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The fractional representation approach

e (Vidyasagar) Let A be an algebra of stable SISO
plants having the structure of an integral domain,
namely,ab =0,a # 0 = b = 0.

e Let K = QQ(A) be the field of fractions of A, i.e.:

K={n/d | 0#d, ne A}.

K corresponds to the class of systems.

e Example : We can consider A to be:

x*x RHoo = {n/d|0 # d, n € R[s],degn < degd,
d(s«) = 0 = Re(sx) < 0},

*x Hoo(C) = {f holomorphic function in

C4 ={s € C|Res > 0} bounded w.r.t. || -

* A= {ﬁ(f)(3)+zz 0 a; €

loo

“his|f e Li(Ry)

(a;)i>0 € l1(Z4), 0 =1tg <t; <ty < ..

*W_|_={ L 0ai% 7’|Z |az|<—|—oo}

p:

noo_ e 5 d:(s—l)
d’ (s+1) (s+1)

2

e Example: p = ;_% € Q(Hx(C4)) as we have:

c HOO(C—I—)'

1,



Analysis and synthesis problems

e Let Aand K = Q(A) be defined as above.

e Definition : 1. A transfer matrix P € K9%" is said
to admit a left-coprime factorization if there exist

D e AT N ¢ AT X € A1*9 Y ¢ A™™4
suchthat P= D '!Nand DX — NY = I,.

2. A transfer matrix P €¢ K9%" is said to admit a
right-coprime factorization if there exist

D c A’I“X’I“, NE AAqX?“7 X c A’I“X’I“’ Y/ c A’I“Xq
suchthat P = ~NDland - Y N+ XD = 1I,.

3. A transfer matrix P € K9%" is said to admit a
doubly coprime factorization if P admits a left-
and a right-coprime factorization.

4. A plant P € K9%" is said to be internally sta-
bilizable if there exists a controller C € K"*4 such
that all the entries of the closed-loop transfer matrix

i, -P\ ' _( (,-PC)' (I,—-PC)lP
(—C L«) _((IT—CP)—l(J (Ir—CP)—l)

_(L+P{U.—CP)y'Cc P, -CP)!
_( (I, — C P)1 (I, — C P)1 )

belong to A.



Internal stabilizability

e Proposition 1 : P € K9%" is internally stabiliz-
able iff one of the following conditions is satisfied:

1.3L = WT vTYT ¢ Alat+r)xa gych that;

a. LP:(VP

> c Algtr)xr,

b. (I, —P)L=U-PV =1,
c. detU # 0.
Then, C = V U1 is a stabilizing controller of P,
U=(,—PC) !, v=cu,—-prPc) L
2.3L=(-V 0) e A™*(a+7) sych that
a. PL=(-PV PU)e Ax(atr)
b E(P>=—VP =1,
Iy
c. detU#0
Then, C = U~1 ¥V is a stabilizing controller of P,
O=,—cpP) ™, V=u.—cpr)tc.

4



Internal stabilizability

e Corollary 1 : P is internally stabilizable iff there
exists V€ A"*49 such that we have:

( VPe ATXT
¢ PV g AT79,
\ (PV+I1)P=P(VP+1I)ec AT,

Then, the controller C € K"*4 defined by

C=V(PV+I)t=WVrP+I)tVv

Internally stabilizes P and we have:

Vv=C{,-PC)yt=U-cp)tc

e Corollary 2 : We have:

1. If P € K9%" admits a left-coprime factorization
P=D!'N DX - NY = I;, detX # 0, then
L = (XD)! (v D) satisfies 1 of Proposi-
tion 1 and C = Y X 1 internally stabilizes P.

2. If P € K?°" admits a right-coprime factoriza-
ton P=ND"1 -V N+XD=1I, detX # 0,
thenL = (—DY D X) satisfies 2 of Proposition 1
and C = X1V internally stabilizes P.



Open questions

e The existence of a left-/right-coprime factoriza-
tion is a necessary but not generally a sufficient
condition for internal stabilizability.

e These two concepts are known to be equivalent
for the rings RHoo and Hoo(C4).

e But, does internal stabilizability imply the existence
of doubly coprime factorizations over the rings

A={L(f)(s) + S S aetis| f e Li(Ry)
(a;)i>0 €11(Z4), 0 =1tg <t1 <tx < ...},
(ring of BIBO-stable time-invariant systems)

W_|_ — {z;}io a; 2 | EZ'I_:OCO) la;| < —I—OO} ,
(ring of BIBO-stable causal digital filters)?

e If it IS not the case:

Is it possible to parametrize all stabilizing
controllers of a stabilizable plant which does
not admit doubly coprime factorizations?

e \We now solve this last question.



General (Q-parametrization

e Theorem: Let P € K9*" be a stabilizable plant .
All stabilizing controllers of P have the form

CQ) =(V+QU+PQ) 1

—(O+oP) (T4,

where C is a stabilizing controller of P,

(U= (I;— PCy)~ 1 e A1%q,
V =C«(I;— PCy)~1 e AT,
U= (I—CyP)1eAarxq
V= —C.P)"1Ce ATxT,

and @ is any matrix which belongs to

Q={LeA™| LPeA™" PL e AT,
PLPe AT}

satisfying det(U + P Q) # 0, det(U 4+ Q P) # 0.

e The general Q-parametrization is a linear frac-
tional transformation in the free parameter QQ € <2.

e We only need the knowledge of a stabilizing con-
toller Cx of P. The existence of a doubly coprime
factorization is not required



Set of free parameters

e Proposition : Let P € K9%" be a internally stabi-
lizable plant, Cx € K"*4 a stabilizing controller and:

_ (I, - pPC)™t (g+7) %
L= ( C,(I,— PC)L ) €A

L=(—(—-C.P)'C, (I,—C,P) 1) e Arxlatn),

The set of free parameters of the parametrization (x)
Q={Lc A |LPc A" PL¢c A PLPc A"}

then satisfies:

QO = [ Algtr)x(g+r) 1,

Equivalently, if we denote by L, the " column of L
and L7 the ;1 row of L, we then have

Q=x{"" A(L; L)

showing that {L; L'}, j=1... 4 iS a set of gener-
ators of the A-module <2.



Youla-Ku ¢era parametrization

e Corollary : Let P € Q(A)2*" be a plant which
admits a doubly coprime factorization

(P=DIN=~ND1
Y [ D —-N X N\ _;
\-¥ X J\y p)T etr

Then, the set €2 of free parameters of (x) satisfies:

Q=D A"™4D.

Hence, subsituting Q = DA D and (see Corollary 2)
U=XD, V=YD, V=DY, U=DX,

Into the general (Q-parametrization (x), we obtain that
all stabilizing controllers of P have the form

C(Q) =Y +DAN)(X+NA)1
=(X+AN)"Y (¥ +AD),

where A is any element of A"*4 satisfying:
det(X + NA) #0, det(X +AN) #0.
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