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THE FRACTIONAL REPRESENTATION APPROACH TO
SYNTHESIS PROBLEMS: AN ALGEBRAIC ANALYSIS VIEWPOINT
PART II: INTERNAL STABILIZATION*

A. QUADRAT'

Abstract. In this second part of the paper [A. Quadrat, SIAM J. Control Optim., 40 (2003),
pp. 266—299], we show how to reformulate the fractional representation approach to synthesis prob-
lems within an algebraic analysis framework. In terms of modules, we give necessary and suffi-
cient conditions for internal stabilizability. Moreover, we characterize all the integral domains A
of SISO stable plants such that every MIMO plant—defined by means of a transfer matrix whose
entries belong to the quotient field K = Q(A) of A—is internally stabilizable. Finally, we show
that this algebraic analysis approach allows us to recover on the one hand the approach devel-
oped in [M. C. Smith, IEEE Trans. Automat. Control, 34 (1989), pp. 1005-1007] and on the
other hand the ones developed in [K. Mori and K. Abe, SIAM J. Control Optim., 39 (2001),
pp. 1952-1973; S. Shankar and V. R. Sule, SIAM J. Control Optim., 30 (1992), pp. 11-30; V.
R. Sule, SIAM J. Control Optim., 32 (1994), pp. 1675-1695; M. Vidyasagar, H. Schneider, and
B. A. Francis, IEEE  Trans.  Automat.  Control, 27 (1982), pp.  880-894;
M. Vidyasagar, Control System Synthesis: A Factorization Approach, MIT Press, Cambridge, MA,
1985].

Key words. fractional representation approach to synthesis problems, internal stabilization,
Priifer domains, Youla-Kuéera parametrization of the stabilizing controllers, (weakly) left/right/
doubly coprime factorizations, coherent Sylvester domains, Hoo(C4), algebraic analysis, module
theory, homological algebra

AMS subject classifications. 93C05, 93D25, 93B52, 93B25, 93C20, 93C23, 16D40, 16E60

PII. S0363012902417139

Introduction. Using the algebraic analysis viewpoint of the fractional represen-
tation approach to analysis and synthesis problems [5, 28, 29], developed in the first
part of the paper [17], we give necessary and sufficient conditions for internal stabiliz-
ability. Moreover, using these results, we prove that every multi-input multi-output
(MIMO) plant—defined by means of a transfer matrix P = D~' N = N D~!, where
R=(D: —N)and R= (N7 : DT)T are matrices whose entries belong to an integral
domain A of single input single output (SISO) stable plants—is internally stabiliz-
able iff A is a Prifer domain [6, 23]. From the fact that the intersection between
coherent Sylvester domains (see [17] for more details) and Priifer domains are just
Bézout domains, we also recover the result of Vidyasagar [29]: every MIMO plant
admits doubly coprime factorizations iff A is a Bézout domain. Hence, if the algebra
A is a Priifer domain but not a Bézout domain, there exist plants which are inter-
nally stabilizable but fail to admit doubly coprime factorizations. Therefore, it is not
possible to parametrize all their stabilizing controllers by means of the Youla—Kucera
parametrization [4, 28]. These results allow us to explain the counterexamples exhib-
ited in [1, 12]. We prove that, over a projective-free domain A (e.g., Hx(C4), RHy),
every stabilizable system admits doubly coprime factorizations. Finally, we show that
the previous results allow us to recover, on the one hand, the results of [25] and, on
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Fic. 1. Closed-loop.

the other hand, the ones developed in [12, 13, 24, 26, 27, 28, 29]. We refer to [17] for
the development of the algebraic analysis approach used in this second part, as well
as for some results that will be continually used in what follows.

Notation. In the course of the text, A denotes a commutative integral domain
(ab=0,a# 0= b=0) with a unit, Myx,(A) (resp., Mp,(A)), the set of ¢ x p (resp.,
p X p) matrices with entries in A and I, the identity matrix. If R € Mx,(A), then
RT is the transposed matrix. By convention, every vector with entries in A is a row
vector. The positive integers p, ¢ € Z will always satisfy p > ¢q. If M and N are
two A-modules, then M = N means that M and N are isomorphic as A-modules,
hom (M, N) is the A-module of the A-morphisms (i.e., A-linear maps) from M to
N, and M* = homyu (M, A). Finally, (a1,...,a,) denotes the ideal Aa; +---+ Aa,
and £ means “by definition.”

1. Closed-loop systems. Let A be an algebra of SISO stable systems which
forms an integral domain and let K = Q(A) be its field of fractions. Let us consider the
closed-loop formed by a plant P € My (,—q)(K) and a controller C € M,_g)xq(K)
as it is shown in Figure 1. The equations of the closed-loop are

e1 = uy + Pea,
(1.1) es =ug + Cey,

Y1 = €2 — U2,

Y2 = €1 — ux.

DEFINITION 1.1 (see [5, 28, 29]). The plant P € Mgy (p—q)(K) is internally
stabilizable if there exists a controller C € M,_q)xq(K) such that all the entries of
the following transfer matrix

(1, -P\ ' _ (U,—-pPC)! (I,—PC)™'P
(1.2) H(P’C)_<—c I,,_q> —(O(Iq—PC)—l Ip_q—i-C(Iq—PC')_lP)

pP—q

are stable, i.e., H(P,C) € My(A).
Let us write P and C in the form P = Dpf1 N, and C = D1 N, where
R, = (Dp: —Np) € Myxp(A) and R, = (=N : D.) € M(,_q)xp(A). Thus, we have

Dpelpr627Dpul :O7
—Nc€1+DC€2—DCU2:O,
y1 — ez +uz =0,
Y2 —er +up = 0.

