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Abstract: The purpose of this paper is to give new necessary and sufficient
conditions for internal stabilizability and existence of left/right/doubly coprime
factorizations for linear MIMO systems. In particular, we generalize the Youla-
Kucera parametrization of all stabilizing controllers for every internally stabilizable
MIMO plant which does not necessarily admit doubly coprime factorizations.
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1. INTRODUCTION

For finite-dimensional linear systems (i.e. ordinary
differential equations), it is well known that a
transfer matrix is internally stabilizable if and
only if it admits a doubly coprime factoriza-
tion (Vidyasagar, 1985). However, this result is
generally not true for infinite-dimensional lin-
ear systems (e.g. differential time-delay systems,
partial differential equations) (Quadrat, 2003;
Vidyasagar, 1985) or for multidimensional linear
systems (Mori, 2002; Sule, 1994).

The Youla-Kucera parametrization of all sta-
bilizing controllers was developed for transfer
matrices which admit doubly coprime factor-
izations (Vidyasagar, 1985). The fact that this
parametrization is affine in a matrix of free param-
eters highly simplifies the research of all optimal
stabilizing controllers. Indeed, this parametriza-
tion allows us to transform this non-linear optimal
problem with constraints into a free affine, and
thus, convex optimal problem.

The purpose of this paper is to give new general
necessary and sufficient conditions for the exis-
tence of left/right /doubly coprime factorizations

and internal stabilizability. In order to do that,
we shall introduce the concept of lattices on vec-
tor spaces (Bourbaki, 1989) into the fractional
representation approach to analysis and synthesis
problems (Vidyasagar, 1985). Using these results,
we shall exhibit the general parametrization of all
the stabilizing controllers for a stabilizable plant
which does not necessarily admit doubly coprime
factorizations. In particular, if the transfer ma-
trix admits a doubly coprime factorization, then
the previous parametrization becomes the Youla-
Kucera one. These results generalize for MIMO
systems the results obtained in (Quadrat, 2003).

2. FRACTIONAL REPRESENTATION
APPROACH

Let us recall the fractional representation ap-
proach to synthesis problems (Vidyasagar, 1985).
Let us consider a commutative integral domain A
of (proper) stable SISO plants.

Example 1. For instance, we have the following
examples of integral domains of stable systems



RH., = {n/d|n,d e R[s], degn < degd

d(s*) = 0= Res* <0},

Hwo(Cy) = {f e H(C,)]

[ f lloo= sup [f(s)] < +o0},
seCy

A = {fO)+ Y aid(t—t) | f € Lai(Ry),
i=0
(ai)izo S ll(Z+), 0= to <t < },
where C; = {s € C|Res > 0}, H(C,) is the ring
of holomorphic functions in C; (Quadrat, 2003;
Vidyasagar, 1985).

A transfer function p belongs to RHx (resp.
Ho(Co), A = {L(f)| f € A}, where L(f) de-
notes the Laplace transform) iff p is the transfer
function of an exponentially stable (resp. La(R4)-
stable, Lo, (R4 )-stable) linear time-invariant finite-
dimensional (resp. infinite-dimensional) system.

Let us define the quotient field of A, namely:
K=Q(A) ={n/d|0#d, ne A}

K = Q(A) corresponds to the class of A-stable
and A-unstable SISO plants. For instance, we
have p = e7%/(s — 1) ¢ Hx(C4) because p has
an unstable pole in C,. But, p € Q(H(Cy))
because we have p = n/d, where:

n=e°*/(s+1),d=(s—1)/(s+1) € Ho(Cy).

More generally, we can consider the class of MIMO

plants defined by transfer matrices with entries in

K = Q(A). If we have P € K9*(P=%) then we can

always write P as P = D" N = N D!, where:
R=(D: —N)e A7?,

R=(NT . DT)T ¢ Ap*(r—0),

Definition 1. (Vidyasagar, 1985) Let A be an in-
tegral domain of stable SISO plants and K =
Q(A) its quotient field.

e A transfer matrix P € K9%®=9 is inter-
nally stabilizable if there exists a stabilizing
controller C € KW®=9%X4 of P namely a
controller C' € K®~9*4¢ guch that all the
entries of the following matrix belong to A:

-1
(%)

_( Ug—-pPO)y! (Ig—PC)~'P (1)
“\cu,-pPoy ', g+CU,-PC)"IP

_(I14+P(Ipq—CP)'C P(Iy—CP)"!
- ([P*q_cp)ilc (Ipfq_CP)71
(2)

e A transfer matrix P € K7¢(®=9 admits a
left-coprime factorization if there exist

{ R=(D: —N) € AT*P,
S=(XT:y"T e AP,
such that det D #0, P = D~! N and:
RS=DX-NY =1,
e A transfer matrix P € K9(®=9 admits a
right-coprime factorization if there exist
R= (N7 DT)T ¢ av<o-o),
{ G (-F: X) e A0,
such that det D #£ 0, P = N D! and:
SR=-VYN+XD=1,,
e A transfer matrix P € K9*(P=9 admits a

doubly coprime factorization iff P admits a
left and right-coprime factorization.

