An introduction to internal stabilization
of infinite-dimensional linear systems
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Abstract—In these notes, we give a short introduction to the more difficult it is to give a general answer concerning
the fractional representation approach to analysis and synthesis these problems (internal stabilization, existence of doubly
problems [12], [14], [17], [28], [29], [S0], [71], [77], [78]. In qnrime factorizations, parametrization of the stabilizing con-

particular, using algebraic analysigcommutative algebra, module - .
theory, homological algebra, Banach algebras), we shall give trollers...). Hence, certain parts of the program developed in

necessary and sufficient conditions for a plant to be internally [17], [77] for infinite-dimensional linear systems are still in
stabilizable or to admit (weakly) left/right/doubly coprime factor-  progress nowadays (see e.g. [14], [28], [44], [47], [56], [57],
izations. Moreover, we shall explicitely characterize all the rings [58], [60], [69], [71], [73] and the references therein).

A of SISO stable plants such that every plant- defined by means In these notes, we shall mainly focus on the following
of a transfer matrix with entries in the quotient field K = Q(A) L )

of A — satisfies one of the previous properties (e.g. internal general questions [77], [78]:

stabilization, (weakly) doubly coprime factorizations). Using the 1) Does it exist necessary and sufficient conditions to
previous results, we shall show how to parametrize all stabilizing internal stabilization?

controllers of an internally stabilizable plants which does not 2) When can we parametrize all stabilizing controllers

necessarily admits a doubly coprime factorization. Finally, we
shall give some necessary and sufficient conditions so that a plant of a plant by means of the well-known Youla-&ara

is strongly stabilizable (i.e. stabilizable by a stable controller) parametrization?

and prove that every internally stabilizable MIMO plant over 3) Can we characterize all the ringisof single input single

A = Heo(Cy) is strongly stabilizable. output (SISO) stable plants so that every transfer matrix
Index Terms— Fractional representation approach to anal- — defined by a matrix with entries in the quotient field

ysis and synthesis problems, internal stabilization, (weak) K = Q(A) of A — is internally stabilizable?

left/right/doubly coprime factorizations, parametrization of all For lack of space. we shall not have the possibility to
stabilizing controllers, strong/simultaneous/robust stabilization, p ’ p Y

algebraic analysis, module theory, theory of fractional ideals, d€velop certain results such as equivalences of external and

homological algebra, Banach algebras, stable rangd/..(C,).  internal closed-loop stability [14], [44], graph approach to

plants (see [28], [83] and the references therein), graph topol-

ogy, margins of robustness [14], or H.,-optimal controllers

[14], [29], [50]. Moreover, we shall only use an input-output
For the twentieth anniversary of the paper “Algeapproach to systems via transfer matrices as it is developed

braic and topological aspects of feedback stabilization” B¢ [11], [12], [17], [50], [77], [78]. We refer to [14], [44] for

M. Vidyasagar, M. Schneider and H. Francis, published the link between the frequency-domain approach and the state-

IEEE Transactions on Automatic Control (August 1982) [77kpace one (e.g. stabilizable and detectable state-space systems,

we want to present in these notes certain of its main ideasRi#ichard-Salamon class of systems). More generally, we refer

well as to give a personal overview of their recent progresshe reader to the following nice references [14], [44], [50],
The impacts of this paper, as well as the book [78], at€9], [83] for complementary information and bibliographies.

difficult to evaluate in the present research [79], [83]. However, Throughout this paper, we shall denote #ya commutative

we can easily say that certain ideas of [77], [78] (fradhtegral domain[31], [66] (namely a ring with an identity

tional representation of systems, internal stabilization, Youlwhich satisfiesv a, b € A, ab = ba andab =0, b # 0 =

Kucera parametrization of the stabilizing controllers, strong= 0), the group of the unitof A by

and simultaneous stabilizations, graph approach to plants,

graph topology, margins of robustness...) have been at the Ud)={acd|Ibed: ab=1}

core of the successful development i8f.-control for finite- and thequotient fieldof A by:

dimensional linear systems [20], [25], [29] in the nineties. We

refer to [2], [41] for nice surveys about stabilization problems K =Q(A)={a/b|0#b, ac A}.

for finite-dimensional systems. By convention, every vector of” is a row vector Moreover,

The question of the possibility to extend certain of the pregaxr will denote the set of the x p matrices with entries in
vious results to infinite-dimensional linear systems (e.g. delay gng

systems, partial differential equations, convolution systems)
was naturally asked in [17], [77] (see also the last chaptefiL,(A) = {U € AP*P [V € AP UV =V U = I,}

of [78]). However, the larger the class of systems becom%ﬁé group of invertiblep x p matrices of AP*» and I, its

. . T
INRIA Sophia Antipolis, CAFE project, 2004 route des lucioles, BP 93|'dent.|ty. If R € AP*P, then R will denote the transposed
06902 Sophia Antipolis cedex, France. Alban.Quadrat@sophia.inria.fr ~ matrix and(as,...,a,) the idealAa; + ... + Aa, of A.

I. A BRIEF INTRODUCTION



Finally, p, ¢ and r will always be three positive integers H..(C,) iff pis the transfer function of &, (R, )-stable

satisfyingp = ¢ + r and 2 will mean ‘by definition’. time-invariant infinite-dimensional SISO system [14].
« The Wiener algebradefined by
Il. THE FRACTIONAL F;I\E(I:{rEfAESNTATION APPROACH TO A= {h(t) = f(t) + ZLOS a;6i_s, | | € Li(Ry),

“...As soon as | read this, my immediate reaction (@i)izo € h(Z4), 0=to <t1 <t <...,t; €Ry}
was ‘What is so difficult about handling that case? . ) (3)
All one has to do is to write the unstable part as whereh is bounded w.rt. the norm:
a ratio of two stable rational functions!’” Without [hlla = [ fllees) + 1 (@)izo @z
exaggeration, | can say that the idea occured to me _ eroo £ (6)] dt + +o0 i)
within no more than 10 min. So there itisthe best 0 =0
idea | have had in my entire research career, and it Then, i belongs toA iff 1 is the impulse response of a
took less than 10 min. All the thousands of hours | Loo (R4 )-stable time-invariant infinite-dimensional SISO
have spent thinking about problems in control theory linear system (BIBO stability) [11], [14]. Let us also
since have not resulted in any ideas as good as this consider the integral domaid = {L(f) | f € A} of
one. | don't think | know what the ‘moral of this transfer functions of BIBO stable time-invariant infinite-
story’ really is 1", M. Vidyasagar [79]. dimensional SISO linear systems [11], [14] .

The fractional representation approach to systeimsan  * L€t be the commutative integral domain of holomor-
input-output theory based on the idea that the algebraic struc- PhiC functions on the unit dis® = {z € C|lz| < 1}
ture of a class of single input single output (SISO) plants needs Whose Taylor series converge absolutely:

to be a ring if we want to put two systems in connection +00

(x) and in parallel (+) [84]. Moreover, in the seventies, Wi ={(ai)iz0, @i €k =R, C| Zlail < 400}
M. Vidyasagar [76], C. Desoer and coauthors [15] introduced i=0 @
the idea to consider a@ntegral domainA of SISO stable plants

Then,p € W, iff p is the unit-pulse response of a
BIBO-stable causal digital filter, i.81, is thealgebra of
the bounded input bounded output (BIBO) causal digital
K=Q(A)={n/d|0#d,nec A} filters [78]:

Let Mp~ be thering of structural stable multidimensional
linear systemsnamely

in order to represent an unstable plant as a ratio of two stable
plants, i.e. as an element of tl@otient fieldof A, namely

(see [79] for a historical survey). Examples of integral domains *

of SISO stable plants, usually encountered in the literature, are

the following ones. Mpn ={n/d| 0+#d, neR[z,...,2,],
Example 2.1: « Thering of proper stable real rational d(z) =0=z e C"\D"}, ©)

functions[41], [78] —_— : m ) H
whereD = {z € C"||z| < 1,7 = 1,...,n} is the
RHe = {n/d|0# d,n €R[s], degn < degd, closed unit polydisc ofC". See [43] and the references
d(s*) = 0= Re(s*) < 0}. therein.
(1) See [8], [9], [30], [34], [45], [82] for other examples of
A transfer functiorp belongs toRH, iff p is the transfer rings used in stabilization problems.
function of an exponentially stable time-invariant finite- Example 2.2:Let us considetd = RH,, and the transfer
dimensional SISO linear system. functionp = 1/(s — 1). We easily check that ¢ A because
« TheHardy algebraof bounded holomorphic functions onp has a pole inl € C, (unstable pole). However, we have
the open right half plan€, = {s € C|Res >0}, i.e. pec K = Q(A) = R(s) because = n/d, where:

Hee(C4) = {f €H(C2) | sup |f(5)] < +0}. () { n=1/(s+1) € 4,

. . . d=(s—1)/(s+1) € A
whereH(C ) denotes the ring of holomorphic functions _ N _
in C, [14], [84]. A transfer functionp belongs to  Testing the stability of a transfer functigne K = Q(A)

H. (C.) iff becomes a membership problem: testing whether op mot.
By extension, a multi input multi output (MIMO) system is
D lloo= sup I pulz < 400, defined by means of a transfer matétxwhose entries belong
ozueHs(cy) || v |2 to the quotient fieldk = Q(A) of a certain integral domain

where H,(C. ) is the Hilbert space of the holomorphic/ 0f SISO stable plants. Hence, if we halfec K", then
functions inC_. which are bounded w.rt. the norm: ~ We can always write” as

/+oo P=D'N=ND",

| £ ll3= sup |f(z+iy)*dy.