(1.3) 1.1) =

Let us define the matrices

D -N, -—-D 0
R = <—]\P}c DCP 0 p _Dc> S MpXQP(A)
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and
D, -N, -D, 0 0 0
—N. D. 0 -D. ©0 0
fle = 0 —Ihq 0 Lhgq L4 O € Mapxap(A),
-1 0 1, 0 1,
as well as the following A-modules
M, = AP /AT R,
M. = AP/APT9R,,
M = A% JAP R,

M, = A% /A% R,.
LEMMA 1.2. We have My = M = M, ® M., and thus
(1.4) M, /(M) = M/H(M) 2 My /(M) & Mo/t(M,),

or equivalently

ASp/A2pRS:A2p/ApRgAP/Aqu@Ap/Ap—qRC,

where, for instance, AP R is the A-closure of AP R in A% (see [17] for more details).
Proof. We have the following equality:

0o o0 I, 0

D, —-N, —-D, 0 0 I,, 0 0

<—Nc D. 0 —DC> -1, 0 I, 0
0 Ip—q 0 _Ip—q

(D, =N, 0 0
~\ 0 0 —-N. D.)~
The second matrix in the left-hand side of the previous equality is unimodular, and

thus, invertible. Let us denote this matrix by U. Then, from the previous equality,
ie., RU = R, ® R., we obtain the following commutative exact diagram:

0 0
| |
0— AP EEN Ar I M —0
|1, |.U
0— A VIR g2 T e, 0,
l 1
0 0

From the previous commutative exact diagram, we deduce that there exists an iso-
morphism ¢ : M — M, & M., defined by ¢(m) = 7/(2U), where z € A* is such
that m(z) = m, and thus, M = M, & M.. Moreover, using the equations which
define the A-module M,, we can easily check that M, = M. Finally, using the fact
that My = M = M, & M., we obtain t(M,) = t(M) = t(M,) & t(M.), and thus,
M/t(M) = M,/t(M,) & M./t(M.). 0
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2. Internal stabilization: A particular case. We refer the reader to [17] for
the definition of a weakly left/right /doubly coprime factorization.

THEOREM 2.1. Let P = Dzjl N, and C = D' N, be two weakly left-coprime fac-
torizations, i.e., R, = (Dp: —Np) € Myxp(A) and R. = (=N : D.) € M(p_g)xp(A)
are weakly left-prime matrices. Then, P = D, LN, is internally stabilized by the
controller C = D' N, iff

2.1) (%: )1 € My(4), ie., @i ) € GL,(A).

The same result also holds for weakly right-coprime factorizations.

Proof. = By hypothesis, R, and R, are two weakly left-prime matrices, and thus,
by Corollary 2.5 of [17], the A-modules M, = AP/AY R, and M. = AP/AP~ 1R, are
torsion-free. Thus, t(M) = t(M, & M,.) = t(M,) ®t(M.) =0, i.e., M is a torsion-free
A-module. Then, by Corollary 2.5 of [17], R is weakly left-prime. Now, the fact that
C internally stabilizes P implies (see Definition 1.1)

-1 -1
(1, -P (R, D, 0
o= (7)) (5 ) emen
Therefore, we have
—1 —1
R, R - R, R, —-D, 0
RC Rc Rc O _Dc
-1

R D 0

= (Ip - (Ri ) ( Op DC> ) € Mpyap(A).

Finally, using the fact that R is a weakly left-prime full row rank matrix, we obtain
(2.1) (see [17] for more details).

< We have
—1 —1
R, D, 0\ (1, -P
e () (0 8)-( 7)o
i.e., the controller C = D' N, internally stabilizes the plant P = D' N,,. O

COROLLARY 2.2. Let P = Dp’1 Ny € Mgy (p—q)(K) be a weakly left-coprime
factorization of P. Then, P is internally stabilized by a controller C' € M,_q)xq(K)
which admits a weakly left-coprime factorization C = D' N, iff P admits a doubly
coprime factorization. The same result also holds for a stabilizable plant P admitting
a weakly right-coprime factorization.

Proof. = Let us suppose that the plant P = D, 1N, is internally stabilized by a
controller C' = D! N, and R, and R, are two weakly left-prime matrices. Then, by
Theorem 2.1, we have (2.1). Let us note

() = (1) e

Then, we have the following Bézout identities:

Dp —Np Uy o Ur Dp _Np —
(22) (—Nc Dc) <U2 vz)‘lp’ (Uz V2> (—Nc p. )~
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In particular, we have

D, —N, U0 iy _ (1, O Uur i\ _
(B 29 (% B) = (B 0) aenyan () =aan,
and, using the fact that the second matrix is unimodular and det D, # 0, we obtain
that det Va # 0. Finally, from (2.2), we deduce

D, Vi — N, Vs =0,
D,U, — N, Uy = I,
~N.Vi+ D Vo = Ipfqo

which shows that P = D' N, =V, V, ! is a doubly coprime factorization of P.

< IfP = Dgl N, = Np D~p71 is a doubly coprime factorization of P, then
there exist Bézout identities of the form (2.2). Thus, R, = (Dp : —Np) € Mgxp(A)
can be complemented into (R} : RI)T € GL,(A), with R. € Mg,_g)x,(A). The
complement R, = (=N, : D.) to R, into a unimodular matrix (R} : RT)” is not
uniquely defined (see Corollary 6.1 on the Youla-Kucera parametrization) and we
can choose D. € M,_,(A) such that det D, # 0. Finally, R, admits a right-inverse,
ie., C = D! N, is in particular a weakly left-coprime factorization. Finally, by
Theorem 2.1, C = D! N, internally stabilizes P. O

The next corollary generalizes a result obtained by Smith for H(C4) [25].

COROLLARY 2.3. If A is a coherent Sylvester domain (e.g., A = Hy(Cy),
RH, Bézout domains), then P € Mgy (,—q)(K) is internally stabilizable iff P admits
a doubly coprime factorization.

Proof. By Theorem 3.24 of [17], every transfer matrix whose entries belong to
K = Q(A) admits a weakly doubly coprime factorization. Then, the result follows
directly from Corollary 2.2. a

3. Internal stabilization: The general case. In the previous section, we
have obtained some results on internal stabilization in the particular case where the
transfer matrices admit weakly left- or right-coprime factorizations. In this section,
we give some necessary and sufficient conditions for internal stabilizability without
any assumption on the transfer matrices.

LEMMA 3.1. Let P = D' N, € Mgy (p—q)(K) (resp., C = D' Ne € Mp_g)xq(K))
be a plant (resp., a controller). If C internally stabilizes P, then the A-modules
M, = APJATR, and M, = APJAP"9R., where R, = (D, : —N,) € M,x,(4),
Re= (=Nc: D.) € Mu_g)xp(A), satisfy

My, /t(M,) & M. /t(M.) = AP,

i.e., My /t(M,) = AP/ AT R, and M. /t(M.) = AP /AP—9 R, are projective A-modules.
Proof. By hypothesis, P is internally stabilized by C, and thus, we have

mea=(le 1) = (2) (% p) e

Let us define the following A-modules M = A%? /AP R and M’ = A? /AP (I, : —N).
By Lemma 2.6 of [17], we have AP R = AP (I, : —N) because AP (I, : —N) is an
A-closed submodule of A%P, and thus, we have

M/t(M) = A*?JAPR = A*’ /AP (I,: —N)= M".
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Moreover, it is easy to see that the A-module M’ is free of rank p and thus, that we
have M/t(M) = AP. Finally, using (1.4), we obtain

M/t(M) = M, /t(M,) ® M./t(M,) = AP,

which shows that M, /t(M,) = AP/A1 R, and M./t(M.) = AP/AP—4 R, are projective
A-modules. a

THEOREM 3.2. A plant P = D' Ny € Myy (p—q)(K) is internally stabilizable iff
M, /t(My,) = AP/ A9 R, is a projective A-module, with R, = (D, : —Np) € Myx,(A)
and M, = AP /AT R,.

