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Abstract Within the lattice approach to analysis and synthesis problems, we show how standard
results on robust stabilization can be obtained in a unified way and generalized when interpreted
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1. THE FRACTIONAL REPRESENTATION
APPROACH

In what follows, we consider the so-called fractional rep-
resentation approach developed in the 80’s by Vidyasagar,
Desoer, Callier, Francis, etc (see Curtain et al. (1991);
Desoer et al. (1980); Vidyasagar (1985) and the references
therein). In this approach, the set of stable plants (in
a sense to be defined afterwards) is considered to be an
integral domain A, i.e., a commutative ring with no non-
zero zero divisors. Examples of integral domains A usually
encountered in the literature are:

e The Hardy algebra H>*(C,) formed by all holomor-
phic functions in the open right half-plane
Ct:={seC|R(s) >0}
which are bounded with respect to the sup norm, i.e.:

[ [[oo:= sup [h(s)].
seCy

Let h denotAe the Laplace trarAlsform of h and
H?*(Cy) :={h | he L*(Ry)}. If h € H®(C,) then
the input-output system 7 = h is H*(C,)— H?*(C,)
stable (i.e., © € H?(C,) yields § € H?*(C4)), or
equivalently y = hxu is the L2(R, ) — L?(R ) stable,
where x denotes the standard convolution product.

e RH,, := H>(C;)NR(s) the algebra of proper and
stable rational transfer functions.

e The Wiener algebra defined by:

+oo
A={F+) aie™*| feLi(Ry), (a;) € h(N),
=0
0=ho< h <h2<...}.

Ifh e VZ, then the input-output system y = h % u is
L>(R;) — L*>(R) stable (BIBO stability).

* The author would like to thank Julio Rubio (University of Rioja,
Spain) and Francis Sergeraert (University of Grenoble, France) for
introducing him to the field of the homological perturbation lemma
and for motivating discussions which led to this paper.

For more examples, see Curtain et al. (1991); Desoer et al.
(1980); Quadrat (2006a); Vidyasagar (1985).

In what follows, K := Q(A) = {2 |0# d, n € A} denotes
the quotient field of A. Within the fractional representation
approach, a transfer matrix is defined by P € K9%".

Definition 1. (Desoer et al. (1980); Vidyasagar (1985)).

Let A be an integral domain of SISO stable transfer func-
tions, K := Q(A) and P € K9%". Then, P is internally
stabilizable if there exists C' € K"*9 such that all entries
of the following transfer matrix

H(P, C):= (_ch IZD>_1

[ U-PO)! (I,—PC)"'P
~\cu,-pPCO)t L+C(I,-PC)'P (1)
_(I,+P(I,-CP)y'C P(I,-CP)"!

B (I, -CP)"'C (I, —C P)~!

belong to A, i.e., H(P, C) € A+t")*(@+") Then, C is a
stabilizing controller of P and we note C' € Stab(P).

With the notations of the following figure

u  + €1 n
O C
_|_
+
Y2 €2 + U2
P O
we have:

(2) = H(P, C) (Z;)

The transfer matrix H(P,C) connects the inputs u; and
ug (references and perturbations) to e; and es. If we
have H(P,C) € Alat7)x(a+7) then all transfer matrices



between two signals appearing in the above figure are
stable. For more details, see, e.g., Desoer et al. (1980);
Vidyasagar (1985). Since the context is clear, we shall
only say “stabilizable” for “internally stabilizable”.

Let us introduce standard transfer matrices:

Output sensitivity transfer matrix S, := (I,— P C)~%.
Input sensitivity transfer matrix S; := (I, — C P)~L.
U=C(,-PC)yt=(,-CP)"'C.
Complementary input sensitivity transfer matrix

T, :=UP.

e Complementary output sensitivity transfer matrix

T,:=PU.
Note that we have the relation S, P = P S;.

Let us introduce a few more definitions.

Definition 2. (Desoer et al. (1980)). Let P € K7*".

(1) A fractional representation of P is defined by

P=D'N=ND1,

where R := (D — N) € A7) detD # 0,
R=(NT DT)T ¢ Ala+tn)>" and det D # 0.