Rez>0.J —co where:
Let us recall thatHy(C;) = L(L2(R4), where L(-) {

denotes the Laplace transform. Henge,belongs to

=(D: —N) € AT%P,

R
R=(NT: DT)T ¢ Avxr,



For instance, we can always take = dI, and D = d1I,,
whered is the product of the denominators of all the entries 1) m, + my = ma + my,

of P.

Example 2.3:Let us considerd = H.(Cy), K = Q(A)

and the following transfer matrix with entries id:

e *
P= < s—1 )
(36—1)2

We easily see that we have@ = D! N = N D~!, where
—N) € A>3 and R = (NT : DT)T € A3*L are

R=(D:
for instance defined by:
(s—1)2 0 (s—1)e™*
(s+1)? (s+1)?

0 (5—1)2 Pt ’

(s71)? (1)°

(s—1)e™*
(s+1)

R =

—s

(s+1)?
(s=1)°

(s+1)?

=
Il

(6)

)

which satisfy

2) (m1 + mg) +m3 =mq+ (mg + mg),

3y I0eM,VmeM: m+0=m,

4) YmeM,I(—m)eM: m+ (—m) =0,

5) a(mi +msg) = amy + ama,

6) (a+b)m=am+bm,

7) (ab)m =a(bm),

8) 1m =m,
for all m, my, ma, m3 € M anda, b € A.

A submoduleN of an A-module M is a subsetN of M
which also satisfies 1, 2, 3, 4 and:

VacA: aN={an|née N} CN.

Hence, anA-module shares the same definition ak-gector
space with the only distinction that the scalars belong to a ring
A in the case of a module whereas they belong fiell %
(i.e. a commutative ring such that every non-zero element has
an inverse for the product) in the case of a vector space. This
small difference implies huge ones in the respective theories
(module theory and linear algebra over a field) that can be

In the fractional representation approach, instead of tl@sily understood if we notice that akmodule has generally
transfer matrixy = P u, we usually prefer to study the systemrmo basis. Indeed, if we want to obtain a basis of-sector
Dy— Nu=0,ie Rz=0, whereP = D"'N € K%*",

R=(D: —N) € AP andz = (yT :

space defined by a non minimal family of generators, we need
u”)T. The idea to invert certain coefficients of to obtain an independent
to only consider the input and output variables together, i gubfamily of generators, i.e. a basis. But, if the scalars belong

without any separation between the inputs and the outputstdsa ring A instead of a fieldk, they generally do not admit

similar to the module theory and the behavioural approach@serses inA, and thus, we cannot generally obtain a basis

to linear multidimensional systems (see [13], [22], [52], [53from a family of generators.

and references therein). Hence, the structural properties oExample 2.4:
the plant, defined byP, can be studied by means of the

linear systemR z = 0 whose coefficients belong to a ring

A. This can be achieved usirlmear algebra over the ring

A (e.g. testing the existence of a right/left/doubly coprime
factorization, invariant factors, equivalences. ..). However, lin-

ear algebra over a ring is a part of theodule theory[5],

[6], [7], [31], [66]. Therefore, it seems to be quite natural
to introduce module theory into the study of linear systems.
This idea is quite old and R. E. Kalman seems to be the first2)
person who has used module theory in linear control theory
during the sixties (see [38] and the references therein). Since
this pioneering work, module theory has been more and more
used in linear control theory (see [13], [22], [23], [24], [53]
and the references therein). But, as surprising as it might
be, module theory has only recently been introduced into
fractional representation approach to analysis and synthesis
problems in the pioneering work of V. R. Sule [73] (see also
[69]) and, up to our knowledge, has only been developed since
then in [47], [54], [55], [56], [58], [59], [61]. Let us recall
the definition of anA-module (see [5], [31], [66] for more

informations).

Definition 2.1: An A-moduleM over a ringA is a setM
with two operations, namely an additien: M x M — M,

defined by
(m1, ma) — mq + ma,

and a scalar multiplicatios x M — M, defined by

(a, m) — am,

1) If A is a commutative ring, then, for
allneZ,, A™ is an A-module:

VA, AdeA", Yai,aa €A: a1 M +az s € A™.

Let e; be the vector ofA™ defined by 1 in theit"
component and O for all the others. Theia;,...,e,}
is a basis ofA™ because every = (A1 :...: \,) € A"
can be uniquely written a& = > | \; e;. This basis
is called thecanonical basisof A™.
If f: M — N is an A-morphism namely anA-linear
application from thed-module M to the A-module N,
i.e.V)\l, A €M, Vay, ay € A:
flai A1 +az A2) = ay f(A1) + a2 f(A2),
then
ker f = {m € M | f(m) = 0},
imf={neN|ImeM: n=f(m)},
coker f = N/im f,
— whereN/im f is the quotient A-moduleobtained by
identifying two elements,; andns of IV if there exists
m € M such thatn; — ny = f(m) — are threeA-
modules [5], [31], [66].
Let H5(C.) be theHardy spaceof holomorphic func-

tions in the open right half plan€.. which are bounded
with respect to the norm:

+oo
17122 sup ([ 15+ i) P

z€RL J—o0



It is well known that H5(C.) is a Hilbert space[14] Definition 3.1: « [56] A matrix R € A9*P is weakly left-
and, by a theorem of Paley-Wiener, every function of primeif we have

H,(C,) is the Laplace transform of a unique function
of Ly(R4) [14]. Finally, H2(C ) has a natural structure

KIRN AP 2 (A€ AP |Fpe K7: \=puR)}
of an H..(C, )-module defined by: -

ATRE2{N€ AP |Tv e AT: A=vR},

Vf g€Hy Vh k€ He: hf+kg€ H. i.e. if a row vectory € K is such thatu R € A?, then
Exercise 2.1: 1) Prove 2 of Example 2.4 (Hints for the  there exists € A% satisfying:
structure of A-module of coker f: if n; and ny are uR=vR. 8)

identified in N/im f, i.e. there existsn € M such

thatny — ny = f(m), we say thatn; andn, belong o R is weakly right-primeif RT is weakly left-prime.

to the sameequivalence clasand we denote this class Exercise 3.1:Show that, if R has afull row rank, namely
by m(n1) = m(n2) € N/im f. Then, we have am- the q rows of R are A-linear independent, theR is weakly
morphismz : N — N/im f, defined by mapping any left-prime iff, if there existsu € K¢ such thatu R € A9, then
elementn € N into its equivalence class(n), called , ¢ A? (Hints: factorize (8) byR and use the fact that has
the quotient map The structure ofd-module ofcoker f  full row rank to obtaing = v € A9).

is defined by: Example 3.1:Let us consider the matrig defined by (7).

The matrix R is not weakly left-prime because we have
Vac€ A, ¥YneN: ar(n) 2 w(an).

—1) (s—1)e
. (i 0) etz O D
Check thata 7(n) does not depend on the choicerof s—1° 0 (s—l)z et
i.e. if 7(n1) = m(ng) = m(n), thenam(ny) = an(ny)). (s+1) (s+1)
2) Prove thatl,(R,) is an.A-module forl < p < +oo, — (Sﬁ .0 +1) c A3

Hy(Cy) is an A-module (see (3) for the definitions of
A and A) and H> is an RH..-module (see (1) for the and the vectof st} : 0) belongs toK? but not to A2.
definition of RH,,) (Hints: show that iff € A, g € Definition 3.2: « A couple (a, b) of elements ofA has

L,(Ry), k € A, 1 € RHy,, andh € Hy(C,), then a common divisore € A if there exista’, ¥’ € A such
frxge Ly(Ry), kh € Hy(Cy) andlh € Hy(Cy). See that:
[16] for informations and details). a=adc,
b="Vec.
[1l. W EAKLY DOUBLY COPRIME FACTORIZATIONS If there exists a common divisat of a and b which
o satisfies that, for every other diviset of ¢ andb, there
A. Definitions existsd € A such thatc = dc¢/, thenc is called the
A useful tool for time-invariant finite-dimensional linear ~ 9reatest common diviscf a and b and is denoted by
systems {l = RH.. or k[s|, k = R, C) is the concept of [a, b]. A greatest common divisor is defined up to an

coprime factorizationThe coprime factorization of a rational ~ invertible element, i.e. up to an element6fA).

matrix goes back to the work of H. H. Rosenbrock [65] * A fing A is a greatest common divisor doma(gcdd)
and has played since then a major role in analysis and syn- If €Very couple(a, b) of elements ofA has a greatest
thesis problems (controllability, observability, stabilizability, _ common divisorla, b]. -
detectability, Youla-Kaera parametrization of all stabilizing Proposition 3.1: [71] If A is a greatest common divisor
controllers, graph topology, equivalences...). This technigd@main, then a full row rank matrig € A?*? (= 0 < ¢ < p)
has been popularized by the book of M. Vidyasagar [7 5 weakly left-prime iff 1 is a greatest common divisor of all
However, contrary to finite-dimensional systems, the transfé}€ ¢ x ¢ minors of &. _

matrix of more general systems (delays systems, systems OExeruse 3.2: 1) We shall see in Theorem 3.4 that

partial differential equations, convolution equations. ..) gener-  Hoo(C4.) is @ greatest common divisor domain. Prove
ally does not admit a coprime factorization [12], [14], [17],  thatthe matrixk defined by (7) is not weakly left-prime
[44], [77], [78], [82]. Intuitively, this comes from the fact because(T)z is a common divisor of the x 2 minors
that the algebraic properties of the rings,.(C,), A and of R.

