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Introduction




Unstable plants

e Finite-dimensional system:

1
. u(s).

S_

2(t) = xz(t)+u(t), x(0) =0 = z(s) =
e Delay system:

[ &(t) = «(t) + u(t), z(0) =0,

0 0<t<1,

\y(t):{a:’(t—l), t>1,

6_8

p— u(s).

e System of partial differential equations:

= 7y(s) =

-y 2
%(xat) T %(%,t) — 07

| 22(0,t) =0, 92(1,t) = u(t),

L y(t) = (1,1,

_ 1+4+e 25
= y(s) = =T u(s).

e The poles of the transfer functions (1,1, k7w, k € Z)

—s —2s
hi(s) = 221, ho(s) = &7, ha(s) = 1o

belongto C4 = {s € C | Re(s) > 0} = unstability.



Stabilization by feedback

o C, ={scC|Res >0},
H~(C4 ) = {holomorphic functions fin C |
| £ lloo= supsec, |F(s)| < 400},
Ho = {holomorphic functions fin C |
| £ ll2= sup,er, (JT22 1 (& + iy)[2dy) /2 < +oo}.

= L(L2(Ry)), L(-) Laplace transform.

e The transfer functions h; do not belongto Hoo(C):

—S —2s
hi(s) = 211, ho(s) = &7, ha(s) = 1

= we have the linear unbounded operator

1y, H» — Ho,

u — Yy = h;u,
édom(Thi)Z{fLEHQ‘gzhiﬂéﬂz}gﬂz
=3du € Hy: y=h;u & Ho>.

e Is it possible to find a (robust/optimal) controller C
such that the closed-loop is stable V u; € Hg’i?

u  + el 1
+
+

y2 b eZC u2

+







Importance of coprime factorizations

e Let P the transfer matrix of an unstable plant .

e The problem of finding all the internal stabiliz-

iIng controllers C of P, i.e. all the transfer matrices
C' such that

((I-pPC)L
(I—-pPC) 1P
c(I-prPcC) 1,
I+C{I-PC) P

IS a non-linear problem .

are stable,

e If P admits a doubly coprime factorization

n-la_mn-1( D —N X N\ _
P=D "N=ND ’(—Y < ) (Y D>_I’
then, all the stabilizing controllers of P are parametrized
by the affine Youla-Ku cera parametrization

CQA=F-QN)'(Y-QD)=(Y-DQ)(X-NQ)*".

e The problems of finding the stabilizing optimal
controllers (e.g. info || W1 (I — PC)™1 W5 ||oo)
are no more a non-linear problem but an affine
one (e.g. infg || W1 (X — N Q) D W5 ||).



Open questions

e For finite-dimensional systems (ODE), robust
control solved completely the following problems

1. Internal/simultaneous/strong/robust stabilization,
2. Parametrization of all the stabilizing controllers,

3. Computations of the stabilizing H»/H ~o-controllers
e For infinite-dimensional systems (PDE, delay
systems), the same problems are generally open.

e \We are interesting here in the following questions:

1. Does it exist necessary and sufficient conditions
to internal stabilization?

2. What are the links between internal stabilization
and the existence of coprime factorizations?

3. Does it exist necessary and sufficient conditions
to the existence of the Youla-KuCera parametrization
of the stabilizing controllers?



The fractional representation approach
to synthesis problems
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The Fractional Representation of Plants

e (Zames) The set of transfer functions of SISO
systems has the structure of an algebra  (parallel
+, serie o, proportional feedback . by scalar in R).

e (Vidyasagar) Let A be an algebra of transfer
functions of SISO stable systems  with a structure
of an intregral domain (ab = 0,a # 0 = b = 0)
and its the field of fractions

K:Q(A):{ng | o;sd,neA}.

K represents the class of (unstable) systems

= Any unstable plant is defined by a transfer matrix
T € KP*2 with entriesin K = Q(A).

e (Zames) The algebra A of SISO stable systems
has to be a normed algebra in order to take into ac-
count the errors in the modelization & approximation
of the real plant by a mathematical model.

e We usually ask the normed algebra A of SISO
stable systems to be complete (robustness prob-
lems), i.e. A is a Banach algebra .



Examples of stable algebras A of SISO systems

1. RHoo = {”gs) c R(s) | degn(s) < degd(s),
d(s) = 0 = Re(s) < 0}

1 _ (s) € RH
—1)’ s+1° s—l—l o0

— h1 € Q(RHso) = R(5).

2. A= {f(t) + SFSa;de—t, | £ € L1(Ry),
(a;)i>0 € 11(Z4), 0 =tg <ty <to...}

and A = {g | g € A}, the Wiener algebras .

o ha(s) = Se:i — Ei:::lig Se-l_-sl’ S—I-l c A
= ho € Q(.AA)

3. C4 = {s € C|Res > 0}. The Hardy algebra

Hx(C4) = { holomorphic functions finC_ |
| f lloo=supsec, | f(s) [< o0}

o h3(s) = ((11+§—25))7 14e 25 1—e 25 ¢ Ho(Ch)

= h3 € Q(HOO(C+))-



A module approach of synthesis problems

e Methodology:

1. An integral domain A of

SISO stable systems s

chosen (e.9. A = RHoo, Hoo(Cy) .. ).

2. The plant is defined by a transfer matrix

P e K©*P=a), K=Q<A>={%'O#d’”“}'

3. We write P as:
P=D!'N=ND1, {

(9. D=dIl;, N=dP,

3.Wehave y=Pu & |«

(D: —N) € A9%P,
(NT . DTYT ¢ Apx(p=a),
D=dIy—4, N=dP)

(D:—N)<Z>=O,

.

(x)

~

N

~

D

Y
(

(2)=(5)-

4. Analysis & synthesis problems are reformu-

lated in terms of the properties of

e Linear algebra over rings

().

IS the module theory

= a module approach to analysis & synthesis
problems of linear infinite dimensional systems.




Example

e Let us consider the following transfer matrix:

6_8

P = i:g‘

(s—1)2
e Let us consider A = Hoo(Cy) and K = Q(A).

e We have:
__ eS8 (s—1) _
N=6n% ) (RO TG +1>“ %
Yo = S u (E)Q u =0,
27 (5-1)2 s+1) Y27 +1)2
iR(y>=Q
u
s—1 0 _ e
with R=| *T+ T | e a2,
0 (S‘I'l) _(s—l—l)2
N - R ,
— N
e \We have:

P=D1Ne K2

e Properties of P can be studied by means of the
matrix R with entries in the Banach algebra A

= by means of an A-module associated with R.



Module theory




Finitely presented modules

e Let A be a commutative integral domain, R € AP,
The vectors of AP and AY are row vectors .

Let . R be the A-morphism defined by:

Ac B 4p
Ri1 ... Ryp
pw — pR=(u1 ... pq)
e im.R = A9 R is the module of the A-linear

combinations of the rows of R:

VA€ AIR, Ipe Al A= uR.

e In algebraic analysis , we use the A-module:
M = coker.R = AP/im.R = AP/AYR.

We can prove that:

M is defined by the A-linear combinations of
the equations Rz = O,

where z; correspondstotheclass in M = AP/AYR
ofe; = (0...1...0) € AP (canonical basis of AP).



Example

o Let A= Ho(C4 ) and R be the following matrix:

s—1 0 e S
R = st1 1 2 Se_i__sl & A2X3
0 (S‘|‘1> (s+1)2

e Let us consider the A-morphism . R:

A2 g3

_ s—1)2
(a1 az) — ("’1 <(§+?) 42 ((s+i))2

TN G+1) +1> — 92 @it—lP)

y1 = m(e1), yo =m(e2),
° T A3 A3/A2 R

u = m(e3).
e M = A3/A? R is defined by the equations

( (s—1)
CID YL e =0

(s—1)~° 1)2 e S _
| (P02 ¥2 T ezt = 0

and their A-linear combinations.



Classification of Modules

e Definition: Let M be a finitely generated A-module.

a) MisfreeifdrcZy : M= A"
b) M is stably-free if3r,scZ: Mo A° = A",

c) M is projective if 3r € Z4 and an A-module P:
MaoP=A".
d) M is reflexive if

e: M — homy(homy(M,A),A),
m — e(m), e(m)(f) = f(m),
IS an isomorphism.
e) M is torsion-free if:
t(M)={meM|3d0#*ac A:am=0}=0.

m € t(M) is called a torsion element of M.

f) M is torsion if M = t(M).



Definitions & Results

e Theorem:

free = stably-free = projective
= reflexive = torsion-free .

e Definition: 1. A ring is projective-free if every
finitely generated projective A-module is free.

2. Aring is Hermite ifVn € Z,
Va € Up(A) ={ac A" |Ibe A" : abl = 1},
3V eGLp(A):a=(1:0:...: 0)V.
3. Ais a Bézout domain if every finitely generated

ideal I = >7I"_; Aa; of Ais principal ,i.e. I = Aa
for a certain a € A.

e Theorem:

1. A is a Hermite ring iff every finitely generated
stably-free A-module is free.

2. A is a Bezout domain iff every finitely generated
torsion-free A-module is free.

3. Bézout domain = projective-free =- Hermite.



Doubly weakly coprime factorizations




Unstable poles/zeros cancelations

e Let us consider the system 37 defined by:

{ () + 42(t) + 4 2(t) = a(t) — u(t),
(0) = 2(0) = u(0) = 0.

u(t) — | X1 | — 2(t)

e By Laplace transform, we obtain z = (2121))2

e Let us consider the system 3, defined by:

{ y(t) — y(t) = 2(t) + 2 2(t),
y(0) = 0.

2(t) — | 2| — y(®)

s+2)
s—1)

e By Laplace transform, we obtain y = E zZ.

e Let us consider the interconnection of 2-1&3 »:

u(t) — X1 | — 2(t) — | X2 — y(t)

e The transfer function of 31 &2 5 is given by:

(s+2) (s—1) _ 1
(s—1) (3+2)2 (S+2)

y =



e In the transfer function, we have cancelled the com-
mon factor s—1 which has an unstable zero 1 & <C_|_.

= Engineering experience : loss of stability in 3-1 &3 ».

e Explanation : >-1&3 5 is defined by:

Z(t) +42(t) + 42(t) = u(t) — u(?),
y(t) — y(t) = z(t) + 22(1),
£(0) = 2(0) = u(0) = §(0) = 0.