(2) A fractional representation P = D7 N is a left
coprime factorization if there exist X € A9%7 and
Y € A7 such that DX —NY = 1.

(3) A fractional representation P = N D~! is a right
coprime factorization if there exist X € A™" and
Y € A" such that =Y N+ X D =1I,. o

(4) A fractional representation of P = D"! N = N D!
is a doubly coprime factorization if P = D 'Nisa
left coprime factorization and P = N D~! is a right
coprime factorization.

Remark 1. Any transfer matrix P € K9*" admits frac-

tional representations (take, e.g., D = dI;,, D = dI,,

where d is the product of the denominators of all the

entries of P and N := dP and N = Pd). But not all

transfer matrices P € K9*" admit a left/right/doubly co-
prime factorization. For instance, see Quadrat (2006a,b).

2. THE LATTICE APPROACH

As we showed in Quadrat (2006a,b), the fractional rep-
resentation approach to analysis and synthesis problems
can be studied using the concept of the lattice of a finite-
dimensional K -vector space. Before stating this definition
again, let us introduce a few standard definitions.

Definition 3. (Rotman (2009)). Let A be an integral do-
main, K := Q(A) and M a finitely generated A-module.

(1) The rank of M is the dimension of the K-vector space
obtained by extending the coefficients of M from A
to K, i.e., rank4 (M) := dimg (K ®4 M), where ® 4
denotes the tensor product of A-modules.

(2) If M and N are two A-modules, then hom 4 (M, N)
denotes the set of all the A-homomorphisms from M
to N, i.e., f € homa(M, N) satisfies

flaimi +azma) = a1 f(my) + az f(m2)
for all a1, as € A and for all my, mg € M.

(3) M is free if M admits a basis or equivalently if
M is isomorphic to direct sum of copies of A, i.e.,

M = A", where = stands for an isomorphism, i.e., a
homomorphism which is both injective and surjective.

(4) M is projective if there exist an A-module P and
r € N such that M & P = A", where @ denotes the
direct sum of A-modules.

Definition 4. (Bourbaki (1989)). Let V be a finite-dimen-
sional K-vector space. Then, an A-submodule M of V is a
lattice of V' if there exist two free A-submodules Ly and Lo
of V such that L1 C M C Lo and rank4(L1) = dimg (V).

We have the following examples (Quadrat (2006a)).
Example 1. If P € K97 then we have:

o L:= (I, —P)AT" is a lattice of K1.

o M= Alx(a+n) (pT ITT)T is a lattice of K1*7.
Definition 5. (Bourbaki (1989)). Let V be a finite-dimen-
sional K-vector space and M a lattice of V. Then, A : M

is the A-submodule of homg (V, K) = V* formed by the
K-linear maps f : V — K which satisfy f(M) C A.

One can show that A : M is a lattice of homg (V, K) = V*.

We have the following examples (Quadrat (2006a)).
Ezample 2. With the notations of Example 1, we have:

o A:L={Ne A9 | AP e A"} is a lattice of K1%9.
e A: M={pe A" | Ppe A} is a lattice of K".

The next theorems give necessary and sufficient stabiliza-
tion conditions (Quadrat (2006a)).

Theorem 1. With the notations of Example 1, the follow-
ing assertions are equivalent:

(1) P e K9%" is stabilizable.
(2) There exists L = (ST UT)T, where S, € A7 and
U € A", such that:

(@) LP=(%F

UPpP
(b) I, —P)L=S,—PU=1I,

Then, we have C := U S, ! € Stab(P) and:
S,=I,-pPO)', v=Cc,-PO)!
(3) L is a projective lattice of K9, i.e., the lattice £ of K1
is a finitely generated projective A-module of rank q.

Theorem 2. With the notations of Example 1, the follow-
ing assertions are equivalent:

(1) P e K9%" is stabilizable.

(2) There exists L = (=U S;), where U € A" and
S; € A™*", such that:
(a) PL=(—PU PS;)e At

@)E<P>——UP+&:L.

