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ABSTRACT: 

The paper aims to study the robust stabilization of 
the line of sight of a stabilized mirror system. This 
system can be modeled by a single-input single-
output time-delay system. Due to large model 
uncertainties, non-parametric methods are usually 
too conservative. Hence, we shall consider here 
unfixed model parameters. Using an additive 
decomposition, we show how to compute 
parametric 𝐻∞ controllers of the time-delay model. 
Such a symbolic approach is interesting in the 
context of adaptive control and is illustrated 
throughout a simulation with an ideal parameter 
estimator. 
 
1. INTRODUCTION 

To stabilize the Line Of Sight (LOS) of high definition 
cameras subjected to a vibrating environment, a 
classical approach is to use a stabilized mirror 
system (see Figure 1, Chapter 5 of [1] and  [2]).  
 

 
Figure 1 Stabilized Mirror System 

The rotation of the mirror, oriented by motors, 
deflects the LOS to compensate the disturbances 
acting on the camera. Through a system of pulleys 
and belts, a gyroscope measures the orientation of 
the LOS, which is used to drive the mirror and 
stabilize the LOS by means of a feedback law. 
 
The physical relation between the torque 𝑢 and the 
rotational speed 𝑦 (measured by the gyroscope) can 

be modelized by means of differential time-delay 
equations. A common way to represent this relation 
is to use a transfer function. Denoting by 𝑠 the 

Laplace variable, the transfer function 𝐺 from 𝑢 to 
𝑦 (identified from measurements) is a single-input 
single-output (SISO) system defined by the product 
of a time-delay system and a rational 4th order 
system. More precisely, 𝐺 is defined by 
 

𝐺 ≔
𝑦

𝑢
=
𝑔

𝑠
 

(

 

𝑠2

𝜔0
2 + 2 𝜉

𝑠
𝜔0
 + 1

𝑠2

𝜔1
2 + 2 𝜉

𝑠
𝜔1
 + 1

)

 (
1

𝑇𝑠 + 1
) 𝑒−𝜏𝑠 , 

Eq. 1 

where all the parameters 𝜃 ≔ (𝑔, 𝜉, 𝜔0, 𝜔1, 𝑇, 𝜏) are 
real strictly positive, 0 < 𝜉 ≤ 1 and 𝜔0 < 𝜔1. We call 

𝜔1 the natural modal frequency of 𝐺. 
 
The belts, which link the pulleys, are highly 
resonating mechanical systems [3]. Their 
resonating frequencies can vary with temperature. 
To deal with these model uncertainties, 𝐻∞ control 
techniques [4] can be used (see [5], [6], [7]). More 

specifically, in this paper, we propose to use 𝐻∞ 

loop-shaping robust control techniques to design a 
control law. These techniques were firstly 
introduced in [4] and then further developed, for 
instance, in [8] or [9]. 𝐻∞ control is attractive in an 
industrial context because it provides a natural 
compromise between the performance and the 
robustness to perturbations and uncertainties of the 
closed-loop system.  
 
This control problem applied to rational systems 
involves the resolution of an algebraic Riccati 
equation and eigenvalues calculations, which are 
both classically done numerically. However, [10] 
and [11] showed (through different ways) how to 
solve this problem for rational linear systems with 
unfixed model parameters. In [12] and [13], explicit 
𝐻∞ controllers for general rational systems of order 
less than or equal to 4 are obtained.  

 
Working with unfixed model parameters have 
several attractive advantages. Firstly, given a 
parametric controller for a system with unfixed 
model parameters, only numerical evaluations of 
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these parameters are required to obtain a 𝐻∞ 

controller for the system with fixed values of the 
parameters. This controller is obtained without 
requiring numeric optimization algorithms. This 
property can be interesting in the design of adaptive 
controllers since such symbolic controllers could 
easy be embedded because only evaluations of the 
closed-form expressions are required. Such a 
method is also interesting in a design stage of a 
project to quickly select a good architecture that can 
satisfy some given specifications. 
 

In this paper, we propose to extend these 
techniques to certain time-delay systems, and to 
apply them to the stabilized mirror system which 
transfer function 𝐺 is defined in Eq. 1. 
 

Section 2 presents the control problem and classical 
results on 𝐻∞ loop-shaping design. Section 3 gives 
useful results on the stabilization of an additive 
decomposition of a system. Section 4 shows how to 
link the controllers obtained in Section 3 with the 
studied robust control problem. Finally, Section 5 
applies the developed approach to the stabilized 
mirror system presented above. 
 

2. THE STANDARD 𝑯∞ CONTROL PROBLEM 
FOR RATIONAL SYSTEMS 

Let us recall standard results on robust control 
theory. We consider a real rational system            

𝐺0 ∈ ℝ(s) and a real rational controller 𝐾0 ∈ ℝ(s) 
such that we have the closed-loop system defined 
in Figure 2. We then have 

(
𝑒1
𝑦1
) =  𝛱(𝐺0, 𝐾0) (

𝑢1
𝑢2
), 

where: 
𝑆0 ≔ (1 + 𝐺0𝐾0)

−1, 

𝛱(𝐺0, 𝐾0) ≔ (
𝑆0 𝐾0𝑆0
𝐺0𝑆0 𝐺0𝐾0𝑆0

). 
 

 
Figure 2 Control scheme 

In the literature, a standard robust control problem 
can be stated as follows. 
 

Robust Control Problem: Given 𝛾0 > 0, find a 

controller 𝐾0 which stabilizes 𝐺0 (i.e., such that the 

rational transfer functions 𝑆0, 𝐾0𝑆0 and 𝐺0𝑆0 are 
proper and stable) and is such that 
 

‖𝛱(𝐺0, 𝐾0)‖∞ < 𝛾0, 
Eq. 2 

where ‖𝑀‖∞ ≔ sup
𝜔∈ℝ

√𝜆max(𝑀(𝑗𝜔) 𝑀(−𝑗𝜔)
𝑇) and 

𝜆max is the largest real eigenvalue. 