Eliminating z in the equations, we obtain:
y(t) +y(@) — 2y() = u(t) — u(t)

(1) = y(t) + 2y () — u(t),
= { (1) = (1),

= z(t) = (2y(0) — u(0)) €.
We have:

. _ | oo if2y(0) # u(0),
t_l)l_r?_’looac(t) o { 0 if 2y(0) = »(0).

= > 1&2 5 is generically unstable : there is an
unobservable variable x which is not exponentially
stable = concept of a stabilizable Kalman system

e Problem : Does it exist a framework allowing to
predict and to take into account only the unstable
pole/zero cancelations in the transfer matrices?



Examples of torsion (torsion-free) (sub)-modules

o RHoo = {ggg c R(s) | degn(s) < degd(s),
d(s) = 0= Re(s) <0}

e Let us consider the following system:

u=2~0

(iié) gy (28:21))2

= () (- ko) =

() € R = (3HD) y— & u=0

s+2 s+2  (s+2)2
T
1 __
YT T
e |If we note:
1. 1
R = (§12 . —@S_LF—Q)Q), M = A2/AR,
R = (1 : —SJFLQ) N = A2/A R

then, interms of RH~.-modules ,we have M = N.

e In terms of transfer matrices , we have:

(s+1)2
h(s) — (8‘|‘2) —_

(s+1) 2)
159 (s+2)




e Let us consider the following system:

(553) v Cpapru =0

= () (v av) =0

(55) ¢ Rl = { iy
(S-I-Q)

e Interms of RH ,-modules , we have:

— (s—1. s—1 — A2

t(M)={z=y—(S_|_#2)u| (::_T_—]Q')Z:O}#O.

— (s42)? _ 1
h(s) = 765 = (s+2)
(+2)
Y U

~
<~

M ~  M/t(M).

e Conclusion: The use of RH~c-modules is a frame-
work which only allows the cancelations by com-
mon proper & stable factors in a transfer matrix.




Weak primeness

e Definition: A matrix R € A9*P is weakly left-
prime if

KIiR N AP = AP R,

where K = {p=5[0#d, n € A},ie.

Vue Ki: yuRe AP=3ve A1: uR=vR.

e Dually for weakly right-prime
R is weakly right-prime < R! is weakly left-prime.

e Definition: A matrix R € A9%P is full row rank if
Its rows are A-linearly independent.

o If R € A9XP js a full row rank matrix , then R is
weakly left-prime iff:

Vue K9: wRe AP = u € AP.

e Let us consider the matrix (A = Ho(C4)):

—S

s—l—l 2%x3
0 (S 1> . =S = A )
s+1 (s+1)2
R is not weakly left-coprime  because we have:

1 . s+1 — 1 . s—1 . 3 1 . S+l 2




A-closure & Torsion-freeness

e Definition: If X Iis a submodule of AP, then

X={A€ AP |30#acA:alc X}

Is called the A-closure of X in AP,

e Proposition: Let R € A?*P and the A-modules
ATR C AP and M = AP/A1 R. Then, we have:

1. AR = KIR N AP.
2. t(M) = (K9R N AP)/AIR = ATR/AIR.
3. M/t(M) = AP/(KYR N AP) = AP/ AT R.

e Corollary: We have the following equivalences:

1. R € A9%P is weakly left-prime

2. AR = A1R,

3. M = AP/A9 R is torsion-free .



Example

e Let us consider A = Hoo(C4) and:

s—1 0 _ e’
R=| ! st c A2%3,

0 (5F1) i

e 1R is not weakly left prime because:

1 . s+1 _ 1 . s—1 . 3 1 . s+1 2
(A ) R= (-2 0)ea®» (L ) e,

e The A-module M = A3/A? R is defined by
sy — S7u=0, (1)
_1\2 _s .
() v e =0. (@
and their A-linear combinations.

5— s—1)2
s D= = Cpn—(5F) =00

(s=1) (__1 Gt BN
(3) = ) \((S + DT s+ 1) y2>1 -9

z
R | _ (s—1)
- "z - §s+—1>y1 G+ Y2
s—1 .
GF1) 2 = 0,

IS a torsion element of M, i.e. z € t(M).



Transfer matrices

e Theorem: Let P = Dl_1 Ny = D2_1 N> with:

{ Ry = (Dy: —Np) € AT*P,
Ry = (Do : —N5) € A9XP,
Then, we have

ATR{ = ATR, C AP,
i.e. A7 R; only depends on P.

1 —1

e Similarly for P = Ny D1 =~ = N> D>

e Theorem: Let P = Dl_1 Ny = DQ_]L N> with:

Ry =(D1: —Nqp) € A9%P,
Ry = (D> : —N»5) € AIXP,

Then, we have
T ~ T
Ap R]_ — APR N
l.e. AP R;;.T only depend on P up to anisomorphism.

1 1

e Similarly for P = Ny D{ ~ = N> D> .
e Corollary: The structural propertiesof P = D1 N,
R = (D : —N) € A9%P only depend on AYR
and on AP R up to an isomorphism




Doubly weakly coprime factorizations

P=D"'N=ND"1eckebr-a,
e R=(D: —N) € AT*P,
R=(NT . DITYT ¢ grx(p—a),

e Definition: P admits a weakly left coprime fac-
torization if there exists a weakly left prime matrix
R' = (D' : N') € A?%P such that:

P=D"1N.

e Definition: P admits a weakly right coprime fac-
torization if there exists a weakly right prime ma-
trix R = (D' : N'T)T ¢ APXP—4 such that:

P=nND1

e Definition: P admits a doubly weakly coprime
factorization if P has weakly left and right co-
prime factorizations

P=D"IN =ND1

e Theorem: P admits a weakly left coprime factor-
ization iff the A-module A4 R is free of rank q.

e Corollary: P admits a doubly weakly coprime

factorization iff the A-modules A9 R and AP—4 RT
are free of rank respectively ¢ and p — q.



Noetherian Banach algebras

e Definition: Aring A is noetherian ifanyideal I of
A s finitely generated , i.e. thereexistaq, ...,an € A:

n
I = Z Aai.
1=1

e Examples: RHoo, k[s], k[x1,...,xn] (k=R,C).

e Definition: An A-module M is noetherian if any
A-submodule N of M is finitely generated , i.e.
there exists a finite family {n;}; <;<; of NV such that:

k
Vne N, dJa; € A:n= Zaini.
i=1
e Proposition: If A is a noetherian ring, then an A-
module M is noetherian iff M is finitely generated.

e Proposition: The class of the finitely generated
A-modules over a noetherianring A is stable by :
_I_a @7 /7 ﬂ, Ker'7 im'7 ®A7 homA(') )

e Theorem (Sinclair-Tullo 74): Noetherian Banach
algebras are finite-dimensional ones

= The Banach algebras Hoo(Cy), Loo(R), A, A,
11(Z4), L1(R4)... are not noetherian domains.

e Conclusion: Algebra & module theory seem to
be useless to study infinite-dimensional systems.




Coherent Rings & Modules

e Definition: A ring is coherent if for any finitely
generated ideal I = (a1, ...,an) of A, the module

S(I):{(Tli...irn)EAn | Z?ﬂiaiZO}
i=1

IS finitely generated |, i.e.:
dm € Zy, IR A™*": S(I) = A"R.

e Examples: Noetherian or Bézout domains, R[x;];enN-

e Definition: An A-module M is coherent if:
— M is a finitely generated A-module,
— for any A-morphism ¢ : A™ — M, the A-module

n

ker¢ ={(r1:...:rp) € A" | Y r;¢(e;) =0}

i=1
is finitely generated ({e; } 1 <;<y: canonical basis of A").

e Proposition: If A is a coherent ring, then an A-
module M is coherent iff there exists a finite matrix
R € A?*P such that M = AP /A4 R.

e Proposition: The class of coherent A-modules
over a coherentring A is stable by:

+, ®, N, /, @4, hom4(-,-), anny(-), ker-, im-...



Examples of Coherent Rings

e Theorem (McVoy-Rubel 76, Rosay 77): The rings
Hxo(CL), Loo(R) are coherent .

e Theorem (Helmer 40): If £ is a subfield of C, then
the ring E(k) of entire functionsin C

E(k) ={f(s) =% a;s | ajek,
iMoo | @i [M/1= 0}

IS a Bézout domain, and thus, a coherent domain .

e Theorem (Loiseau 96, Glusing-Luerf3en 97):
£ = ER) NR(s)[e?] is a Bézout domain, and
thus, a coherent domain.

e Theorem (Morse 76): RH~o is a principal ideal
domain, and thus, a coherent domain.

e Are A, Aand L1(R4) + R coherent domains?

e Proposition: Let A be a coherent domain and its
quotient field K = {7 | 0 = b,a € A}. Then, any
transfer matrix T = D~1 N € K2¢(P~4) defines a
coherent A-module M = AP/A9(D : —N).

e Conclusion: The classes of infinite dimensional
systems over coherent rings are the ones which
can be studied by means of module theory.




Examples of Coherent Rings

e Definition: 1. A topological space X is completely
reqular if X is Hausdorff and V U closed set and
Vee X\U,3 feC(X): f(zx)=1, f(U)=0.

2. A completely regular space X is basically dis-
connected ifVf e C(X) :

supp(f) ={z € X | f(x) # O} is open.

e Theorem (Neville 90): X completely regular space:

1. X is basically disconnected <

2. C(X)isasemi-hereditaryring ,i.e. every finitely
generated ideal of A is projective, <

3. C(X) is a coherent ring <

4. C(X) is a PP ring, i.e. every principal ideal is
projective.

e Theorem (Gillman & Jerison 60): If X is basically
disconnected, then X iIs an F'-space, i.e. every
finitely generated ideal of C'(X) is principal .

= A = Lo (T) or Lo (R) are semi-hereditary rings
and every finitely generated ideal of A is principal.



(Counter-) Examples of Coherent Rings

e Definition: 1. The Nevanlinna class is the algebra
N of holomorphic functions f : D — C satisfying

2 0
sup Iog"’ | f(re') | df < +oo,
O<r<1/0

where logTz = max(0, log z).