€ Algtr)xr,

L)~
Then, we have C := S; ' U € Stab(P) and:
S;=(I,-CP)Y, U=(I.—-CP)'C.
(3) M is a projective lattice of K1*".

We have the following result (Quadrat (2006a)).
Corollary 3. (1) If P = D! N is a left coprime factor-
ization, DX — NY = I,, X € AT4 Y € A™4, then
L = D71 A2 A4 is free and Theorem 1 holds with:
S,=XD, U=YD.
Hence, P is stabilized by the controller C :=Y X 1.



(2) If P = ND-! is a right coprime factorization,
-YN+ XD =1, X € A", Y € A", then
M = A" D=1 = AX7T g free and Theorem 2 holds
with: o o
U=DY, S;=DX.
Hence, P is stabilized by the controller € := X 1Y
Let us introduce a few definitions of homological algebra.
Definition 6. (Rotman (2009)). Let M = (M;);cz be a
sequence of A-modules and d = (d;);cz a sequence of A-
homomorphisms, where d; € homa(M;, M;_4) for i € Z.
(1) The sequence (M, d) is called a complex if d;od; 11 =0
for alli € Z, i.e., if imd; 1 C kerd; for all i € Z. The
complex (M, d) is simply denoted by:

d; ds d; di_
Gz M, $>Mi % M, it G

(2) A complex (M,d) is an ezact sequence at M; if
kerd; = imd;41,

and is an exact sequence if it is exact at all the M;’s.

(3) A short exact sequence is an exact sequence of the
form 0 My —22 5 My —% s M, 0, ie., do
is injective, dy is surjective and ker d; = im ds.

(4) A split exact sequence is an exact sequence which is
such that there exist h; € hom4(M;41, M;) satisfying:

ViEZ, di+10hi+1+hiod¢:idMi.
A split exact sequence is also called a contractible
complex and h = (h;);ez is a contraction (homotopy).

Remark 4. The indices of the d;’s and h;’s are usually
dropped. The condition to be a complex (resp., con-
tractible complex) becomes d? = 0 (resp., doh+hod = id).

The next result is standard in homological algebra.
Lemma 5. (Rotman (2009)). A short exact sequence splits
iff one of the following equivalent conditions is satisfied:
(1) There exists hy € hom4(My, M;) such that:

dy o hy =1idpy,-
(2) There exists hy € hom 4 (M7, M) such that:

hg ods =idpy,.-
(3) There exist two homomorphisms hy € hom 4 (My, M)

and hg € hom 4 (M7, M3) such that:

h1 Od1 +d20h2 ZidMl.
(4) My = My ® M.
Ezample 3. We have the following short exact sequence
0 —> A: M 2 Lo 0, (2)

where:
dy: ATTT — [

AdtT

do: A: M — ATTT

P
o (1)

For a proof and more details, see Quadrat (2006a).

A— (I, —=P)A,

According to Theorem 1, P is stabilizable iff there exists
hy € homy (L, A7) defined by hy(v) = Lv for all v € L
which satisfies dy o hy = idg. By 1 of Lemma 5, the short
exact sequence (2) splits, i.e., we have LH(A : M) = AT,

Similarly, using Theorem 2, P is stabilizable iff there exists
ho € homa(A9T" A : M) defined by hs(¢) = LE for

all £ € AT which satisfies hy o dy = ida.zq. By 2 of
Lemma 5, the short exact sequence (2) splits, i.e., we have
L& (A: M) AT and L is a projective A-module.

A standard result of homological asserts that a short exact
sequence ending with a projective A-module splits (see,
e.g., Rotman (2009)). An application of this result to the
short exact sequence (2) yields 3 of Theorems 1 and 2.

Hence, if P is stabilizable and C' € Stab(P), then defining
the matrices S, := (I, - PC)"', U :=C(I,— PC)™! =
(I, —CP)"'C and S; := (I, — C P)~!, we obtain the
following split short exact sequence:

(). s

00— A M —= A" ———= L ——> 0.
(=U Si) S,
()

The homological perturbation lemma is a technique of al-
gebraic topology, homological algebra, algebraic geometry,
computer algebra, etc. For more details, see Brown (1967);
Gugenheim (1972); Crainic (2004); Sergeraert (1994).