A... are more complex than the ones Bf.. For finite-  2) Check that 1 is a greatest common divisor ¢t and
dimensional systemsA(= RH. or k[s], kK = R, C), one e~® € Hy(C). Similar problem forjj& ande™*.

can prove that there exists only one concept of primeness3) Find a common divisor of the two elemenltsé%s and
but, for more sophisticated rings @&, (C,) or A, this fact =5 of A = Hy(Cy) (Hint: L5 is not a common

is no longer true. We are going to introduce the concept of d|V|sor of the two elements becauset A but use the
weak primeneswhich plays a major role in these notes. This fact that1=¢— — € A).

concept generalizes the one introduced by M. C. Smith for pefinition 3. 3 « A transfer matrix? € K9%" admits a
H(C) in the important contribution [71]. weakly left-coprime factorizatioif there exists a weakly



left-prime matrix R = (D : —N) € A" such that Hence, every:-vector space is torsion-free, i.e. this concept is
D € A9%1 has full rank (i.e.det D # 0) and: only interesting forA-modules. More generally, evekyvector
space is a fre&-module.

If R e A7%P, then we define thel-morphism.R (see 2 of

« Dually, P € K" admits aweakly right-coprime factor- Example 2.4) by:

P=D'N.

ization if there exists a weakly right-prime matrik = R

(N7 : DT)T € AP*" such that the matriD € A" Al — AP

has full rank (i.e.det D # 0) and: (Aot Ag) — (At A R
P=ND1' From 2 of Example 2.4, we know thain.R = A? R and

coker.R = AP/A7R are two A-modules. These twa4-

o P e K7 admits aweakly doubly coprime factorization modules will be of very common use in all these notes. The
if P has a weakly left-coprime factorization as well as &-module A R 2 {\ € A? | 3v € A?: A = v R} is defined
weakly right-coprime factorization. by the A-linear combination of the rows aR. Let us give an

Let us note that the matrik defined by (7) was obtained byinterpretation of thed-module A?/A? R. From Example 2.4,

remOVing all the denominators @t. In Example 3.1, we saw we know that A? (resp. AP) is a free A-module having a
that R was not weakly left-prime. Hence, the procedure whicfanonical basis denoted Hy1,. .., eqr (resp.{fi,..., fp}).

consists in writing all the entries of a transfer matrix over get ys denote by:; = =(f;) the equivalence class of, in
common denominator generally leads to matrices which age /47 R (see 1 of Exercise 2.1). For=1,...,q, we have:

not weakly left/right-prime. Moreover, we shall show that this

concept of weak primeness is the weakest existing concept P

of primeness, and thus, iP = D-'N = N D! is not €= (Rii i .o Rip) = ZRU fi € ATR = m(e; R) = 0.

a weakly doubly coprime factorization, then it is also not a =1

doubly coprime factorization. Hence, if we want to computgsing the structure ofd-module of M = A? /A R and the
effectively a doubly coprime factorization of a transfer matrixy-morphism= : 4» — M (see 1 of Exercise 2.1), then, in
(when it exists), then we first need to have an algorithm whiclw / 49 R, for i = 1,... ¢, we have:

computes a weakly doubly coprime factorization of a transfer

matrix (if such a factorization also exists). P L
m(e; R) =w()_ Rij f;) =D Rijw(f;) =) Rij z =0.

j=1 j=1 j=1
B. Transfer matrices & Torsion-freeness 9)

In order to understand when a transfer matfixe Kaoxr 1hus,M is defined by the systerii z = 0 and all theA-linear
admits a weakly doubly coprime factorization, we need fgPmbinations of its equations, whete= (z; : ... : z) is a
introduce the concepts of @rsion elemenbf an A-module vector offormal variableswhich correspond to the generators
and of atorsion/torsion-freeA-module. All the A-modules ©f M (they do not belong to any “functional space”). b
which will be considered in the rest of this paper éiritely =~ Example 3.2:Let us reconsider the matriz € A

generated namely are defined by means of a finite family ofl€fined by (7) f = H.(C,)). Let us cally, (resp.y,) the

generators [7], [31], [66]. class off; (resp.f.) andu the class off; in M = A3/A? R.
Definition 3.4: « An A-module M is freeif it admits a Ve find that theA-module M is defined by the system
basis, or equivalently, it/ = A" with r € Z,. Then,r 12 4y s
. (s—1) _ (s=De -0
is called therank of the A-module M. s+1)2 Y1 Gtz Y=Y
« The torsion submodulet(M) of an A-module M is (s—1) Yo — <=0
(s+1)2 2 (s+1)2 ’

defined:
as well as thed-linear combinations of these two equations.
We can check that the element= % Y1 — ﬁ u of M
An element oft(M) is called atorsion elementAn A- (i ¢ class Of((sfl) 10 — <) € 43 in M) satisfies the
module M is torsion-freeif t(M) = 0, or equivalently, R A A
M/t(M) = M andM is atorsionmodule if¢t(M) = M. €quationry 2 =0, i.e.m is a torsion element od/.
« If N is a submodule of am-module M, then we call ~Lemma 3.1: [56] Let us consideR € A?*? and the A-
the A-closureof N in M the A-module defined by: moduleM = AP /A7 R. Then, we have:

1) The A-closure of theA-module A? R in AP is:

t((M)={meM|30#ac A am=0}.

N={meM|30#a€ A, ame N}.
Remark 3.1:Let us notice that the concept of a torsion ATR=K*R N AP,
element of ak-vector spacek(is a field) is trivial: if m is a -
. ) : 2) t(M)=(K?R N AP)/AP R = A9 R/AYR.
torsion element of-vector space, then there exi$tst a € k 3) M/t(M) = AP /(K9 R 0 AP) — A?/ATR.

such thatem = 0. But, using the fact thafl # o € k and k B . . _
is a field, thena—! ¢ &, and thus: 4) M _.AP/A‘?R is a tqrsmn—freeA—moduIe (M) =0)
iff R is weakly left-prime.

am=0=a""'(am)=m=0. Exercise 3.3:Prove Lemma 3.1. See [56] for the answers.



A transfer matrixP € K?*" has lots of different fractional where

representations of the forl® = D~ N = N D!, where: R=(D: —N) e A9*P,
{ R=(D: —N) e A7, R=(NT:DT)T € AP>",
R=(NT: D"’ e Arxr. only depend on thel-modulesA? kR and A" R” and, up to

In the next proposition, we show that the concepts/sf an isomorphism, on thel-modulesA? R" and A” R.
closure and torsion submodule allow us to capture the intrinsic
informations of these different representations. C. Algorithm
Pro_posmon 3.2: [56] If & transfer matrix?> € K™ can The next theorem gives necessary and sufficient conditions
be written as for a transfer matrix to admit a weakly left/right-coprime
P=D;'Ny,=D;'N,, P=N,D;'=N,D;", factorization. o
Theorem 3.1: [56]P = D' N = ND~! € K9%", where

with
R; = (D; : —N;) € A?*P, B=(D:—N)e AT,
Ro= (NI DI)T e aver, =07 R=(NT:D")" e ar<,
then we have: admits a weakly left (resp. right) coprime factorization iff
1) W—.W A9R (resp. A" RT) is a free A-module of rankq (resp.
2) A RIT_—TRQT r), or equivalently, iff there exists a full row rank matrix
" 1T:AP GRS . o R’ € A?*P (resp. a full column rank matri%(R’ € APXT)
9 4= A7 B Ay (0 = Ao such thatA? R = A7 R’ (fesp.A” BT = A" R").
, 1= _ 2= v v Exercise 3.4: 1) [58], [59] Prove thatP € K9%" admits
with the notations: a weakly left-coprime factorization iff there exists a non-
{ M; = APJAYR;, - singular matrixD € A% such that:
- o~ =1, 2.
Ni = APJA" R, (A€ AT AP A"} = A9 D.

Example 3.3:Let us consided = A and: _ .
Deduce thatP = D~! N is a weakly left-coprime oP.

p=c */(s—1)e K =Q(A). 2) [58], [59] Prove thatP € K9%*" admits a weakly
right-coprime factorization iff there exists a non-singular

There are different ways to obtain a fractional representation .
matrix D € A™*" such that:

of p: for instance, we have = n/d; = ny/dy with:

np=e*/(s+1) € A, (A€ A" |APT € A7} = A" DT.
di=(s—1)/(s+1) € A, Prove that? = N D~! is a weakly right-coprime of.
ne = (e (s—1))/(s+1)2 € 4, Corollary 3.2:[56] P = D™*N = ND™ ' € K%,
dy=(s—1)2/(s+1)* € A. where R (D: —N) e Ao

If we denote by { B— (NT : DT)T c AP;T7

— . 1x2
{ By =(di:m) e Alxz’ admits a weakly doubly coprime factorization iff ties R and
Ry = (dz : na) € A7, A7 RT are two freeA-modules of rank; andr.
then we have: We give an algorithm which computes theclosure A7 R
I =A2RT = (dy, m), of an A—quule_of_ the formA? R if a certain h_ypothesis on
I A2RT — (4 the ring A is satisfied, namelyl is a coherent ring(see next
2= 2 = (d2, n2) section). This hypothesis allows us to certify that, for every
= ([do, 12] i, [d2, na]m1) = (;}) I,.  matrix R € A7%P, the A-modulesker .RT andker.R_; that
we need to compute are finitely generated.