2. Aring A satisfying Ho(D) € A C N is of
Nevanlinna-Smirnov type |f:

VfeATg he HoD),h e A: f=g/h.

e Example of rings of Nevanlinna-Smirnov type: N,

NT = {f : D — C holomorphic | 3 g, h € Hoo(D) :
f=g/h},
NP = {f : D — C holomorphic |
SUPo<r<1 JG™ log™ | f(rei?) |P do < +oo}.

e Theorem (Mortini 89): Every ring of Nevanlinna
type is coherent.

e Theorem (McVoy & Rubel 76, Mortini & von Renteln 89):
The disc algebra A(ID) and the Wiener algebra

+o0 +o0
WH={f(z)= 3 anz" | Y |an|< 400}
1=0 1=0

are not coherent.



Algorithm

® Input: A coherent integral domain A and R € A?*P,
e Output: R’ € A™P such that AR = A" R'.

1. Start with R € A9*P,

2. Transpose R to obtain RT € APX4,

3. Find a family of generators of:
ker R = {x € AP|\R! = 0}.

If {\1,..., A\m} is such a family, then note:
A1
Rzl = E c A™MXP,
Am

4. Tranpose R!| to obtain R_; € APX™,

5. Find a family of generators of:

ker R_1 = {n e AP|nR_1 = 0}.

If {n1,...,nr} is such a family, then note:
Uh!
R=|: [|eA™P
Tr

We have ATR = A" R/.

® This algorithm is obtained from homological algebra .



Coherent Sylvester domains

e Definition : A is a coherent Sylvester domain  If,
for every p € Z4 and row column R € AP, then

ker R. = {\ € AP | RA = 0} isfree A-module.

e Example: ks, z] (k field), every Bézout domain
(e.g. &), every principal ideal domain (e.g. RH~o).

e Theorem: Hoo(C ) is a coherent Sylvester domain

e Definition: A is a greatest common divisor domain
If every a,b € A have a greatest common divisor.

e Theorem (Dicks 83): A coherent Sylvester domain
IS a projective-free greatest common divisor domain.

= Ho(C4 ) is a greatest common divisor do-
main (Renteln 77, Smith 89).

e Theorem: We have the equivalences:

1. Every matrix P with entriesin K = Q(A) has a
doubly weakly coprime factorization

2. Ais a coherent Sylvester domain

(generalization of a result of M. C. Smith for Hoo (C)).



Example

e Let us consider the transfer matrix (A = Hoo(C)):

6—5

s—1

6—8

(s—1)2

P =

e Chasing the unstable denominators

obtain P = D1 N with R

s—1

s+1 0
0

R =

e K?, K=Q(A).

of P, we
= (D: —N):
el
s—I_—;L c A2><3
(172

o A = Ho(C,) is a coherent Sylvester domain

e There exist a weakly left matrix R’ € A2%3 and

a non-singular matrix

R" € A?%2 such that:

R=R'R=(D: -N)=(R"D': —R"N")
= P=D"!'N=(R'D)1R'N=D"1N"

2
R//:(

R =

\

e Algorithm = <

:,p:(

1
s+1
s—1
s+1

Is a weakly left-coprime factorization

0] 1
s—1 1 )EAQXQ
_s+1 s+1
1 _8—1 o
zi—% 6—'_1 e c A2><3
s+1 s+1
s—1 —1 < 0 )
s+
0 e 5
s+1
of P.



Doubly coprime factorizations




Left & Right-coprime factorizations

P=D"1N=ND"1¢c gexr-a),
e! R=(D: —N) € AT*P,
R=(NT . DT ¢ grx(p—q),

e Definition: P € K2<(P—49) admits a left-coprime
factorization If there exist two matrices

R = (D': —N') € AT%P,
S =(XT: yI)I ¢ Apxq,

such that :

P=D"'N
{HS:DXLMYzh.

e Definition: P € K9%*(P—4) admits a right-coprime
factorization if there exist two matrices
{ R = (N’T : EIT)T c ApX(p—q)7

§=(-V: X)ec Av-0xp,

such that :

{ p=nND"1

SR=-YN+XD =1I,,
e Theorem: P € K9%(P—4) admits a left-coprime

factorization iff the A-module A?/AP—a RT is free
of rank q.

e Theorem: P € K9*(P—4) admits a right-coprime
factorization iff the A-module AP/A? R is free of
rank p — q.




Doubly coprime factorizations

P=D"'N=~ND"1eckir-a,
e R=(D: —N) € AT*P,
R=(NT: PDYT ¢ Apx(p—0).

e Definition: P has a doubly coprime factorization
If there exist

(R = (D' : —N') € A?XP,
R = (N/T : E/T)T c AP*X(p—q)
S

» such that:;

(X+ :
S=(-Y: X)¢c AlP—a)xp.

L(Sﬁ)(?)zm
2 <g> (s é’):<[c§] Ipo_q>zfp'

e Theorem: We have the following equivalences:

1. P has a doubly coprime factorization

2. The A-modules AP/AP—4 RT and AP/A4 R are
free of rank respectively g and p — g.

3. (Sule 94) The A-modules AP RT and AP R are
free of rank respectively ¢ and p — q.



We cannot comb the hair of a coconut!

o Let Ry = Rltg, t1,t0]/(t3 + t$ + t3 — 1) be the
ring of the polynomialsin ¢, on the unit sphere S2.

e Let x; be the class of ¢; in R, and let us consider
the “unstable plant”

L0 L0

and the matrix R = (xg : z1: zp) € R%“.

e The Ry-module M = R3/R, R is stably-free :
RRU = a8+ 29423 =1.

= P has a normalized left-coprime factorization
= P is internally stabilizable by C = P

e Let us prove that P has no doubly coprime fac-
torizations, i.e. M is not a free R»-module .

1. If M were free, then R could be completed into a
unimodular matrix
o T1 X2
U=]|a b c , a,b,c,d,e, f,g € R».
e f g



2. Let us consider the continuous vector field
X:82 — RS3
= (z0,21,22) — X(x) = (a(z),b(x),c(z))?’.

3. U is a unimodular matrix, i.e. its determinant

e(zyc—x2b) — f(zogc—z20a) + g (20b — 21 0)
IS a unit of R,>. Hence, the system

ry c(x) = xob(x),
roc(x) = zoa(x),
rob(x) = z1 a(x)
has no solution, i.e. X IS never colinear with .

4. Let us consider the continuous vector
Y iz € S8? — m(X(2)) € R3,

where 7, is the orthogonal projection of X (x) onto
the tangent plane of S< at z.

= Y is a nowhere vanishing continuous vector
field of S2.

5. It is not possible because “the hair of a coconut
cannot be combed” (topological arguments)

= M is not a free Ro-module

= P has no doubly coprime factorizations as
well as no Youla parametrization for its controllers.



Plants admitting doubly coprime factorizations

e Corollary: p = 5 € K = Q(A) admits a coprime
factorization iff the A-module

I=(d,n)=A%(d: —n)T

IS free, i.e. I is a principal ideal of A.

e Theorem: (Vidyasagar 85) We have 1 < 2 < 3.

1. Ais a Bézout domain,

2. Every MIMO plant — defined by a transfer ma-
trix with entries in K = Q(A) — admits doubly
coprime factorizations,

3. Every SISO plant — defined by a transfer ma-
trix with entries in K = Q(A) — admits doubly
coprime factorizations.

e Example: Principal ideal domains (e.g. k[s], k
field, RH~), E(k) (k subfield of C),

E=ER)NR(s)[e7]...



Internal stabilization




Internal stabilization

e Let A be an integral domain of SISO stable plants
e K ={7|0# d, n € A} the field of fractions of A.
o Pc K1°" aplant.

o C' € K"*% a controller .

e The closed-loop system is defined by:

ul +Q el c yl

+

y2 e +/\ u2
P /

+

w1, up. external inputs, e1, ex: internal inputs, y1, y>: outputs.
uyp \ _( I =P e1 Y1 = ep — up,
ur |\ —-C I e> )’ | yop =e1 — uq.
e Definition: C' internally stabilizes P if the transfer
I —-P

—C 1

_ (I-pPC) ! (I-PC) 1P
S ( C(I—PCY' I+CUI—-PC) 1P ) e Alatryxlatn),

—1
matrix T' = ( > exists and satisfies :

Lo — Lo stability if A = H.(Cy),
e Internal stability <« )
Loo — L stability if A = A.



Examples

e Example: A = RH~, K = R(s).

__ s ( (s+1) s(s+1)
P=T1 €1 = st1) Y1 T @ DG-1) ¥2
(s—1) —
_ 5= _ (— +1) (s+1)
= c does not internally stabilize p because:

s(s+1)
(2s+1)(s—1

u2 ¢ (s-l-l)

(s+1)

y & RHeo (poleinl e Cy).

{(S 1)Z|Z€H2}:>€1§§H2

(e.9. up = 7 ie. L71(up) = e 'Y (1))

The pole/zero cancellation between pand c
leads to an unstability
e Example: A = RH~, K = R(s).
( - (8 1) S
P= 1 1= 7GFn) "1 T ) ¥
= <
— . (s—1) (s—1)
c=2 | €2 T2GFD) YT (sF D) Y2
= c internally stabilizes the plant p.



Internal stabilization: results for MIMO plants

P=D"1N=ND"1ec ke<-a),
! R=(D: —N) ¢ AT*P,
R=(NT: PTYT ¢ Ab-0)xp.

e Theorem: P is internally stabilizable iff the A-
module A?/A9 R (or AP/AP—4 RT) is projective .

e Corollary: P = D~1 N is internally stabilizable
iff 35S = (X1 : YT ¢ KP*4 such that:

XD —XN

1'SR:<YD YN

) c APXP,

2. RS=DX-NY = I,
The controller C = Y X 1 internally stabilizes P.

e Corollary: P € K9X(P=9) js Internally stabiliz-
able iff 3 S = (U! : V)T ¢ APX4q sych that:

1.SP=(UP: VP)ec AP*(p=a),

The controller C = U V1 internally stabilizes P.



Example

e Let us consider the transfer matrix (A = Hoo(C)):

6—8

P=| 2} |e€K? K=Q(A).
(s—1)2

e Chasing the unstable denominators  of P, we
obtain P=D 1 NwithR=(D: —N) € A2%3:

—S

_e -
s+1

—1
L[ o
0

(ﬂ) __ e’
sFI) G2
e The matrix S = (X7 : YI)T € K3%2 defined by

(b (1) 2 26-D )

— (s—1) 1 2b +1
S = b (SS—I—]_)Q - os—1 S—|——1 _I_ i—l ?
—a (s—1) _2a
\ (s+1)2 s+1 )

4e(55—3)

ot - (s-1)

_ (s41)°-4(55—3)e 5™
b=z €4

with

satisfies:

SR e A3%3,
RS=DX-NY = Iy,

= P isinternally stabilized byC =Y X 1.