Before stating the main result, let us introduce a definition.

Definition 7. (Crainic (2004)). Let (M,d) be a complex.
We call perturbation § of (M,d) a sequence 6 = (6;)cz,
where §; € homy(M;, M;_1) for all i € Z, which is such
that (M,d + 9) is a complex, i.e., for all i € Z, we have
(di+6i)o(dit1+6it1) = diodit1+0;0div1+0;06i11 =0,
a condition which can be simply rewritten as follows:
(d4+6)*=dod+d6o0d+*>=0.

Let us suppose that id + § o h is invertible. Then, so is
id+ hod since (id+hod) ™t =id—ho(id+doh)"Lod:
(id4+hod)o(id—ho(id+doh)~tod)
id+ho(id—(id+doh)™ —doho(1+d0h) " )os
id+ho(id—(id+doh)o(1+d0h) 1) od=id,
(id—ho(id+doh) L od)o(id+hod)
=id+ho(id—(id+doh)™ ' —(id+6oh)todoh)os
:id+h0(id—(id+5oh)_1o(id+5oh))0(5:id.

We shall only use a consequence of the homological per-
turbation lemma, i.e., the following contractible case.

Theorem 6. (Crainic (2004)). Let (M, d) be a contractible
complex with contraction h and ¢ a perturbation of d such
that id + § o h is invertible. Then, (M,d + ¢) is still a
contractible complex with the following contraction:

H:=ho(idd+doh)™ =({d+hod) toh  (3)

3. APPLICATIONS OF THE HOMOLOGICAL
PERTURBATION LEMMA

The goal of this paper is to show that standard results
on robust stabilization (see, e.g., Curtain et al. (1991);
Vidyasagar (1985); Zhou et al. (1995)) can be found again
as a particular application of Theorem 6 and generalized.

Let us consider the following A-homomorphisms

o2 “.r 0,

0 —— A: M —— Aatr
where §; € hom 4 (A2"", £) and dy € homy (A : M, ATTT).
Using the following isomorphisms (see Quadrat (2006a)),




hom 4 (ATT", £) =2 L1+ — (1, — P) Alatm)x(a+r),
hom (A : M, ATHT) = MIFT = Alatr)x(a+r) (PT 7T,

we obtain §;(\) = (A;  — Ag) A for all A € A" and
S2(p) = (AT ATy for all p € A: M, where:

(Al _A2):(Iq _P)‘/a
As\ ., (P
(&)= ()
_ V11 V12 _ Wll W12
V_<V21 VQQ)’ W_(W21 VV22>7
{ Vi1 € Aqxq, Via € Aqxr, Vo1 € ATXq, Voo € ATXT,

Wi € Aqu, Wi, € Aqxr, Wy € Ar><q7 Wyo € ATXT
()

(4)

Let us note:

(i)

Using Theorems 1 and 2, we can easily check that
2 =11, € Aletnxlatn) 12 =11, e Alotr)x(atn)

i.e., II; and II; are two idempotents. These idempotents
play an important role in robust control.

_p), = (f) (U S)). (6)

A perturbation of (2) is then the complex defined by

da+62 di+61

Aatr L 0,

(7)
i.e., where §; and Jo are such that
(d1+51)0(d2+52) :d1052+(510d2+51 05210,
i.e., in terms of matrices, such that:

TZ:(Iq+A1 PA2)<P+A3>

=T+ A1) (P+A3)— (P+Ag) (I +Ay) =0.

Indeed, we must have T'yy = 0 for all 4 € A : M. Using the
notations of Remark 1, we get Td =0, d # 0, i.e., T = 0.

If det(Iy + A1) # 0 and det(I, + A4) # 0, then we get
Pli= (I, 4+ A1) H(P+Ar) = (P+As) (I +Ay)7 1, (8)
where the A;’s are defined by (4), i.e.
P = (I, 4+ Vi1 — P Vo) (P (I + Vi) — Vi2)
= ((Ig + Wh1) P+ Wig) (I + Waz + Woy p)~1,
where the matrices V;;’s and Wy;’s are defined by (5).

