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ON A GENERAL STRUCTURE OF THE STABILIZING
CONTROLLERS BASED ON STABLE RANGE*

A. QUADRAT'

Abstract. In this paper, we prove that some stabilizing controllers of a plant, which admits
a left/right-coprime factorization, have a special form where their stable and unstable parts are
separated. The dimension of the unstable part depends on the algebraic concept of stable range of
the ring A of SISO stable plants. Moreover, we prove that, if the stable range of A is equal to 1,
then every plant—defined by a transfer matrix with entries in the quotient field of A and admitting
a left/right-coprime factorization—can be stabilized by a stable controller (strong stabilization).
In particular, using a result of Treil proving that the stable range of Hoo(D) is equal to 1, we
show that every stabilizable plant—defined by a transfer matrix with entries in the quotient field
of Hoo (D) or Hoo (C4)—is strongly stabilizable and, equivalently, every couple of stabilizable plants
can be simultaneously stabilized by a controller (simultaneous stabilization). Finally, using the fact
that the topological stable range of Hoo (D) is equal to 2, a result due to Sudrez, we show that
every unstabilizable SISO plant—defined by a transfer function with entries in the quotient field of
Ho (D)—is as close as we want to a stabilizable plant in the product topology.
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1. Introduction. The fractional representation approach to analysis and syn-
thesis problems was developed in the eighties in order to express in a unique math-
ematical framework several questions on stabilization problems. In that framework,
we can study internal stabilization (existence of an internally stabilizing controller),
parametrization of all stabilizing controllers, strong stabilization (possibility of stabi-
lizing a plant by means of a stable controller), simultaneous stabilization (possibility
of stabilizing a set of plants by means of a single controller), metrics of robustness
(gap or graph topologies), Hy, or Hs-optimal controllers, etc. See [2, 6, 42] for more
details.

Recently, the reformulation of the fractional representation approach to analysis
and synthesis problems within an algebraic analysis approach has allowed us to obtain
new necessary and sufficient conditions for internal stabilizability and for the existence
of (weakly) left/right /doubly coprime factorizations in the general setting [25, 26, 24].
Moreover, all the rings of SISO stable plants (used in this framework) over which one
of the previous properties is satisfied were completely characterized [25, 26, 24]. In
[27, 28], a new parametrization of all stabilizing controllers of a stabilizable plant
was developed. It generalizes the Youla—Kucera parametrization [42] for stabilizable
plants which do not necessarily admit doubly coprime factorizations. All these results
show that a natural mathematical framework for the study of stabilization problems
is the so-called K-theory [22, 32]. See [29] for more details.
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The purpose of this paper is to show that the concept of stable range developed
in K-theory also plays an important role in the study of the strong and simultaneous
stabilization problems [42]. Using the fractional representation approach to synthesis
problems [6, 42], we show that, if the transfer matrix P, with entries in the quotient
field of an integral domain A of SISO stable plants (e.g., A = RHo, Hoo(Cy) or
W), admits a left-coprime factorization P = D~! N, then there exist some stabi-
lizing controllers of P having separated stable and unstable parts. In particular, we
show that the dimension of the unstable part is related to the concept of k-stability
of the matrix R = (D : —N) with entries in A [17, 41]. Moreover, using some rela-
tions between the k-stability of a matrix with entries in A and the concept of stable
range sr(A) of A [1, 7, 41], we prove that there exist some stabilizing controllers of
P which are such that their unstable parts are defined by sr(A) — 1 unstable rows.
Therefore, if the stable range sr(A) of A is 1, then every transfer matrix which admits
a left-coprime factorization is strongly stabilizable; i.e., it is internally stabilized by a
stable controller. In particular, using the fact that the stable range of H, (D) is equal
to 1 (see [38]), we prove that every stabilizable plant, defined by means of a transfer
matrix with entries in the quotient field of Hy (D) or Hoo(Cy), is strongly stabiliz-
able (strong stabilization). Let us notice that this result answers one of the questions
asked in [9]. Moreover, using a result of Vidyasagar [42], we prove that every couple
of plants, defined by transfer matrices with entries in Hy (D) or Hy(Cy ), is simul-
taneously stabilized by a controller (simultaneous stabilization). Finally, introducing
the concept of topological stable range, we show that every unstabilizable SISO plant,
defined by a transfer function p = n/d, with 0 # d, n € Hy (D), is as close as we
want to a stabilizable plant in the product topology.

Plan of the paper. In section 2, we give the definition of the stable range of
a ring A and present some examples which will be used in the rest of the paper. In
section 3, we introduce the concept of k-stability of a matrix with entries in a ring A.
We recall the fractional representation approach to analysis and synthesis problems in
section 4. In section 5, we give the first main result of this paper concerning the form
of certain stabilizing controllers (Theorem 5.1) and examples in order to illustrate
this result. Exploiting the relations between k-stability of a matrix with entries in
a ring A and the stable range of A, we give the second main result of the paper
(Corollary 6.4) and its corollaries (Corollaries 6.5 and 6.6). In the last section, we
introduce the definitions of topological stable range, unit 1-stable range, and n-fold
ring, and give some applications of these concepts to some stabilization problems.

Notation. A will denote a commutative ring with a unit [33], A9*P the set of
g X p matrices with entries in A, I, the identity matrix of A?*P, and

GL,(A) ={Re AP? |35 € AP*P: RS =SR =1,

the group of invertible elements of APXP. If R € AP, then RT € AP*Y is the
transposed matrix. If A is an integral domain (i.e., ab =0, a # 0 = b = 0), then we
shall denote the field of fractions of A by K = Q(A) = {n/d|d # 0, n € A}. Finally,
p and ¢ will always denote two positive integers satisfying p > ¢ (p — ¢ will denote the
number of input variables for the transfer matrices) and £ will mean “by definition.”