The stabilizing controller C =Y X ~1is defined by:

_(_a(s—1).  2a
¢ —< G+D2 <s+1>)

S— 2 s—1 -1

(b(igm) +iy 20~ 1><<+1>>)

s—1 1 s+1
b (5—|—1)2 s—1 S—l—l _I_

_ 4(5s5—3)e(s—1)2 .
= A ()34 (5s-3) e GDy (17 2);



Example

e Let us reconsider the transfer matrix (A = Hoo(C4)):

Pz( s )eKQ, K = Q(A).

(s—1)2

e The matrix S = (U : V1)1 ¢ A3%2 defined by
( %"‘b (8—1)3 b (3—1)3 _ 9 (s—1) \

s—l—( 2 s+1 s+1 : (53|-1)
_ s—1 1 s—1 s—1
S=| VF3 TsFT sFI T 203
_ g (s=1)? g (s=1)?
\ (s+1)3 +1)3 )

_ 4e(55-3)
with { “T (8—?_31‘53:!-34 (568114;) e—(s—1)
e R NI = LA

satisfies

S(Ir: —P) €A3X3,
(]22 —P)SZU—PVZIQ,

= P is internally stabilized by the controller:

C =vu-l
. 4(55—3)6(8—1)2 .
= A (14 (Bs3)e G Dy (L7 2):




Projective modules

e Definition: If M = AP/AY R with R € A?*P, then
the ith Fitting ideal Fitt;(M) of M the ideal de-
fined by the minors of size p — ¢ of R.

e Theorem: The A-module M = AP/A9R is pro-
jective of rank r iff:

Fitt, (M) = A,
Fitt,_1(M) = 0.

e Theorem: If R € AY*P (g < p) is a full row
rank matrix , then M = AP/AY R is a projective
A-module if there exists S € AP*4 such that:

RS =1, (& T(M)= A1/AP Rl = 0).

e Theorem: If A is a semi-simple Banach algebra
X (A) its maximal ideal space and R € A?*P is a
full row rank matrix, then M = AP/AY R is a pro-
jective A-module iff

inf S| Ri(x)|>6 >0,
XEX(A)Z-%; ’

where (R;);c; is the minors of size ¢ and ~ is the
Gelfand transform .



Example

o Let A = Hoo(C4 ) and the matrix R defined by:

s 1
1 0 __§+1 _§+&
R =
—1 1
0 §+1 0 s+1

e Let us define the A-module M = A%/AZR.
s—1 1
Fitto(M) = , )
2(M) <s +1 s+1 )
= Fitto (M) = A = M is aprojective A-module ,
and thus, free because Hoo(C4 ) is a Hermite ring .

e We have the generalized B ézout identities :

_, 4
(1 0 &7 5
O s—1 O . 1
s+1 s+1
0 O 1 0
\0 2 0 1
—1 . S —1\2
(1 —2(3F1) ¢ sFI <§+11> )
0 1 .0 ] — L
0 0 1 0
\ O —2 0 g;& )



Algorithm

e Input: A coherentdomain A, R = (D : —N) € A9*P,

e Ouput: Stabilizability or not of P = D-1 N ¢ K®—0xq,

1. Compute A9 R:

Find r € Z, and R’ € A™*P such that
ATR = A" R

2. For increasing ¢, check whether or not:

1 € Fitt;(AP/A™ R").

If 34 such that 1 € Fitt;(AP/A" R") = P is inter-
nally stabilizable, else not.

e Remark: In order to be able to check effectively
Internal stabilizability, we need to:

a. compute the kernel of matrices whose entries be-
long to A.

b. test whether or not 1 belongs to a finitely gener-
ated ideal of A.

e There exists a general algorithm which com-
putes stabilizing controllers



Example

e Let us consider the plant (A = Hoo(C)):

= (5)v- (&) v =0

olet R = (54__% ; S+1> c A2 and the A-module

M= A2JAR = M/t(M) = Fitty(M) = (g;j, 863) |

e M is projective iff Fitt{(M) = A,i.e. Ja,b € A:

(51) @ +( )b—l (1)

e By the Gelfand transform & Corona theorem

s—l—l‘ ‘|" s+1'> > 0.

(1) <= infrec|Res>0) (

Moreover, we have:

50 (142 (52 2 (150) =2

= M is a projective A-module (i.e. afree A-module)

= p Is internally stabilizable and
2e . 2e(s—1)

1 _I_ 2 (1—6(i1)) o _S —I— 1— 26_(8_1)

C — —

IS a stabilizing controller of  p.



Example

eletA = Hx(Cyp), R= (6_5 ; 11> c A2 and

S

the A-module M = A2/AR = M/t(M).

= Fitt{(M) = (S}rl, 8—8) .

e M is projective iff Fitt;(M) = A,i.e.iffda,b € A:

(841_1) a+e b=1.

e By the Corona Theorem, we have

infres>o (le™*|+ |s31|) =0

because if (zn),cN IS @ sequence of positive reals
such that lim,,_, . zn = o0, then:

My —poo (le7%]+ |5-2]) =0,
= 1 ¢ Fitty (M)

= M is not a projective A-module.



A generalization of a result of M. C. Smith

e Corollary: If P admits a doubly weakly coprime
factorization , then P is internally stabilizable iff P
admits a doubly coprime factorization

f P =D 1N = ND~1is adoubly coprime fac-
torization of P,

then, the controller
C=vy X 1=X"1y

Internally stabilizes the plant P.

e Corollary: If Ais coherent Sylvester domain (e.g.
Ho(Ch), k[s, 2] (K field), Z[s], £, RHx), then:

Internal stabilizability
&
existence of doubly coprime factorization.

(generalization of results of Smith, Vidyasagar .. .).



|

Example

e Let us consider the transfer matrix (A = Hoo(C)):

P_

6_8

s—1
6_8
(s—1)2

c K2,

K = Q(A).

e P has a weakly left-coprime factorization

1
P = ( 8-|-1
s—|—1

= P is internally stabilizable

R/

1
( s—I—l
s—I—l

Sy -1
) (L
e
0 s+1
Iff
—1
=)
0 _;I-—l

|

) c A2><3

has aright-inverse S,i.e. T(M') = A2/A3R'T = 0.

N\

\

A1 =2 (—b

. (s-1)
A2 = b1y

with

@D+Um4%

p1

_ 4e(5s5—-3)

(s—1)

Gs+1) A2 = 1,

(s—1)
(s+1)2

GHD M2 T G He:

b — (s+1)

(s+1)

€ A,
3_4(55—3)e (5—1)

(s+1) (s—1)2

+ 1) p2+2a

c A.

(s—=1)
(s+1)2 M3




e Aright-inverse S of R’ is defined by:

s—1\2 (s—1)
(_Qb(f—l_ll)) +2 b(sjl)\ iy
_ S— X
\ 290512 G+ /
e Then, a stabilizing controller C of
P = €:§
(s—1)2
IS defined by:
_ (s—1) . a
¢ = (2a(5+1)2 - T (G+D)
s—1)\2 (s—1)
( zb(lel) 42 b(s(;l—l)
S CSIAE N Cn Y

4(55—3)e(s—

1)2

(1:

~ (s+1) ((s+1)3-4 (55-3) e~ (s-1))




Internal stabilization: results for SISO plants

e Theorem: Wehave 1 & 2 & 3:

1. The plant p = 7 is internally stabilizable

2. The ideal I = (n,d) is invertible , i.e. we have

mn
I(A:DE{> aiby,la;el,be (A1)} = A,
i=1
where the fractional ideal A : I is defined by:
A:l={ceK=Q(A) | cn€ A, cde A},
3. There exist z,y € K = Q(A) satisfying :

dr—ny =1,

xn, xd, yn, yd € A.

Then, ¢ = y/x internally stabilizes p = n/d and
A: I = (x,y)istheinverse of I = (n,d).

e Corollary: The plantp € K = Q(A) is internally

stabilizable iff the fractional ideal J = (1, p) is

invertible ,i.e. J(A:J) = A, where
A:J={acAl|lape A},

l.e. iff da, b € A such that:

a—bp=1,
ap € A.

Then, the controller ¢ = b/a internally stabilizes p.



Example

e Let us consider the transfer function (A = H(C4.)):

P — ( ) cK=Q(4), K=Q(A).
e Let us define the fractional ideal J = (1,p) of A

= A: J:{k€A|kPGA}:<§—T-—%)

. _ [(s=1 €3
=) = (54 1)
e We have the following Bézout identity
1 1— —(s—1) s L
() (1+2 () + (1) 20 =
(2)
= J(A: J) = A, ie. pisinternally stabilizable

e Moreover, we have:

@ (5) (142 (552) + (2¢ (31)) p =1

N o= (5} (1+2(1€(j )))EA:J,
b= —2¢ (53})€A:J

Then, a stabilizing controller ¢ of p is given by:

2e(s—1)
(s—1)4+2 (1—e—(s-1))"

SISy

CcC =



Tangent bundle of S1

o Let Ry = Rltg,t1]/(t3 + t2 — 1) be the ring of
the polynomialsin tg and ¢; on the unitcircle S1.

e Let x; be the class of t; in R¢, and the plant:

b_
L e K=Q(Ry), a2+b2=1.

p:
o — a

e R=(xg—a : x1 — b) is not weak left-prime :

(‘”;01—4_7;) R = (b—=1 : zo+a) € R{*?, (Zﬂtg) ¢ Iy

= R;-module M = R%/R; R is not torsion-free
= M is not a free Ri-module, i.e. Fu,v € Ry:

u(xg—a)+v(xy —0b) =1
= p has no doubly coprime factorizations

elet] = (zg—a,z1—b),thenA: I = (1’ xo_l_a)

b—x1
1 xo + a
—a) [—— b — =1
(w0 = a) ( Qa) +(o-z1) <2a(b—x1)>
= I1.(A: I)= A,ie. Iisinvertible .
= c= fgg—j;? stabilizes p = 2;5_’3; and we have:

1 D —1 a—xrg T1—b 5o
— _ X
(_c 1 ) = | &4 2% | €ERTTT

2a 2a



Anantharam counter-example (85)

e Let A = Z[i\/5] and the plant p = 1"’3‘/5.

e R=(14i+v5 : —2) is not weak left-prime

= M = A?/AR is not torsion-free = not free
= Aa,be Asuchthat (1L +iv/5)a+2b=1

= p has no doubly coprime factorizations

e The plant p is internally stabilizable because the
ideal I = (14 i+/5,2) isinvertible :

&

A T={ceQ@Vs) | cch)}=(1,1—i2 )

(1+i\/§)(1_é\/§)—2x1 —1cI(A: D) =A.