All of the entries of 𝛱(𝐺0, 𝐾0) gives information about 
the closed-loop system: 

- 𝑆0 reflects the ability of 𝑦1 to follow a 

reference 𝑢2. 
- 𝑇0 ≔ 𝐺0𝐾0𝑆0 reflects the robustness to 

multiplicative model uncertainties of the 
closed-loop system.  

- 𝐾0 𝑆0 yields the energy which is required to 

follow a reference 𝑢2. 
- 𝐺0 𝑆0 evaluates how the closed-loop system 

rejects disturbances acting on the input 𝑢1 
of 𝐺0. 

 

Hence, a controller 𝐾0 satisfying Eq. 2 ensures a 
compromise between the performance of the 
closed-loop system and the robustness to model 
uncertainties. This compromise cannot be omitted 
since we have 𝑆0 + 𝑇0 = 1. For more details, see [4], 
[8], [9] and the references therein. 
 

For linear finite-dimensional systems, Corollary 5.1 
of [4] gives a numerical method to compute the 

minimal value of 𝛾0, denoted by 𝛾0
opt

, and for         

𝛾0 > 𝛾0
opt

, a controller 𝐾0 satisfying Eq. 2. 
 

However, our approach considers a system with 
unfixed model parameters. As a consequence, no 
numerical approach can be used here and we shall 
use symbolic computation techniques. In [10], [11], 
[12], [13], these techniques were applied to 𝐻∞ 
control in different situations. For SISO systems of 
order less than or equal to 4, [12] and [13] give 

explicit formulas for 𝛾0
opt

 and for 𝛾0 > 𝛾0
opt

, a 

controller 𝐾0 satisfying Eq. 2. 
 

Since the stabilized mirror system involves a time-
delay, i.e. a non rational system, we propose here 
to use an additive decomposition of 𝐺 to deal with 
both the time-delay aspect and the unfixed 
parameters. 
 

3. TIME-DELAY SYSTEMS AND ADDITIVE 
DECOMPOSITION 

Let 𝐻∞ be the Hardy algebra of holomorphic 
functions in ℂ+  ≔ {𝑠 ∈ ℂ | Re(𝑠) > 0} which are 
bounded with respect to the norm                       
‖𝐺‖∞ = sup

𝑠∈ℂ+

|𝐺(𝑠)|  . Let 𝑅𝐻∞ be the subspace of 

𝐻∞ consisting of rational bounded holomorphic 

functions in ℂ+. Let 𝐹 ∈ 𝑅𝐻∞ such that 𝐹(0) ≠ 0. 
Let 𝜏 > 0 and 𝐺 be a time-delay system of the form: 
 

𝐺 =
𝐹

𝑠
𝑒−𝜏𝑠. 

 

We denote by 𝐺0 ≔
𝐹

𝑠
∈ ℝ(𝑠) the system 𝐺 without 

time-delay, i.e. 𝜏 = 0, and Δ ≔ (
1−𝑒−𝜏𝑠

𝑠
) 𝐹. Since 

1−𝑒−𝜏𝑠

𝑠
= 𝜏 + 𝑂(𝑠2), 

1−𝑒−𝜏𝑠

𝑠
  has no poles in ℂ+ and its 

𝐻∞ norm is equal to 1. Thus, we have Δ ∈ 𝐻∞. Then, 

we can rewrite 𝐺 as a sum of two systems:  
 

𝐺 = 𝐺0 − Δ. 
Eq. 3 

We then have the following theorem [14]. 
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Theorem 1 
 

Let 𝐹 ∈ 𝑅𝐻∞ such that 𝐹(0) ≠ 0. Let  𝐺0 ≔
𝐹

𝑠
∈ ℝ(𝑠), 

𝐺 = 𝐺0 𝑒
−𝜏𝑠 and 𝛥 ≔ (

1−𝑒−𝜏𝑠

𝑠
) 𝐹 ∈ 𝐻∞. Let 𝐾0 ∈ ℝ(𝑠) 

be a controller stabilizing 𝐺0. Then, the following 

controller stabilizes 𝐺: 

𝐾(𝑠) ≔
𝐾0(𝑠)

1 + 𝛥(𝑠)𝐾0(𝑠)
 . 

Eq. 4 

Theorem 1 gives a controller 𝐾 stabilizing a time-
delay system by means of a controller 𝐾0 stabilizing 

a rational 𝐺0, i.e. the system 𝐺 without time-delay. 
This result can be depicted by the control scheme 
given in Figure 3. Furthermore, if the order of 𝐺0 is 
less than or equal to 4, then [12] and [13] give 
explicit formulas for a 𝐻∞ controller 𝐾0 depending on 

the unfixed parameters of 𝐺0. Combining these two 
facts, we can derive explicit controllers for the time-
delay system 𝐺 from the rational system 𝐺0 of order 
less or equal to 4.  
 

 
Figure 3 Control scheme of 𝐺 = 𝐺0 − 𝛥 

Even if 𝐾0 stabilizes 𝐺0 and satisfies Eq. 2, nothing 

can be said on ‖𝛱(𝐺, 𝐾)‖∞. Indeed, we have no 

precise measure on the loss on this 𝐻∞ norm. 
 

4. A SUB-OPTIMAL SOLUTION TO THE 

STANDARD 𝑯∞ CONTROL PROBLEM 

APPLIED TO THE TIME-DELAY SYSTEM 𝑮  
 
In this section, we consider 𝐹, 𝐺0, 𝐺, Δ, 𝐾0 and 𝐾 as 
defined in Theorem 1. Let us also note:  
 

             {

𝑆0 ∶= (1 + 𝐺0𝐾0)
−1,

𝑆 ≔ (1 + 𝐺𝐾)−1,      
𝑇0 ∶=  𝐺0 𝐾0 𝑆0,         
𝑇 ∶=  𝐺𝐾𝑆.                 