2. Stable range of a commutative ring.

2.1. Definition. Let us give some definitions that will be constantly used in this

paper.
DEFINITION 2.1 (see [1, 4, 7, 41]). We have the following definitions and notation:
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o A wectora=(ay:--:a,) € AY™ is said to be unimodular if there exists a
vector b= (by : -+ : by) € A" such that ab” =" a;b; = 1.
e We denote the set of all the unimodular vectors of A*™™ by U, (A).
Let us notice that Uj(A) is the set of the units U(A) = {a € A | a=! € A} of A.
Ezample 2.1. Let us take A = H,(C;), where Hoo(C,) is the algebra of C-
valued holomorphic functions on the open right half plane C; = {s € C | Res > 0}
which are bounded w.r.t. the norm || f |lc= sup,cc, [f(s)]- See [5] for more details.

s—1 . e *
s+1 ° s+1

(s2) (142 (=) + () 2e =1, 142 (22572) 2eea
DEFINITION 2.2 (see [1, 4, 7, 41]). A vector a = (a1 : --- : an) € U, (A) is called

stable (or reductible) if there exists an (n — 1)-tuple b= (by : ---: by,_1) € A=
such that

The vector a = ( ) € A2 is unimodular because we have

(a1 +apby: - :iap—1+apby_1) € Uy_1(4);

i.e., there exists (c1: -+ cp_1) € A1) sych that Z?;ll (a; +anb;)c; = 1.
Example 2.2. We have the following examples:
e Let us consider A = H(Cy ) anda = (1—e72%: 1+e72%) € A1*2. We have

(2.1)

sl—e?)+i(l+e®)=1=(1-e2)+ (1+e ) =2¢€ Uy(A),

and thus, a is a stable vector of Ug(A).
o Let A= RH,, =R(s) N Hx(C,) be the R-algebra of proper and stable real
rational functions [42]. The vector

_ (=D6-2) . s
a—( G+Dz - (s+1)2> € A

is stable because we have

(22) (stlJ)r(ls);m + (sii)z = Eziig € Ul(A)

Remark 2.1. If a vector (ay : a2) € Ua(A) is stable, then, in general, this is not
the case for (az : ay) € Ug(A). For instance, if A = R[s], then (s> +1: s) € A*?
is a stable vector because we have (s2 + 1) + s (—s) = 1 € U;(A), whereas the vector
(s : s>+ 1) € Ux(A) is not stable because there does not exist b € A such that
r = s+ (s2+1)b(s) € A is invertible, i.e., is a nonzero real constant (the degree of
the polynomial r is at least 1).

DEFINITION 2.3 (see [31, 34, 38, 41]). We call the stable range sr(A) of A the
smallest n € NU {+oo} such that every vector of Up41(A) is stable.

Let us notice that the stable range sr(A) is also called the stable rank of A.

Remark 2.2. Let us notice that if sr(A) = n, then, for m > n, every element
of Uy (A) is stable [11]. Indeed, if (a1 : -+ : apt2) € Uny2(A), then there exist
bi,...,bnta € A such that E?jf a; b; = 1. Hence, the vector

(a1:+ 1 Gp Qg1 bng1 + Anp2bpia) € Alx(n+1)

is unimodular. Using the fact that sr(A) = n, there exist ¢y, ..., c, € A such that the
vector

((11 +c (anJrl bn+1 + Gp4-2 bn+2) el t ey (an+1 bn+1 + Gp4-2 bn+2)) € A1><n
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is unimodular; i.e., there exist di,...,d, € A such that

n

D (i + i (ang1 bugr + Ay bnia)) di = 1

i=1

= Z(ai + ¢ g2 bpto) di + anta <Z byt ¢ di) =1,

=1 =1

which shows that (a1 + (¢1 bnt2) Gny2 i -+ ¢ an+(Cnbny2) Gpyo : apg1) is unimodular,
and thus the vector (aj : +-+ : ant2) € Upnt2(A) is a stable vector. The result directly
follows by induction on n.
Ezample 2.3. We have the following interpretations of sr(A4) = 2 and sr(4) = 1:
e A ring A has a stable range sr(A) = 2 iff, Vn > 3, every element of U, (A) is
stable and there exists a vector (a; : ag) € Uz(A) such that, for every b € A,
ay + a2 b ¢ Uy(A), i.e., a1 + a2 b is not invertible.
e A ring A has a stable range sr(A) = 1 iff, for every (a; : ag) € Ua(A), there
exists b € A such that a; + asb € Uy (A), i.e., a; + a b is invertible.

2.2. Examples.

THEOREM 2.4 (see [38]). If D denotes the open unit disc and Ho (D) the ring
of C-valued holomorphic functions on D which are bounded w.r.t. the norm || f |lco=
sup,cp | f(2)|, then we have

sr(Hyo(D)) = 1.
COROLLARY 2.5. With the notation of Example 2.1, we have
st(Hoo(Cy)) = 1.

Proof. Let us consider a unimodular matrix a = (a1 : ag) € Us(H(Cy)). Let
us denote by (by : ba)T € Hoo(C4)?*! a right-inverse of a; i.e., we have

(2.3) a1(8) b1(s) + az(s) ba(s) = 1.
The fractional linear transformation s = ¢(z) = (1 + 2z)/(1 — z) bijectively maps the
open unit disc D on the open right half plane Cy and z = ¢ ~(s) = (s — 1)/(s + 1).

Moreover, from Lemma A.6.15 of [5], we have f € Hoo(Cy) & fotp € Hoo(D). Thus,
from (2.3), we deduce

(2.4) (a109)(2) (b1 oY) (2) + (az 0 ¥)(2) (b2 0 Y)(2) = 1o =1,

ie, (a1 09 : ag o)) € Ugy(Hoo(D)). By Theorem 2.4, we know that sr(H (D)) = 1,
and thus there exist ¢, d € Ho (D) such that

(a1 09)(2) + (az 0 ¥)(2) c(2)) d(2) = 1 & (a1(s) + az(s) (¥~ (5))) d( 7' (5) = 1

ie., a= (a1 : ag)is l-stable, and thus sr(H(C1)) = 1. |

THEOREM 2.6 (see [1]). If A is a principal ideal domain, namely, an integral
domain such that every ideal of A can be generated by a single element of A, then
sr(A) < 2.

COROLLARY 2.7. Let RH, be the ring of proper and stable real rational functions.
Then, we have

st(RH) = 2.
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Proof. Tt is well known that RH, is a principal ideal domain [42]. Therefore,
by Theorem 2.6, we obtain that sr(RHs) < 2. Finally, let (d: n) € Uz(RH) with
d # 0 and let us define the transfer function P = n/d € R(s) = Q(RH). Let us
notice that P = n/d is a coprime factorization of P because (d : n) € Us(RHx).
Now, it is also well known that there exists ¢ € RH, such that d + ¢n is a unit of
RH ift P has the parity interlacing property [2, 42], namely, P has an even number
of real poles between every pair of real zeros in {Res > 0} U {oco}. Hence, there exist
vectors (d : n) € Ug(RHs) which are not stable in the sense of Definition 2.2 (e.g.,
(s—=1)/(s+1): s/(s+1)?) € Uy(RH) is not stable because the transfer function
P =3s/((s+1)(s—1)) does not have the parity interlacing property—see Example 4
of section 3.2 of [42]). Therefore, we have sr(RHo) = 2. 0

Let us give more examples of stable ranges of integral domains.