— ¢ = 1=iV5 jg 4 stabilizing controller  of p and:

(1 —p>‘1:< 2 1+i\/§>€A2x2.

—c 1 1—4iv5 2
e Or,p = ﬁg — _(l_l_;\/g) with 3-2=1 = pis

Internally stabilized by ¢ = —% = %

e Any MIMO defined by a transfer matrix with entries
in K = Q(3+/5) is internally stabilizable because
A Is a Dedekind (i.e. a Prufer) domain.



Classes of internal stabilizable plants

e Definition: A domain A is a Prufer domain if it
satisfies one of the equivalent assertions:

1. Every finitely generated torsion-free  A-module
IS projective

2. Every finitely generated ideal is projective

3.VO#Ad,ne A, I = (d,n)isinvertible , i.e.:

der—ny=1,
Jo,ye K =Q(A) :
xn, xd, yn, yd € A.

e Examples: — Bézout or Dedekind domains,

— the affine coordinates ring of a non-singular alge-
braic surface (e.g. R[z, y]/(z2 + y2 — 1)),

— the integral closure of Z into a finite extension of Q
(e.g. Z[iv/5], Z[iv/23]),

— the domain of Z-valued polynomials in Q[x]...

e Theorem: 1. A is a Priuferdomain <

2. Every MIMO plant — defined by a transfer matrix
with entries in K = Q(A) — is stabilizable <

3. Every SISO plant — defined by a transfer func-
tion with entries in K = QQ(A) — is stabilizable .



Youla-Ku cera parametrization

e Theorem: If R € A9*%P js a full row rank matrix
then the A-module M = AP/A9 R is free iff there
exist R_q, S, S_q such that:

1. (S R_1) (Si):]p,

2. (Si) (s R—1>:<Ic§] Ipo_q>'

e Proposition: If R € A9%P is a full row rank matrix
and the A-module M = AP/A? R is free, then:

1. ( S'(Q) R_1 ) ( 5’_1132@) ) = I,

R , (I, O
2 (S’_l(Q)> (5@ R—1>—<(§I Jp_q>’

S/_l(Q) =51+ @R,
with VQe AP—a)xq,

S/(Q) =S5 - R—l Q)

= We call Q € AP~D*x1 —, g/ (Q) the Youla
parametrization of the complements of Rin GL,(A).



Example

e Let us consider p = (Se_i) and the system:

(s—1) e’ _
GIDY v =0

If A = Hoo(CL) and R = (j_T_—i ; _;3_%) then
the A-module M = A%/ARis free.

= p is internally stabilizable and has doubly co-
prime factorizations

e A few computations give the Bézout identity :

s—1 e s
s+ s+1
(s—1) 1_e—(s—1) —s

2¢t 1) ¢ 1+2( —1 ) " =

1_e—(s—1) —s —s
( 142 ( | )_ (se+1)q ¥l \

— 127 q € A.
(s—1) —1
\ —2e— 1) @ ST
All the stabilizing controllers are parametrized by
(s—1)
2¢ 1 (F1) 4

, ¢ € A.

CcC =

o 1—e—(s—1) e—S
1+2< s—1 >_(s—|—1)q

The degree of freedom ¢ can be used to optimize

the closed-loop performances (H» or H~o control).



K-Theory and Class groups

e Corollary If A is a Prufer domain which is not a
Bézout domain, then there exist stabilizable plants
which have no doubly coprime factorizations

= We cannot parametrize their stabilizing con-
trollers by means of the Youla parametrization

— A plant p = n/d is stabilizable iff I = (n,d) is a
projective A-module, i.e. invertible .

— A plant p = n/d has doubly coprime factoriza-
tionsiff I = (n,d) isafree A-module, i.e. principal .

= Kg(A) and Kg(A) (or the class group C(A))
study the difference between projective and free
A-modules (or invertible and principal ideals ).

e Theorem: If A is a projective-free domain, then
a plant is internally stabilizable iff it has doubly
coprime factorizations.

e Example: Ko(Hxo(C4)) = Z, Ko(€) = Z,
Ko(RHx) =7, Ko(A) =2.




What is next?

e Parametrization of all the stabilizing controllers

of a stabilizable plant which does not admit co-
prime factorizations (= generalization of the Youla-
KucCera parametrizaton) (SCL).

e Strong stabilization (existence of a stable con-
troller) and simultaneous stabilization  (existence
of a controller stabilizing a family of plants) (SIAM).

e Duality between module and operator approaches
(domains, graphs, unbounded operators ...) (SCL).

e Nyquist’s theorem for oo-dimensional systems.

e Robustness topology : graph topology and met-
ric, gap metric, v-gap metric ...

e H> and H.-optimal stabilizing controllers

e Development of algorithms and packages (e.g.
for certain classes of delay systems as e.g. &).



Appendix




Homological Algebra

e Definition: A free (resp. projective, flat ) resolu-
tion of an A-module M is an exact sequence

B2 YR M0 (3

where the F; are free (resp. projective, flat ).

e Definition: The minimum length pd 4 (M) (resp.
fd(A)) of the projective (resp. flat) resolutions of
M is called projective (resp. flat) dimension .

e Definition: The global dimension of aring A is:
gl.dim(A) = min{pd (M) | V A — module M}.
The weak global dimension of aring A is:

w.gl.dim(A) = min{fd4(M) | V A—module M}.

e Definition: If M is an A-module with (3) for a pro-
jective resolution , then the defects of exactness of

d* dX d% d*
- Ff <> F3 <= Ff < F§ — 0,
where FZ* = hom 4(Fj;, A), are defined by
1. ext? A (M, A) = kerd§ = hom4(M, A),
2. ext! “W(M, A) = kerd} 1/|md i>1,

only depend on M and not on (3).



Homological Algebra

e Proposition: If A is a coherent domain, then every
A-module of the form M = AP/AY R has a finite
free resolution ,i.e. F; = A" with r; € Z .

e Proposition: If A is a coherent domain , then, for
every A-module of the form M = AP/A? R:

pda(M) = fd4(M).

e Theorem: If A is a coherent domain with a weak
global dimension w.gl.dim(A) = n, then, for any
A-module of the form M = AP/A9 R, we have:

0. t(M) £ ext] (T'(M), A),
1. M is torsion-free < extl (T'(M), A) = 0,

2. M is reflexive < exty, (T'(M), A) = 0,i = 1,2,

n. M is projective < ext!, (T'(M),A) = 0,1 < i < n,

where T(M) = A9/A9R! is the transposed A-
module of M.



Coherent Sylvester Domains

e Definition: A projective-free coherent domain with
w.gl.dim(A) < 2is acoherent Sylvester domain

e Example: k[x1, x»o] (k field), every Bézout domain
(e.g. &), every principal ideal domain (e.g. RHxo).

e Theorem (Dicks & Sontag 78): A is a coherent
Sylvester domain iff for every row column R € AP,
the A-module

ker R.={A € AP | R\ = 0}

IS free.

e Theorem: Hoo(C ) is a coherent Sylvester domain

e Definition: A is a greatest common divisor domain
If every a,b € A have a greatest common divisor.

e Theorem (Dicks 83): A coherent Sylvester domain
IS a greatest common divisor domain.

= (Renteln 77, Smith 89) Ho(C4 ) is a greatest
common divisor domain
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Introduction

e Theorem: (Morse, Vidyasagar) Every transfer ma-
trix P € R(s)?*" admits a doubly coprime factor-
lzation over RH~o, 1.€.:

P=D1IN=ND1

D —N XN_I
-y X Yy D)7

where D, N, N, N, X, Y, X, Y € M(RHx).

e Theorem: (Youla, KucCera, Desoer) All the stabi-
lizing controllers of P € R(s)9*" have the form:

C(Q)=X-QN) ' (Y-QD)=X+DQ)(X+NQ)!

for every Q € RHLZ Y such that:
det(Y —QN) 20, det(X - NQ) #0.

e Interest: Find the controllers C € R(s)"*9 s.t.:

inf Wy (I —PC) 1 Wy |loo,
ceont () | W1 ( ) 2 |loo

Stab(P) = { C € R(s)™ | (I — PC)"t, (I — PC)"1 P,

C(I-PC)Y,Cc(I-PC)1Pe M(RH)}

This non-linear problem becomes the convex one:

inf | W1 (X+NQ)DW> |l .
QeRHL?



Closed-loop

&2 M
N\

u2




Extension to other classes of systems

“ The foregoing results about rational functions
are so elegant that one can hardly resist the
temptation to try to generalize them to
non-rational functions

But to what class of functions?

Much attention has been devoted in the
engineering literature to the identification of a
class that is wide enough to encompass all the
functions of physical interest and yet enjoys the

structural properties that allow analysis of the

robust stabilisation problem 7,

N. Young.

(“Some function-theoretic issues in feedback stabilization”, in
Holomorphy Spaces, MSRI Publications 33, 1998, 337-349.)




Fractional representation approach

e Let A be an integral domain and K its quotient
field Q(A) = {n/d |0 # d, n € A}.

e Definition: P € M(K) has a doubly coprime
factorization over A if there exist
3D, N,D, N, X,Y, X, Y € M(A) such that:

P=D1N=ND1
D —N X N — 7
-y X Y D)

e Definition: P € K9%" is A-internally stabilizable
if 3C € K"*4 such that:

i, -P\ ' ( ,-PC)' U,—PO)lP
(_C Iy ) _((Ir—C’P)lC (Ir—CP)_l )EM(A)

® | existence of a doubly coprime factorization
over A = A-internal stabilizability.

= P € M(R(s)) is RHo-internally stabilizable

e Theorem: (Smith) If A = Ho(C4), then:

Ho (C4 )-internal stabilizability
&
existence of doubly coprime factorizations

= d Youla-Ku ¢era parametrization.