Proof. = It was proved in Lemma 3.1.

< Let M, /t(M,) be a projective A-module. We have the following commutative
exact diagram:

0
!
0 0 t(Mp)
! ! !
0— Al ﬁ Ar I M, — 0
(3.1) I & [ L
0— ker¢ — AP 2, M,/t(M,) —0,
! ! !
coker k 0 0
!
0

where ¢ = 7’ o7 and k : A9 — ker ¢ is induced by id : A? — AP and 7’ : M, —
M, /t(M,). The fact that M,/t(M,) is a projective A-module implies that the exact
sequence

(3.2) 0 — ker ¢ — AP —25 M, /t(M,) — 0

splits (see [17]), and thus, A? = M, /t(M,)@ker ¢, i.e., ker ¢ is a projective A-module.
The fact that ker ¢ is a projective A-module is equivalent to the existence of a

family {a1,...,an} of elements of A satisfying [3, 23]:

1. The ideal (aq,... ,an) is equal to A, ie., Iz, € A: > w0, = 1.

2. If S,, = {1,a4,a?,...} is the multiplicative set defined by a;, then Sa_i1 ker ¢

is a free S; ' A-module (see [17]).
By Proposition 1.10 of [17], we obtain the exact sequence of S, ! A-modules:
S;le

(3.3) 0— S, (ker¢) — (S, ' AP = S, (M, /t(M,)) — 0.
The fact that ¢(M,) is a torsion A-module implies that K ® 4 t(M,,) = 0 (see (1.10) of
[17]), and thus, rank4(¢(M,)) = dimg (K ®4 t(M,)) = 0 (see [17] for more details).
Applying Proposition 1.10 of [17] to the exact sequence

0 — t(Mp) — M, — Mp/t(M,) — 0,

we obtain rank 4 (M, /t(M,)) = rank 4 (M,) — rank 4 (t(M,)) = p — ¢. Applying again
Proposition 1.10 of [17] to the exact sequence (3.2), we obtain

(3-4) rank 4 (ker ¢) = p —ranka (M, /t(My)) =p — (p = ¢) = ¢-
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If we note S, ' A = A;, then S, ! ker ¢ is a free A;-module of rank ¢. Taking a basis
of S; ! ker ¢ = A!, there exists a matrix R; € Myx,(A;) such that (3.3) becomes

0 — A7 85 AP s 1M, /t(M,,)) — 0.

By hypothesis, M, /t(M,) is a projective A-module, and thus, S, (M, /t(M,)) is also
a projective A;-module [3, 23]. Hence, using Proposition 4.2 of [17], the previous
exact sequence splits, and thus there exists S; € M« 4(A;) such that

(3.5) R S; = 1,.

Let us note R, = (D, : —Np) € Myxp(A) and R; = (D; : —N;) € Myyup(Ai).
First, we prove that P = D' N, = D; ' N;. By localization of (3.1) with respect to
Sa,, we obtain the commutative exact diagram (S, ! A is a flat A-module [17])

i

0
!
! ! Sl
0 —0 A7 LT SN S71M, —0
| R [ !
0— A7 A SM /(M) — 0,
] ! !
A?/AYRY 0 0
1
0

where R} € M,(A;) corresponds to S, 'k : A — S, 1 ker¢ = A]. Hence, we have
Rp = R,’L/ Ri, i.e.,

(3.6) (D,: —N,)=R!(D;: —N;),
where R € M,(A;) has full rank and S, '¢(M,) = A?/A? R!. Hence, we have
P=D,"N, = (R} D;)""(R/ N;) = D; " N;.

Cleaning the denominators of each R; and S; = (X[ : Y;1)T, there exists a; € Z4
such that all the entries of the matrix a7* S; R; are in A. If & = maxj<;<m, ¢, then

X;D; —X;N;

(3.7) a® S; R; = a (YiDi N

)GMP(A), i=1,...,m.

Using the fact that (ay,...,am,) = A, then there exists a family {by,... b} of
elements of A such that > ', b; af = 1. Therefore, we have

(3.8) D,=R!D;= D, =Y bialD,=Y bial R} D,
=1 =1
m m

(3.9) N, =R/N; = N, =Y bia} N,=> b;al R/ N;.

i=1 i=1
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If we define S = Y"7", b; a® S; D;, then we have

m T m T
S = (Zb a? XZ-Di> : (z;b af‘YiDi>
=1 i=

We claim that the controller C' € My (p—q)(K), defined by

m m -1
C = (sz af‘Y;DZ) (Zbi af XiDi> ;
i=1 i1

internally stabilizes the plant P; i.e., we have

T

I, -P ! . (Iq — PC’)71 ([q _ PC)*1P
( —C I ) B (C(Iq - PO)' I, ,+C(, _PC)lp) € My(A).

We easily check that

I, - PC
— m o m a -1
= I, — D;LN, (57, b; a2 V; D) (S0, by a® X; D;)

_ m a [ o a -1
=D 1[Dp (Xizy bi af Xi D) — N, (Zzn; bi ai' Y; D;)] (Z:Zl bi af X; D;)

p
= D[Sy b af (Dp Xy = Ny Vi) Di] (7 by aff X, Di)™
= D [0 b af RY (Dy X; = Ny Yo) Di] (S b aff Xi D)™ (by (3.6))
= DY by af RY D) (S0 bia XiDi) ' (by (3.5))
=D, Dy (X1 biaf X; Di) "' (by (3.8))
= (S0 biaf X, D)

= (Iq—PC)il :Z;’Zl b; CL? X; D; EMq(A)7
= C(Iq - PC)_l = E;ﬂil bi aia Y;D; € M(pfq)xq(A)v
= (Iq — PC)ilp = Z:r;l b; af‘ X; N; € qu(p_q)(A),