THEOREM 2.8. We have the following results:

o [12, 41] st(R[z1,...,zy]) =n+ 1.
e [19] The ring of entire functions

+oo
E(k) = {f(s) =S a8
n=0

satisfies st(E(k)) =1 if k=C and 2 if k = R.

e [20] The disc algebra A(D), i.e., the ring of functions which are holomor-
phic in the open unit disc D and continuous on the unit circle T, satisfies
st(A(D)) = 1.

o [34] If we denote by W, the Wiener algebra defined by

+oo +oo
W+:{Zanzn Zan<+00},
n=0 n=0

then we have st(W,) = 1.

Let us recall that the polynomial ring R[z1,...,x,] is used in the study of mul-
tidimensional systems, W, represents the sets of [.-stable (bounded input bounded
output stability) shift-invariant causal digital filters [42], and the disc algebra A(D) is
used for interpolation problems and discrete-time control systems [42]. Finally, E(R)
is used in the study of a certain class of time-delay systems £ = E(R)NR(s)[e™*] [21].

seC, a, €k, lim |an|1/” = O}
n—-+o0o

3. k-stability for matrices. Let us extend the definition of k-stability for ma-
trices with entries in A.

DEFINITION 3.1 (see [11, 17, 41]). A matrizx R € A9*P is unimodular if there
exists a matriz S € AP*? such that RS = 1y, i.e., R has a right-inverse S.

Remark 3.1. First, let us notice that the previous concept of a unimodular matrix
is standard in commutative algebra, whereas, in control theory, a unimodular matrix
usually denotes a square matrix R € AP*P such that there exists S € AP*P satisfying
RS = SR = I,. The reader should be careful not to confuse these two different
definitions (only Definition 3.1 will be used in the course of the paper).

Second, if R € A?*P is a unimodular matrix, then it is clear that R has full
row rank, namely its rows are A-linearly independent. Moreover, the A-submodule
A'X4 R of A'XP generated by the A-linear combinations of the rows of R is isomorphic
to A'X9, and thus we have 1 < g < p.

If R; € A7 is a column vector, then we shall denote by col(Ry,...,R,) the
g X p matrix R whose first column is R;, whose second one is Rs, ..., and whose last
column is R,.
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LEMMA 3.2. R=col(R1:---: Rp) € AT*P is unimodular iff the A-module
P P
RAP£Y "R A= {ZRiai €A |a; € A}
i=1 i=1

is equal to A1.

Proof. = Let R be unimodular. Then there exists S € AP*9 such that RS = 1.
Therefore, for every A € A?, the vector p = S A € AP is such that A = R u, and thus
A=>"  Rip; € RAP, where i = (pu1 : -+~ : p1,,)7. Hence, we have R AP = A%

< Let us suppose that R AP = A9. Then, for every A € A9, there exists (a;)1<i<p,
with a; € A, such that A = Zle R; a;. In particular, for j = 1,...,q, let us consider
the vector e; of A? defined by 1 in the jth component and O elsewhere. Then,
for j = 1,...,q, there exists S; € AP such that e; = RS}, and thus, if we define
S =col(Sy:---:8,) € AP*? then we have RS = I; i.e., R is unimodular. 0

Let us introduce the concept of k-stability for unimodular matrices.

DEFINITION 3.3 (see [17, 41]). A unimodular matrizc R = col(Ra, ..., R,) € AY*P
is called k-stable (1 < k < p —q) if there exists a (p — k)-tuple (¢;)1<i<p—& belonging
to the A-module

k
(31) Rp_k+1A+"'+RpAé {ZRp_k_H b; | b; EA}

i=1
such that the matriz
col(Ri+c1:Ro+cot-- i Ry +cpi) € A1*(p—k)

is unimodular.

Remark 3.2. Let us notice that a vector a € U, (A) is 1-stable iff a is stable in
the sense of Definition 2.2.

LEMMA 3.4. A unimodular matriz R € AP is k-stable iff there exists a matriz
Ty, € AR*®P=FK) such that the matriz

(3.2) Rp=col(Ry: - :Rp_1) +col(Ry_gy1:---: R,) T} € ATXP=H)

s unimodular.

Proof. = Let R be a k-stable matrix; then there exists a (p—k)-tuple (¢;)1<i<p—k
of elements of the A-module (3.1) such that col(Ry + ¢y : -+ : R,_g +cx) € ATX(P=F)
is a unimodular matrix. By definition of the ¢;, there exists b;; € A such that

k
¢i =D Roosj bicp—k+g)-
j=1
Therefore, we have
col(Ri+eci:---:Rp_p+ci) =col(Ry: -+ Ry_g) + col(Rp_pt1: -+ Rp) Tk,
where T, € A¥*(P=k) ig defined by
bip—k+1)  b2p-rk+1) --- bp-m)—ht1)

Ty =

bip bap e b(p*k)p
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< All the columns ¢; of the matrix col(Rp_k41 @ --- : Rp) Ty belong to the
A-module (3.1). Thus, Ry has the form col(Ri +c¢1 : -+ : Rp_p + cx); ie, R is
k-stable. ]
Example 3.1. Let us consider A = RH,, and the following matrix:
s—1 0 _ 1
s+1 s+1
Rz( 1 s 0 >€A2X3.
s+1 s+1

The matrix

s42 L =10 1
(3.3) Ry = ( shhooel ) = ( o . >+< o > (=3: —1)
s+1 _s+1 - 1

s+1 s+

is invertible (det Ry = —1), and thus R is 1-stable.
PROPOSITION 3.5. If R is k-stable, then R is (k — 1)-stable.
Proof. Using the fact that R is k-stable, then there exist

Cla'“acpfkeRpkarlA"‘""FRpA

such that Ry = col(Ry 4+ ¢1 : --+ : Ry_g + ¢p—) is unimodular. Let us decompose
cias ¢ =d; +e;, where d; € Rp_py1Aand e; € Rp_py2 A+ -+ R, A, and let us
define Ry4q = col(R1+e1: -+ : Ry +ep—k : Rp_gy1). Then we claim that Ryq

is unimodular, and thus R is (k — 1)-stable. Indeed, we have

p—k p—k
Z(Ri +ci)AC Z(Rz +e)A+ Ry 41 AC AL

i=1 i=1

Then, applying Lemma 3.2 to Ry, we obtain that Zf;lk(]ﬁ +¢)A = A7, and
thus Zf:_lk(Ri +e)A+ Ry_pt1 A = A%, which proves that Ry is unimodular
by Lemma 3.2. ]

4. Internal stabilization. Let A be an integral domain and let its field of
fractions be

K=Q(A)={n/d|ne A 0#de A}.