Open questions

e Does A-internal stabilizability imply the exis-
tence of doubly coprime factorizations over

A = A={L()(s) + T aie | f € Li(Ry)
(a;)i>0 € l1(Z4), 0 =1tg <t3 <ty < ...},
(ring of BIBO-stable time-invariant systems)

A = W_|_ p— {Zf;oazz” Z;I_:Og |a7,| < —|—OO},
(ring of BIBO-stable causal digital filters)
A = Mpn ={r/s|0# s, r € Rlxq1,...,zn],
s(z) =0=x ¢ D"}
(ring of n.D systems with structural stability) ... 7

e If it IS not the case:

Is it possible to parametrize all stabilizing
controllers of a stabilizable plant which does
not admit doubly coprime factorizations?

e In this talk, we shall solve the last question.



SISO systems




Theory of fractional ideals

elet Aand K = Q(A) = {n/d|0#d, n € A}.

e Definition: A fractional ideal J of A is an A-
submodule of K such that 30 # d € A satisfying:

(d)J £ {ad|a e J} C A.

Jof Aisintegral if J C A andprincipal ifdk € K

J= (k)2 Ak ={ak|a € A}.

e Proposition: Let 7(A) be the set of non-zero frac-
tional idealsof Aand I, J € F(A). Then:

{ IJ={>finiteaib; | a; €I, b; € J} € F(A),

[:J={kec K=0Q(A) | (k)JCI}c F(A).

e Example: Let A = RHoo, Hoo(CL), A, Wy ...
and p € K = Q(A) be a transfer function . Then,

J=A+Ap={A+up|X pe A} € F(A)

(p=n/d,d,ne A= (d)J=An+ AdC A).

e Definition: J € F(A) isinvertible if31 € F(A):

I1J=A.
>I=J1=A:J={keK|(k)JC A}




Stabilization problems

e Theorem: Letp € K = Q(A) and:
JE2(1,p)=A+ Ap e F(A).

1. p has a weakly coprime factorization p=n/d
(0O#£#d,nc A, VkeK:kn, kdc A=kecA)

S|A:J=2{a€Alap € A} = Ad.

2. pis internally stabilizable <« |J is invertible | i.e.

a—bp=1,
ap € A.

da, be A: {

Then, ¢ = b/a internally stabilizes p, J~! = (a, b).

3. ¢ € K internally stabilizes p
<(1,p)(1,¢) =(1—-po).

4. p admits a coprime factorization p =mn/d
(0O#d,neA, dex,yeA: der—nmy=1)
s |J=(1/d)|

5. p is strongly stabilizable
S|dece A J=(1—pc).




Example

e Let us consider A = Hoo(C ) and:

e ® __ (s+1 __
P=(oo1y = 1y € K = Q(A).

e Let us define the fractional ideal J = (1, p) of A
= A:J={deA|dpe A} = (53}).

s+1
because A is a GCDD and gcd <Se4__i, ;”4—_%) = 1.

e p is internally stabilizable iffda,be A : Js.t.:

(. — (s—1)
a4 = (s+1) o
—bp=1«3 A — (s—1)
a D & dJx, Y € y b= (5T 1) Y,
|l a—bp=1.

b= (050 () (o)

oy = (s—l)a:_—s(s—l—l)

e

_ (s+1)4e %y
T s—1

T
= ((s+1)+e%y(s))(1) =0=y(1) = —2e.
e Taking y(s) = y(1) = —2e € A, then:

r = (S+1)_2€_(8_1) — 1 _I_ 2 (1—6_(8_1)> c A

s—1 s—1



e Therefore, we have:

(az(:s_T_—%) (1+2(1 e”Ce ”))eA:J,

b=—2e (S31) €A J,
L a—bp=1, (%)

/\\

= a stabilizing controller ¢ of p is defined by:
b 2e(s—1) 2e(s—1)

C T AT TG D2(1-—eGD) T T stl 2o GD

e J=(1,p)isinvertible , J~1 =A:J= (g—T—l)

[

= J=(J"H 1= (i‘l’—%) is principal

= p = ¥+ is a coprime factorization




Robust stabilization

e c c K = Q(A) internally stabilizes p ¢ K iff:

(1,p) (1, ¢) =1 —po).

e Let ) € A. cinternally stabilizes p and p + ¢
ff { (17 p) (17 C) — (1 —pC),
|
(Lp+d)(L,e)=(1—-(@+9)c).
{ (17 p) (17 C) — (1 —pC),
==
(L,p) (L, )= —-(p+9)c).
((1,p)(1,¢0)=(1-po),

| (55 = (1-12) =4

& c stabilizespand (1 —d6¢)/(1 —pc) € U(A).

<~ A

e If A Is a Banach algebra , then (small gain thm):

|1l —alla<1=a€UCA).

= a sufficient condition of robust stabilization

16 1a<le/(X=pe) )~




Example

e Let A be the ring of BIBO-stable causal filters

+00 . too
A=Wy ={f(z)= > a;2"'| ) la;] < +oo}.

i=0 i=0

_(1-|-Z)
e Let us consider the transfer function p=e \17%/:
| -()
n=(1-2)3e \172) ¢ A,

< = p=n/d € Q(A).
\ d=(1-2)3¢e A,

e Let us consider the fractionalideal J = (1, p) of A.

A:J=1{keK |k, kpe A} ={dec A|dpe A}.

e The ideal A : J is not finitely generated

(R. Mortini & M. Von Renteln, Ideals in Wiener algebra , J.
Austral. Math. Soc., 46 (1989), 220-228),

i.e. 7 finite family {dq,...,dr}, d; € A, such that:
T
Vde A:J, da; € A: d:Zazdz
i=1

= p has not weakly coprime factorizations

= p does not admit coprime factorizations
& p is not internally stabilizable




Parametrizations

e Theorem: Let p €¢ K = Q(A) be a stabilizable
plant and J = (1, p). Then, all the stabilizing
controllers of p have the form

b+ 7191 + 1290 (%)

c(q1, q2) = ,
a+ripqr +712pgo

where ¢ = b/a is a stabilizing controller of p, i.e.
a—bp=1, ap€e A,

J72=(r1,r2) (e.9.m11 =a? ro =102

and Vqi,g2€A: a+r1pq1 +ropge # 0.

1. (x) has only one free parameter

& p2 admits a coprime factorization p2 = s/r

b+ rq
a+rpq

(x) & c(q) = , g€A: a+rpqg#0.

2. If p admits a coprime factorization p = n/d,

O#%#d, neA, dx—ny=1, then:

d
() e e(q) = LT
x+nq

(a=dz, b=dy, r=4d?)
Youla-Ku ¢era parametrization

VgeA:. x4+ nq+0.




Example

e Let us consider the ring A = R[z2, 23] of dis-
crete time delay systems without the unit delay

e A has been used for high-speed circuits, computer
memory devices. .. (K. Mori).

e Let us consider p = (1 — 23) /(1 — z2) € Q(A).
e Let us consider the fractional ideal J = (1, p).

e Using the relation in A
1-23 A +23) =00 -2 1+ 2%+ %),

we have:
(1-23) _ (1+2"+a%)
(1-22) (1423)

= A : J = (1 - 22, 14 23) is not principal
because x + 1 ¢ A.

p:

= p does not admit a weakly coprime
factorization.

= p does not admit a coprime factorization

= we cannot parametrize all the stabilizing
controllers of p by means of the Youla-Ku cera
parametrization.




Example

o J(A:J)=(1—22 1423, 1—23, 1+22+2%)
= (14+23)/24+@—-23)/2=1cJ(A:J)
= pis internally stabilizable and J~1 = A : J.

e (14+z3)/24+ (1 —-23)/2=1€J(A:J)
<~
(1+23)/2+((1-22)/2)p=1

a=(1+2z3/2¢eJ1,
=
b=—(1—-z2)/2eJ1,

=c=bla=—(1—-22)/(14+ z3)
Internally stabilizes p.

e J 2 =((1-2%)2, (14 23)2) is not principal
ideal of A (x 4+ 1 ¢ A).

e All the stabilizing controllers  of p have the form

c(q1,92) =

—(1-22)+(1-22)2 ¢1+(1423)% g0
(1+23)+(1—22) (1—23) 1 +(1+23) (1+22+2%) g2

for all g1, go € A such that the denominator exists.



Example

e Let us consider A = Z[iv/5], K = Q(iv/5) and:
p=(14iV5)/2€ K

“On stabilization and existence of coprime factorizations”,
V. Anantharam, , IEEE TAC 30 (1985), 1030-1031.

e Let us define the fractional ideal J = (1, p).

e Using the relation in A
2x3=(14+iv5)(1—-iV5) =6,

=p=(14+iV/5)/2=3/(1—-iV5).
= A:J=(2,1—1i+/5) is not a principal ideal

= p does not admit a (weakly) coprime
factorization.
= 7 Youla-Ku ¢era parametrization.

e J(A:J)=(2,14+iv5,1—-iV/5,3)=A
243=-2—-(-14iV5)p=1
= c = (1 — i4/5)/2 internally stabilizes p.

e J 2=(A:J)?=(2,1-iV5)?=(2)

__ 1-iv/5-2¢
=>c(q)—2_(1+z_\/§)q, Vq e A.




Picard group

e Definition: Let P(A) be the group of non-zero
principal fractional ideals of  A:

P(A) ={(k) 2 Ak|0# ke K}

Let Z(A) be the group of non-zero invertible frac-
tional ideals of A:

T(A) ={J e F(A) |IT € F(A): IJ= A}

The Picard group of A is the defined by:

C(A) =I(A)/P(A)

e Proposition: If C(A) = Z/2Z, then every stabi-
lizable plant p € Q(A) has a parametrization of
all its stabilizing controllers with only one free
parameter.

If C(A) = 1, then every stabilizable plantp € Q(A)
has a Youla-Ku cera parametrization (e.g. Hoo(C),
RHs,, Bézout domains).



Sensitivity minimization

e Let A be aBanachalgebra (Hoo(CL), A, W,...)

e lLetp € K = QQ(A) be a stabilizable plant , then

INfeestan(p) | 7252 4

infg goea llw(a+a?pqr +b%pg2) |4 ()
(convex problem )

wherea, be Asatisfy a—bp=1, ap€ A,
and cx = b/a is a stabilizing controller of  p.

e 1. If p = n/dis acoprime factorization of p
dr—ny=1, z,y € A,

—a=dx, b=dy,

=a+a’pqgr+b°pgo =d(z+qn),
q=2%q1 +v° .