  

 

We seek for relations between 𝛱(𝐺, 𝐾) and 

𝛱(𝐺0, 𝐾0). A particular one is given in the following 
theorem. 
 

Theorem 2 

Let 𝐷 ≔ (
1 0
𝛥 1

). We have: 
 

                   𝛱(𝐺, 𝐾) = 𝐷−1 𝛱(𝐺0, 𝐾0) 𝐷. 
Eq. 5 

Furthermore, 𝐷 ∈ 𝐻∞, 𝐷−1 ∈ 𝐻∞ and 𝛱(𝐺, 𝐾) ∈ 𝐻∞. 

Proof Using Eq. 3 and Eq. 4, we have: 
 

{
 
 

 
 𝑆 = (1 + 𝐺𝐾)−1 =

1 + 𝛥 𝐾0
1 + 𝐺0𝐾0

= 𝑆0 + 𝛥𝑆0𝐾0,   

𝐾𝑆 = 𝐾0 𝑆0,                                                              

𝐺 𝑆 = 𝐺0 𝑆0 + 𝛥 𝑆0 (𝐺0𝐾0 − 1) − 𝛥
2 𝑆0 𝐾0,     

𝑇 = 1 − 𝑆 =  𝑇0 − 𝛥 𝑆0 𝐾0.                                

 

Eq. 6 
 

Eq. 6 yields: 
 

𝛱(𝐺,𝐾) =  (
𝑆 𝐾𝑆
𝐺𝑆 𝐺𝐾𝑆

)  

                =  (
1 0
−𝛥 1

) (
𝑆0 𝐾0𝑆0
𝐺0𝑆0 𝐺0𝐾0𝑆0

) (
1 0
𝛥 1

) 

                =  (
1 0
−𝛥 1

)𝛱(𝐺0, 𝐾0) (
1 0
𝛥 1

). 
 

Denoting by 𝐷 ≔ (
1 0
𝛥 1

), and noticing that  
 

𝐷−1 = (
1 0
−𝛥 1

), 
 

we find that: 
 

𝛱(𝐺, 𝐾) = 𝐷−1 𝛱(𝐺0, 𝐾0) 𝐷. 
Eq. 7 

 

Using 𝛥 ∈ 𝐻∞, we get 𝐷 ∈ 𝐻∞ and 𝐷−1 ∈ 𝐻∞. 

Furthermore, 𝛱(𝐺0, 𝐾0) ∈ 𝐻∞ which implies 

𝛱(𝐺,𝐾) ∈ 𝐻∞ as the product of elements of 𝐻∞. 

□ 
 

Now, since 𝛱(𝐺, 𝐾) ∈ 𝐻∞, its 𝐻∞ norm is finite and, 
when the model parameters are fixed to numerical 
values, an upper bound for it can be obtained using 
numerical techniques. 
 

Note that we can compute an explicit bound on 

‖𝛱(𝐺, 𝐾)‖∞. Let 𝐷 ≔ (
1 0
𝛥 1

) ∈ 𝐻∞.Then, we have 

 

‖𝛱(𝐺, 𝐾)‖∞ ≤ ‖𝛱(𝐺0, 𝐾0)‖∞ ‖𝐷‖∞
2 , 

 

and  ‖𝐷‖∞
2 = √1 +

1

2
‖𝛥‖∞

2 + √(1 +
1

2
‖𝛥‖∞

2 )
2

− 1.  

More details are given in Appendix. 
 

For small order systems, ‖D‖∞
2  (or a bound for it) 

can be made explicit (see, for instance [15], which 
gives a method to compute 𝐻∞ norms by means of 
symbolic methods). For the stabilized mirror 
system, Δ has a particular shape and we can find an 

upper bound on ‖𝛥‖∞
2 . Indeed, let  

 

𝑅 ≔

𝑠2

𝜔0
2 + 2 𝜉

𝑠
𝜔0
 + 1

𝑠2

𝜔1
2 + 2 𝜉

𝑠
𝜔1
 + 1

, 

and: 
 

{
 
 

 
 𝛺 ≔

𝜔

𝜔1
≥ 0,                                     

𝑟 ≔
𝜔1
𝜔0

≠ 1,                                    

𝛿 ≔ (𝑟2 + 1)2 − 4𝑟2(2𝜉2 − 1)2.
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Then, we have 

‖𝑅‖∞ ≔

{
 
 
 
 
 

 
 
 
 
 1  𝑖𝑓 𝜉 ≥

√2

2
,   𝑟 < 1, 

𝑟2 𝑖𝑓 𝜉 ≥
√2

2
,   𝑟 > 1,  

𝑟√
1 − 𝑟2 + √𝛿

𝑟2 − 1 + √𝛿
 𝑖𝑓 𝜉 <

√2

2
,   𝑟 < 1,

𝑟√
𝑟2 − 1 + √𝛿

1 − 𝑟2 + √𝛿
𝑖𝑓 𝜉 <

√2

2
,   𝑟 > 1,

 

 

which implies: 

‖𝛥‖∞ ≤ 𝜏 𝑔 ‖𝑅‖∞. 
 

A complete proof of this result is given in Appendix. 
 

In practice, we notice that this bound is quite good 
for a system with the shape of a low-pass filter 
without resonance. For systems with highly 
resonating modes, this bound appears to be too 
large. In this case, it does not give us precise 
information about the feedback system.  
 

Since the stabilized mirror system has highly 
resonating modes, we cannot rely on the above 
bound to characterize our control scheme. 
However, the following section shows that this 
approach appears to be quite effective in practice. 
 