If we define the followingA-morphisms

¢ I — In, ¢a) = E:;R a,Vacl, Algorithm 1: Input: A a coherent ring and? € A?*?.
(s41) Output: R’ € A7 *? such thatd? R = A7 R'.
Vil — L Yb)=Iyb=cidi+eam, 1) Start withR € A7<?,
Vb= 7&;3 (crdy +cany) € I, 2) TransposeR to obtain RT ¢ AP,
. ) ) , 3) Find a family of generators of:
and we easily check thato = id;, and o ¢ = idy,, which
proves thatl; =2 I,. ker.RT = {\ € A | A\RT =0}.

Corollary 3.1: [56] The structural (intrinsic) properties of

i i T
a transfer matrix If {\,..., A} is a family of generators oker .R",

. then denote byr”, € A™*P the matrix whose*® row
P=D"'N=ND"eK™, is i



4) TranposeRT, in order to obtainR_, € AP*™, Finally, using the fact thaE = 1, we obtain

ranpose o)
5) Find a family of generators of .

Ao = S 1, /\12%#/,
ker. R_; ={ne A’ |nR_; = 0}. (s+1)

s—1 _ e *®
p=Emas T T e

If {m,...,ny}is a family of gengrators Ofter.R,}, JeA e o D2
then denote byR’ € A% *P the matrix whose&'" row is 3% Grnz M
ni- Then, we have: Therefore, we have = ;' RT |, where:
TR =AY R. _((s=De® | e . (s=1)° :
AR =AY R RT, = ( e e (s+1)2) € A1X3,

Remark 3.2:Let us notice that the previous algorithm was 4) \we transposek”, in order to obtainR_; € A3*!.
obtained using a concept of homological algebra cade®@n-  5) | et us compute
sion functor[7], [31], [66]. More precisely, in [56], we proved 5
that we havet(M) = extl (A9/AP RT, A) and gave a proof ker Ry ={n=(m:m2:m3) € A”[nR_1 = O}.
of the previous algorithm. This result generalizes to a more | gt ys consider; = (11 : 72 : ns) € ker .R_y, i.e.:
general situation certain results obtained in [13], [53].

Example 3.4:In Example 3.1, we saw that the matrix (S(;i)f;; m+ (5+1)2 n2 + Esﬂ)z n3 =20
defined by (7) is not weakly left-prime, and thus, that the (1) (e (s_1) -
following fractional representation < G (S+1 m+ 773) = T ernz M2
2 -1 —s e _ H.
. &:32 0 (s(;lr)j2 Using the fact thatLH, (9“)2} =1, we obtain:
B s—1)2 e ® —s s— —s
0 Es+1§2 GTD? s m+ 7ES+1) N3 = Gz S
s—1
is not a weakly coprime factorization of the transfer matrix 12 = (g+1§ G a1
P defined by (6). Let us check whether or nBtadmits a ¢ € A.

weakly left-coprime factorization using the previous algorithm
(in Theorem 3.3, we shall see that= H.,(C, ) is a coherent
ring). (:+1) (771 - (si1 Cl) = E:Jri; 135
1) We first start withk € A%2*3 defined by (7).
2) We computeR” € A3%2,
3) Let us compute

From the first equation of (11), we deduce that

1 b+1:| =1, we obtain

m= s+1) Cl + EZ+} CQa

ker .RT = {XA = (A1 : \y:X3) € A3 | ART =0}. . (S D
SN CA en=(C:G)R
Let A € ker .RT, i.e.: _ et n=(G:G)
3= s+1 25
(s—1)2 (s=De*y _
G+1)2 AL — (s+1)2 Az =0, (10) iy G2 €4,
(s=1)% et N\, — where:
(+DZ M2 7 1z B T Y 1 s—1)
. . . (s+1) T (s+0) 0
From the first equation, we obtain R = (1) ( .| €43 12
(s+1) 0 sl
(s—=1) ((5,1) A — Ag) —0
(s+1) \(s+1) (SH) 6) We haved? R = A2 R’ and R’ is a full row rank matrix.
& (b+1) A — s+1) A3 =0, Thus, A R, i.e. A’ R, is a free A-module of rank 2.
Hence, by Theorem 3.1, we know that the following
becaused is an integral domain and; € A. Using the fractional representation oP
fact LH’ f+1} =1, we obtain: ) Cen \ ! 0
- p=| Gt D ( ~. ) (13)
A = (s—1) 0 e
1 s+1 Hs (s+1) s+1
As = 8+1 H is a weakly left-coprime factorization o (check that
pE A there is no common factor to all tiex 2 minors of the
matrix R’).

Substituting A3 in the second equation of (10), we
Finally, by Lemma 3.1, we know that:

obtain:
(s=1) ((s—1) o B A2R=A’R = K?R n A2
(5+1) ((s+1 A2 = G M) =0

t(M) = AZR/A’R = A2 R'JA’ R
& S h - Epu =0, M/t(M) = A2JA% R



Let us compute a family of generators of the torsion elements In particular,A is a noetherian ring. Similarly fod = k[s]
of M. We know that the torsion submodule 8f is defined with £ =R, C.
by t(M) = A2 R'/A? R, and thus, the class of the first row Definition 3.6: A Banach algebraA is a k-algebra (with

of R’ in ¢(M) corresponds to the element k = R,C) (namely a ringA which has the structure of &
L (s—1) module) with anorm || - |4 (namely an applicatiod| - || 4:
TG YT ) U2 A — R, which satisfies
whereas e [[alla=0&a=0,Yac A,

_ (=D

2= G Y g U o laalla=lalk|lalla,Vack Yac A,

e lat+blla|alla+|bla Va, becA)

corresponds to the class of the second rowRbfn ¢(M). We

_ I (so1) which satisfies the following properties:
easily check that we hav%fHT)2 z; =0 and G 2 = 0in e labla<lalalbllaVa be A4,

t(M), and thusz; andz, constitute a family of generators of 11 ][a=1

i A2/ A2 P ; * -5
t(M). Finally, M/t(M) = A*/A> R is defined by « A is completeas ak-vector space, hamely eveGauchy
{ (sin Y1 — E;B yo =0, sequence(a,),>o Of elements ofA (i.e. a sequence

(an)nZO Satisfying:

Ve>0,INe€Zy,VYn,m>N:|a, —am |[|a<e)

s—1 e ® _
Es+1§ n-eme=0

as well as all thed-linear combinations of these two equations

(see (9) for more details). converges (namely,

Exercise 3.5:Let A = H(Cy), K = Q(A) and let us JleA Ve>0,INeZ,Yn>N:|a,—1]a<e).
consider the following transfer matrix: Example 3.6:The following four examples
T £ o (Hoo(Cy), || f lloo= supsec, |£()]),
s+1 s+1 2% 2 +
P < 0 L ) € KT o (A N g lla=ll f @y + 3025 lan)),
- o (A Mg lla=lglla)
1) Show that we havé® = D~! N, where: o (Wi, || (@n)nso llw, = 32020 anl),
s=1 are Banach algebras (see [11], [12], [14], [78] for more
D= ( 0 s ) € AP, details).
st ) Theorem 3.2: [68] A noetherian Banach algebra is finitely
(s—1)e™*° (s—1) i i -
N — GIT GE® | e 42%2, dimensional (as &-vector space). _
il Therefore, H(C4), A, A and W, are not noetherian

rings, and thus, certain of their ideals are not finitely gen-

2) Check thatP = D~' N is not a weakly left-coprime erated. Hence, it seems that we cannot use the main part of
factorization ofP. Can you exhibit a torsion element ofcommutative algebra which was developed for noetherian rings
the A-moduleM = A*/A*R,R= (D : —N) € A***? in order to study the algebraic properties of these rings. In

3) Doing similarly as Example 3.4, show that we have th@e fifties, H. Cartan and J. P. Serre developed the concept

following weakly left-coprime factorization of: of a coherent sheafn order to study analytic and algebraic
1 0 —1 [ o— 4 geometries. This concept is closely related to the concept of

P= ( 0 &=L > ( 561 511 ) a coherent ringwhich was introduced in commutative algebra
s+1 s+1 by S. U. Chase in 1960. This concept plays a crucial role in

4) Give a family of generators of(M) of M and the these notes. _ .
equations which generatel /¢(M). Definition 3.7: « [5], [7], [26], [66] A ring A is coherent