2.V €A Tq1, €A q=122q1 + v o,
withgs = d? (1 —=2ny)q, ¢o =n? (14 2dz)q,

(@ (1 —2ny))a® + (n* (1 +2d2))y> = 1].

(x) = infeea [[wd(z+ng)la.




MIMQO systems




Lattices

e Let V be a finite-dimensional K-vector space.
e Definition: An A-submodule M of V is a lattice of
Vitd L1, Lo two free A-submodules of V s.t.:

L1 C M C Ly,
FKA(Ll) = dimK(V).

e Example: The lattices of V = K are just the non-
zero fractional ideals of A.

e Proposition: An A-submodule M of V' is a lattice
of V iff

KM={km|ke K, me M} =1V,
M C P,
where P is a finitely generated A-submodule of V.

e Example: Let P € K9%", then the A-module
(I, : —P) A9TT
IS a lattice of the K-vector space KY.

e Example: Let P € K9%", then the A-module

1x(g+r) [ P
e (1)

is a lattice of the K -vector space K1%7.



Lattices

e Let V and W be finite-dimensional K -vector spaces.
e Let M (resp. N) be a lattice of V' (resp. W).

e Definition: IV : M is the A-submodule of

hompg(V,W)={f:V - W|fisa K—linear map}

formed by the K-linear maps f : V — W which
satisfy f(M) C N.

e Proposition: 1. N : M is alattice of hom g (V, W).

2. The map

N:M — homy(M,N)= {f: M — N|
fisa A — linear map},

fo= fim
IS bijective.
e Example: Let P € K9%"and M = (I, : —P) A9,
Then, we have:
A:M ={f:K7— K|f(M)C A}
={Ae KX | \(I;: —P) ATT" C A}
= {Ae K1Xq|xe AlX9 AP e AlXT}
={Ae AIXq| \ P ¢ AlxT},




Weakly coprime factorizations

e Definition: P € K2*" admits a weakly left-coprime
factorization if 3 R= (D : —N) € A?*(at+7) gt

P=D"1N,
Vie K1Xa: NRe Alx(gt+r) = )\ ¢ AlXq,

e Definition: P € K% admits a weakly right-
coprime factorization if 3 B = (N7 : DTYT ¢
Alg+r) % gych that:

e Proposition: P € K9*" admits a weakly left-
coprime factorization iff 3 D € A9%% such that

A:((Ig: —P)ATT™) ={xec AYXq| AP c AlXT}
=A1XqD,

i.e. is a free lattice of K1X4.

e Proposition: P € K% admits a weakly right-
coprime factorization iff 3 D € A”*" such that

A:(Alx(q‘”)( P )) ={A€ A" |P X e A9}
Ip—q

=D A",
l.e. Is free lattice of K.



Coprime factorizations

e Let A be an integral domain and K = Q(A).

e Proposition: P € K% admits the left-coprime
factorization

P=D'N, DX-NY =1,
iff 3 D € A9%4 such that

(Ig: —P)AITT 21X —PXo| A1 €AY X € A"}
= D1 Aq,

l.e. iff (I, : —P) AP is a free lattice of K9.

e Proposition: If P € K9%" admits a right-coprime
factorization

Pp=ND"! —Vx+4+XD=1I,

iff 3 D € A™<" such that

Alx(g+r) (f) 2N P+ )|
' (A1 Ap) € Alx(a+m)y

= AlX(CI+T) E_l’

ie. iff AL<(at7) (pPT . )T is a free lattice of
K].X?“_



Stabilizability

e Theorem: P € K9%" is internally stabilizable iff
one of the following conditions is satisfied:

1. (I; : —P) A9T" is a projective lattice of KY,
namely 34 A-module M such that:

(I —P) A9T" @ M = AITT,

2. Alx(g+r) f is a projective lattice of K17,
T

namely 9 A-module N such that:

ALx(g+r) (f ) o N 2 Alx(g+r),

/'/n

eletR=(1;: —P), Q= (f), p=gq-+r,

then we have the following split exact sequences

0 (I,: —P)Ar I ar & A:<A1XP<P)><—O,

I,
N LN
0— A:((I,: —P)Ar) B At 2 gt ( f > —.0.
.S T
— —

= My = SR, Ny = QT are projectors of AP*P,



Stabilizability

e Theorem: P € K9*" is internally stabilizable iff
one of the following conditions is satisfied:

Cy1.38 = UT: vI)T ¢ Alatr)xa gych that;

_ UP (g+7)xr
SP —<VP>€A 3

Then, C = V U1 is a stabilizing controller of  P.

Co. 3T =(—X:Y) € A7x(@+7) sych that:

PT (PX: PY) € Arx(atr),

I,

T<P> = —-XP+Y =1I.

Then, ¢! = Y1 X is a stabilizing controller of ~ P.

e Proposition: If P is internally stabilizable , then
35 ¢ Alatnxa 7 ¢ Arx(a+7) satisfying Cq, Co,
TS=-XU+4+YV =0,

l.e. d a stabilizing controller of P of the form:

C=vUul=vyv1lx,




Example

e Let us consider the transfer matrix (A = Hoo(C4)):

6—8

P:( 51 )eKQ, K = Q(A).

G-1)?

e The matrix S = (UT : V)T ¢ A3%2 defined by
(Fo+o ()7 20 () 2658

F1 sF1 (s+1)
_ (s—1)2 1 s—1 (s—1)
Sl B o s S SN RS VE
B (3—1)2 B (3—1)2
\  TOGFD)3 20013 )
([ 4e(5s5-3)
with ¢ 1D =4
h — (s41)3—4(55—3) e (1) c A
\ T (s+1) (s—1)2 ?
satisfies
SP e A3x1
(IQI —P)S:U—PV:IQ,

= P is internally stabilized by the controller:

Cc =vyu1

— 4 (5 8—3)6(3—1)2 .
= T AD ()4 (55-3) e Gy (1T 2




Stabilizability

e Corollary: P € K?*" is internally stabilized by
the controller C € K"*9 iff one of the following
conditions is satisfied:

1. The matrix

N —( Ug—PO)"t  —(—-PC)'P
1" \cyu,-pPo)! —c,—pPC) 1P

is a projector of A@+7)x(q+7) j e

n% = My € Alatr)x(g+r),

2. The matrix

. = —P(Ip—g—CP)1C PUp_,—CP)1
~(Ip—g—CP)"tC (Ipq—CP)7 !

is a projector of Aa+7m)x(g+7) j e

M2 = My € Alatr)x(atn),

Then, we have |1y 4+ T =1,4,.

e Remark: This result was known for A = Hoo(C).
The robustness radius is defined by (loop-shaping):

bpc =11 M1 Iz = 11 M2 [l




Stabilizability

e Fact 1. P admits a doubly coprime factorization
_ qtr 1x(g+r)
& (g —P)A & A ( I, )
are free A-modules.
e Fact 2: P is internally stabilizable
. q+r 1x(g+r)
& (g —P)A & A (L»-)
are projective A-modules.
e Fact 3: A free A-module is projective.

e Corollary:

If P € K9%" admits a left-coprime factorization
P=D!'N, DX-NY =1,
then S = ((X D)1 : (Y D)1)T satisfies Cy

= C=(YD)(XD)"1=v X1 eStab(P).

If P ¢ K9°" admits a right-coprime factorization
p=ND"! —-VYX+XD=1I,
thenT = (—DY : D X) satisfies Co

~

— (DX)"L(DY)= X1V e Stab(P).




Parametrization

e Theorem: Let P € K9%" be a stabilizable plant .
All the stabilizing controllers of P have the form

CQ) =(V+QU+PQ) 1
=Y +QP) 1 (X+0Q),

where C = VU~ = Y~1 X is a particular stabi-
lizing controller of P, I.e.

(U—-PV =1,

Y - XP=1,,

< UP (
g+r)xr
(07 e sorre.

| (-PX: PY)c Aax(a+r),

and @ is every matrix which belongs to

Q:{LEATXq| LPEATXT,PLEAqua
PLP e A1%"}

suchthatdet(U4+P Q) # Oanddet(Y+Q P) # 0.

(€2 Is a projective A-module of rank ¢ x 7).



Study of the A-module €2

e Open question: Find a family of generators of
the projective A-module of rank ¢ x r

Q={Lec A" | LPec A™*" PL e A9*9
PLP e A%},

i.e. afinite family {L;};<;<s such that:

VL e, ElL:Zf:l)\sza A; € A.

e Proposition: If P € Q(A)?*" admits a left-coprime
factorization P = D~ 1 N,

DX —-NY = I,
where D, N, X, Y € M(A), then:

Q={Le A"™9| PLe AT} D,

e Proposition: If P € Q(A)?*" admits a right-coprime
factorizaton P = N D1,

Y X+ XD=1I,
where D, N, X, Y € M(A), then:

Q=D{LecA™9| LP¢c A™*"}.




Youla-Ku cera parametrization

e Corollary: Let P € Q(A)9*" be a plant which ad-
mits a doubly coprime factorization

(P=DIN=ND1
\ ( D —-N X N\ _,
-V X Y D) Tarr

Then, the A-module

Q={LeA™| LPeA™" PL e AI¥,
PLPe AT*"}

Is the free A-module defined by:

Q =DA"™D
={Lc A" L=DRD, VR € A" 4},

= All stabilizing controllers of P have the form

CA=F+DQX+NQ)*'=X+QN) " (Y+QD),

where Q € A"*4 is every matrix such that:

det(X + NQ) #0, det(X+QN) # 0.