0 ——A: M

(9)

Definition 8. The general linear group of degree r is de-
fined by the group of the invertible matrices of A™*", i.e.
GL.(A):={X e A" |3Y e A" . XY =YX =11},
where I, is the identity matrix. In particular, we have
GL;(A) = U(A), where U(A) denotes the group of in-
vertible elements of A.

According to Theorem 6, if id + 61 o h; and id 4 02 0 hy are
both invertible, then (7) is again contractible, i.e., a split
short exact sequence with a new contraction H defined by
(3). Let us state the two above conditions. We have

(id + 410 h1)<V) = (Iq + A1 S, — Ay U) v,

. - Iq—AgU ABSl
(1d+520h2)(§)—< “ALU I,.+A45'> &

for all ¥ € £ and £ € A9*". The last matrix belonging to
Alatm)x(@+7) ysing (4) and (6), id + 6 0 hy is invertible iff:

I,—AsU  AsS; A
( AU IT+A4Si> = Lar (AZ) (=0 %)
= Iypr + Wy € GLyyr(A).
(10)
If X € Kt and Y € K'*%, then it is well-known that:
det(I, + X Y) = det(I, + Y X). (11)
We note that I, + XY € GLs(A) is equivalent to:
det(L; +Y X) = det(I, + X Y) € U(A).
Hence, using (11), (10) is then also equivalent to:
det(I, —U As+S; Ay) = det(Iy4, + W) € U(A). (12)

Let us now study the invertibility of id + 01 o hy. Since
every element v of £ is of the form v = (I; — P) A\ for a
certain A € A9t" (4) and (6) then yield

(1d—|—51 Oh1)(l/) = (Iq+A1 S, — A U)v

)
So
(s a0 (1)
=U;, -P)A+({U, —-P)V
= (Iq - P) (Iq+r+VH1))‘7
i.e., we obtain the following identity:
(id+d610h1) (I, —P)
=T, + A1 5, —AU) (1
={; —P)(Ugr +VIL).
Using (13) and the following identity

(Iysr + VL) <f>

(e () o —2) (7)=(1)

we obtain the following commutative exact diagram:

(I, —P)A

IT; A

- P) (13)

P
(IT) (Iq _P)
00— A: M —— Aatr L 0
llT ( P ) llq+r+v Iy lid-ﬁ-él ohy
I -
0 AM = goer L 28 g 0.

Since id 4. p¢ is an isomorphism, the standard snake lemma
(see, e.g., Rotman (2009)) then yields

kery(id 4 01 0 h1) = kera(Lgyr + V II1),
cokery (id 4 01 0 hy) = cokera(Iy4, + V' II4),
and thus we obtain that id + §; o hy is invertible iff:

Iysr + VI € GLyir(A). (14)

Using (4) and (11), (14) is then equivalent to:
det(Iy+ A1 S, — A U) = det(Iy4, +1I; V) € U(A). (15)
Then, the identity (13) yields
(Iq -P) (Iq+r+v H1)71 = (Iq"'Al So—As U)71 (Iq 1_6P)
which finally shows that (id 4+ 81 o hy) ™! is defined by(: :
(id+d10h)"H((I; —P)N)
= (Ig+ 218, — A U) 1 (I
=, —P)Iyr+VI)tA

_P))‘)v



If the perturbation A;’s are defined by (4) and satisfy (10)

and (14), then Theorem 6 shows that
do+382 di1+01
0 —=A4:M— Atr — 0,
2 1

is a split short exact sequence with contractions
Hy:=hyo(id+d& ohy) ' =(d+hyod) " oh,
H2 = hg o (ld + 52 o hQ)_l = (1d + h2 o (52)_1 o hQ,

i.e., where, for all v € £ and for all £ € A9™", we have:

(hyo(id+d; 0 hl)fl)(u)
= (SU) (I, + A1 Sy — Ay U) !
((id + hg 0 d2) " 0 hy)(£)

= (I, —UA3+S;A4)7 " (-U  Sy)&.