5. ADAPTIVE CONTROL OF THE STABILIZED 
MIRROR SYSTEM 

5.1.  Description of the system and 
assumptions 

We now propose to apply the above approach to the 
stabilized mirror system which transfer function is 
given by: 

𝐺 =
𝑔

𝑠
 

(

 

𝑠2

𝜔0
2 + 2 𝜉

𝑠
𝜔0
 + 1

𝑠2

𝜔1
2 + 2 𝜉

𝑠
𝜔1
 + 1

)

 (
1

𝑇𝑠 + 1
) 𝑒−𝜏𝑠 . 

Noting 
 

{
 
 
 
 

 
 
 
 

𝐹 ≔ 𝑔

(

 

𝑠2

𝜔0
2 + 2 𝜉

𝑠
𝜔0
 + 1

𝑠2

𝜔1
2 + 2 𝜉

𝑠
𝜔1
 + 1

)

 (
1

𝑇𝑠 + 1
) ∈ 𝑅𝐻∞,             

𝐺0 ≔
𝐹(𝑠)

𝑠
∈ ℝ(𝑠),                                                                  

Δ ≔ (
1 − 𝑒−𝜏𝑠

𝑠
) 𝐹(𝑠) ∈ 𝐻∞,                                              

 

 

this system 𝐺 can be decomposed as: 
 

𝐺 = 𝐺0 − Δ. 
 

In what follows, we fix the parameters to the 
following values: 
 

𝜔0 ≔ 1,    𝑇 ≔ 1,     𝜉 ≔ 10−2,     𝑔 ≔ 10−3,     𝜏 ≔ 1. 
 

Furthermore, we assume that the natural modal 
frequency 𝜔1 can slowly vary and it is considered as 
an unfixed model parameter. Moreover, we assume 

that 𝜔1 satisfies the following assumption:  

𝜔1 > 1. 
 

Figure 4 represents the Bode diagram of 𝐺 while the 

frequency 𝜔1 varies in the following set: 
 

Ω⋆ ≔ {1.1, 1.47,1.95, 2.42, 2.89, 3.37, 3.84, 4.3158 
              4.79, 5.26, 5.74, 6.21, 6.68, 7.16, 7.63, 8.11, 
              8.58, 9.05, 9.53, 10}. 
 

 
Figure 4 Bode plot of the physical system 𝐺 while 𝜔1 ∈ 𝛺⋆ 

Given this parametric system, we seek for a 
controller which provides a good compromise 
between performance and robustness as well as a 
way to control this compromise. To do that, we use 
some concepts of loop-shaping design [4], [8], [6]. 
 

5.2.  Loop-shaping design 

In practice, engineers want to ensure certain 
performance and robustness properties for a given 
configuration. For rational systems, [8] provides the 
following relations between 𝛾0, satisfying 
‖𝛱(𝐺0, 𝐾0)‖∞ < 𝛾0, and 𝑚𝐺 and 𝑚𝜙 defined by 
 

{
M𝐺(𝐺0, 𝐾0) ≥ 𝑚𝐺(𝛾0) ≔

1 + 𝛾0
−1

1 − 𝛾0
−1 ,          

M𝜙(𝐺0, 𝐾0) ≥ 𝑚𝜙(𝛾0) ≔ 2 arcsin(𝛾0
−1),

    

Eq. 8 
 

where M𝐺(𝐺0, 𝐾0) (resp. M𝜙(𝐺0, 𝐾0)) represents the 

gain (resp. phase) margin of the open-loop system. 
 

Based on the concept of loop-shaping (see [6], [8]), 

let us introduce a tuning parameter 𝑤 > 0 and let us 

define the fictive plant 𝑃 by 
 

𝑃 ≔ 𝑤 𝐺, 
 

where 𝐺, defined in Eq. 1 is a model of the physical 

plant. We also denote the static gain of 𝑃 by:  
 

𝑝 ∶= 𝑤 𝑔. 
 

Since 𝑃 = 𝑤 𝐺0 𝑒
−𝜏𝑠, then we can define 

 

𝑃0 ≔ 𝑤 𝐺0, 
 

such that we have: 
𝑃 =  𝑃0 𝑒

−𝜏 𝑠. 
 

Hence, 𝑃 (resp. 𝑃0) is just obtained by substituting 
𝑔 by 𝑝 into 𝐺 (resp. 𝐺0). Let us also denote by 𝜃 the 
unfixed model parameters of the system: 
 

𝜃 ≔ (𝑝,  𝜔1). 
 

Since 𝑃0 is a rational SISO system of order 4, using 

[13], we can explicitly compute a controller 𝐶0 
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stabilizing 𝑃0 and the optimal upper bound 𝛾0
opt

 on 

‖𝛱(𝑃0, 𝐶0)‖, i.e. 
 
 

𝛾0
𝑜𝑝𝑡(𝜃) ≔ 𝑚𝑖𝑛

𝐶0
 {𝛾0 | ‖𝛱(𝑃0, 𝐶0)‖∞ ≤ 𝛾0}, 

Eq. 9 
 

in terms of 𝜃.  𝛾0
opt(𝜃) is ploted in Figure 5.  

 
 
 

 
Figure 5 Plot of 𝛾

0

𝑜𝑝𝑡
 (𝑝, 𝜔1) 

Therefore, for all values of 𝜃, 𝑚𝐺 and 𝑚𝜙 of 𝐶0 𝑃0 

are explicitly known (see Eq. 8). 
 

By Theorem 1, if 𝐶0 stabilizes 𝑃0, then the controller 

𝐶 ≔
𝐶0

1+𝐶0 Δ
  stabilizes the fictive plant 𝑃. Since we 

have 

𝐶 𝑃 = (
𝐾

𝑤
) (𝐺 𝑤) = 𝐾 𝐺, 

 

the controller 𝐾 ≔ 𝑤 𝐶 stabilizes 𝐺. 
 