=1, g+ C(I—PC)'P =1, o+ b a® Y;N; € M, 4(A). O

Remark 3.1. Let us note that the proof of Theorem 3.2 seems to be dual to
the one given in [13]. The duality between the approach developed in [26], using
the A-modules A? RT and AP RT, and the one developed here, using the A-modules
AP JATR and AP/AP=1 RT | will be explained in Proposition 3.4 (see also Proposition
2.8 of [17]). We refer the reader to [20] for another proof of Theorem 3.2 and where
it is shown that

m m -
o = (Z bia?m;”) (Z biaf Xﬂ?fl)
i=1 =1

is also a stabilizing controller of P.
Ezample 3.1. Let A = Ho(C) and let us consider the following transfer matrix:

s—1

(3.10) P= (bl ¢ ) € My(K),
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where a, b € A. The A-system (see [17]) which corresponds to P is defined by
s—1) s—1 _
Es+1) - (:+1) up—a Eerl; ug =0,

(s—1) (s—1) 1 _
(§+1) Y2 —boFy U — gy U2 = 0,

ie., Rz =0, where z = (y1 : 92 : u1: u2)? and R is the matrix defined by

s=1 e ” o =
(3.11) R= SH s—1 bSJEsl 1) (SH) € Maxa(A).
s+1 7 (s+1) _s+1

Let us check whether or not the A-module M = A*/A? R is projective. We have
Fitto(M) = 0, Fitt1 (M) = 0, and

. _ 2 s—1 ,— 8 (s—1)e™*
Fitto(M) = ((Sﬁ) o o RO ) -

Then, we have

s—1 s—1
(s—&-l) +2 ((9+1)) = 9+1 € FlttQ(M)
e T2 o = S € Fitta(M),
Moreover,
(3.12)

(s52) (142 (=2572)) +2¢ (53) =1 € Fitta(M) = Fitta(M) = 4,

and thus, by Proposition 4.4 of [17], M is a projective A-module of rank 2. Thus,
by Theorem 3.2, P is internally stabilizable. Let us find a controller C' using the
construction given in the proof of Theorem 3.2. First, let us notice that the fact
that M = A%/A? R is a projective A-module implies that M/t(M) = M = A*/A’ R
Second, from (3.12), with the notations of the proof of Theorem 3.2, we have

a1 = (M),
az = & 6 Fitto (M),

by 71+2% € A,
by =2e € A.

In A1, we have the following right-inverse S:-1 of Rs-1 = R:
SF1 SF1 SF1

s+} 0
s—1 e’ (s—1) s
<s+1 0, <s+1>> 0 | <1 0
0 s—1 —b s 1 0 0 0o 1/°
s+1 s+1 s+1
(s+1) 0 0
In A.-s, we have the following right-inverse S,.-s of R -s = R:
5+1 s+1
oo1) 0 —2a
s—1 e * -1 s
<s+1 0 T —a (§+1)> —b(% 1| <1 o)
s—1 s 1 s+ = :
0 s+1 —b (s+1) T s+l T e 0 01

o

-2
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Hence, S is defined by

stL0 0 —2a
! s (s+1)
_ (s—1) (1—67(571)) 0 Stl > —b e—9 1
S= (s+1) (1 +2 (s—1) ) 0 01 + (§+1) 2e _(z:l) 0
0 0 -2
(s=1)
1 12
e
_ (1—e=C71) e” (o7
_ E:B 2eb 1+2 =) 2 c5))
—2e 0
e—(s—1)
0 s+1

Then, a stabilizing controller C' of P is defined by

_ (1—e=(5—1) _ e—(s=1)
C= 2¢ 9(5—1) N Zf2—1(53“)
0 445 —2¢b 14202 )

-1

o= (s—1D)
+25%5

Remark 3.2. Dually to Theorem 3.2, P = N, f?;l € Myx(p—q)(K) is inter-
nally stabilized by C = XY, € Mp—gyxq(K) iff M, = AP AP—4 }ipT is such that

M, /t(M,) is a projective A-module, with ]%IJT = (NI': DINT € Myy(p—q)(A). In
order to shorten the paper, we let the readers check this result themselves. (We can
use the fact that C internally stabilizes P iff CT internally stabilizes PT.)

COROLLARY 3.3. If P = Dzjl Ny € Mgy (p—q)(K) is a weakly left-coprime fac-
torization of P, then P is internally stabilizable iff the A-module M, = AP/AT R,
is stably free, i.e., iff P = Dzl)Np s a left-coprime factorization of P. Moreover, a
stabilizing controller C of P has the form

C=Y. X',

where S = (XTI : YI)T € M,yw,(A) is a right inverse of Ry, i.e., Dy X, — N, Yo = I,.

Proof. = If P = D;l N, is internally stabilizable, then, by Theorem 3.2, the
A-module AP/ A4 R, is a projective A-module, where R, = (D, : —N,) € Myxp(A).
Using the fact that P = D, LN, is a weakly left-coprime factorization of P, then, by
Lemma 2.6 and Theorem 2.11 of [17], we have A9 R, = A9 R,. Thus, the A-module
M, = AP /A7 R, is projective and, using the fact that M, is a projective A-module

and R, is a full row rank matrix, the exact sequence 0 — A? Lo qp M, —0
splits 3, 23]. Thus, we have M, & A = AP, ie., M, is a stably free A-module.

<« Let us suppose that M, is a stably free A-module. In particular, M, =
M, /t(M,) is a stably free A-module, and thus, by Theorem 3.2, P is internally sta-
bilizable.

Moreover, we have the exact sequence 0 — A? Lo qp M, — 0. Using
the fact that M, is a stably free A-module, then this exact sequence splits, i.e., there
exists S = (XTI : YI)T € M,y,(A) such that R, S = I,. We check that C' =Y, X!
is a stabilizing controller of P = D, ' N, by computing (1.2) [29]. (We can also
use the construction of the stabilizing controller given in the proof of Theorem 3.2:
ker = A9, C = (Y. D,) (X.Dp) 1 =Y. - X1 O
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Ezample 3.2. Let us reconsider the transfer matrix P defined by (3.10). In
Example 3.1, we proved that the A = H.(C)-module M = A*/A? R, where R is
defined by (3.11), is projective. Let us check whether or not the A-module M is stably
free. The A-module T'(M) = A?/A* RT is defined by the following equations:

(s=1) v _
(s+1) A2 =0,

—s

—GID M T —pls

(9+1;A1

(3.13)

I he =
A2 =0.

<s+1>
ey

If we denote by 1= (1 : po: pz: pa)? the second member of (3.13), we have

(s=1)
AL = (14—2%)#1—26(?#2—26#37
A2 = —2apuy + p2 — 2 g,

which proves that, from (3.13), we can deduce A\; = Ay = 0, i.e., T(M) = 0, and thus,
by 2 of Proposition 4.2 of [17], M is a stably free A-module. Moreover, a right-inverse
S of R, ie., RS = I, is defined by

e~ (s— 1))

(1—
12l ) a4
(3.14) S = —2eb 1
—2e 0
0 —2

Thus, a stabilizing controller C' of P is defined by

(s—=1) -
C:<—2e 0) 1420 24
0 -2 —2eb 1

The next example shows a situation where Corollary 3.3 cannot be used to con-
struct a stabilizing controller for a plant.