Using Theorem 1, we obtain that the following controller
C' = U I, +A1S,— AU
(So (I + A1 So — A U) 17
=US;'=cC,

stabilizes P’. Similarly, using Theorem 2, we obtain that
the following controller

C" = (I, — U Ay + S; Ag) ™ 5;) 7!
(I, —U Az + Si Ay) 1 U)
=S'v=cC
stabilizes P’.

Let us sum up the above results.

Theorem 7. Let P be a stabilizable plant, C' a stabilizing
controller of P,

S, = (I, — PC)~ "t € AT,
U=C(I,-PC)'=(I.-CP)"'Ce A™,
S; = (I, —CP)~' € A",

and the matrices II;, I, € Ala+")x(a+7) defined by (6).
Then, C =U S, ! = Si_1 U stabilizes the following plant
P'i= (I, 4 80) 71 (P+ A2) = (P+ Ag) (I + Ag) 7,
for all perturbations A,’s of the form of (4) (where the
Vi;’s and Wiy’s are given by (5)) which satisfy
Ijpr + 1LV € GLg1r(A),
Igpr + W1y € GLg(A),
det(Iq + Vi1 — P‘/21) 7é 0,
det(Ir + W22 + W21 P) 7& 0.
Remark 8. As shown in (12) and (15), the first two condi-
tions of (17) are equivalent to the following conditions:
det(Ir — UAg + Sz A4) S U(A),
det(Iy; + A1 S — A U) € U(A).
Remark 9. We point out that Theorem 7 holds for a sta-
bilizable plant P which does not necessarily admit a doubly
coprime factorization. Thus, Theorem 7 is an extension
of the standard results developed in the literature. More-

over, as shown in Example 4 below, Theorem 7 yields the
different standard models of perturbations at once.

(17)

Remark 10. Let us check again Theorem 7 by direct com-
putations. We first have

I,—PC=1,—(I,+A)" 1(P+A2)US_
= (Ig+ A1) (I + A1) So — (P +A2) U) S
= (I, +A)” 1(Iq+A18 — A U)S; !

which yields:
(I, =P O) ' =8, (I, + A1 S, — A U) L (I, + Ay),
C,—P Oy '=U,+A1S, — A U) (I, +Ay),
(I, =P C) ' P =8,(I, + A1 S, — A U) 1 (P + Ay),
C(I,—P'C) ' P =U(;+A:1S,— A U)" 1 (P+ Ay).
Using the above identities, we then obtain:
I,—PC)yt (I,-PC)y'P
wpoy (PO =P
c{,-roc)ytcua,-prPoytr
_ (f]) (I, + A1 So— Ao U) L (I, + A1 P+ Ay).
According to the definition of A; and A, i.e., (5), we have:
I,+ Vi Vio )
Voo =1+ Va
Combining the last two identities with (16), we obtain:

L(P',C) = <SU) I, —P)

(Ig+A1 P+ A)=(I, P)(

(gt Vi Ve
I, +VIL) '
Uaer +VIT) ( Vay —Ir'i‘V22>
Io+Vin Vg

=T (Lyyr + V)"t [ 77

1 g+ v ( Vau —Ir+V22>
Using II;, V e Alatr)x(g+n) , Igpr + VII € GLg1r(4),
we get L(P',C) € Alatn) (q“), i.e., using (1), we obtain
H(P',C) € Alatr)x(a+r) je  C stabilizes P'.
Similar computations can be done with C' = S;! U and:

P'=(P+As) (I + Ay~

We now show how Theorem 7 yields well-known conditions
of robust stabilization for the different standard models of
perturbations (i.e., additive, multiplicative, inverse addi-
tive, inverse multiplicative) (Zhou et al. (1995)).

Ezample 4. Using (9), we obtain the following results.