Note that the weight 𝑤 preserves the norms 

‖
1

1+𝑃𝐶
‖
∞

 and ‖
𝑃𝐶

1+𝑃𝐶
‖
∞

 but we have             

‖
𝐾

1+𝐺𝐾
‖
∞
= 𝑤 ‖

𝐶

1+𝑃𝐶
‖
∞

 and ‖
𝐺

1+𝐺𝐾
‖
∞
=

1

𝑤
‖

𝑃

1+𝑃𝐶
‖
∞

 

(see [8] for more details). In other words, only open-
loop properties are preserved from the fictive plant 
to the physical system.  But 𝑤 provides a degree of 
freedom that can be used to shape the open-loop 
transfer. More precisely, in the next sections, we will 
use 𝑤 to fix 𝑚𝐺 and 𝑚𝜙 for 𝐶0𝑃0. 

 
5.3.  Loop-shaping design for a particular time-

delay system 

In this sub-section, we set the particular value 
 

𝜔̅1 ≔ 2, 
 

for 𝜔1 while the other parameters are still fixed to 
the following values: 
 

𝜔0 ≔ 1,    𝑇 ≔ 1,     𝜉 ≔ 10−2,     𝑔 ≔ 10−3,     𝜏 ≔ 1. 
 

Note that 𝑤 still remains unfixed in this case. 
Through trial and error and using a Black-Nichols 

plot of 𝐺𝐾 (see Figure 6), we set the value 
 

𝑤 = 𝑤̅ ≔ 564.7 
 

such that the stability margins 𝑀𝐺 and 𝑀𝜙 of the 

open-loop transfer 𝐺𝐾 are sufficiently large: 
 

{
M𝐺(𝐺, 𝐾) =  10.7 dB,         

M𝜙(𝐺, 𝐾) = 67.6°.              
 

 

We note that the phase margin is obtained at the 
frequency 0.283 rad. s−1, corresponding to the 
bandwidth of the open-loop transfer. 
 

Given this weight 𝑤, the corresponding value of 

𝛾0
opt
(𝑤̅𝑔, 𝜔1) is 1.7. Hence, we have: 

 

‖𝛱(𝑃0, 𝐶0)‖∞ ≤ 1.7. 
 

 
Figure 6 Black-Nichols plot of 𝐺𝐾 with 𝜔1 = 2. 

5.4.  An explicit controller stabilizing 𝑮 

Let us now suppose that 𝜔1 > 1 is unfixed. Let     

𝛾0̅ > 0 be a chosen numerical value for 𝛾0
opt

 defined 

in Eq. 9. We seek for a method to ensure that     

𝛾0
opt(𝑝, 𝜔1) ≃ 𝛾0̅ in the neighborhood of 𝜔̅1. 

 

Section 5.2 has shown that for 𝜔1 = 𝜔̅1, the value of 

𝛾0
opt

= 1.7 gives confortable stability margins for 𝐺𝐾. 

Hence, let us choose 𝛾0̅ = 1.7. 
 

Intersecting the surface of Figure 5 with the plane 

𝛾0
opt

= 𝛾0̅, we obtain the blue curve of Figure 7. 
 

 
Figure 7 Blue: 𝛾0

opt(p, ω1) = 1.7 – Red: 𝑝 = 𝑝𝛾0̅̅ ̅(𝜔1). 
 

Following the work of [13], we can locally 

approximate the curve 𝛾0
opt(𝑝, 𝜔1) = 𝛾0̅ by a function 

of the form: 
𝑝 = 𝑝𝛾0̅̅ ̅(𝜔1). 
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This approximation is done around the point 
 

𝜔1 = 𝜔̅1,  𝑝 = 𝑤̅𝑔 =  0.5647, 
 

and is given by the following explicit formula: 
 

𝑝𝛾0̅̅ ̅(𝜔1) ∶=  0.5959 +
0.5968

𝜔1
2 −

0.3607

𝜔1
. 

 

The curve 𝑝 = 𝑝𝛾0̅̅ ̅(𝜔1) is drawn in red in Figure 7.  
 

Also, we can verify that 𝛾0
opt

 remains close to 𝛾0̅ by 

evaluating the symbolic expression 

𝛾0
opt
(𝑝𝛾0̅̅ ̅(𝜔1), 𝜔1), which is a function of the unique 

variable 𝜔1 (see Figure 8). Note that 𝛾0
opt

 is exactly 

𝛾0̅ at 𝜔1 = 𝜔̅1 and stays close to this value in the 
neighborhood this working point. 
 

Given 𝛾 >  𝛾0
opt
(𝑝𝛾0̅̅ ̅(𝜔1), 𝜔1), we can compute an 

explicit adaptive 𝐻∞ controller 𝐶0(𝑠, 𝜔1) stabilizing 

𝑃0(𝑠, 𝜔1) depending on the unfixed parameter 𝜔1 

and ensuring 𝛾0
opt

 being close to 𝛾0̅ [13]. Then, using 

Theorem 1,  

𝐶(𝑠, 𝜔1) =
𝐶0(𝑠, 𝜔1)

1 + 𝐶0(𝑠, 𝜔1)Δ(𝑠, 𝜔1)
 

 

stabilizes 𝑃. Choosing the weight 
 

𝑤 = 𝑤𝛾0̅̅ ̅(𝜔1) ≔ 𝑝𝛾0̅̅ ̅(𝜔1) 𝑔⁄ , 
 

we deduce that the following controller  
 

𝐾(𝑠, 𝜔1) ≔ 𝑤𝛾0̅̅ ̅(𝜔1)𝐶(𝑠, 𝜔1) =
𝑤𝛾0̅̅ ̅(𝜔1) 𝐶0(𝑠, 𝜔1)

1 + 𝐶0(𝑠, 𝜔1)Δ(𝑠, 𝜔1)
 

 

stabilizes 𝐺(𝑠, 𝜔1).  
 