In the fractional representation approach to analysis and synthesis problems [5, 6, 42],

we consider a class of plants which are defined by means of transfer matrices whose

entries belong to the quotient field K = Q(A) of an integral domain of stable SISO

plants (see [25, 26, 24, 27] for more details).

Ezample 4.1. We have the following examples of algebras of SISO stable plants:

e For finite-dimensional systems, we usually consider the integral domain of

proper and stable real rational functions A = RHy = R(s) N Hy(C4) and

K = R(s) [42]. Then, A corresponds to the set of proper and stable real

rational transfer functions, whereas an element of K\ A represents either an
unstable or an improper transfer function. For instance,

P=s/((s=1)(s—2)) € R(s)

belongs to K = Q(A) because we have P = n/d, where n = s/(s+ 1) € A
byd=((s—1)(s—2))/(s+1)? € A.
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Fia. 4.1. Closed-loop.

e For infinite-dimensional systems, we can consider A = H(C,) [36], which
gives a class of unstable plants defined by transfer matrices with entries in
the quotient field K = Q(H(C)). For instance, the transfer function

P=(1+e?%)/(1-e?%)

of a wave equation (see, e.g., Exercise 4.24 of [5]) satisfies P = n/d, where
n=14+e2cAandd=1—e"2%¢c A, and thus we have P € K.

Let us consider a plant defined by the transfer matrix P € K7%(P~%9  a controller

defined by C € K®= 94 and the closed-loop given by Figure 4.1. We have the

following equations:
Ip_q —C e1r \ [ w
-P 1, e2 ) \u )’

DEFINITION 4.1 (see [5, 6, 42]). A plant defined by the transfer matriz P €
K99 js internally stabilizable if there exists a controller C' € K®~9*4 such that
all the entries of the matriz

1 _ _
(4.1) Iyq —C — (Ip—q -CP) ! (Ip—q -CP) 'C

' -P I, P(I,_,—CP)™' I,+P(,_,—CP)"'C
42) (I, _,+C(,—PC)"'P C(I,—PC)!

: = (I, —PC)"'P (I, - PC)!
belong to A. Such a controller, C € K®~9%49 s called a stabilizing controller of P.

Ezample 4.2. The controller C = —(s — 1)/(s + 1) is not a stabilizing controller

of the plant P = s/(s — 1) because we have

(s+1) (=s+1)

€1 = oty W T (Zar1) U2
o s (s+1) (s+1)
€2 = Gar—1 W T @er1y U2

and the transfer function between e, and u; has the unstable pole 1; i.e., it does not
belong to RH ..
DEFINITION 4.2. We have the following definitions [5, 6, 42]:
o A transfer matriz P € K9*P=9 qdmits a left-coprime factorization if there
exist R=(D: —N) € AP qnd S = (XT : YT)T € APX9 such that

P=D"N,
RS=DX-NY =1,
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o A transfer matriz P € K x (=9 qdmits a right- copnme factorization if there
exist R=(NT : DT)T € Ap*=9) gnd S = (=Y : X) € AP=0*P sych that

{

o A transfer matriz P € K7*(P=9 gdmits a doubly coprime factorization if P
admits both a left and right-coprime factorization.

PROPOSITION 4.3 (see [42, Theorem 25, p. 105]). FEvery transfer matriz P €
K9(0=9) which admits a left-coprime factorization P = D' N, DX — NY = 1y,
det X # 0, is internally stabilized by the controller C =Y X 1.

It P=Dy LN, = Dy L N, are two left-coprime factorizations of P and R; = (D; :

N;), for i = 1, 2, then there exists a matrix U € GLg(A) such that Ry = U R;.
Hence, we deduce that R, is k-stable iff R, is k-stable. A similar result also holds for
right-coprime factorizations.

DEFINITION 4.4. We have the following definitions [2, 42]:

o A plant P € K7*#—9) jsstrongly stabilizable if there exists a stable controller
C € AP=DX9 yhich internally stabilizes P.

e Two plants P, P, € K9*(P~9) gre simultaneously stabilizable if there exists
a controller C € K®~DX9 ywhich internally stabilizes Py and Ps.

The next proposition is a reformulation of Lemma 7 of section 5.3 of [42] (we
thank an anonymous associate editor for pointing out this reference to us).

PROPOSITION 4.5. A transfer matriz P € K9P~ js strongly stabilizable iff P
admits a doubly coprime factorization P = D~ LN = N D~ such that the matrices
(D: —N) € A?? and (DT : NT) e Aw=9%P gre, respectively, (p — q) and g-stable.

In particular, P € K(A) is strongly stabilizable iff there exists a coprime factor-
ization P =n/d such that the vector (d : n) € Uy(A) is 1-stable.

Proof. Let us suppose that there exists a stable controller C' € A®~9%4 which
internally stabilizes P. Then, all the entries of the matrix (4.1) belong to A and, in
particular, P (I,_, — CP)~' = (I, - PC)"' P =V ¢ A1x(r~a),

Then, from the fact that

N-XD=1,,

9 |
mw

ND
-Y

Iy g+ CV =1, ,+C,—PC)'P=(I,_,—CP)!
we deduce that I,_, + C'V is an invertible matrix, and thus we have
Py y—CP)'=V&P= V(qurC’V)

Then, P admits the right-coprime factorization P =V (I,_, + C V)~! because

v
(=C: 1) ( I_g+CV ) =1Ip—q

The matrix ((I,—, +C V)T : VT) is g-stable because I,,_, + VI CT - VT CT =1, .
Moreover, from the fact that

IL,+VC=I1,+P(I,_,—CP)'C=(1,-P0C)"
we deduce that I, + V C is an invertible matrix, and thus we have

(I, -PC)'P=VeP=(1I,+VC)"
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Then, P admits the left-coprime factorization P = (I, + V C)~!'V, and the matrix
(Ig+V C: =V)satisies I, + VC -V C = I ie., (I, +VC: =V)is (p— g)-stable.
Conversely, if P admits a left-coprime factorization P = D~! N such that the
matrix R = (D : —N) € A9%P is (p — q)-stable, then there exists T} € AP~9*4 such
that U £ D — NT} € GL,(A). In particular, we have DU — N(TZU ') = I,
where U1 € A9%4, Thus, by Proposition 4.3, C = (T3 U~1) (U~!)~! = T} is a stable
controller which internally stabilizes P, and thus P is strongly stabilizable. 0

5. A general structure of the stabilizing controllers. In the next theorem,
we show that there exists a stabilizing controller C' of P such that the dimension of
its unstable part depends on the k-stability of the matrix R = (D : —N) € A7*P,
where P = D™! N is a left-coprime factorization of P. Moreover, the unstable part
of C' is isolated into a single transfer matrix VU ~! € K"™*®=9) where r = p — ¢ — k.