5) Dually, find a weakly right-coprime factorization &f. if the A-module of the relationssfzygy A-modulg of
We can check your computations looking at [56]. every finitely generated idedl = (ay,...,an) of 4,

namely
D. Sylvester coherent domains S ={r=(r1:...:m,) € A" | En:r, a; = 0}
Recall that arideal I of A is just anA-submodule ofd [31], i=1
[66],1..V a1, ap € I,V by, by € A, we haved, a;+byaz € 1. is finitely generated, i.e. there exist € Z, and a matrix
Definition 3.5: A ring is noetherianif every ideal I of R € A™*" gych that,
A is finitely generated namely there exists a finite family
{a1,...,a,} of elements of4 such that: VreS), 3b=(br:...:byn) € A" 1=bR,
n or, equivalently,S(I) = A™ R.
I=(a1,...,an) 2 Zbi a; | b;e Ay « [5], [7], [26], [66] A finitely generated ideal of A which
i=1 satisfies that thel-module of the relations'(I) is finitely

Example 3.5:The ring A = RH., of proper stable real generated is called finitely presenteddeal of A.
rational functions is gorincipal ideal domain[78], namely The class of modules over a coherent ring enjoys very nice
every ideal ofA is generated by means of a single element aflgebraic properties (e.g. it is closed by respect to (direct)



sums, intersections, quotients, tensor products, morphisms...) principal ideal domain namely an integral domain such
which makes every computation ofiaitely presenteanodule that every ideal ofB has the forml = (a) for a certain
(i.e. an A-module of the formA? /A? R for a certain matrix element ofA (e.g. B = Z, k[s], k = R, C, RH.),
R € A7*? andp, q € Z,) very tractable (as in the case of a  thenA = BJz] is a coherent Sylvester domain. Therefore,

noetherian ring). A =Zx] and A = k[s][z] = k[s, z] are two examples of
Example 3.7: « Any noetherian ring is coherent [7], coherent Sylvester domains.
[26], [66]. In particular,RH., andk[s] (k = R, C) are Theorem 3.4: [56] H..(C4) is a coherent Sylvester do-
two coherent integral domains. main.

» A coherent ring is not necessarily a noetherian ring. For Proposition 3.3: [19] Every coherent Sylvester domain is a
instance, the ring:[x;, ¢ > 1] of polynomials in an infi- greatest common divisor domain.
nite number of independent variableswith coefficients  Corollary 3.3: H..(C, ) is a greatest common divisor do-
in the field & = R, C is not a noetherian ring but amain (see [63], [71] for direct proofs).
coherent one [66]. The next result links the existence of a weakly doubly
« A Bézout domainnamely an integral domain such thatoprime factorization of any transfer matrix with entries
every finitely generated ideal of is generated by a singlein K = Q(A) — to a coherent Sylvester domaih
element of4, is a coherent ring. For instance, the ring Theorem 3.5: [56] We have the following equivalences:
of entire functions inC with coefficients ink = R, C, « Every transfer matrix— with entries ink = Q(A) —

namely admits a weakly doubly coprime factorization,
B(k) = {f(s) = :i% ans" | an €k, o A is a coherent Sylvester domain. o o
Corollary 3.4: [56] Every transfer matrix with entries in
K = Q(H-(C,)) admits a weakly doubly coprime factor-
and€ = E(R) NR(s)[e”?] are two Bezout domains [30], ization (see [71] for a direct proof).
[33], [45], and thus, coherent rings. Hence, Theorem 3.5 generalizes a resultidn (C, ) ob-
Exercise 3.6:Show thatk[z;, i > 1], with ¥ = R, C, is tained by M. C. Smith [71] to a large class of rings (namely
not a noetherian ring (Hint: consider the ideal.., Az; and coherent Sylvester domains).

limn—>+oo |an‘1/n = 0}7

prove that this ideal is not finitely generated). Exercise 3.7:Let us consider the ringl = C[z1, z2, 3] of
Theorem 3.3: [46]H (D), Hoo(Cy), Loo(T) and Lo (R)  polynomials inzy, =2, x5 whose coefficients belong 6 and
are coherent rings, where: the following vectorR = (z; : zo : x3)7 € A3 (gradient
operator).
D={seC]l|s| <1}, _ .
{ 1) Prove thatker .R = A3 R;, where the matrixR,; is
T={seClls|=1}. defined by (curl operator):
For all these rings, the algorithm given in section IlI-C 0 —x .
finishes because we can prove thatdifis a coherent ring R — 03 _i c A3%3
and R € A7, thenker.R = {\ € A% | AR = 0} is a e _xxSQ s 01 '

finitely generatedd-module, i.e. is defined by means a finite
family of generators. Let us introduce another concept which2) prove thatker .R; = A RT.

will play an important role in the rest of these notes. 3) If f: M — N is any A-morphism, then show that
Definition 3.8: [18] An integral domainA is a coherent M/ ker f = im f. Deduce that

Sylvester domaiif, for everyq € Z,. and every column vector

RT € A4, the A-moduleker .RT = {\ € A7 | AR =0} is a A®/ker Ry = A® Ry = ker .R,

free A-module.

Remark 3.3:The previous definition of a coherent Sylvester
domain is the simplest one that we know. A more useful
but abstract definition (by means of homological algebra)
of a coherent Sylvester domain ispaojective-free coherent
integral domain of weak global dimensiangl.dim(A4) < 2.

See VII for more details. For instance, the next examples
of coherent Sylvester domains are obtained using this last
definition. S

and thusker .R = A3/ART.

) Using the fact thatd3/A R” is defined by the single
equationz z1 + x2 22 + x3 23 = 0 (divergent operator)
and itsA-linear combinations, prove that®/A RT, and
thus,ker . R is not a freeA-module (show thati® /A RT
has no basis). Deduce thatis not a coherent Sylvester
domain.

) Deduce that the multidimensional linear system defined

T
Example 3.8: « A Bézout domain namely an integral by P = (Z—; ;—z) € K?*! has no weakly left-
domain such that every finitely generated idéabf A coprime factorization K = C(z1,x9,3) is the ring
has the formI = (a) for a certain element of4, is a of rational functions inz;, x2 andxs).

coherent Sylvester domain. SincRH,., and £ are two
Bézout domains [30], [45], [78], and thus, they are two
coherent Sylvester domains.

« In[19], it is shown thatd = BJ[z] is a coherent Sylvester Let us recall the well-known concepts of left/right/doubly
domain iff B is a Bezout domain. In particular, iB is a coprime factorizations [12], [14], [77], [78].

IV. LEFT/RIGHT/DOUBLY COPRIME FACTORIZATIONS
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Definition 4.1: « Amatrix R = (D : —N) € A?*? s — L(R)=0, ifi>min{p,q},
left-primeif R has aright-inverse namely a matrix - L(R)=A, ifi<O.
S = (XT . YT)T c APXd . [31] If Re A?*P and M = Ap/Aq R, thenL(R) Only
depends onV/ and not onR (the same modulé/ can
which satisfiesRS =D X - NY = I,. be defined by means of different matrices). Then, we call
e A transfer matrix P € K9*" admits aleft-coprime the Fitting ideals of M the ideals defined by:
factorizationif there exists a left-prime matrix ) )
Fitt;(M) = I,_;(R), Vi€ Z.

— . qxp
R=(D:-N)ed Proposition 4.2: [31] The A-module M = AP/A%R is
such thatD € A?*7 has full rank (i.edet D # 0) and:  projective iff there exists € Z such that:

P=D"!N. Fitt, (M) = 0,
« Amatrix R = (N7 : DT)T € AP*" is right-prime if R Fitt, 11 (M) = A & 1 € Fitt, 11 (M).
has aleft-inverse namely a matrix Example 4.1:Let us consider the matrik’ ¢ A%2*3 defined
S=(-Y:X)eAxr by (12) and theA-module M’ = A3/A? R’ where A =

] L. . H..(C,). We haveFitto(M’) = 0 and:
which satisfiesSR = -YN + XD = I,. B ) N
« A trar_lsfe_r matrixP € Kq”_admit_s aright-_coprime Fitt;(M') = (jﬁ, %, %) C A
factorizationif there exists a right-prime matrix

~ ~ ~ We have the followingBézout identity
R=(NT:D")" e AP

s

e DR g o Rty (M) = A,

such thatD € A™" has full rank (i.edet D + 0) and: (+1) & 7 (a41)°
<= where
P=ND"". 0 — 4@((5:1—)3) €A
A transfer matrixP € K9*" admits adoubly coprime (5:25) 4(55-3) (2—s—e—(=D)
factorizationif P admits a left and right-coprime factor- b = 1D (1D (s—1)2 €4, (14)
ization. _ (s+1)?—4(5s—3)e (o7 1
In order to give necessary and sufficient conditions of the B (s+1) (s—1) ’
existence of a left/right/doubly coprime factorization, we neeshd thus,M’ = A3/A% R’ is a projectiveA-module.
to introduce the following definitions. Exercise 4.1:Let A = H.(C;) and let us consider the
Definition 4.2: [5], [7], [26], [66] If M is a finitely gener- matrix R’ € A2*4 defined by
ated A-module (i.e.M is defined by means of a finite family o= a1
of generators), then, we have: R — ( L0 -7 5 ) 7
« M is astably free A-module if there exist, s € Z, 0 0 —54

such thatM @ A* = A" (¢ denotes the direct sum).  \yhich corresponds to the weakly left-coprime factorization of
« M is aprojective A-module if there exist aml-module Exercise 3.5. Prove that the finitely presenteehodule M’ =

Pandr € Z such thatd @ P = A", i.e. M is adirect 44,42 g/ js a projectiveA-module (Hint: consider the two

summand of a freed-module. Let us note that, in thiselementsi;} and s}r1 of Fitto(M’) and prove that 1 is an

case,P is also a projectived-module. ~ A-inear combination of them).
_ Proposition 4.1: [7], [66] We have the following implica- - The following theorem gives necessary and sufficient con-
tions of A-modules: ditions for a transfer matrix to admit left/right/doubly coprime
free = stably free= projective = torsion-free factorizations.