Ezample 3.3. Let us consider the ring A = R[to,#;]/(t3 + 3 — 1) of polynomials
on the unit circle and z; the class of ¢; in A. We have A = R[x¢, z1] with the relation
23+ 22 = 1. Let 0 # a, b € R be such that a® + b?> = 1 and let us consider

(3.15) p=(b— 1)/ (20— 0) € K = Q(A).

It is easy to check that R = (xg —a: x1 —b) € M1x2(A) is not weakly left-prime:

(4) (o—a: a1 —b)=(—(z1+b): zo+a) €A # (xo+a)/(z;—Db)€ A

x1—b

Therefore, by Corollary 2.5 of [17], the A-module M = A%/AR is not torsion-free.
We can show that the torsion submodule (M) of M is generated by

z=(x1+b)y— (ro+a)u

which satisfies (z; — b) z = 0. In particular, M is not a free A-module, a fact that
implies that there do not exist  and s in A such that (b—x1)s— (xzg+a)r =1, i.e.,
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p does not admit a coprime factorization. Moreover, we have M/t(M) = A%/A? R/,
where R’ is defined by

;_[(xo—a x1—Db
(3.16) R = <x1+b —xo—a) € My(A)

and we easily check that

Fitto(M/t(M)) = (-3 + a® — 2% +b?) =0,
Fitty (M /t(M)) = (zg — a, ¢ + a,z1 — b, x1 + b).

Moreover, we have
(317) (zo+a)/2a— (xg—a)/2a =1 € Fitty (M/t(M)) = Fitty (M /t(M)) = A.

Thus, by Proposition 4.4 of [17], we obtain that M /t(M) is a projective A-module
of rank 1 and, then, by Theorem 3.2, p is internally stabilizable. Hence, we are in a
situation where Corollary 3.3 cannot be used to determine a stabilizing controller of p
because p does not admit any weakly coprime factorization. (AR = A% R’ and A? R
is not a free A-module.)

We show how to construct a stabilizing controller ¢ for p by following the explicit
construction given in the proof of Theorem 3.2. Using the fact M/t(M) = A?/A? R/,
we obtain that ker ¢ defined by (3.2) satisfies ker ¢ = A? R/, where

AQR/:{)\l (l‘o—al .’El—b)-i-)\g(a?l +b: —(.’1?04—@)) ‘ A1, Ao GA}
Let = (zg—a: x1—b) and = (1 +b: —(x0 + a)). We have the relations

{(xo—l—a)oz—i—(acl—b)ﬁ:O,
(x1 +b)a—(zg—a)B =0.

Azota ®a ker ¢ is a free A, 4,-module generated by 5 because we have
a=—[(z1—b)/(xo+ a)] B
Thus, we have Ay yq ®a (M/t(M)) = A2, ,/Azota (1+b: —(x9+a)) and we have

_ (z1-b)
(zo+a)

(m1+b:—(x0+a))< o ):1.

xro+a

_ (m1-b)
(zo+a)’

(w1 +b: —(zo+a))=(ro—a: v1—-b)=>R] ,,=

Agyg—a @4 ker ¢ is a free A,,_,-module generated by a because we have
B=1[(x1+b)/(xo—a)] .
Thus, we have A,,_, ®4 (M/t(M)) = A2

$0_a/Am0_a (xo —a: x1 —b), and

(xo—a: $1—b)=(3301—a1 T —b) =R} _,=1,
(xo—a:xl—b)< 00_ ):1.
Hence, from (3.17), we obtain
0 1 To—a
S — (ngga) 1 (z1+b) — (Ig;a) To —a (xg —a) = 7% ( xo b > )
xo +a 0 !
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and thus, the controller defined by
e= () /(-45) = 2

internally stabilizes p. We can easily check that we have
-1
1 —p 1 fzo—a —x1+Db
<—c 1) T 94 (x1+b To—a € Ma(A).

Remark 3.3. Let us notice that Corollary 2.3 also follows from Corollary 3.3: If
A satisfies the conditions of Corollary 2.3, then, by Corollary 3.22 of [17], there exists
a weakly left-prime matrix Rj, = (D, : —N,,) € Myx,(A) such that P = D;_l N,.
By Corollary 3.3, P is internally stabilizable iff P admits a left-coprime factorization,
i.e. the A-module M, = A?/A? R}, is a stably free A-module (see Proposition 4.7 of
[17]). Using the fact that A is a projective-free ring, and thus, a Hermite ring, then
M, is a free A-module and, by Proposition 4.9 of [17], P is internally stabilizable iff
P admits a doubly coprime factorization.

PROPOSITION 3.4. Let R € Myx,(A) and M = AP/AY R be an A-module. Then,
M/t(M) = AP/ A4 R is a projective A-module iff AP RT is a projective A-module.

Proof. = Let M/t(M) be a projective A-module. We have the commutative
exact diagram

0 0
! 1
ker K 0 t(M)
! ! l
0 — ker. R — Al B4 I M —0
(3.18) L& [ L
0— kerg — AP o MH(M) — 0,
! | 1
coker Kk 0 0
1
0

where ¢ = 7 om and kK : A7 — ker¢ is induced by id : AP — AP and 7’ :
M — M/t(M). Thus, by the snake lemma [3, 23], we obtain ker x = ker.R and
cokerk & t(M). M/t(M) is a projective A-module, and thus, the last horizontal
exact sequence splits and AP = ker ¢ & M/t(M). Then, ker¢ is a finitely gener-
ated projective A-module. Therefore, its dual (ker ¢)* £ homa(ker ¢, A) is also a
projective A-module [3, 23]. Dualizing the previous diagram and using the fact that
t(M)* 2 hom(t(M), A) = 0, we obtain the following commutative exact diagram:

0 0
T T
T
0 APRT & 4r M* «— 0

0— (kerg)* «— AP — (M/t(M))* — 0.
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Hence, we deduce that A? RT = (ker ¢)*, and thus, A? RT is a projective A-module.
= Let AP RT be a projective A-module. Then, the exact sequence

O<—APRT£AP<—M*<—O

splits, and thus, we have AP = AP RT @ M*, which implies that M* £ hom (M, A) is
a finitely generated projective A-module, and thus, M** is also a projective A-module
[3, 23]. Moreover, using the fact that M* is a finitely generated A-module, then M*
has a finite free resolution [3], and thus, T'(M) = A?/AP RT has a finite free resolution:

T T T
0 T(M) — A1 B qp T g B2 g s

Dualizing this exact sequence, we obtain the following complex:
Y Uy = P = U=
Therefore, we have the following exact sequence (see [3] for more details):

0 — ext!y (T(M),A) — M — ker .R_y — ext (T'(M), A) — 0.