D y-N u=0

u=(u_l:u_2)=Cy

F1c. 5.1. Closed-loop y = Pu and u=Cy.

THEOREM 5.1. Let A be an integral domain of SISO stable plants, K = Q(A),
and let P € K9®P=9 pe q transfer matriz admitting a left-coprime factorization
P=D"'NwithR=(D: —N) € ATP. If R is k-stable and v = p—q—k > 0, then
there exist two stable matrices

T, € Akxq,
(51> { T2 eAer

such that the matriz Ry, = (D—AT) : —(N,+ATy)) € AP~k qdmits a right-inverse
with entries in A, with the notation
R=(D:-N)=(D :—N, :—A) € AP,

— «— —

q r k

(5.2)

Let us define by Sy = (UT : V)T € Alr=R)xa ] ¢ A9%9V € A™9 any right-inverse
of Ry such that det U # 0. Then, the controller C' € K®~9%4 defined by

VU1 lr=p—q—k
(5.3) C= <T1+T2(VU1))’ o P—q

internally stabilizes P (see Figure 5.1). Moreover, if det(D — ATy) # 0, then the
controller C,. = VU~ € K™ internally stabilizes the plant

(5.4) P.=(D—AT)) (N, + ATy) € K77
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D y-N u=0

y=P_ru_l

Fic. 5.2. Plant y = Pru;.

D y-N u=0

Fia. 5.3. Closed-loop y = Pruy and wuj; = Cry.

(see Figures 5.2 and 5.3). The unstable part of the controller (5.3) corresponds to
C, =V U™, and its dimension is equal to r x q.

Similar results also hold for a transfer matriz P admitting a right-coprime fac-
torization P = N D~' (R= (NT : DT)T ¢ Ap*(p=9)),

Proof. P admits a left-coprime factorization P = D~! N, and thus the matrix
R = (D : —N) € A?*? has a right-inverse S = (X7 : YT)T' € APX4; je, R is
unimodular in the sense of Definition 3.1. Also, by hypothesis, R is k-stable, and
thus, by Lemma 3.4, there exists Tj, € A¥*(P—F) such that the matrix R;, € A9*(P—F)
defined by (3.2) is unimodular. Let us denote by Sy € AP~F)X4 4 right-inverse of Ry;
i.e., we have

(5.5) Ry, S = 1I,.

Using expressions (3.2) and (5.5), we obtain that

S S
col(Ry :--: Ry) <Tk’§k ) =1, (D: —N) <Tk’§k >Iq.



STRONG STABILIZATION PROBLEM AND STABLE RANGE 2275

If we write Sy = (UL : V)T, with U, € A7 and V;, € A™9, then we have

Ve \
DUkN(TkSk>Iq.

If det U # 0, then by Proposition 4.3, the controller C' defined by

v ViUt
()
Tk Sk k k —1
T v ) U
Vi Uk_l -1
( Vi Uf )
= Iq = 1
T Tio (Vi U,
Tk(VkUk_1> k1t k2(k k )

internally stabilizes P = D™! N, where T}, = (Tj1 : Tk2) € AFX(a+7) and the dimen-
sions of Ty and Tyo are defined by (5.1). With the notation of (5.2), we have

R =col(Ry: - :Rp_g) — A (Th1 : Ti2)
= (col(Ry:+-+:Rg) —ATp1: col(Ryq1:---: Rp_p) — ATgo)
=(D—-ATy: —(N, + ATx2)).
Using the fact that Ry S, = I, by Proposition 4.3, we obtain that C, = V; Uk_1 is a

stabilizing controller of the plant P, = (D — ATy1) ™t (N, + A Tk2). 0
Ezample 5.1. Let us consider A = Ho(C4) and the following transfer matrix:

e ° s—1

_ s+1 s+1 2X2

pP= o € K2%2
s—1

where K = Q(A). In [25, 26], it is shown that P admits the left-coprime factorization
P=D7!'N, where R= (D : —N) € A?** is defined by

e’ s—1
R:< 1 0 T s+1 T sF1 )
0 s—1 0 1

is unimodular because we have

, _e” _ o (s—1)
<1 2 (24 —:;1) P e |
0 1 = f2.
(5.7) 0 1 e .

S
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Thus, the matrix R is 1-stable, and we can apply Theorem 5.1 to P withp =4, ¢ = 2,
k=1, and r = 1. We know that (S¥ : (T} S1)T)7 is a left inverse of R; i.e., we have

1— e’ ) (s—1)

1 0 s s—1 s+1 (s+1)
(5 8) TsFL T s+l 0 1 —7
: 0 s—1 0 1 -1 0 3
s+1 s+1
0 —2

If we define

et _gls=D
U, = ( 1 s+1 2(15+1) > s Vlz(—ll O), T11=(OI —2)€A1X2, T12:06A,

then a stabilizing controller C' of P has the form
(5.9)

cz( ViU >:<—(1—§+‘1)_1 ~2 G5 (1—§+i)_1>.

T+ T2 (ViU

Let us notice that infyec, [1— ;r;l| = 0 (take the sequence (s, = 1/n)nen), and thus,

by the Corona theorem [16], we have (1 — 2;1 )~ ¢ A. Therefore, the first row of the

controller C' is unstable, whereas its second row is stable. Now, we may wonder if P
is strongly stabilizable. Let us notice that the matrix

(s-1) o (s-1)
RQ _ 1 2 (s+1) + sl ( 00 ) — L2 (s+1)
0 1 0 0 1

is unimodular because we have

1 26D 1 —26D
(5.10) (1) GO | = .
0 1 0 1

Then, the matrix R; is 1-stable, and thus R is 2-stable:

(5.11)

e f _s—1 (s—1)
Ry — 1 ,01 N | p 0 0 _( 1 2 € Uy(A).
0 ;—T-l 0 _s-}-l 0 -2 0 1

By Theorem 5.1, we obtain that P is strongly stabilizable (p =4, ¢ =2, k =2, r = 0).
From (5.11), we obtain

1 0 (s-1)
e ? s—1 s—
( 1 0 TsFl T s+l > 0 1 ( L -2 (s+1) ) — I,
s—1 1 ’
0= 0 -4 8 PQ 0 1

which shows that
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and thus a stable stabilizing controller C’ of P is defined by

O’T2<8 _()2)€A2X2.