(1) If Vis = 0, Vo3 = 0 and Vas = 0, then Theorem 7
yields that C stabilizes P' := (I, + Vi1)~! P if:

I,+58,Viy 0
< UV I, > € GLQ-H”(A)
== Iq + S, Vi1 € GLq(A)

(2) f Vi3 = 0, Vo = 0 and Vas = 0, then Theorem 7
yields that C stabilizes P’ := P — Vi if:

]q So Vv12
GLy4r(A
(OIT+U‘/12)€ Q+<)
& I+ U Vs € GL,.(A).
(3) If Vi; = 0, V12 = 0 and Vas = 0, then Theorem 7
yields that C stabilizes P’ := (I, — P V1) ~! P if:
I,—SoPVy O

< —U P Vy IT) € GL(I+T(A)

I, — Sy P Vi € GLy(A).



(4) If Vi; = 0, V12 = 0 and Vo; = 0, then Theorem 7
yields that C' stabilizes P’ := P (I, + Vao) if:

I, —S,P Vi
( 01— UPV22> € GLgir(4)
& I, — T, Vas € GL,(A).

(5) If W12 = 0, ng = 0 and WQQ = 0, then Theorem 7
yields that C stabilizes P' := (I, + Wh1) P if:

I, — Wy PU Wy P S;

q 11 11 ) € QL. (A)
0 I,

<~ Iq -WnT, e GLq(A)

(6) If Wi = 0, Wo; = 0 and Was = 0, then Theorem 7
yields that C stabilizes P’ := P + W13 if:

I - WlQU W12 Sz
( q . . )eGLW(A)

& I, — Wi U € GLy(A).

(7) If W11 = 0, W12 = 0 and W22 = 0, then Theorem 7
yields that C stabilizes P’ := P (I, + Wy, P)~! if:

I, 0
GLysr (A
(ngPUIT+W21PSi>€ atr(4)
S I, +Wo PSS, =1+ Wy S, P € GLT(A)

(8) If Wy; = 0, Wi = 0 and Wo; = 0, then Theorem 7
yields that C stabilizes P’ := P (I, + Wap) L if:

I, 0
( —Wao U I, + Waa S; > € GL+r(4)
& I, +Wa S; € GLT(A)

Using the standard small gain theorem (Curtain et al.
(1991); Georgiou et al. (1992); Zhou et al. (1995)), we
obtain the following result.
Corollary 11. Let A := H>(Cy). If V € Alatn)x(a+r) and
W € Alatr)x(@+7) are such that

IV oo < I IS W oo <1 TE2 15
then the first two conditions of (17) are satisfied.

Let us now suppose that P admits a doubly coprime
factorization P = D~' N = N D~L. Using Corollary 3, we
obtain £ = D™ A9, M = A™" D! and thus A : M =
D A" (see Quadrat (2006a)), So=XD,U=YD=DY
and S; = D X. The split exact sequence (2) yields

(). s

0—>ﬁAr—>Aq+T—>Q7 D1 A7 — 0,
D(-Y X) (X)D
Y

which yields the following split exact sequence:

(5)

(Y X)

(D -N)
A9t ———= A

X
(¥)
Now, note that we have
81 € homy (AT, L) = L) — p=t gax(a+n),
85 € homy (A : M, ATTT) 2 MITT = glatr)xr [=1

0

AT‘

49 —— ().

i.e., we have:

(A —Ay))=D'(Ap —Ap),

A~\ ~
(&)= (a7) 2
Ap € AT Ay € AT, Ax € AT Ay e AT
(18)
Condition (15), i.e. det(I; + A1 .S, — Ay U) € U(A), yields
det(I, + D' (Ap X —ANY) D)
= det(D™* (I, + Ap X — AN Y) D)
= (det D)~ det(l, + Ap X — Ay Y) det D
=det(l;,+Ap X —AnY) € U(4),
and similarly with (12). Hence, if P admits a doubly co-
prime factorization P = D' N = N D", then Theorem 7
yields that C =Y X! = X 1Y stabilizes the plant
P'=(D+Ap) " (N+Ayx)=(N+A5) (D+Az)""
for all perturbations (18) satisfying the conditions:
I,+Ap X — ANY € GL,(4),
{ I - Y Ag + X Aj € GL,(A).
We have just found again the standard result of robust

stabilization for perturbed doubly coprime factorizations
(see, e.g., Curtain et al. (1991); Georgiou et al. (1992)).
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