.RT
Moreover, we have the exact sequence 0 «— M* «— A" «—

. .R_ .
duality the exact sequence 0 — M** — A" == A™_ from which we deduce that

ker .R_o = M™**. Hence, we obtain the following exact sequence [14]:

A™, which gives by

0 — ext! (T(M),A) — M - M** — ext’(T(M),A) — 0.

We have ext? (T(M), A) = ext! (AP RT/ A) = 0 because AP RT is a projective A-
module [3, 23]. Using the fact that M is a finitely presented A-module, we have the
following commutative exact diagram (see [14] for more explanations):

0
1
0 0 0 (M)
! ! ! !
0— homa (T'(M), A) — A1 -E, AP — M —0
! ! ! !
0—  homa(T(M),K) — K¢ & K» — K@sM —0
! ! ! !
0— homa(T(M),K/A) — (K/A)? — (K/A)P — (K/A)®aM —0,
! ! ! !
exthy (T(M), A) 0 0 0
!

exty (T(M),K) =0

where ext! (T(M), K) = 0 because K is an injective A-module [3]. Thus, a chase
in the diagram shows that extl(T(M),A) = ¢(M). Finally, using the fact that
ext! (T(M), A) = t(M), we have M/t(M) = M**. The result follows from the fact
that M** is projective, and thus, so is M/t(M) = AP /A4 R. O
Using Theorem 3.2 and Proposition 3.4, we obtain the following corollary.
COROLLARY 3.5 (see [26]). The system P = D' N € My (p—q)(K) is internally
stabilizable iff the A-module AP RT is projective, where R = (D : —N) € Myx,(A).
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From Corollary 3.5, we deduce the next result. We refer to [20] for more details
and a direct proof of this result.
COROLLARY 3.6. The system P = D™'N € M,y (p—q) (K) is internally stabiliz-
able iff there exists S = (X1 : YT)T € M,y ,(K) such that
LSR=(¥D FN) € My(a),
22RS=DX-NY =1,
where R= (D : —N) € Myx,(A). Then, C =Y X! internally stabilizes P.
PROPOSITION 3.7. Let P = (P14 P2) € Mgy (p—q)(K) be a transfer matriz where
Py € Mgy (p—q)(A) is the stable part of P and Py € Mgy (p—q)(K) the instable one.
Then, we have the following results:
(1) P is internally stabilizable iff Py is internally stabilizable.
(2) If P, = D;* Ny admits a left-coprime factorization and So = (X3 = Y35)7T is
a right-inverse of Re = (Da: —N3) € Myx,(A), then a stabilizing controller
of P is given by C = Cy (I, + P1 C)™!, where Cy = Y2X2_1 is a stabilizing
controller of Po. A similar result exists if Py admits a right-coprime factor-
ization.
Proof. (1) Let us suppose that P, = Dy L' N, is a fractional representation of
P, where Ry = (D3 : —N3) € Myxp(A). Then, P has the following fractional
representation: P = Dy '(Dy Py + Ny) with R = (Do : —(Dy P1 + Ny)) € Myxp(A).
Let M = AP/AYR and My = AP/AY Ry; then we have to prove that the A-module
M/t(M) is projective iff My /t(Ms) is projective or, equivalently by Proposition 3.4,
that the A-module A9 RT is projective iff A? Rl is also projective. But, we have
trivially A7 RT = A9 RY.
(2) The A-module T'(Ms) = A?/AP RT is defined by the following equations:

DI\ =0,
—(NT + PEDIYx=0.

Putting a second member p = (u? : )7 in the previous equations and using the
fact that Sy is a right-inverse of Rg, we obtain A = (XI + Y3 PL) uy + Y3 o, iee.,
S=((X2+ P Ys)T: YJ)T is a right-inverse of R. Therefore, by Corollary 3.3,

C=Y(Xo+ P Ys) ' =Y (I + P Y2 X;") X))
=YVo X' (T+ P (Yo Xo') P =Co(I+ P Co)™?

is a stabilizing controller of P. 0
PROPOSITION 3.8. A system of the form P € M (,—1)(K) is internally stabiliz-
able iff one of the following assertions is satisfied:
o The ideal I = (a1,... ,ap) is invertible [22, 23], namely we have

(3.19) I(A:I)é{Zaibimiel,bie(A:I)}:A,

i=1
where (A I) ={k € K = Q(A) | (k)I C A} is a fractional ideal of A
and P =d 'N,0#de A, N € Miyp-1)(4), a1 = d, and a; = N; for
2<1<p.

e fori=1,...,p, there exist x; € K = Q(A) such that

P . —
(3.20) { 2oizy @ i =1,

a;x; € A, i,j=1,...,p.
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Then, the inverse I7* & A : I of I is defined by ™' = (zy,... ,7,) and
(3.21) C=—(x2/1: ... xp)21)" € My 1yx1(K)

internally stabilizes P.

Proof. By Theorem 3.2, a plant defined by P = d~' N € My (p—1)(K) is inter-
nally stabilizable iff the A-module M = AP /AR is such that the A-module M/t(M)
is projective, where R = (d: —N) = (ay : ... : ap) € M1x,(A). AP RT is the ideal
I = (a1,...,ap) of A. Thus, by Proposition 3.4, M/t(M) is a projective A-module
iff the ideal I = (a1, ... ,qa,) is also a projective A-module. Using the fact that I # 0,
then I is a projective A-module iff I is an invertible ideal, i.e., I (A : I) = A [2, 22, 23].
Finally, (3.20) is just (3.19) written in terms of equations (see [23]). O

4. Internal stabilization of SISO plants. The following corollary of Propo-
sition 3.8 gives a characterization of internal stabilization for SISO plants.
COROLLARY 4.1. A SISO plant, defined by p=n/d (0 #d, n € A), is internally
stabilizable iff one of the following equivalent assertions is satisfied:
e The ideal I = (n, d) is invertible, i.e., we have

(4.1) I(A:])= A,

where A: I ={ke K=Q(A) | kn, kd € A} is a fractional ideal of A.
o There exist x, y € K = Q(A) such that

der—ny =1,
(4.2) { dx, nx, dy, ny € A.

Then, I"' = A: I = (z,y) and ¢ = y/x internally stabilizes p = n/d.
Remark 4.1. We can also check Corollary 4.1 by computing

-1
1 —n/d 1 dx nx
=— My(A
(—y/w 1 ) (dz—ny) (dy dw) =M,
because dz —ny=1and dz, nx, dy € A. We refer to [16, 19] for more characteri-
zations of stabilization problems of SISO plants in terms of fractional ideals.