To finish, let us show how, using parametrization of all stabilizing controllers of the
plant P = (D -\ Tll)il (N1 + A Tlg), where

s—1 e ¢
A1=<ST ) N1=<S+1>,
ey 0

it was already possible to find C’. First, let us notice that we have

R = (D o SVATE: —(Nl + Aq Tlg)) e AZX3,

Now, from (5.7), we know that S; = (U{ : ViI')T is a right-inverse of R;. Computing
a doubly coprime factorization of P;, we obtain the following parametrization of all
right inverses of Ry (see [25, 26] for more details):

Lt (h =) &7 —2(50 + 7k
S, = < Ui (K1, k2) ) _ 0 ° ° 1 ° Vky, ko € A.
‘/l(k17 k2) k'l 1 k2

Therefore, some stabilizing controllers of P are of the form

ViUt > alky—1) a2k —1) 81 4+ k)
5.12 C = 1 _ = (S+1) ,
(5.12) ( Ty + T2 (ViU ( 0 —2

where a = (1+ (k1 —1) 5;1 )~L. Then, taking k1 = 1 and ky = 0, we recover the stable
controller C of P.

The first difficulty in computing the controllers of the form (5.3) is to be able to
determine explicitly the k-stability of a given matrix whose entries belong to a ring
A. In section 6, we shall see that it is possible to give a lower bound for it by studying
the stable range of the ring A. The second main difficulty is to compute T} such that
Ry, defined by (3.2), satisfies (5.5). In the following corollary of Theorem 5.1, we
study the particular case where Ty = 0.

COROLLARY 5.2. Let P = D' N € K©*W=9 pe g transfer matriz. If there exists
an integer k satisfying 0 < k < p — q such that P. = D' N, admits a left-coprime
factorization, D X — N, Y = I, with det X # 0 and

R=(D:—-N)=(D :—N, :—A) € AP

then the controller

(5.13) C= (Y)g_1>, %:p_q_k

internally stabilizes P = D™1 N.
Proof. Let us define T, = 0. Then, by hypothesis, the matrix

Rpy=(D:-N,)—=ATy=(D: —N,)
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has a left-inverse; i.e., it is unimodular. Therefore, the hypothesis that P, = D~! N,
admits a left-coprime factorization implies that R = (D : —N) is k-stable. Then, the
result directly follows from Theorem 5.1 and Ty, = (71 : T2) = 0. a

Ezample 5.2. Let us consider A = RH.,, K = Q(A), and the transfer matrix

s+1 0
P = < STl s+l ) EKQXQ.

(s—1)2  s—1

P admits a fractional representation P = D' N, where R = (D : —N) € A>*% is

defined by
a0 10
- L b g 1 [
GHD? D

The matrix formed by the first two columns of R is not unimodular, but

s—1 0 -1
s+

Rl = ( 1 _ (s—1) 0 >
(s+1)2 (s+1)

is unimodular because we have

s—1
s—1 0 -1 s+1 4
s+1 1 _ (s+3) -7
R CE R (s+1) G+ | =13
GFD? T GFD 4 4D
(s+1)2 (s+1)

Thus, we can apply Corollary 5.2 to P with p =4, ¢ =2, k=1, r = 1 to obtain a
stabilizing controller C' of P defined by

y X1 L1
= = — S+1
o=("0 )= (W o)

Finally, let us notice that P is strongly stabilizable because C is stable.

6. A general structure of the stabilizing controllers based on the stable
range. In the rest of the paper, we shall need the following definition.
DEFINITION 6.1 (see [17, 41]). Let p and q be two positive integers which satisfy
1 < q < p. The ring A is said to satisfy sri(q,p, A) if every unimodular matriz
R € A?*P js k-stable. If no confusion arises, we shall write sty (q,p) for srx(q,p, A).
In particular, if A satisfies sr(A) = n < 400, then A satisfies srq(1,n + 1).
THEOREM 6.2 (see [17, 41]). We have the following equivalences:
1. sri(1,n) & sri(l,m) Vm > n,
2. sr1(1,n) ©srp(l,n+k—-1)Vk>1,
3. srp(l,n) & srp(m,n+m—1)Vm>1.
COROLLARY 6.3. Let A be a ring satisfying st(A) < 4oo. Then, for every
D, q € Z4 which satisfies p— q > sr(A), we have

Srpqusr(A)+1 <Q7 p);

namely, for every unimodular matric R = col(Ry : --- : Ry,) € AP, there exists a
matriz Ty (a) € Alp—a—se(A)+1)x(a+sr(A)=1) qyeh that

(6.1) Rsr(A) = CO](Rl Dl Rq+sr(A)—1) + COI(Rq—‘,-sr(A) Dl Rp) Tsr(A)
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is a unimodular matric.

Proof. Using the fact that we have sr(A) = n, A satisfies srq(1,n + 1), and thus,
by 1 of Theorem 6.2, we have sri(1,m) Vm > n+ 1. Then, by 2 of Theorem 6.2,
A satisfies sri(1,m + k — 1) for k¥ > 1. Finally, by 3 of Theorem 6.2, A satisfies
stp(lLl+m+k—-2)Vk, Il >1and m>n+1.

Now, let p, ¢ € Z4 such that p—q > sr(A). Let us define k = p—g—sr(A)+1 > 1.
We have p=q+ (str(A)+ 1)+ (p — g —sr(A) + 1) — 2 and, if we define

l=q=1,
n =sr(A),
m =sr(4) + 1,

p=Il+m+k—2,

then A satisfies sry, (I, 1 +m+k—2), i.e., stp_q_q(a)+1(¢, p). Finally, from Lemma 3.4,
there exists Ty a) € AP=g=sr(A)+)x(ptsr(A)=1) gych that the matrix Rg(ay defined
by (6.1) is unimodular. 0
Now, we are in position to state the second main result of this paper.
COROLLARY 6.4. Let P € K9(P=9 be q transfer matriz which admits a left-
coprime factorization P= D' N, R= (D : —N) € AY%P and satisfies p—q > sr(A).
Then, there exist two stable matrices