The values of the weight 𝑤𝛾0̅̅ ̅(𝜔1) taken for 𝜔1 ∈ Ω⋆ 

are ploted in Figure 9.  
 

This loop-shaping design process is summarized in 
Figure 10. 

 
Figure 8 Evolution of 𝛾0

𝑜𝑝𝑡
(𝑝𝛾0̅̅ ̅(𝜔1), 𝜔1) 

 

 
Figure 9 Plot of 𝑤𝛾0̅̅ ̅(𝜔1) 

 
Figure 10 Loop-shaping process 

Remark 1. 
 

The explicit expressions of 𝛾0
opt(𝜃), 𝐶0(𝜃) and 𝐶(𝜃) 

are too long to be displayed here. Again, we refer to 
[13] for their constructions. 
 
The Bode plot of 𝐾(𝑠, 𝜔1), evaluated at different 

𝜔1 ∈ Ω⋆, is given in Figure 11. In green,  the nominal 
controller is represented, i.e. the controller 𝐾(𝑠, 𝜔1) 
obtained for 𝜔1 = 𝜔̅1 = 2. We can see that 𝐾(𝑠, 𝜔1) 
has a low gain at the frequency of the mode. Since 
𝐾(𝑠, 𝜔1) explicitly depends on the unfixed model 

parameter 𝜔1, this rejector automatically changes 

with 𝜔1 in a neighborhood of 𝜔̅1 = 2 without 
requiring optimization algorithms. 
 
5.5.  Open-loop characteristics 
 
The Bode plot of the open-loop is given in Figure 13 
while its Black-Nichols plot is given in Figure 14. On 
Figure 13, we can see that for 𝜔1 = 1.1, the 
bandwith is large, and for other values in Ω⋆, the 
bandwidth is close to 0.3. Also, Figure 14 is 
particularly interesting since we can see the 
conservation of the stability margins while 𝜔1 varies: 
for 1.1 < 𝜔1 < 10, we have:  
 

M𝐺(𝐺, 𝐾) > 9 dB, 

M𝜙(𝐺, 𝐾) >  70°.
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Figure 11 Bode plot of 𝐾(𝜔1) 

Remark 2. 
 

Consider a nominal controller K of G obtained for 

𝜔1 = 2 (see the green curve of Figure 11). In Figure 
12, we plot the Black-Nichols diagram of the open-

loop 𝐺𝐾 while 𝐺 varies for particular values of 𝜔1. 
As we can see, if 𝐾 is fixed and 𝜔1 varies, the 
closed-loop system can become unstable, which 

justifies our adaptive approach for which the closed-

system remains stable since the controller 𝐾(𝑠, 𝜔1) 
automatically changes with the frequency 𝜔1. 
 

 
Figure 12 Black-Nichols plot of 𝐺𝐾 where 𝐾 is fixed and 

set at 𝜔1 = 2 but 𝑃 varies with 𝜔1. 
 Blue: 𝜔1 = 1.1 (unstable) – Violet: 𝜔1 = 2 (stable) – 

Red: 𝜔1 = 3 (unstable

 

 
Figure 13 Bode plot of the open-loop 𝐺𝐾 

 
Figure 14 Black-Nichols plot of the open-loop 𝐺𝐾 
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5.6. Closed-loop characteristics 

 

To finish, we point out interesting characteristics of 
the closed-loop system. In section 2, we recalled the 
meaning of each component of 𝛱(𝐺, 𝐾). The Bode 

plots of each transfer function of  𝛱(𝐺, 𝐾) are given 
in Figure 15, Figure 16, Figure 17 and Figure 18. 
We also give step response of 𝑇 in Figure 19 (i.e. 
the response of the output to a step as a reference 
input), and the step response of 𝐺𝑆 in Figure 20 (i.e. 
the response of the output to a torque disturbance 
defined by a step). On these plots, we can notice a 
few interesting facts. 
 
First of all, we have 20 log (‖𝑇‖∞) ≤ 0 dB for all  𝜔1 ∈
Ω⋆, which ensures a good robustness with respect 
to model uncertainties characterized by 
multiplicative errors [8], [6]. 
 
Also, we have 20 log (‖𝑆‖∞) < 6 dB for all 𝜔1 ∈ Ω⋆, 
which ensures a good reference tracking without 
huge overshoots of the output. 
 
Besides, we note some quite high gains in ‖𝐺𝑆‖∞ 
due to the mechanical structure of the system. 
Indeed, since the mechanical system 𝐺 has highly 

resonating modes, they are still present in 𝐺𝑆 and 

they cannot be attenuated using 𝐾 without 

degrading the transfer 𝑆 (i.e. the overall 
performance). Thus, we can see some oscillations 
in the step response of 𝐺𝑆 (see Figure 20). By 

adding integrators in 𝐾 for low frequencies, this step 
response tends to zero (which has not been done 
here). 
 

 
Figure 15 Sensitivity transfer function 𝑆 

 

 
Figure 16 Transfer function 𝐾𝑆 

 
Figure 17 Transfer function 𝐺𝑆 

 
 

 
Figure 18 Transfer function 𝑇 

 
 

 
Figure 19 Step response of 𝑇 

 

 

 
Figure 20 Step response of 𝐺𝑆 

 
 

6. CONCLUSION 

In this paper, we have proposed a method to 
compute an explicit 𝐻∞ controller of a fourth order 
time-delay system based on an additive 
decomposition of the system. By controlling the 𝐻∞ 
criterion of the non-delayed system (i.e. the system 
𝐺 with 𝜏 = 0), this explicit controller naturally 
achieves a compromise between the performance 
and the robustness. This controller is particularly 
interesting for the control of an optro-mechanical 
structure with highly resonating and varying modes 
such as the stabilized mirror system. 
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Future work will focus on finding ways to explicitly 
characterize the properties of this controller by 
means of the 𝐻∞ norm of 𝛱(𝐺, 𝐾) or one of its 
entries. Also, real-time parameter estimation 
techniques are now studied to obtain an 
embeddable adaptive controller. Finally, this class 
of systems with a varying damping will be 
considered in future publications. 
 