Ezample 4.1. Let us consider the ring A = R[to, t1]/(t3 + 3 — 1) of polynomials
on the unit circle S'. Let z; be the class of ¢; in Ry and let us reconsider

p=(b—x1)/(x0 —a) € K =Q(A), where a> +b* =1, 0#£a,bcR.
Let us define the ideal I = (b — x1, ©g — a) of A; then, using the fact that
(xo —a) (zo +a) = (b—x1) (b + 71),
we have A: I = (1, (zo+a)/(b— 1)) and

(£) (z0—a) — (fQ;gj;l)) (b—z)=1€l(A:1)=I(A:])=A.

Thus, ¢ = (zo+a)/(b—x1) = (x1+b)/(xo—a) internally stabilizes p = (b—z1)/(zo—a).

Ezample 4.2. Let us consider p = (1 +4+/5)/2 [1]. Let us define the ideal
I =(2,1+1iV5) of A= Z[i\/5]. Using the fact that 6 = 2 x 3 = (1 —i/5)(14+i/5),
we obtain that A : I = (1, (1 —i+/5)/2). Moreover, we have

(—1)2 - (_FTVE) (1+iVB)=1€l(A:I)=I(A:I)=A,
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and thus, ¢ = (1 — i+/5)/2 is a stabilizing controller of the plant p = (1 +i+/5)/2.
LEMMA 4.2 (see [15]). Let I = (n,d) be an ideal of A such that d # 0; then we
have

I(A:T)=(d: n)+ (n:d),

where (a :b) 2 {c€ A | cbe (a)} for alla, be A [24].
Proof. Let us prove that (d: n)+ (n: d) C I(A:1I). Let us choose an element
ac(d:n)={becA| ke A:bn=kd}; then we have

{EZ%ZZSEQ,’ = (afd) € (A: 1), del=a=d(a/d) eI (A:]).

Similarly, we prove that b/n € (A : I), and using the fact that n € I, we obtain that
b=n(b/n) € I(A:I). Finally, any element ¢ € (d : n) + (n: d) can be written as
c=a+bwitha € (d: n)and b € (n: d), and thus, c =d(a/d) +n(b/n) € [ (A: 1),
which proves the first inclusion. Second, let us prove that I (A: 1) C (d: n)+(n: d).
Any element ¢ € I (A : I) can be written as

l m
c(Zaixi) n + ijacj d,
i=1 j=1

where a;, b; € A and z; € K is such that x;n» € A and 2;d € A. We have
d (Zizl a;zin) = (3 1a;z;d)n € (n) because Zézl a;z;d € A. In a similar way,

we have n (3°7L, b szd) = (XL bjzjn)d € (d), and thus, ¢ € (d : n) + (n : d),
which concludes the proof. |
Using Lemma 4.2, we have the following corollary of Proposition 4.1.
COROLLARY 4.3 (see [24]). A SISO plant, defined by p=n/d (0£d, n€ A), is

internally stabilizable iff (d: n) + (n: d) = A.

5. Characterization of the classes of internal stabilizable plants. The
following proposition characterizes the integral domains A of SISO stable plants over
which every plant is internally stabilizable. We refer to section 3.2 of [17] for the
definition of a Priifer domain.

PROPOSITION 5.1 (see [6, 23]). An integral domain A is a Prifer domain iff
every finitely generated torsion-free A-module M is projective.

THEOREM 5.2 (see [15]). We have the equivalences:

1. every MIMO plant is internally stabilizable,
2. every SISO plant is internally stabilizable,
3. A is a Prifer domain.

Proof. 1 = 2 follows from the fact that MIMO plants contain SISO plants.

2 = 3 Let us suppose that every SISO system, defined by p = n/d, is internally
stabilizable. Then, R = (d : —n) € Mjx2(A) has full row rank. By Theorem 3.2,
the A-module M = A%/AR is such that M/t(M) is a projective A-module. But,
A% RT = (n,d) is the ideal of A defined by n and 0 # d. By Proposition 3.4, M/t(M)
is a projective A-module iff I = (n,d) is a projective A-module. Hence, every ideal I,
generated by two elements n and 0 # d of A, is a projective A-module, a result which
is equivalent to the fact that A is a Priifer domain (see Lemma 3 of [9]).

3= 1Let us note K = Q(A) and P = D' N € M,y (¢ (K). Let us define the
A-module M = AP/A1 R, where R = (D : —N) € Myx,(A). By hypothesis, 4 is a
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Priifer domain, and thus, by Proposition 5.1, the torsion-free A-module M /t(M) is
projective. Finally, by Theorem 3.2, P is internally stabilizable. O
Example 5.1. We have the following examples of Priifer domains.

The domain of entire functions F(k) is a Bézout domain (k = R, C) [8], and
thus, a Priifer domain [17]. So is &€ =R(s)[e*] N E(R) [11] and RH [29].
The integral closure of Z into a finite extension of QQ is a Dedekind domain,
and thus, a Priifer domain (see section 3.2 of [17] for more details). For
instance, the integral closure of Z in Q(iv/5) is the Dedekind domain Z[iv/5].
If A is a one-dimensional Noetherian domain, K is its field of fractions, and L
is a finite algebraic extension field of K, then the integral closure of A in L is
a Dedekind domain, and thus, a Priifer domain. In particular, a nonsingular
algebraic surface defines a Dedekind affine domain. For instance, the ring
Rlto,t1]/(t3 +t? — 1) of polynomials on the unit circle is a Dedekind domain.
If X is an affine irreducible nonsingular real algebraic variety of dimension m-+
1 and Y is any subset of X, then the ring Hy (X) of rational functions on X,
which are locally bounded on Y (i.e., for all y € Y, there exist a neighborhood
V(y) and a positive real number M (y) such that |n(z)/d(x)| < M(y) for all
xz € V(y)\ (d71(0)y), is a Priifer domain and every finitely generated ideal
of Hy(X) is generated by m + 1 elements [10]. More generally, the ring
of meromorphic bounded Nash functions on a Nash submanifold of R™ is a
Priifer domain [10].

The integral domain A = {P € Q[z] | P(Z) C Z} of Z-valued polynomials in
Q][] is a Priifer domain [6].

6. Youla—Kucera parametrization of the stabilizing controllers. The ma-
trices S and S_; defined in Proposition 4.9 of [17] are defined up to an arbitrary matrix
which corresponds to the free parameter in the Youla—Kucera parametrization [4, 29].