(p—gq—sr(A)+1)xq
(62) { T1 cA s

Ty € A—a—st(A)+1)x (sr(4)=1)

such that the matriz R,_;_gay41 = (D—=AT1 : —(Nga)y-1+AT)) € Aax(g+sr(A)—1)
admits a right-inverse, with the notation

R=(D:-N)=( D :=Ng-1 i —A) € AT*P,
q sr(A)—1 p—q—sr(A)+1

Let us denote by S,_q_s(ay+1 = (UT : VI)T € Alatsr(A)=1Xa gny right-inverse of
Ry, g—se(a)+1 such that detU # 0. Then, the controller C defined by

- VUt Isr(4)—1
(6.4) C= <T1+T2(VU1))7 Ip—q—sr(A)-l—l

internally stabilizes the plant P = D~ N. Moreover, if det(D — ATy) # 0, then the
controller Cge(ay—1 =V U~! internally stabilizes the plant

Psr(A)fl = (D - ATI)_1 (Nsr(A)fl + ATQ)

Finally, the unstable part of the controller (6.4) is Cauy-1=V U~ and its dimension
is equal to (sr(A) — 1) x q.

Proof. By Corollary 6.3, every matrix of A7*? is k = (p — ¢ — sr(A) + 1)-stable.
Then, the result directly follows from Theorem 5.1. ]

COROLLARY 6.5. Let us consider A= RHo, and K = Q(A) = R(s). Then, every
transfer matriz P € R(s)?*P~9 admits a stabilizing controller of the form

o VUt 11
S\ Nhh+TyvUY) ) Ip—q-1
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where

T, € Alp—a-1)xq,
Ty € A(pqul)ﬂ’

P = D7' N is a left-coprime factorization of P, Sp_q—1 = (UT : VI)T ¢ Alat1)xa
is any right-inverse of Ry_q—1 = (D — ATy : —(Ny + ATy)) € AT sych that
detU # 0, and

R=(D:-N)=( D :=N;y :—A) AP,
T

Proof. Every MIMO transfer matrix P with entries in K = R(s) admits a doubly
coprime factorization P = D™ N = N D~! over A,

D -N X-NQ N\ _,
-Y+QD X-QN Y-DQ D )
where @ is an arbitrary matrix. See [42] for more details. Then, applying Lemma 17 on

page 112 of [42], we obtain that there exists Q* such that the matrix det(X — N Q*) #
0. Using the facts that sr(RH) = 2 (see Corollary 2.7) and

O vHT=(X-N@Y": (Y =D@")")T,
the result follows from Corollary 6.4. a

We have the following straightforward consequence of Corollary 6.4.

COROLLARY 6.6. Ifsr(A) = 1, then every transfer matriz which admits a left-
coprime factorization is strongly stabilizable (i.e., it is internally stabilized by a stable
controller). In particular, this result holds for A =W, or A(D).

Moreover, every internally stabilizable plant, defined by a transfer matriz P with
entries in the quotient field of A = Hoo(D) or Hoo(Cy), is strongly stabilizable.

Proof. The first part of the corollary directly follows from Corollary 6.4 and the
fact that sr(A) = 1. Moreover, by Theorem 2.8, we know that sr(W,) = 1 and
st(A(D)) = 1. Finally, if A = Hy(C,) or Hy (D), then it is well known that P is
internally stabilizable iff P admits a doubly coprime factorization [25, 26, 36]. The last
result directly follows from this fact, Corollary 6.4, Theorem 2.4, and Corollary 2.5.
0

Let us notice that the second part of Corollary 6.6 extends Treil’s result [38] to
MIMO systems. The question of the possibility of having the matrix analogous to
Treil’s result was asked in [9]. However, the issue consisting in computing effectively
the stable stabilizing controllers of a stabilizable plant, defined by a transfer matrix
with entries in K = Q(Hoo(D)) or K = Q(Hx(Cy)), is still open.

COROLLARY 6.7. Ifsr(A) = 1, then every pair of plants, defined by two transfer
matrices Py and Py with entries in K = Q(A), having the same dimensions, and
admitting doubly coprime factorizations, is simultaneously stabilized by a controller
(simultaneous stabilization). In particular, this result holds for A = W, or A(D).

Moreover, if A= Hoo(D) or Ho(Cy) and Py, P1 are two stabilizable plants with
entries in K = Q(A), then Py and Py are simultaneously stabilized by a controller.

Proof. Following the proof of Theorem 14 of section 8.3 of [42], there exists a
stabilizing controller of Py and P iff there exists a matrix T" with entries in A such
that U + V T is a square unimodular matrix, where

U= Dy Xg — N1 Yo,
V = —D;1 Ng + N1 Dy,
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o —1
and P; = DZ-_1 N, = N; D; is a doubly coprime factorization of P;, i =0, 1; i.e.,

D; —N; Xi Ni\_,; (Xi N D -Ni\_,
=Y, X Y, D; ) 7’ Y, D - X, )

The matrix (U : V) is unimodular because we have U X — V'Y = I, where

X =Dy X - NoYi,
Y =Y X1 4+ Xo V5.

Using the fact that sr(A) = 1, by Corollary 6.3, we obtain that there exists T with
entries in A such that U + V' T is a square unimodular matrix, and thus every couple
of plants is simultaneously stabilized by a controller. Finally, by Theorem 2.8, we
know that sr(W;) =1 and sr(A(D)) = 1.

Let P; and P, be two stabilizable transfer matrices with entries in A = H (D)
or Hyo(C4). Then, from [25, 26, 36], we know that P; and P, admit doubly coprime
factorizations. The results directly follow from Theorem 2.4, Corollary 2.5, and the
previous point. 1]

7. Some more results based on stable range.

7.1. Topological stable range. Let us recall the definition of a Banach algebra.

DEFINITION 7.1 (see [13]). A k-algebra A (k = R, C) is a Banach algebra if A
is a Banach k-vector space w.r.t. the norm || - |4 and satisfies

LT a=1,
2. lab|la<|allallb|la(continuity of the product in each factor).

Ezample 7.1. The Hardy space Ho(C4) of the holomorphic functions in C;
bounded w.r.t. the norm || f [|c= sup,ec, |f(s)| is a Banach algebra [5]. Moreover,
the disc algebra A(ID) (resp., the Wiener algebra W), defined in Theorem 2.8, with
the norm || f [|am)= sup,cp |f(s)] (resp., || f [lw,.= :ioo lan|), are two Banach
algebras [13, 42].

DEFINITION 7.2. If A is a Banach algebra, then the topological stable range
tsr(A) of A is the smallest n € NU {+o0} such that U,(A) is dense in A™ for the
product topology.