3. COPRIME FACTORIZATIONS

Definition 2. (Bourbaki, 1989) Let V be a finite-
dimensional K = Q(A)-vector space. An A-
submodule M of V is called a lattice on V if there
exist free A-submodules L1 and Ly of V such that:

L1 CMC Ly,
I‘kA(Ll) = dlmK(V)

Proposition 1. (Bourbaki, 1989) An A-submodule
M of V is a lattice on V iff the K-vector space

KME{km|lke K, me M} =V

and M is contained in a finitely generated A-
submodule of V.

Ezample 2. If P € K9°(P~9)_ then the A-module
(I, : —P) AP is a lattice on the K-vector space

K4, Similarly, the A-module A!*P <IP ) is a
p—aq

lattice on the K-vector space K*®=a),

Definition 3. (Bourbaki, 1989) Let V and W be
two finite-dimensional K-vector spaces and M
(resp. N) a lattice on V' (resp. W). Then, we de-
note by N : M the A-submodule of homg (V, W)
formed by the K-linear maps f : V' — W which
satisfy f(M) C N.

Proposition 2. (Bourbaki, 1989) Let V and W
be two finite-dimensional K-vector spaces and M
(resp. N) a lattice on V' (resp. W). Then, we have:

(1) N : M is a lattice on

homg(V\W)={ f:V - W|
fis a K — linear map},

(2) the canonical map N : M — homu (M, N),
which maps f € N : M into f| 5, is bijective.



Ezample 3. If P € K9%(P=9) then we have:
A:(I;: —P)AP
= {f € homg (K9, K) | f((I; : —P)A?) C A}
={ e K™ |\(I,: —P) AP C A}
={Ae K™ |xe A AP e AP0}y
={Ae A AP c AXP-D},

Theorem 1. (1) P € K%(P~9 admits a left-
coprime factorization iff there exists a square
matrix D € A9%? such that det D # 0 and

(I,: —P) AP = D™ A9, (3)

ie. (I, : —P) AP is a free A-module of rank g.
Then, P = D' N (N = DP € A9x(#~9)
is a left-coprime factorization of P.
(2) P € K*(P=9) admits a right-coprime fac-
torization iff there exists a square matrix
D e A=9)x(=9) guch that det D # 0 and

Alxp P _ Alx(p—q) D—l (4)
Ip—q ’
is a free A-module of rank p — q.

Then, P = N D! (N = PD € A1x(P~9)
is a right-coprime factorization of P.

Proof. 1. = If P admits a left-coprime factoriza-
tion P = D' N, with DX — NY = I,, then

we have (I, : —D)A? = (D' (D : —N)) AP =
D'(D : —N)A? and (D : —N)AP = A1,
because (D : —N)AP C A7 and Vu € A9, we

have p=(D: —N) A € (D: —N) AP, where:

(X p
)\—<Y>uEA.

Therefore, we have (I, : —D) AP = D=1 A%, and

thus, (I; : —D) AP = A% is a free A-module of
rank ¢ because we have D~ A9 =2 A9,

1. <= Let us denote by {e; }1<i<p (resp. {fi}1<i<q)

the canonical basis of AP (resp. A9), namely e;

(resp. f;) is the vector defined by 1 in the ith

position and 0 elsewhere. Let us also denote
P=(P:...:P_,), P e K,

and D~ = (Dy"':...: D;1), where D; ' € A4.

Now, if there exists D € A9*? such that det D # 0
and (I, : —P) AP = D™! A%, then:

fi=,: —P)e; € (I,: —P)A? = D' A1
=3\ € A?: fi:Dil)\i, 1 <4 <q,
—Pj=(I;: —P)eg+j € (I;: —P)A? = D~ A1
=3 €AY Pj=D""p;, 1<j<p-—q,
D'=D'fre D AT=(I,: —P) AP
=3y, €AP: D' =(I,: —P)u, 1<k<gq,

3D =M :...iN) €A [, =D D
= D' =D},
AN = (g ... pipq) € AP=D .