COROLLARY 6.1. With the same hypothesis as in Proposition 4.9 of [17], we have
the following splitting exact sequence:

(6.1)

with

(6.2)

R R4

0— A9 = AP AP~1 — (),
S(Q) 5-1(Q)
— —

{S—I(Q) = S—l + Q Ra
S(Q):S_R—l Qa

where R_1,S, and S_1 are defined in Proposition 4.9 of [17] and Q € M,_g)xq(A).
This is equivalent to the following two Bézout identities:

(1) (5@ R) (5.50) =T

(2)

(s.%) (s@ B =(% °)=1,

Proof. We have the following relations which prove the identities (1) and (2):

S(Q) R+ R_1 S_l(Q) =5 R—|—R_1 S—l — Ip7
RS(Q) =RS=1I,
Sfl(Q) R*l = S—l R,l = Ip,q,

S1(Q)SQ)=8515S-S 1 R1Q+QRS-—-QRR1Q=Q—-Q
=0. 0
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COROLLARY 6.2. Let P € Mgy (p—q)(K) be a transfer matriz which admits a dou-
bly coprime factorization. Then, all the stabilizing controllers of P are parametrized
by means of the Youla—Kucera parametrization

CQ) =Y(QX(@Q™ =X(@Q7V(Q),
where Q € M(,_q)xq(A) is a free parameter such that det X(Q) # 0, det X(Q) # 0,
and S1(Q) = (=Y (Q) : X(Q)) and S(Q) = (X(Q)T : Y(Q)T)T are defined by (6.2).
Ezample 6.1. In Example 4.3 of [17], we proved that the A = H,(C; )-module
M = A*/AR, with R = (257 : %) € Mix2(A), is projective and thus free because
A is a coherent Sylvester domain (see Corollary 3.31 of [17]). Few computations lead
to the following Bézout identity (¢ € A):

s—1 e ® (176—(5—1)) e ¢ e °

s+ sT1 I+2 "~ ~ ¢ o
_I,.

(s-1) (memCD) - (s-1) 1

2et e 12— — e ¢ —2e— 5 ¢ ST

Thus, all the stabilizing controllers of p = e~%/(s — 1) are parametrized by

~2e+ 55 9)

- (1—e—G-D)  o-s
I+ 2=~ o ¢

, g€ A

c(q)

THEOREM 6.3. If A is a projective-free domain, then every internally stabiliz-
able plant, defined by a transfer matriz P with entries in K = Q(A), admits doubly
coprime factorizations and all the stabilizing controllers of a stabilizable plant can be
parametrized by means of the Youla—Kucera parametrization.

Proof. Using Theorem 3.2 and the exact sequence (3.2), we obtain that M, /t(M),)
and ker ¢ are two projective A-modules. Using the fact that A is a projective-free
ring, we obtain that M,/t(M,) and ker ¢ are two free A-modules. From (3.4), we
obtain that ker ¢ = A%, and thus, we have the following exact sequence:

0— A7 -2 4p »/t(Mp) — 0,

with R' € Myx,(A). Using (3.1), we obtain that there exists a full rank matrix
R" € My(A) such that R=R"R’,ie., (D: —N)=R"(D': —N'), and thus

P=D1N= (R//D/)—l (R//N/) _ lel N’

Therefore, by Proposition 4.9 of [17] and Corollary 6.1, the plant P admits doubly
coprime factorizations and all the stabilizing controllers of P are parametrized by the
Youla—Kucera parametrization. 0

COROLLARY 6.4 (see [25]). If A = Ho(Cy), then a plant is internally stabilizable
iff it admits a doubly coprime factorization.

Ezample 6.2. The ring A = R[to,t1](t3+12—1) (vesp., A = Z[i/5]) is a Dedekind
domain which is not a principal ideal domain: The ideal I = (z¢ —a, —z1 +b) (resp.,
I = (2,14 i+/5)) is not a principal ideal [22]. By Corollary 4.13 of [17], it is not
possible to parametrize all the stabilizing controllers of p = (b — z1)/(z¢ — a) (resp.,
p=(14+1i+/5)/2) by means of the Youla-Kucera parametrization.

It is possible to obtain a parametrization of all the stabilizing controllers which
generalizes the Youla—Kucera parametrization for a stabilizable plant which does not
admit doubly coprime factorizations. We refer the reader to [19, 20] for more details.
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PROPOSITION 6.5. The intersection between the sets of coherent Sylvester do-
mains and Prifer domains is exactly the set of Bézout domains.

Proof. = If A is a Priifer domain, then every ideal I = (d, n), generated by two
elements 0 # d and n of A, is invertible [9]. Using the fact that A is also a coherent
Sylvester domain, and thus, a greatest common divisor domain (see Corollary 3.20 of
[17]), then I=1 = (1, 1/[d, n]), where [d, n] denotes the greatest common divisor of d
and n, and thus, we have

I 1 = (d/[d, n]7 n/[d, n]) =A=dz,ycA: dex+ny= [d’ n]?

which proves that I is a principal ideal of A, and thus, A is a Bézout domain.
< By definition, a Bézout domain is a Priifer and a coherent Sylvester
domain. 0

Conclusion. We hope we have convinced the reader that the algebraic analysis
framework developed in this paper allows us to generalize some results on internal
stabilization and to obtain new ones. Due to a lack of space, it was not possible to
develop here the strong and the simultaneous stabilization problems [29]. We refer the
reader to [16, 18] for a description of a canonical form, based on the concept of stable
range, that certain stabilizing controllers possess. This canonical form allows us to
show that, over a ring A of SISO stable plants of stable range 1 (e.g., A = Hy(C)),
every plant which admits a doubly coprime factorization is strongly stabilizable (i.e.,
stabilized by means of a stable controller). We also refer the reader to [19, 20] for
other results on synthesis problems using fractional ideal and lattice approaches. In
particular, a new parametrization of the stabilizing controllers for plants which do
not admit doubly coprime factorizations is obtained. Moreover, in this paper the
concept of class group C(A) and the group Ky(A) of nontrivial isomorphism classes
of projective A-modules [22] are introduced. The computations of these groups allow
us to check whether or not every internally stabilizable plant admits a doubly coprime
factorization (e.g., C(R[to, t1]/(t2 +t3 — 1)) 2 Z/2Z # 0 and C(Z[i5]) = Z/2Z # 0
[22] showing that there exist internal stabilizable plants which do not admit a doubly
coprime factorization). Finally, in [21], from the algebraic analysis point of view,
we show how to recover the operator-theoretic approach developed in [7] (graphs,
domains, unbounded operators, etc.) and to obtain new results.
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