As for the stable range, the topological stable range tsr(A) is sometimes called
the topological stable rank of A.

THEOREM 7.3. We have the following results:

o [37] tsr(Hoo(D)) = 2,
e [31] tsr(A(D)) = 2.

PROPOSITION 7.4. If A is a Banach algebra such that tsr(A) = 2, then every

SISO plant, defined by the transfer function P =n/d (0 # d,n € A), satisfies

||n_n€ ||AS65

Ve>0,3(de: ne) € Usg(A): { |d—de|la<e.

Ifd. # 0, then, in the product topology, P is as close as we want to a transfer function
P. = n./d. which admits a coprime factorization. In particular, this result holds for
A= Hy(D) or A(D).

Proof. Let us consider the vector (d : —n) € A'*2. Using the fact that tsr(A) = 2,
we obtain

I d—della<e,

Ve>0, 3(de: —ne) € Uy(A): { |7 —n||a<e.
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Finally, using the fact that (d. : —n.) € Ua(A), there exist z., y. € A such that we
have d. z. — n. ye = 1, and thus p. = n./d. admits a coprime factorization. |

In particular, if P is not internally stabilizable, then there exists a stabilizable
plant P. as close as we want to P in the product topology.

7.2. Unit 1-stable range and n-fold. Let us introduce a few definitions.

DEFINITION 7.5. We have the following definitions [4, 14, 40]:

e [14] A ring A satisfies unit 1-stable range if, for every a = (a1 : a2) € Ua(A),
there exists an element u € U(A) such that a; + azu € U(A).

e [39] A ring A is said to be n-fold if, for every n-tuple a’ = (a® : ab) € Ua(A),
1 <i < n, there exists b € A such that a} + abb € U(A) for 1 <i <n.

Ezample 7.2. Using a result of Handelman [15], one can easily prove that
st(Loo(T)) = 1, where T = {z € C||z| = 1} is the unit circle, because Lo (T) is
a commutative von Neumann algebra [23], and thus L. (T) has unit 1-stable range
(for a C*-algebra A with a unit [23], it is well known that sr(A4) = 1 is equivalent to
A has unit 1-stable range [14]). See [18] for the study of stabilization problems over
A = Lo(T). For the sake of simplicity, in this paper we have studied only the case
of integral domains A of SISO stable plants. However, all the results can be easily
extended to any ring A with zero divisors.

PROPOSITION 7.6. We have the following results:

1. If A satisfies unit 1-stable range, then any SISO plant—defined by the transfer
function P = n/d (d # 0,n € A)—admitting a coprime factorization is
bistably stabilizable; namely it is stabilized by a bistable controller (i.e., a
stable and inverstable controller) [2].

2. If A is an n-fold ring, then every n-tuple of SISO plants—defined by the
transfer function P; = n;/d; (d; # 0,n; € A) with 1 < i < n—having coprime
factorizations is stabilized by a stable controller.

Proof. 1. Let P = n/d be a plant which has a coprime factorization. We may
assume that we have dx + ny = 1 with z,y € A. Thus, we have (d: —n) € Ug(A).
Using the fact that A satisfies unit 1-stable range, there exists u € U(A) such that
d—nu € U(A), and thus a stabilizing controller is given by C = u € U(A); i.e., P is
bistably stabilizable.

2. Leti=1,...,n, and let P; = n;/d; be a transfer function admitting a coprime
factorization. We may assume that we have d; z; + n; y; = 1 for certain z;,y; € A.
Thus, we have (d; : —n;) € Us(A). Using the fact that A is n-fold, there exists y € A
such that we have d; —n; y € U(A) fori = 1,...,n. Thus, the stable controller defined
by C' = y simultaneously stabilizes the family of plants {P;}1<i<n. d

Conclusion. In this paper, we have shown that the concept of stable range was
an interesting one in the study of the strong and simultaneous stabilization problems.
In particular, we proved that a plant, defined by means of a transfer matrix which
admits a left-coprime factorization P = D~! N is internally stabilized by a controller,
where its unstable and stable parts are separated and the dimension of the unstable
part depends only on the k-stability of the matrix R = (D : —N) € A?*P. Then,
using the fact that the stable range of A gives a lower bound of the k-stability of
every matrix with entries in A, we proved that, if the stable range of A is 1, then
every plant, defined by a transfer matrix admitting a left-coprime factorization, is
strongly stabilizable. In particular, using the fact that the stable range of Ho (D) is
1 (see [38]), we proved that every stabilizable plant, defined by a transfer matrix with
entries in the quotient field of Ho(C4) or Hoo (D), is strongly stabilizable. Moreover,
we were able to prove that there always exists a stabilizing controller which stabilizes
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simultaneously two stabilizable plants defined by a transfer matrix with entries in
the quotient field of H.,(C4) or Hoo(D). Finally, using the fact that the topological
stable range of Ho (D) is equal to 2 (see [37]), we proved that every unstabilizable
SISO plant, defined by a transfer function with entries in Q(Hx (D)), is as close as
we want to a stabilizable plant in the product topology.

In this paper, we proved the existence of some particular stabilizing controllers.
However, the algorithmical aspects of their constructions were not developed. In
forthcoming publications, we shall try to develop this difficult problem.

The concept of a stable range of A was developed by Bass [1] in order to “stabi-
lize” the computation of the group Kj(A) which is the quotient of the group GL(A)
of invertible matrices with entries in A by its normal subgroup FL(A) of elementary
matrices with entries in A. The connections between the strong stabilization problem
and the computation of this group Kj(A) need to be clarified. Moreover, in [35],
the obstruction of the simultaneous stabilization of two n-D plants is explicitly ex-
pressed in terms of the vanishing of a certain cohomology class. Using the concept
of the Chern character, it would be interesting to study the links between the re-
sults developed in [35] and topological K -theory. More generally, it seems that some
mathematical tools developed in algebraic/topological/Hermetian K -theory are useful
for some stabilization problems. Hence, we believe that the study of stabilization
problems within a K-theoretical approach should give new interesting results [29].

Finally, a necessary condition for strong stabilizability is the existence of a doubly
coprime factorization for the plant (see Proposition 4.5). However, internal stabiliz-
ability is generally not equivalent to the existence of doubly coprime factorizations
(see [24, 25, 26, 27, 28] and the references therein). Hence, if we do not assume the
existence of doubly coprime factorizations for the plants, then the existence of a con-
troller which simultaneously stabilizes two plants P; and P is generally not equivalent
to the existence of a stable controller for a certain plant P built from P; and P,. For
more details, see [30].
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