= -1
P=D'N,
IS =(r1:...iyy) = (XT: YT € AP¥a.
(I, =P)S=D"'=DX-NY =1,

which shows that P admits a left-coprime factor-
ization P=D"'N, DX - NY =1,

2 can be proved similarly.

4. INTERNAL STABILIZABILITY

Theorem 2. A plant, defined by a transfer matrix
P e K7¢(r=9) g internally stabilizable iff one of
the following equivalent assertions is satisfied:

(1) There exists S = (UL : VT)T € APX4 which
satisfies det U # 0 and:
UpP
— px(p—q)
(a) SP (VP) €A ,
(b) (I,: —P)S=U—-PV =1,
Then, the controller C = V U~! internally
stabilizes the plant P.
(2) There exists T = (—X : Y) € AP—axp
which satisfies det Y # 0 and:
(a) PT=(—PX: PY) € AP,

mr(.F )=-xPiv=1_,
Ip—q

Then, the controller C = Y ! X internally
stabilizes the plant P.

(3) There exist S = (UT : VI)T € KP*9 and
T = (-X : Y) € KP~9*P which satisfy
det U # 0, det Y # 0 and:

(53 (70
_(gfli) (—13( _YP>—IP’ (5)
@) (Ig: =P) € AP, (6)

( P )(—X:Y)EAPXP. (7)

IP*‘]

Then, the controller C = VU ! = Y-l X
internally stabilizes the plant P.

Proof. 1 = Let us suppose that P € K7<#~a) g
internally stabilizable, i.e. there exists a controller
C € K(P~9%4 guch that we have:

Ay =(I,—-PC) e AT,

Ay = (I, — PC)™' P e A9,

A3 =C(I,— PC)~ !t e AlP=Dxa,

Ay=1I, ,+C(I,— PC)"tPe AP~0x(p=a),
(8)



From (8), we obtain C' = Az A7'. If we define
S = (AT . AT)T € AP*9 then we have:

A —A P
S(I;: —P) = (A; A;P>
Al _A2 X
= EAP p’
<A3 ]pq_A4>

(Iqi 7P)S :Alprg
=I,-pPC)y'-rPC(,-PC)!
=1,

1 <= Let us suppose that there exists a matrix S =
(UT . VI)T € AP*4 satisfying det U # 0, and 1.a
and 1.b. If we define C = VU ' € KP-9xa,
then, using point 1.b, we obtain:
I,-PC=U-PVU'=U"
= (I,-PC) ' =U e A7,

Hence, using point 1.a and (1), we obtain

H(P, C)

_( U—PO)! (I,—pPC)"'P
“\C{,-rC)y ' I,_,+CU,—PC)'P
(U UP pxp
_<VIp_q+VP>€A ’

i.e. C = VU™ internally stabilizes the plant P.
2 can be proved similarly.

3 = Let us suppose that P € K9*(P~9 ig in-
ternally stabilized by C' € K®-9*4_ Following
the proofs of 1 = and 2 =-, we obtain that
S = (AT . ADYT (vesp. T = (—Bs : By), where
B3 = (Ip_q—CP)_IC and By = (Ip_q—C'P)_l)
satisfies (6) (resp. (7)) and

< I, —P> (A1 P >
—Bs By As I,
) ( s 0 )q . 9)
 \—-BsAi1+BsAs I,y ) 7
because we have:
B3 Ay = ((Ip—g—CP)rO) (I, - PO)™*
= (Ip—q - CP)71 (C (Iq - Pc)il)
= B, As.

Moreover, from (9), we obtain
I, -P\' (A P
~By B, ) ~\ A1,

A P I, —P\ _
- (A3 Ipq) <_B3 B4>_Ip7

which proves (5).
3 < Let us suppose that there exist
S =T vhHT e Kr*4,
{ T=(-X:Y)e KP-xp,
which satisfy (5), (6) and (7). Hence, S (resp.

T) satisfies 1.a and 1.b (resp. 2.a and 2.b), and
thus, by point 1 (resp. point 2), C; = VU™!

(resp. Co = Y71 X) is a stabilizing controller
of P. From (5), we have XU = YV, and thus,
C, = VU' = Y 'X = (, is a stabilizing
controller of P.

Definition 4. (1) 0 — M’ L5 M %5 M — 0
is a short exact sequence of A-modules if
the A-linear maps f and g satisfy that f is
injective, g is surjective and ker g = im f.