L _ o Theorem 4.1: [56] LetP = D-'N = N D! be any
Definition 4.3: [42], [66] We have the following definitions: fr5ctional representation of the transfer matri® € K<,
« Aring A is aprojective-free ringif every finitely gener- where:
ated projectiveA-module is free. R=(D: —N) e A9*P,
o A ring A is a Hermite ring if every finitely generated R=(NT . DT)T ¢ Apxr,
stably freeA-module is free.
Let us introduce theFitting ideals of a finitely presented Then, we have:
A-module (namely am-module of the formA? /A? R, for a « P admits a left-coprime factorization iff thd-module
certain matrixk € A?*P). In the next proposition, this concept A? R is a free A-module of rankg and A?/A9R is a
will give a tractable characterization of the finitely presented stably freeA-module.
projective A-module M = AP/A% R in terms of the minors « P admits a right-coprime factorization iff thd-module

of the matrixR. A" RT is a free A-module of rank- and A7 /A" R is a
Definition 4.4: « If R € A?*?, then we denote by;(R) stably freeA-module.
the ideal of A generated by: o P admits a doubly coprime factorization ifi¢ R and

— all thei x i minors of R, if 1 <i < min{p, ¢}, A" RT are two free A-modules of rank respectively
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andr and A? /A7 R and A? /A" RT are two stably free Using this new equation and (16), we obtain:

A-modules. o p (1) p s=1)
Remark 4.1:If a transfer matrix P admits a left (resp. 1= 2(= (s+1)? + 1) — (2 (s+1)2 +1) p2 (17)
right or doubly) coprime factorization, theR also admits a +2a ((;r;ll))g 143,

weakly left (resp. right or doubly) coprime factorization (see .
Theorems 3.1 and 4.1). Thus, every left (resp. right or doubl?ence’ ifpn = p2 = ps = 0, then, from (16) and (17),

: i : btain\; = Xy = 0, i.e. we haveA?/A3R'T = 0
coprime factorization is a weakly left (resp. right or doubly €o 31 5 2 34D '
coprime factorization. nd thus,A*/A2 R = A®/A” R’ is a stably freeA-module.

Exercise 4.2: o [58], [59] Prove thatP € K9%" admits a By Theorem 4.1,P admits a left-coprime factorization. We

right-coprime factorization iff there exists a non-singul aac\gr?ll;%? ?r(;';? alIIGthaen(aorrir;utau;)nosb];g_rnsuch a left-coprime
matrix D € A" such that zation. (16) (7). w '

AP(PT: Ir)T :{/\1P+/\2 | A\ EAq, /\2 EAT} (/\1 : )\2) = (,Ul L2 M3)S,
_ Ap Pt where

(s—1)2 (s—1)
—2p o p gl

Deduce that? = N D~1, whereN £ P D € A9%", is a

— (s—1) 1 3x2
right-coprime factorization of. S=1 -2b (s+D% 1% (s+1) € AT,
« [58], [59] Prove thatP € K7*" admits the left-coprime 2a ((3111))2 _a(sfln
factorization iff there exists a non-singular matiix € ) )
A9%4 gych that and thus,RS = I,. Therefore, (13) is a left-coprime factor-
. ization of P because we have:
AP (Ig: =P)T ={A =X PT | A € A7 Ny € A7} 1 (s=1) 9h (s 29 (s 1)
_ A1(DYT (s+1) (s+1) (s11)2 (D)
- ’ (s—1) 0 —92p (=1 _ 4 h—L
(s+1) (s+1)2 (s+1)
Deduce thatP = D~' N, whereN £ D P € A9*", is a 0
left-coprime factorization. _ (s=1) . _, 1L —
e ) R, 2a 71 Oy 1.
Proposition 4.3: [56] If R € A?*P is a full row rank D) ‘ ‘
matrix, then thed-moduleM = A? /A4 R is stably free iff the (18)
A-moduleN = A7/A? RT = 0, i.e. iff there existsS € AP*4 Exercise 4.3:Doing as in the previous example, show that
such that: 1 0 1 e st
RS — Iq. P— ( 0 o ) ( s+1 s—;l ) e K2><2
Example 4.2:Let us determine whether or not the transfer s+1 0 &

matrix P defined by (6) admits a left-coprime factorization. Ins a left-coprime factorization of the transfer matfxdefined
Example 3.4, we proved tha? R = A® R', whereR' € A**® in Exercise 3.5 K = Q(Hu(C4))).

is defined by (12). Hence, thd-module A R is a free A- Equivalent necessary and sufficient conditions of the exis-
module of rank 2. By Proposition 4.313/A2 R = A*/A* R'  tence of left/right/doubly coprime factorizations can be ob-
is a stably freeA-module iff 42/A3 R'T = 0. The A-module tained.

A%/A3 R'T is defined by the following equations Theorem 4.2: [56] LetP = DN = N D! be any
(s=1) fractional representation of the transfer matrik € K9*",
(g+1) )‘1 + (9+1) Ay =0, where: .
(s+1) /\1 (15) { B=(D:—N)e A,
R=(NT: DT) € AP*T,
s+1) Ag =0,

Then, we have:
as well as theirA-linear combinations. If we put a second e P admits a left- Cop”me factorization |mP/A7" RT is a

membern: = (11 : po : p3)? to the equations (15), combining free A-module of rankg.

the first two equatlons, we obtain: « P admits a right-coprime factorization ifi? /A7 R is a
(5—1)? (s—1) L free A-module of rankr.
rDE M2 = (s+1) i+ oy M2 « P admits a doubly coprime factorization iff? /A" RT
Combining this new equation with the last one of (15), we 2andA?/A? R are two freed-modules of rank respectively
obtain q _and r. - .
A direct consequence of the last point of Theorem 4.2 is
o =b (e+1) i+ b s+1 Lo — (ST11) L1, (16) the following corollary first obtained by V. R. Sule in [73].

Corollary 4.1: LetP = D' N = N D~! be any frac-
whereq andb are defined by (14). From the first two equationtional representation of the transfer matrix € K?%", where:
of (15), we also obtain: { R=(D: —N) e Avr,

A28 =2y, -

(s+1) R (NT DT) € APXT,
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Then, P admits a doubly coprime factorization iff thd-
modulesA? RT and AP R are two free A-modules of rank
respectivelyy and r.

Exercise 4.4:Using the last point of Theorem 4.2 and 3
and 4 of Proposition 3.2, prove Corollary 4.1. Va, be A=A, (a,b) =A

Corollary 4.2: A SISO plant, defined by a transfer functio & inf & (la(s)| + [b(s)]) > O,
p =n/d € K = Q(A), where0 # d,n € A, admits a (29)
coprime factorization iff the ideal = (d, n) of A is a free whereC, = {s € C | Re(s) > 0} is the closed right half
A-module, i.el is a principal ideal ofA (namelyl = (d, n) plane Therefore, if we taked = H.,(C.) or A = A, then
is defined by a single element 4j. e~ ®] =1 (see Exercise 3.2) but the ideal

This result was already proved by M. Vidyasagar in [78]. L.

Exercise 4.5:Let us consideR? = (d: —n) € A'*2. Show I= (ﬁ’ ¢ ) C)=4
that theA-module A2 RT is the ideall = (d, n) of A defined pecause we have:
by d andn. Then, using Theorem 4.2 and the result that an .
ideal I of an integral domaim is free iff I is a principal ideal m‘ + |675\) =0.
(prove this result), prgve Corollgry 42 ) Indeed, if we take a sequenée,,),>o, with z,, € R, and

Corollary 4.3: If A is a Hermite ring, namely a ring such litmy 4 o0 20 = +00, then we have:
that every finitely generated stably freemodule is free (see
Definition 4.3), then a transfer matri € K?2*" admits
a doubly coprime factorization if admits a left-coprime
factorization or a right-coprime factorization.

This result was firstly proved by M. Vidyasagar in [78].

Exercise 4.6:In this exercise, we prove Corollary 4.3.

Let us recall that we have [14], [16], [78]
Va, be A= Hy(Cy), (a,b)=A
& infsec, (la(s)] + [b(s)]) >0,

1
=g

infse(c+ (

hmn—>+oo

ml-f—l‘ = limy, oo e = 0.
Therefore,A = H..(C,) andA = A are not Eezout domains.
Exercise 4.8: 1) Let us consider the plant defined by the

transfer functiorp = S:;. Show thatp belongs toK =

Q(A), whereA = H.,(C,) or A = A, because we
1) Suppose that the transfer matfxadmits a left-coprime have:
factorizatonP = D™'N, R = (D : —N) € A?P, n=<-cA
. . . s+1 )
Using the first point of Theorem 4.1, deduce that the d=35=1c A
T os+1 :

A-module AR = AYR is free of rankg and the A-
module AP/ A4 R = AP /A? R is stably free of rank:. 2) Using (19), show that the two elements= zjr} and

2) Using the definition of a Hermite ring (see Defini- n = 6;1 of A satisfy that the ideal = (d, n) is equal
tion 4.3), deduce thad” /A7 R is a free A-module. to A, and thus, thap admits a coprime factorization.
3) Using the second point of Theorem 4.2, deduce that3) Show thatp = n/d is a coprime factorization qf with:

P admits a right-coprime factorization, i.&> admits ) - .
a doubly coprime factorization. Efjrl; (1 +2 (HTD + (ﬁ) 2e=1.