Sensitivity minimization

e Let Abe aBanachalgebra (Hoo(Cy), A, Wq,...)

e lLet P € Q(A)?*" be a stabilizable plant , then

infCeStab(P) || W]_ (Iq — PC)_l W2 ||A

iNfoeq [ Wi (U+PQ)Wa [|a (%)
(convex problem )

where (UT : vINT ¢ Ala+r)x4q gatisfy

U—PV =1, (g};>eAPXT,

and C, = V U~ is a stabilizing controller of  P.

e If P admits a doubly coprime factorization

(P=DIN=ND1

D -N X N\ _,
-7 % )y p)T e

N\

Qe =DA™D,
= U+PQ =XD+ND Y (DRD),
k = (X + NR) D,




Conclusion

|. Summary:

e We generalized the Youla-Ku cera parametriza-
tion for MIMO stabilizable plants .

e This parametrization does not assume the exis-
tence of doubly coprime factorizations.

ll. General comments:

When does a stabilizable plant admit a
doubly coprime factorization?

e We proved that this problem is equivalent to:

When is a projective A-module free?

e This is a difficult problem studied for years in:

— algebra : algebraic K-theory (Serre’s conjecture (55)
A = kl[z1,...,zn], solved by Quillen-Suslin (76)),

— number theory : number fields,

— algebraic analysis : function fields,

— topology : triviality of vector bundles,

— operator theory : topological K-theory (C*-algebra).

this problem could be difficult for A, W, Mppn. ..
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A.Q.
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e Complete results for MIMO systems:

“On a generalization of the Youla-KuCera parametrization.
Part II: The lattice approach to MIMO systems”,

A.Q.
Proceedings of TDSO03, IFAC Workshop, 08-10/09/03,

INRIA Rocquencourt (France),
submitted to Mathematics of Control, Signal and Systems.

e The dual approach to these results generalizes
the operator-theoretic approach to stabilizability
(unbounded operators, domains, graphs...)

“An algebraic interpretation to the operator-theoretic
approach to stabilizability. Part I: SISO systems”,

A. Q.

submitted to Acta Applicandae Mathematicee.
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Stable range of a commutative ring

e Definition : a = (a1 : ... : an) € A™ is unimod-
ular if there exists b = (b1 : ...: bp)! € A™:

n
< a,b>= Z a; b, = 1.
1=1

We denote Uy, (A) = {unimodular vectors of A™}.

e Definition : (a1 : ... : an) € Up(A) is stable if
there exists (b1 : ...:b,_1) € A(m=1) sych that;
(a1 +b1an: ... ap_1+b,_1an) € U,_1(A).

e Definition : We call stable range of A the smallest
number sr(A) € {1,2,...,+00} such that every
vector a € Ugy(4)41(A) is stable .

sr(A) =2 V(a1 : av: a3z) € Uz(A),Ib1,br e A:
(ag +b1a3: ar+braz) € Ux(A).

(a1 : an) € Ux(A) a1 +bas ¢ Ui(A),Vbe A

oesr(A)=1<wV(ay: ar) € Us(A), Ibec A:

a1 +bar € U1(A) & (a1 +bar) 1 € A.



Examples

e Example: Let us consider A = RHy and the
vector

S
(s41)2 (s—l—1)2>
The vector a is unimodular because we have:

82—|—3 s+1
(s—1)2 . S s+1)2 —1
(s+1)2 ° (s+1)2 3541543 o
(s+1)2
Moreover, a IS a stable vector because we have:
(s—1)2 S —
i T AGrDe = 1 E Uil

e Example : Let us consider A = Hx(C4 ) and

a = (1 —e 25 14 6_2S> c A2X1
The vector a is unimodular because we have:
342258
(1 —e 25 1 +e—28) ( Ry ) =1
2
Moreover, a IS a stable vector because we have:

(1—e 2+ (1+e 2% =2¢cUi(4).



Examples of stable ranges

e Theorem : (Bass 64, Vasershtein 71, Jensen 85).

e If Aisa Bézoutdomain,thensr(A) < 2.

o SI’(R[X]_, < 7Xn]) —n + 1’

>~
|
7~ O

o sr(E(k)) = { é

Y

e Sr(C°(R")) =n+ 1.

o sr(W,) = 1, where W, is the Wiener algebra:

W,y = {Z;L'_:O% an 2" | Z;LI_:O% | an |< +o0}.

e Proposition : (Youla, Vidyasagar) sr(RHx) = 2.

e Theorem : (Treil 92) sr(Ho(C4)) = 1.




k-stability of a matrix

e Definition : A matrix R € A9XP is unimodular if
there exists a matrix S € AP*4 such that:

RS =1,

(= 0 < g < p and the rows of R are A-linearly
Independent).

e Definition : A unimodular matrix R € A49*XP s
k— stable if there exists T}, € A¥>*(P—%) sych that

Ry =col(Ry ...  Ry_)+Col(Ry_gy1:...: Rp) Ty
IS a unimodular matrix

e Example: Let us consider A = RH~ and the
maltrix:

s—1 0 _ 1
R = ( s+1 s+1 ) c A2%3

1
s+1 _s—il 0
The following matrix
AN +1
s+1 s+1 ~~
I
s+2 1
. ( s+1 s+1 )
o 1 s
s+1  s+1
IS invertible (det Ry = —1) = R7 is unimodular

= R Is 1-stable.



Strong & Simultaneous stabilizations

e Definition

o P c K7<(P—9) js strongly stabilizable if there
exists a stable controller C € A(P~9)*%q which
internally stabilizes P.

o P c K7%(r—4) js pistably stabilizable if there
exists a controller C' € U7 (A)(P~9)%a which in-
ternally stabilizes P.

o P, P> € K9%(P=a) gre simultaneously stabi-
lizable if there exists a controller C € K (P—4)xq
which internally stabilizes P; and P».

e Theorem: A plant P € K9%(r=4) js strongly sta-
bilizable iff P admits a doubly coprime factoriza-
tion P = D~1 N = N D~1 such that the matrices
(D: —N) e A9%P,
(DT : NT) € A-a)xp
are respectively (p — ¢) and g-stable .




General structure of the stabilizing controllers

e Theorem : Let P be a transfer matrix which admits
a left-coprime factorization P = D~1 N such that
R = (D : —N) € A?<(r—9) js k-stable where
r=p—q—k > 0. Then, there exist

RS Akxq,
T> € Aer,
such that the controller ', defined by
Uv—1 lr=p—qg—Fk
C — -1 )
T1+T>UV™) Lk

internally stabilizes P = D1 N.

Moreover, C = VU1 € K74 is a controller
which internally stabilizes the plant

Po=(D—-ATy) YN, +AT) € KI¥7,

where:

( Ny L —CO|(Rq_|_]_ .. Rp—k) c AqX?‘,
2— _col(R ... Rp) € AT¥K

< p—k—l—l e e e D )

N = (Ny: A) € AT*(p=a),
| R=(D: —N)=—col(Ry :...: Rp) € AT*P,




Example

e Let us consider A = R H~ and the transfer matrix:
1

p:( . )eR(s)2X1.

s(s—1)
e P admits the left coprime factorization

s—1 -1 1
1 s 0 '
s+1 s+1

e The matrix R = (D : —N) defined by

s—1 O . 1
R = ( s+ s+1 ) €A2X3

1
s+1 -_sil 0
IS 1-stable because

s—1 0 1
(5 ) ()

IS an invertible matrix, i.e. unimodular
=r =3—2—1 = 0= P isstrongly stabilizable

We have the following stable stabilizing controller

C=-(3:1)eAl*2



Definition of sri(q,p, A)

e Definition : Letp, g € Z4 suchthat1 < g < p.
We say that A satisfies sri(q, p, A) if every matrix
of the form R € A?*XP s k-stable .

e Theorem : (Vasershtein 71, Hong 95) We have:

e sri(l,n,A) & sri(l,m,A), Vm > n,
e sri(1,n,A) < srp.(l,n+k—1,A), Vk>1,

e sr(l,n,A) & srp.(m,n+m—1,A),Vm > 1.

e Corollary: Let A be aring such thatsr(A) < 4cc.
V p, q € Z4 satisfying p — q > sr(A), A satisfies :

Srp—q—Sl’(A)—'—]_ <q7 p, A)
In particular, for every unimodular matrix  of the
form R = col(Ry : ... : Rp) € A9%P, there exists

T5ea) € A(P—q—sr(A)+1)x(q+sr(A)—1)
such that

RSF(A) = CO|(R]_ C e Rq—|—Sr(A)—1)
+CO|(Rq—|—SI’(A) C e Rp) TSI’(A)
IS a unimodular matrix .



Main results

P=D"I'N=ND"1eckebr-a,
®
R=(D: —N) € A9xP,

e Theorem: Let P = D1 N be a transfer matrix
which admits a left-coprime factorization, then there
exists a stabilizing controller of the form

O — vv-1 Isr(A) —1
T \n4+Ovh ) Ip—gq-sr(4)+1

Ty € Alp—g—sr(A)+1)xq |
{ T; c Ap—g—sr(A)+1)xsr(A)-1 (i.e. stable).

e Corollary : If sr(A) = 1, then:

e Every plant P which admits a left-coprime fac-
torization is internally stabilized by a stable con-
troller (strong stabilization ).

e If P; and P>, admit doubly coprime factoriza-
tions, then there exists a controller C' which si-
multaneously stabilizes P; and P> (simultane-
ous stabilization ).



HOO(C—I—)

e Corollary : A = Hx(C4 ). Every stabilizable
plant, defined by a transfer matrix P with entries in
K = Q(A), is stabilized by a stable controller

e Corollary : A = H(C4 ). Every couple of sta-
bilizable plants , defined by the transfer matrices P;
et P> with entries in K = Q(A), is stabilized by a
same controller .

e Wanted: An algorithm which computes the previ-
ous controllers.

e Corollary : Every plant P € R(s)qx(p—q> IS sta-
bilized by a controller of the form

o ( Uv-1 ) 11

Ty+T, UV ) Ip-—qg-1
with A = RH~, and:

Ty € AlP—a—1)xq
T € Alp—g—1)x1



Topological stable range

e Definition : Let A be a Banach algebra . We call
topological stable rank tsr(A) of A the smallest
n € NU {400} such that U, (A) is dense in A™ for
the product topology.

e Proposition : Let A be a Banach algebra such
that tsr(A) = 2, then every system — defined by
a transfer functionp = n/d (0 % d, n € A) — is as
close as we want to a plant admitting a coprime
factorization , i.e.:

I'd—de [[a< e,

Ve>O,EI(d€:ne)EU2(A):{Hn ne A< ¢
e || 4< €

e Theorem : (Suarez 96) tsr(Hoo(C41)) = 2.

e Corollary : Every SISO system — defined by a
transfer functionp = n/d (0 # d, n € Hoo(C4)) —
issuchthatV e > 0, 3 (de: ne) € Uo(Hoo(C1)):

{Hd—%HmSQ

| 7 — ne [[oo< €.
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