7. APPENDIX 
 
In this appendix, we give an explicit upper bound for 
‖𝛱(𝐺, 𝐾)‖∞ where 𝐺 is defined in Eq. 1. 
 
First, from Eq 5, we have: 
 

‖𝛱(𝐺, 𝐾)‖∞ ≤ ‖𝐷−1‖∞‖𝛱(𝐺0, 𝐾0)‖∞ ‖𝐷‖∞. 
 
Now, let us compute the characteristic polynomial of 
𝐷(𝑗 𝜔) 𝐷⋆(𝑗 𝜔): 
 

ℎ𝐷 ≔ det (
1 − 𝜆 Δ⋆(𝑗 𝜔)

Δ(𝑗 𝜔) Δ(𝑗 𝜔)Δ⋆(𝑗 𝜔) + 1 − 𝜆
) ,

=  𝜆2 − (Δ(𝑗 𝜔)Δ⋆(𝑗 𝜔) + 2)𝜆 + 1.     

 

 
By replacing 𝛥(𝑗 𝜔) by −𝛥(𝑗 𝜔), we note that the 

characteristic polynomial of 𝐷(𝑗 𝜔)−1𝐷−1
⋆
(𝑗 𝜔) also 

gives ℎ𝐷. Hence, we have 
 

‖𝐷−1‖∞ = ‖𝐷‖∞, 
 

which yields: 
 

‖𝛱(𝐺, 𝐾)‖∞ ≤ ‖𝛱(𝐺0, 𝐾0)‖∞ ‖𝐷‖∞
2 . 

 
Furthermore, with 𝜖 ∈ {−1,1}, the roots of ℎ𝐷 are 
given by: 
 

𝜆𝜖 ≔ 1 +
1

2
|Δ(𝑗 𝜔)|2 + 𝜖 √(1 +

1

2
|Δ(𝑗 𝜔)|2)

2

− 1. 

 

Also, for 𝜔 ≥ 0,we have |Δ(𝑗 𝜔)|2 ≥ 0, and thus we 
get 𝜆1(𝜔) ≥ 𝜆−1(𝜔). Denoting by 𝜔𝑚 the frequency 
at which |𝛥(𝑗 𝜔)| is maximal, we then have: 
 

‖𝛥‖∞ = |𝛥(𝑗 𝜔𝑚)|. 
 

Thus, we have: 
 

‖𝐷‖∞ =
√1 +

1

2
‖𝛥‖∞

2 + √(1 +
1

2
‖𝛥‖∞

2 )
2

− 1. 

Now, we propose to find an explicit upper bound for 
‖𝛥‖∞. We assume that the parameters respect 
some assumptions: 
 

0 < 𝜉 ≤ 1,     𝑇 > 0,     𝜏 > 0,     𝜔0 > 0,     𝜔1 > 𝜔0. 
 

For all 𝜔 ∈ ℝ,𝜔 > 0, we have: 
 

|𝛥(𝑗 𝜔)| ≔ |
1 − 𝑒−𝜏𝑗 𝜔

𝑗 𝜔
| |𝐹(𝑗𝜔)|. 

 

Furthermore, we have: 
 

|
1 − 𝑒−𝑗𝜏𝜔

𝑗𝜔
| =

1

𝜔
|1 − (cos(𝜏𝜔) − 𝑗 sin(𝜏𝜔))| 

                      =
√2

𝜔
√1 − cos(𝜏𝜔) 

                      =
√2

𝜔
 √2 sin2 (

𝜏𝜔

2
) 

                      = 𝜏 |sin𝑐 (
𝜏𝜔

2
)|, 

 

where  sin𝑐(𝑥) ≔
sin(𝑥)

𝑥
 denotes the cardinal sinus 

function. sin𝑐 admits 1 as its maximum at zero. 
Thus, we have 
 

‖𝛥‖∞ = ‖(
1 − 𝑒−𝜏𝑠

𝑠
) 𝐹‖

∞
≤ ‖(

1 − 𝑒−𝜏𝑠

𝑠
)‖

∞

‖𝐹‖∞, 

 

which yields: 
 

‖𝛥‖∞  ≤ 𝜏‖𝐹‖∞. 
 

However, note that ‖(
1

1+𝑇𝑠
)‖

∞
= 1. Then, by 

denoting by  

𝑅 ≔

𝑠2

𝜔0
2 + 2 𝜉

𝑠
𝜔0

+ 1

𝑠2

𝜔1
2 + 2 𝜉

𝑠
𝜔1

+ 1
 , 

we have: 
‖𝐹‖∞ ≤ 𝑔 ‖𝑅‖∞. 

 

Thus, it only remains to compute ‖𝑅‖∞. Performing 

the change of variable 𝜔 = Ω𝜔1 and using 𝑟 ≔
𝜔1

𝜔0
,  

we obtain: 
 

𝑅̅(𝑗Ω) ≔
1 − 𝑟2Ω2 + 2 𝜉 𝑟 Ω 𝑗

1 − Ω2 + 2 𝜉 Ω 𝑗
 . 

 
By doing such a change of variable, the 𝐻∞ norm 
remains unchanged: 
 

‖𝑅‖∞ = max
ω∈ℝ 

|𝑅(𝑗𝜔)| = max
Ω∈ℝ

|𝑅̅(𝑗Ω)| = ‖𝑅̅‖∞. 
 

