccati
equation (13). Let us now try to determine which one of
these 64 solutions defines the positive definite matrix P .
To do that, we recall the standard result due to Sylvester.
Proposition 1 (See, e.g., [14]): A symmetric
matrix P ∈ Rn×n is definite positive if and only if all of
principal minors of P , namely, the determinants of the upper
left i × i corners of P for i = 1, . . . , n, are positive.

The principal minors of (14) are respectively defined by:


 m1 = p11 ,



 m2 = p11 p22 ,


 m =p p p ,
3
11 22 33
2

m
=
p
4
11 p33 (p22 p44 − p24 ),




2
2

 m5 = p33 (p22 p44 − p24 ) (p11 p55 − p15 ),


m6 = p33 p66 (p22 p44 − p224 ) (p11 p55 − p215 ).
According to Sylvester’s criterion, all the principal minors
mi ’s of P > 0 have to be positive. Hence, we must have:


 p11 > 0,



p22 > 0,



 p > 0,
33

p22 p44 − p224 > 0,





p11 p55 − p215 > 0,



p66 > 0.
Therefore, we first have to consider the following solutions:
r

 p33 = q3 r2 ,
b21
(27)

√
p66 = q6 r6 .
Now, let us determine which solution (22) yields p11 > 0
and p11 p55 − p215 > 0. Using (20), we get:
p11 p55 − p215 =

(g 2 p211 − q1 q5 ) (g 2 p211 + q1 q5 )
.
4 g 2 q12

Thus, the condition p11 p55 − p215 > 0 can be replaced by
g 2 p211 − q1 q5 > 0,
which, using (g 2 p211 − q1 q5 )2 − 4 g 2 q13 r5 = 0, yields:
q
1
√
p11 =
(2 q1 r5 g + q5 ) q1 .
(28)
g
Hence, using (20) or (21), we obtain:

√
 p15 = q1 r5 ,
q

√
 p55 = 1 √q1 r5
2 q1 r5 g + q5 q1 .
q1

(29)

Finally, let us determine which solution (26) of π2 satisfies
the last two conditions p22 > 0 and p22 p44 − p224 > 0. Using
the equation π2 = 0, we first obtain:
1
(β 2 p422 − 2 (ε + β γ) p222 − γ 2 )
α2
1
= − 2 (2 γ β p222 + γ 2 + ν)
(30)
α 

2
2γ
γ +ν
= − 2 β p222 +
.
α
2γ

p22 p44 − p224 =

Thus, we have to determine the sign of the above expression
when evaluated at the solutions (26) of π2 = 0. Since the
solutions (26) depend on the parameters, the sign of (30)
can change with them. In particular, if one of the conditions
given in Remark 2 is satisfied, then we know that there is
√
a unique positive real solution y1 of π2 . Then, using (24),

we obtain the corresponding values for p24 and p44 (see the
forthcoming (32)), which completely defines the matrix P >
0 satisfying (13).
In the general case, we can try to repeat what we have
done with π2 = 0 by considering:

2
ε
ε2 − β 2 ν
2
.
β p22 −
=
β
β2
But, unfortunately, we then have
 2
 

γ +ν
ε
2 g 4 q23 r36 r4
− −
=−
,
2γ
β
γβ
i.e., the right-hand sided of the above equality is not reduced
to 0. If so, it would have been quite easy to conclude. We
have to consider another method.
To do that, we use the concept of a discriminant variety
([18]), which computes algebraic varieties in the parameter
space
P = {b1 , q1 , . . . , q6 , r1 , . . . , r6 }
outside which the number of real solutions of a polynomial
system, depending of these parameters, is constant. Using the
Maple command CellDecomposition of the package
RootFinding[Parametric], we can compute the cells
of maximal dimension of the Cylindrical Algebraic Decomposition ([13]) of the following semi-algebraic set (namely,
a set of equations and inequalities) defined by:
S = {β 2 p422 − 2 ε p222 + ν = 0, p22 > 0, p22 p44 − p224 > 0,
g > 0, qi > 0, ri > 0 i = 1, . . . , 6}.
Using (30), p22 p44 − p224 > 0 can be replaced in S by:
2 γ β p222 + γ 2 + ν < 0.
As shown in [3], we obtain 38 different cells defined in the
parameter space P − by means of polynomial equations
and inequalities − in which that there is only one real
solution. This result is a consequence of the unicity of the
definite positive solution P of the algebraic Riccati equation.
For each cell, a witness point, i.e., a rational value of the
parameters, is explicitly given. We can then evaluate the 4
solutions (26) of π2 = 0 at these witness points and check if
we obtain positive or negative real, or complex values. Since
the nature of the solutions in each cell is the same, we obtain
that
s
√
ε+ δ
√
(31)
p22 = y1 =
β2
is always the unique positive real solution. Then, p24 and
p44 can be obtained by the first two identities of (19), i.e.:
(
p24 = − α1 (β y1 + γ),
(32)
√
p44 = α22 y1 (β 2 y1 − ε).
We can then substitute (27), (28), (29), (31) and (32) into
(14) to obtain the definite positive solution P of (13). We
point out that P > 0 is defined by a unique simple analytical
expression over the whole parameter space P.