(2) (Bourbaki, 1989) A short exact sequence is
a split exact sequence if one of the following
equivalent assertions is satisfied:

e there exists h : M" — M, A-linear map,
which satisfies g o h = idpsr,

e there exists k : M — M’, A-linear map,
which satisfies k o f = idy,

e there exist two A-linear maps

o= (1) —arroar
b= (h: f)y:M" oM — M
which satisfy:

sov=(4) w: 1)
Yop=(h: f) (g) = idy.

In this case, we say that M is isomorphic
to M" @& M’, denoted by M = M" & M’.
We shall denote a split exact sequence by:

idpy D idyy,

0e— M" & ML m —o.
_h k.,

(3) (Bourbaki, 1989) An A-module M is projec-
tive if there exist an A-module P and r € Z
such that we have M @ P = A", i.e. M is a
summand of a finite free A-module (namely,
a finite product of A).

(10)

Corollary 1. A plant P € K9<(P=9) is internally
stabilizable iff one of the following equivalent
assertions is satisfied:

(1) The A-module (I, : —P) A? is projective.
(2) The A-module A% (IP ) is projective.
P—q

Proof. 1. Let us define the following A-linear map:
g: AP — (I, : —P) AP,
A— (I, =P) A

The A-linear map ¢ is surjective and:
kerg={A=\": AT c AP |\, = Py}

{(PX)T - ANDYT € AP | Ny € AP79: P)y € A1}

( P ){AzeAp—umzeAq}
(

IP—Q

) )



Therefore, we have the following exact sequence

0« (I,: —P) AP <L AP

Y (Alxp ( P )) —0,
Ip_q

(11)
where f is defined by f(X) = (PT: LI )T\

Now, from 1 of Theorem 2, we know that P
is internally stabilizable iff there exists a matrix
S=(UT: VT)T € AP*49 such that

S(I,: —P) € AP*P,
(I,: —P)S =1,

i.e. iff there exists an A-linear map

h:(Il;: —P)A? — AP,

p— Su, (12)

satisfying goh = id(,. _py a», i.e. iff (11) is a split
exact sequence (see 2 of Definition 4). However, if
the exact sequence (11) splits, then we have

AP (I, : —P) AP & (A: (Alxp (Ippq>>)’

which shows that (I, —P) AP is a projec-
tive A-module. Conversely, if (I; : —P) AP is a
projective A-module, then (11) is a split exact
sequence because (11) ends by a projective A-
module (Bourbaki, 1989), and thus, P is internally
stabilizable iff (I, : —P) AP is projective.

2 can be proved similarly.

Corollary 2. (1) If P € K7¢(P=9) admits a left-
coprime factorization P = D~ N, where

DX —-NY =1, detX#0,

and (XT : YT)T € APX4 then the matrix
S = ((XD)T : (YD)I)T € AP*4 gatisfies
1.a and 1.b of Theorem 2 and C =Y X! is
a stabilizing controller of P.

(2) If P € K*(P=9) admits a right-coprime
factorization P = N D~!, where

~YN+XD=1I,, detX+#0,

and (—Y : )~() € AP=9DXP then the matrix
T =(-DY : DX) € AP=9xP gatisfies 2.a
and 2.b of Theorem 2 and ¢ = X~ 'Y is a
stabilizing controller of P.

5. A GENERALIZATION OF THE
YOULA-KUCERA PARAMETRIZATION

Lemma 1. Let us consider the split exact se-
quence (10). Then, we have:

(1) All the A-linear maps h : M" — M
satisfying g o h = idy are of the form
h = h+ f ol, where [ is any element of
hom4 (M”, M'), namely any A-linear map
from M" to M'.

(2) All the A-linear maps k : M — M’ satisfy-
ing ko f = idp are of the form k = k+1log,
where [ is any element of hom(M", M'),

namely any A-linear map from M" to M’.
(3) For every I € homa(M", M'), we have:

(5 _90) @t sotn

(h+fol: f) (k_glog> = idy.

idprr @ idpyr,

Theorem 3. If P € K9(P~9 ig internally sta-
bilizable and S = (UT : V)T € APX4 (resp.
T=(-X:Y) e AP=9xP) is a matrix satisfying
det U # 0 (resp. detY # 0) and 1.a and 1.b (resp.
2.a and 2.b) of Theorem 2. Then, all stabilizing
controllers of P are given by

CQ) =V+QU+PQ)™
=Y +QP) ' (X+Q),

where @) is every matrix which belongs to

Q2 (A: (A”p (qu>)> (I, : —P) AP) (15)

={Le AlP—a)xq |LPe A(P—Q)X(P—Q)7
PLe A9 PLP e AP0} (16)

(14)

. {det(U+PQ)sé07
and satisfies
det(Y + Q P) #0.