4 CDOO :ir:r?esfzgirik)z);t?:nmlttlng that admits now a right- The effective computation of a doubly coprime factorization
b ' is generally a difficult task. See [8], [9], [78] for the explicit

Finally, we have the following theorem which characterizegms of coprime factorizations for some classes of SISO
the class of ringsA of SISO stable plants over which everysystems.

transfer matrix admits a doubly coprime factorization.
Theorem 4.3: [78] We have the following equivalences:

V. THE FRACTIONAL REPRESENTATION APPROACH TO

1) Every transfer function with entries ik = Q(A) SYNTHESIS PROBLEMS

admits a coprime factorization. A. Introduction

2) Every transfer matrix with entries ik = Q(A) admits
a doubly coprime factorization.

3) Ais a Bezout domain.

Exercise 4.7: 1) Prove that2 = 1 = 3 (use Corol-
lary 4.2 for the last implication).

2) Use the following result thatl is a Bezout domain iff
every finitely generated torsion-fre¢-module is free
[26], Theorem 4.2 and Lemma 3.1 to proye= 2.

Example 4.3:For instance, ifA = RH,, or A = £ (two

“The central idea that is used repeatedly in the
book is that “of factoring” the transfer matrix of a
(not necessarily stable) system as the “ratio” of two
stablerational matrices. This idea was first used in a
paper published in 1972 (see [76]), but the emphasis
there was on analyzing the stability ofjavensystem
rather than on theynthesiof control systems as is
the case here. It turns out that this seemingly simple
stratagem leads to conceptually simple and compu-

Bézout domains), then every transfer matrix whose entries tationally tractable solutions to many important and
belong to K = Q(A) admits a doubly coprime factorization. ~ interesting problems...”, M. Vidyasagar [78].

Recall that in a Bzout domain, two elements, b € A In the eighties, the fractional representation approach to
generate an ideal = (a, b) which satisfiesI = ([a, b]) (a synthesis problems was created in order to study in a
Bézout domain is a gcdd by Example 3.8 and Proposition 3.8hique mathematical framework some synthesis problems (e.g.
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ul +G el yl calledan internal stabilizing controller ofP if

H(P,C) = ( _ch ;P >

PO [ U-PO)! (I,-pPC)7'pP  Arp
-\ ocyg,-pPo)y’' I,+C(I,-PC)'P ’

Fig. 1. Closed-loop system

i.e. all the entries of the transfer matrix frofa; : ug)? to

(e1 : eo)T are A-stable.
internal/strong/simultaneous/robust stabilization, parametrizaExample 5.1:Let us considep = ﬁ € K = R(s) given
tion of all stab|I|z_|ng controllers, robu_stne_sHQ/Hoo-qumal in [37] and A — RH... The controllerc — _(s—i) proposed
controllers) for different classes of time-invariant linear sys: (s+1)

g ) ; . N X >79n [37] is not a stabilizing controller gp because we have
tems (continuous-time, discrete, finite or infinite-dimensional

systems) [2], [14], [17], [41], [77], [78]. The main idea of el = gzi;; up + (s«l»(;)—i_(i)fl)u2’
this approach was to give general formulations of different (s—1) (s41)
synthesis problems so that a wide variety of classes of systems €2 = ~(F2) U1 T () Y25

(e.g. I.umped or delay systgms, gystems of partial dlfferentgll] the transfer function from, to e; is not stable (unstable
equations) could be studied using the same concepts ats — 1). Hence, unstable pole-zero cancellations
tools. In this approach, synthesis problems are reformula

: i X Biween the plant and the controller lead to an instability
independently to the classes of systems which are con5|delirr§(ilhe closed-loop, i.e: is not a stabilizing controller op.

S0 that.general conditions on the solvability of a”spgcific Froposition 5.1: We have the following equivalences:
synthesis problem can be obtained. Hence, the verification o . i .
o If A= H.(C,), then internal stabilizability is equiva-

the solvability of a synthesis problem for a particular system _ ;

of a certain class is brought back to the verification of an lent to the fact that the linear operatdiy; p, ), defined
abstract condition for which the parameters are specified. by

This allows to separate as much as possible the problems Hy(Cyp)P —  Ho(Cy)P,

coming from the specific synthesis problem to the difficulties T T
arriving from the class of systems which is considered. It is u=(ur:uz)’ — (e1: )’ =H(P, C)u,
not surprising that the fractional representation approach to is bounded [14], [28], namely:

synthesis problems is then a ring-theoretic approach: algebra

develops general (universal) concepts which can be used in dom(Ty(p,cy) = {u € Hy | H(P, C)u € Hy} = Hj.
very different situations. Therefore, it is not surprising to
use module theory and homological algebra in the studies of ;o , H?, so that the corresponding internal input
the fractional representation approach to synthesis problems. , _ (e1 : e2)” has an infinite energy, i.e. ¢ HY.

Indeed, these two algebraic theories have been developed If A= RH..(C,) or A = A, then internal stabilizability
to understand general features of algebraic stuctures without implies that the linear operatof’y p, ¢, defined by
specifying a particular ring. Hence, we could easily say that ’
the fractional representation approach to synthesis problems is Hy(Cp)P — Hy(Cy)P,

a homological algebra approach to stabilization problems w=(ur: u)T — (e1: es)T = H(P, C)u,

is bounded [12], [15], [78], namely:

This means that there is no inputwith a finite energy,

B. Internal stabilization
Let us consider the closed-loop system defined in Figure 1 dom(Tu(p,c)) = {u € Hy | H(P, C)u € Hy} = Hj.
whereus (resp.u;) is the consign (resp. a perturbatiom),

andys the outputs and; ande, the internal inputs. We have
the following equations of the closed-loop system:

o If A = A, then internal stabilization implies that the
operator Ty (p, ¢y, defined by

Iq —-P €1 o Uy, Lq(R+)p — Lq(RJr)p’
-C I es )\ uy )’ u=(uy: u)t = (er:ex)T = H(P, O)*u,
Y1 = ez — Ug, is bounded forl < ¢ < +o00, namely

= €1 —Uy.
e dom(Ty(p, )

The following definition plays a crucial role in all the rest = {uc LRy )? | H(P, C)u € Ly(Ry)P}
of the paper. _ L, (R, )P

Definition 5.1: [17], [41], [44], [77], [78] Let A be an G
integral domain of SISO stable plants afd = Q(A) its Moreover, if the convolution kerneH (P, C') has a
guotient field. LetP € K9%" be a transfer matrix of a plant vanishing singular part, then internal stabilization is
andC € K"*? a transfer matrix of a controller. Thed; is equivalent toBIBO stability, i.e. to the fact that the
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previous linear operator is bounded fgr= +o0o0 [12], Exercise 5.2: 1) If P admits a left-coprime factorization

[14], [15]. (resp. a right-coprime factorization) of the form (20)
The following theorem characterizes internal stabilization in ~ (resp. (21)), then prove thdt is internally stabilized by
terms of module theory. C =Y X! (resp.C = X~'Y) (Hints: for instance, if
Theorem 5.1: [54], [56] A plant defined by a transfer P admits the left-coprime factorization (20), then prove
matrix P = D1 N = N D! € K9*", where we havel, — PC = (X D)~!, and thus,
R=(D: —N) € A7*P, (I, -PC)"'=XDe AT,
R=(NT: DT)T ¢ Arx7, (I, ~PC)"'P=XN € A",
is internally stabilized by a controller of the forii = Y X! C(I,-PC)"'=YDeA™,
(resp. C = X~'Y) iff A?P/A9R (resp. A?/A" RT) is a C(I,—PC)'P=YNe A",

projective A-module.

i.e. C internally stabilizesP. See [60] for the explicit
From Theorem 5.1, we obtain the following algorithm: y [60] .

computations).