Hence, we prefer to work with variables 𝛺 and 𝑟 
since we are working with only 2 parameters (while 
𝑅 as 3 parameters). Let us note:  
 
 

𝑃 ≔ Ω ( 𝑟2(2 𝜉2 − 1) Ω4 + (𝑟2 + 1)Ω2 + 2 𝜉2 − 1). 
 
 

Then, we have: 
 

𝜕|𝑅̅(𝑗Ω)|2

𝜕Ω
=
4 (𝑟 − 1) (𝑟 + 1) 𝑃(Ω, 𝑟, 𝜉)

((1 − Ω)2 + 4 𝜉2Ω2)2
. 

 

Since 𝜉 > 0, the denominator of 
𝜕|𝑅̅(𝑗Ω)|2

𝜕Ω
 cannot 

vanish and is strictly positive. Assuming 𝑟 > 1, 
|𝑅̅(𝑗𝛺)| is extremal if and only if 𝑃 vanishes.  𝑃 is a 

product of Ω and a polynomial of degree 2 in Ω2, 
which roots can be found by radicals. Noting Ω0 ≔ 0, 
𝜖 ∈ {−1,1} and 
 

𝛿(𝑟, 𝜉) ≔ (𝑟2 + 1)2 − 4 𝑟2(2 𝜉2 − 1)2, 

Ω𝜖 ≔ √
 − (𝑟2 + 1) + 𝜖 √ 𝛿(𝑟, 𝜉)

2 𝑟2(2 𝜉2 − 1)
, 
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the roots of 𝑃 are: 
 

𝐸Ω ≔ {Ω |𝑃(Ω) = 0} ∶= {Ω0, Ω−1, Ω1, −Ω−1, −Ω1}. 
 

The roots of 𝑃 define the frequencies 𝛺 where 

|𝑅̅(𝑗𝛺)| admits an extremum. It remains to 
determine which 𝛺 ∈ 𝐸𝛺 corresponds to the 

maximum of |𝑅̅(𝑗𝛺)|. This maximum can change 
while the parameters vary.  
 
When 𝑃 admits a root of multiplicity 2 or more, its 
discriminant vanishes. This exactly corresponds to 
the location where two distinct Ωi are equal. For 
more details, see [16]. The discriminant of 𝑃 is 
defined by: 
 

δ𝑃 ≔ (4 𝑟 (2 𝜉2 − 1) 𝛿(𝑟, 𝜉))
2
. 

 

Basic calculations show that: 

δ𝑃 = 0 ⇔  2 𝜉2 − 1 = 0 ⇔  𝜉 = 𝜉𝑐 ≔
√2

2
. 

Thus, we can split the parameter space into cells 
where the number of real roots of 𝑃 is constant as 
shown in Figure 21. 
 

 
Figure 21 Cell decomposition of the parameter space 

By evaluation of the closed form expressions Ω𝜖 at 
a particular point of each cell, we show that: 
 

- If 𝜉 > 𝜉𝑐 (red cell), then Ω0 = 0 is the only 

real root of 𝑃. 

- If 𝜉 < 𝜉𝑐 (blue cell), then 𝑃 has 5 real roots 

and Ω1 > Ω−1 > Ω0 > −Ω−1 > −Ω1. 

We also point out that the have: 
 

- lim
Ω→0

|𝐹𝑖(𝑗Ω)| = 1, 

- lim
Ω→+∞

|𝐹𝑖(𝑗Ω)| = 𝑟2. 

Given the above remarks, we distinguish two cases. 
 

Case 1: 𝝃 > 𝝃𝒄. |𝑅̅(𝑗Ω)| admits a unique extrema at 

Ω0 = 0. Thus, we have: 
 

𝜉 > 𝜉𝑐 , ‖𝑅‖∞ ≔ {
 1     if 𝑟 < 1,

 𝑟2   if 𝑟 > 1.
 

 

Case 2: 𝝃 < 𝝃𝒄. First, we notice that |𝑅̅(𝑗Ω)| 
decreases in the neighbourhood of 0 if 𝑟 > 1, and 
increases otherwise. Furthermore, remind that in 
this case, we have Ω1 > Ω−1 > Ω0. Thus, the 

variations of |𝑅̅(𝑗Ω)| are then given by Figure 22 and 
we deduce its maximum value. 

 

 
Figure 22 Variations of |𝑅̅(𝑗𝛺)| while 𝝃 < 𝝃𝒄 

Substituing the symbolic expressions of Ω1 and Ω−1 
into |𝑅̅(𝑗Ω)|, and simplifying the obtained 
expressions (for instance using a symbolic 
computing environment such as Maple) gives 
 

‖𝑅‖∞ ≔

{
 
 
 
 
 

 
 
 
 
 1  if   𝜉 ≥

√2

2
,   𝑟 < 1,                          

𝑟2 if   𝜉 ≥
√2

2
,   𝑟 > 1,                         

𝑟√
1 − 𝑟2 + √𝛿

𝑟2 − 1 + √𝛿
 if   𝜉 <

√2

2
,   𝑟 < 1,

𝑟√
𝑟2 − 1 + √𝛿

1 − 𝑟2 + √𝛿
if   𝜉 <

√2

2
,   𝑟 > 1,

 

where: 

{
 
 

 
 𝛺 ≔

𝜔

𝜔1
≥ 0,                                     

𝑟 ≔
𝜔1
𝜔0

≠ 1,                                    

𝛿 ≔ (𝑟2 + 1)2 − 4𝑟2(2𝜉2 − 1)2.

 

 
From this symbolic expression, we deduce an upper 
bound on ‖Π(𝐺, 𝐾)‖∞ as explained in Section 4. 
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