Proof. Using the fact that P is internally stabiliz-
able, then, by 3 of Theorem 2, there exist
S=UT.vhHT ¢ Ap*q,
T=(-X:Y)ec AP-0xp,
which satisfy (5), (6) and (7). Then, the A-linear
map h : (I, : —P)AP — AP, defined by (12),
satisfies f o h = id(,._p)ar, and thus, (11)
becomes the split exact sequence defined by (13),
where k : AP — A : [ AXP (IP )) is defined
p—q

by k(A) =T\, VA € AP. By Lemma 1, we obtain

g
k—log

= id(Iq: —P)Ap S5 idA:(Alxp (PT:IE;_q)T)’

(h+fol: f) (kgl

) s st g)

og :’LdAp,

where [ belongs to (see 2 of Proposition 2):

hom 4 <(Iq: —P) AP, A: (A“P ( fq)))
(1 (1)) o

Therefore, every right inverse of g has the form
h + f ol, whereas every left-inverse of f has the
form k — [ o g, where [ € Q2. Hence, we have



P
O<—I:—PA”<LAPLA:(A1XP< ))&0,
(q ) Ip—q (13)

(I, : —P)Ar "5t 4p,

U+PQ
y_,<v+Q>y,

L=y (A“p ( P ))
Ipfq

po— (=(X+Q): Y+QP)p,

for every @ € ), and thus, by 3 of Theorem 2,
we obtain that every controller of P has the form
(14), where @ € Q is such that det(U + P Q) # 0
and det(Y + Q P) # 0.

Using the fact that (I, : —P) AP is a lattice on
K% and A: (AVP(PT . IT 7)) is a lattice on
KP~1 we obtain that:
Q={Le K(pfq)Xq|
L(I;: —P)AP C{Ne€ AP79|PXec A%}}
={Le K (r—a)xq |
LAY, LPAPTIC{Ne APT9|P X e A%}}
={Le K(p—a)Xq|LAq C AP—Y,
LPAP~T C AP79 PL AT C AY,
PLPAP~TC A%}
={Le AlP—a)xq |LPe AlP—a)x(p—q)
PLe A1 PLPe AXP-D},

)

Corollary 3. If P € K9%<(=a) admits a doubly
coprime factorization P = D™' N = N D!,

(53)GE5)=n

then all stabilizing controllers of P are of the form
C(A) =(Y+DA)(X+NA)!
= (X +AN)" (Y +AD),

where A € AlP—9)%a g every matrix such that
det(X + NA) #0 and det(X + AN) #0.

Proof. If P admits a doubly coprime factorization
P = D'N = ND™!, then, by 1 and 2 of
Theorem 1, we have

(I,: —P)A? = D~ A%,
ALxPp <IP > — Alx(P—9) D,

pP—q
1x P I -
and thus, A : (A p < >>:DAP 7 and:
Ip—q
Q=DAP7: D71 A1
= (T e KP=9*9| T D™ AP C D AP~9}.

Let us denote D' = (Dy* : ... : D;'), where
D' € AL IfT € Q, then TD;' € DAP7, ie.
there exists \; € AP~ 2 such that TD;1 =D\,
1 <i < ¢q. Now, if we denote

A=A :...1),) € AP=Dxq
then we have TD"'=DA = T =DAD.

Conversely, if T' = DAD, with A € AP~9xq
then T D~! = D A, and thus, we have:
TD 'A9=DAATCDAP9=TeQ,

= Q={DAD|Aec AP~9x1} = D Ab=Dxa
By Corollary 2, S = (X D)T : (Y D)T)T satisfies
l.a and 1.b of Theorem 2, and thus, by 1 of
Theorem 2, C = (YD)(XD)™' =YX lisa
stabilizing controller of P. Moreover, by Corol-

lary 2, T = (—DY : D X) satisfies 2.a and 2.b of
Theorem 2, and thus, by 2 of Theorem 2,

O = (DRI (DY) = X1V
is a stabilizing controller of P. Using (17), we
obtain that —Y X + XY = 0, and thus, we have

C" = C. By Theorem 3, we obtain that all the
stabilizing controllers of P are defined by

C(A)=(YD+DAD)(XD+PDAD)™?
=(Y+DANDD ' (X4+NA)™
=(Y+DA) (X +NA),
= (DX+DADP) (DY +
= (X+AN)'D DY +A
= (X +AN)" (Y +AD),

where A ENA(p_‘I)X‘I is every matrix which satisfies
det(X + NA) # 0 and det(X + AN) # 0.

C(A) DAD)
D

)
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