Finally, since there exists a unique definite positive solution P of (13), the assumption that P is of the form of (14),
i.e., with zero entries else than p11 , p15 , p22 , p22 , p24 , p33 ,
p44 , p55 and p66 , was not restrictive since, by unicity, we
have just proved that they must be equal to 0.
V. CONCLUSION AND FUTURE WORK
In this paper, for a classical attitude estimation problem,
we showed that the algebraic Riccati equation used to tune
the gains of an invariant observer can be solved analytically as a function of the design parameters (qi )i=1,...,6
and (ri )i=1,...,6 , and of the physical quantities g and b. A
straightforward application is to build an observer whose
gains adapt to a change of the sensors accuracy, measured,
for instance, through an innovation test. Indeed, instead of
dealing with the gain matrix K directly, the result of this
paper allows the practitioner to design tuning politics for
R and Q matrices, which have a clear physical meaning.
The matrix K being then computed as the solution of the
algebraic Riccati equation, stability of the obtained observer
is ensured. Actually, stability is ensured for a given set of
constant values for (qi )i=1,...,6 and (ri )i=1,...,6 . If the values
of these parameters change over the trajectory (which is the
situation where the result of the present paper is useful), a
more careful theoretical analysis has to be performed. Yet,
this analysis is much easier if the gains are given by an
analytical formula than if they are defined implicitly as the
result of an algebraic Riccati equation.
The example we considered in this paper is extremely
simple and the adding gyro biases to the model would
certainly make the result more valuable. But it is well-known
that error equation autonomy is lost in this case. Thus, we
shall probably have to work on specific operating points.
From a theoretical point of view, the point raised by
Remark 1 is very interesting: most variables of the equation can be zeroed by symbolic computation arguments,
but a probabilistic reasoning on P , seen as a covariance
matrix, gives the same result. Interpreting the properties of
the solutions of algebraic Ricatti equations from different
points of view (automatic control, probabilities and symbolic
computation) seems a promising route for future work.
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Approach to Commutative Algebra. Springer, 1993.

[8] S. Bonnabel. Invariant extended Kalman filter. In Conference on
Decision and Control 2007 (CDC07), 2007.
[9] S. Bonnabel, P. Martin, and P. Rouchon. Non-linear symmetrypreserving observers on lie groups. IEEE Transactions on Automatic
Control, 54(7):1709–1713, 2009.
[10] S. Bonnabel, P. Martin, and E. Salaün. Invariant extended Kalman
filter: Theory and application to a velocity-aided attitude estimation
problem. In IEEE Conference on Decision and Control, 2009.
[11] S. Bonnabel, Ph. Martin, and P. Rouchon. Symmetry-preserving
observers. IEEE Trans. on Automatic Control, 53(11):2514–2526,
2008.
[12] S. Bonnabel, Ph. Martin, and P. Rouchon. Non-linear symmetrypreserving observers on lie groups. IEEE Trans. on Automatic Control,
54(7):1709 – 1713, 2009.
[13] G. E. Collins. Quantifier elimination for real closed fields by cylindrical algebraic decomposition. Springer Lecture Notes in Computer
Science. Springer, 1975.
[14] G. T. Gilbert. Positive definite matrices and sylvester’s criterion. The
American Mathematical Monthly, 98(1):44–46, 1991.
[15] M. Kanno, K. Yokoyama, H. Hanai, and S. Hara. Solution of algebraic
Riccati equations using the sum of roots. In ISSAC 2009, pages 215–
222, 2009.
[16] C. Lagemann, J. Trumpf, and R. Mahony. Gradient-like observers for
invariant dynamics on a lie group. IEEE Trans. on Automatic Control,
55:2:367 – 377, 2010.
[17] Peter Lancaster and Leiba Rodman. Algebraic riccati equations.
Clarendon press, 1995.
[18] D. Lazard and F. Rouillier. Solving parametric polynomial systems.
J. Symb. Comp., 42:636–667, 2007.
[19] D. Luenberger. An introduction to observers. IEEE Trans. on
Automatic Control, 16(6):596–602, 1971.
[20] J. Trumpf M. Zamani and R. Mahony. Near-optimal deterministic
filtering on the rotation group. IEEE Trans. on Automatic Control,
56:6:1411 – 1414, 2011.
[21] Ph. Martin and E. Salan. Invariant observers for attitude and heading
estimation from low-cost inertial and magnetic sensors. In 46th IEEE
Conf Decis Contr, pages 1039–1045, 2007.
[22] Philippe Martin and Erwan Salaün. Invariant observers for attitude
and heading estimation from low-cost inertial and magnetic sensors.
In 46th IEEE Conference on Decision and Control, pages 1039–1045,
2007.
[23] Philippe Martin and Erwan Salaün. An invariant observer for earthvelocity-aided attitude heading reference systems. IFAC Proceedings
Volumes, 41(2):9857–9864, 2008.
[24] Philippe Martin and Erwan Salaün. Design and implementation
of a low-cost observer-based attitude and heading reference system.
Control Engineering Practice, 18(7):712–722, 2010.
[25] G. Rance, Y. Bouzidi, A. Quadrat, and Quadrat. Explicit H ∞
controllers for 1st to 3rd order single-input single-output systems with
parameters. In submitted to IFAC 2017 Workshop Congress, 2016.
[26] G. Rance, Y. Bouzidi, A. Quadrat, and Quadrat. A symbolic-numeric
method for the parameric H ∞ loop-shaping design problem. In 22nd
International Symposium on Mathematical Theory of Networks and
Systems (MTNS), 2016.
[27] G. Rance, Y. Bouzidi, A. Quadrat, A. Quadrat, and F. Rouillier. Explicit H ∞ controllers for 4th order single-input single-output systems
with parameters and their applications to the two mass-spring system
with damping. In submitted to IFAC 2017 Workshop Congress, 2016.
[28] J.F. Vasconcelos, R. Cunha, C. Silvestre, and P. Oliveira. A nonlinear
position and attitude observer on se(3) using landmark measurements.
Systems Control Letters, 59:155–166, 2010.
[29] Jan Willems. Least squares stationary optimal control and the algebraic
riccati equation. IEEE Transactions on Automatic Control, 16(6):621–
634, 1971.