2) Prove the converse of Corollary 5.1 using the following
result “if P admits a weakly left-coprime factorization
P = DN, with R = (D : —N) € AP, then
AP/A? R is a projective A-module iff AP/ATR is a

Algorithm 2: Input: A coherent domaimd and a matrix
R=(D: —N) e A",
Ouput: Stabilizability or not of? = D! N € K%,

1) Using Algorithm 1, computed? k: we obtaing’ € Z. stably free A-module” (see [56] for a proof of this
and R’ € A7*? such thatds R = A7 R'. result).
2) For increasing, check whether or not: Example 5.3:In Example 4.2, we gave a left-coprime fac-
1 € Fitt; (AP /AT R'). torization (18) of the transfer matri® defined by (6). Thus,

) , by Corollary 5.1, the controller defined by
If there existsi such thatl € Fitt;(A?/A? R'), thenP

is internally stabilizable, else not. ¢ =yx! .
Remark 5.1:In order to be able to check effectively internal —2b (571)2 +2 pl=b
1 . _ s=1) . _ 1 (s+1) (s+1)
stabilizability, we need to be able to: = ( Atz - —@ (s+1)) 9p =1 1 p 1
« compute the kernel of matrices with entriesAn IR G (s+1)
« test whether or not 1 belongs to a finitely generated ideal _ 4(55-3)e(s—1)2 (1:2)
of A. T (s+1) ((s+1)3—-4(55—3) e~ (s—D) ’
Example 5.2:Let us reconsider Example 4.2. We proveéhternally stabilizesP.
that the A-module A3 /A% R’ was projective f = H.(C,)), Example 5.4:Let us consider the following transfer func-

where the matrixk’ € A?*3 is defined by (12). Moreover, tion p = e~ V*/(s — 1) arising in the theory of transmission
in Example 3.4, we proved that> R = A? R/, whereR is lines [9]. Let A = H.,(C,) and let us denote by:

defined by (7). Thus, thel-module A3/A2 R = A3/A? R/

is projective and, by Theorem 5.1, the plant defined by the n=eVi/(s+1)€ A4,

transfer matrix P (6) is internally stabilized by a certain d=(s—1)/(s+1) € A.

controller of the formC' =Y X1, .

Exercise 5.1:Using Exercises 3.5 and 4.1, prove that th&hen, we havep = n/d qnd [d, n] - 1_ which shows that
transfer matrixP defined in Exercise 3.5 is internally stabi? = 7/d is a weakly coprime factorization gf. Hence,p is
lizable. internally stabilizable iffp admits a coprime factorization, i.e.

Corollary 5.1: [56] If a transfer matrixP € K79%" admits there existsz, y € A such thatdz —ny = 1. Hence, the
a weakly left (resp. right) coprime factorization of the forrﬁx!stence of a coprime factorization fpris equivalent to the
P=D"1N (resp. P = N D), where existence ofy € A such that:

Vs Vs
R=(D: —-N) €A™ po Ltye P /(s+1)  (s+D4yeV

- - - -1)/(s+1 -1
(resp. R = (NT . DT)T ¢ AP*7), then P is internally (s=1)/(s+1) (s —1)
stabilizable iff P = D-' N (resp. P = NDA) is a left Therefore, we must try to remove the unstable pole 1 by

(resp. right) coprime factorization aP. Moreover, if we have ch00sing an appropriatg, i.e.y € A such that:

DX -NY =1, 20) (s+1)+ye Vo)1) =2+y(l)e " =0.
S=X": YT e Arx, If we choosey = y(1) = —2e € A, then we have:
(resp. S (s41)—2evF
YN-XD=1, ) cA
S=(YV:X)e Axpr), 1)

o Therefore,c = y/x is a stabilizing controller op.
then, the controlleC = Y X! (resp.C = X' Y) internally We refer the reader to [8], [9] for explict coprime factor-
stabilizesP. izations for some classes of infinite-dimensional linear SISO
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systems (e.g differential time-delay or fractional differentiakherea andb are defined by (14), satisfies:
systems).

Corollary 5.2: [56] If A is a projective-free integral do-
main, then every plant, defined by a transfer matrix with
entries iInK = Q(A), is internally stabilizable iff it admits a
doubly coprime factorization.

SR e A3,
RS=DX-NY =1,.

Deduce thatP is internally stabilized by the controller:

In particular, Corollary 5.2 is true for coherent Sylvester ~ _y x-1 _ (_L : _27(1)
domains (e.9H..(C.) [71], RH. [78]). (s+1) * s+
Corollary 5.3: The integral domaid/y-, defined in (5), is p =l o (Hl) oy (=) o (s=1) -1
projective-free [10], [39], and thus, every internally stabiliz- (s+1) (s—1)* (s+1) s+1
able admits a doubly coprime factorization [59]. o - 2 2o 4 g ’
Corollary 5.3 answers to a conjecture of Z. Lin. See [43] ' )
and the references therein. See [59] for more details. —(s+1)((jﬁ;{ﬁé(z:gﬁﬁ)) (1:2).

Proposition 5.2: [56] We have the following equivalences: ] ]
« The A-moduleA? /A7 R is projective ® € A9*P). Corollary 5.6: A SISO plant, defined by a transfer function

« The A-moduleA” R” is projective. p=n/d € K = Q(A), where0 # d, n € 4, is internally
Hence, we have the following corollary of Theorem 5.1 anﬁtab'l'zaple iff the |d§all = (d,n) of A '_S a projective A-
Proposition 5.2 which was firstly proved by V. R. Sule in [73]f“°d“'e' i.e. there exist, y € K such that:
Corollary 5.4: P=D"'N = ND~! € K7, where
R=(D: —N) e A7*P,
R=(NT: DT ¢ Arxr,

de—ny=1,

(22)
dx, dy, nx € A.

If x # 0 (resp.z = 0), then the controller = y/x € K (resp.

is internally stabilizable by a controlle€’ = Y X~! (resp. ¢=1—dy € A) internally stabilizesp.

C = X"1Y)iff A? RT (resp.AP R) is a projectiveA-module. Exercise 5.5:The main purpose of the exercise is to prove
In [47], K. Mori developed an algorithm in order to checkCorollary 5.6. See [57] for the proofs.

whether or not am-module of the formA? R” is projective. 1) Let us consider the matriR = (d: —n) € A'*2. Show

Alternatively, using the approach developed in these notes, we that A% R” is the ideall = (d, n) of A defined byd

can first compute thel-closure A? R of the A-module A R

andn.

(see Algorithm 1 of section 1lI-C) and use Proposition 4.2 to 2) Using Theorem 5.1 and Corollary 5.4, prove that the
plant p = n/d is internally stabilizable iff the ideal

I = (d, n) of A is a projectiveA-module.

In the next corollary, we give two characterizations of internal 3) Using Corollary 5.5, prove thagi = n/d is internally
stabilizable iff (22) is satisfied for a certain couple

check whether or noti?/ A9 R is a projectiveA-module, i.e.
whether or notP is internally stabilizable (see Algorithm 2).

stabilizability only using matrices.

Corollary 5.5: 1) [55], [56] P = D !N € K9*7, (z,y) € K2
yvhereR = (D: —N) € A7*?, is internally stabiliqule 4) If x # 0 (resp.z = 0), prove directly thatc = y/x
iff there existsS = (X7 : YT)T e KPX4, with (resp.c = 1 — dy), wherez, y € K satisfy (22), is a
det X # 0, such that: stabilizing controller ofp by showing that we have:
XD —-XN
. — pPXp -1
SR (YD —YN)GA ’ Hip, o 1 —p
b, c) =
« RS=DX-NY =1, — 1 ’s
Then, the controlleC’ = y X! internally stabilizesP. 1 p (23)
2) [55], [56] P = ND!, whereR = (NT : DT)T ¢ = < fope dope ) € A2%2,
AP*Tis internally stabilizable iff there exists a matrix T-pc T1-pe
T=(-Y: X)€ K™, with det X # 0, such that: 5) One can show that = (d, n) is a projectiveA-module
_( TNY NX APXP iff I is aninvertible idealof A, namely! is such that the
« SR € ;
-DY DX productl (A : I) £ {37 ja;b; |a; € I,b; € A: I}

e« TR=-YN+XD=1,.
Then, the controllet’ = X ~!Y internally stabilizesP.
Exercise 5.3:Give the proofs of 1 and 2 of Corollary 5.5
using only matrices. Compare your proofs with [58], [59].

of Iby A: I ={ke K=0Q(A) | kd, kn € A}
equalsA [54], [56]. Recover point 3 using the fact that
p = n/d is internally stabilizable iffl = (d, n) is an

invertible ideal ofA.

Exercise 5.4:Check thatS = (X7 : YT)T e K3x2 6) Prove thaic = s/r internally stabilizegp = n/d iff we
defined by have the following equality of ideals of:
s—1 s+1 s—1 s—1 ) — — .
b Es+1§ +2 ((s—1))2 2b Es+1§ -2 (s+1) (d, n) (r, s) = (dr —ns)
— s+1 s+1 .
§= Ty ((3_1))2 o+ Es—1§ : 7) Prove that:
ey -&5 I(A:I)={acAlane(d)}+{acA|ade (n)}



Deduce thap is internally stabilizable iff we have

{acAljane(d)}+{acAlade(n)}=A4

(see [54], [56] for a proof). This last result was firstlydeﬁned by

proved by S. Shankar and V. R. Sule in [69].

8) Prove thap = n/d admits a weakly coprime factoriza-
tion iff A : I is a principalfractional ideal of A (see

Exercise 5.8 for the definition of fractional ideals).

9) Provep = n/d admits a coprime factorization iff is a

principal ideal ofA.
10)

iff there existsc € A (resp.c € U(A)) such that:
I'=(d—nc).

Exercise 5.6:[57] Let us consider the wave equation:
8 (a,t) — T2 (1) = 0,
52(0,1) =0,
(1) =),
y(t) = G (1,1),

1) Prove that the transfer function of (24) is given by:
p=(e+e%)/(e’—e?).

2) Prove thap € K = Q(Hx(C4)).
3) Using the fact thatdA =

(24)

H,(C,) is a gcdd (see

16

i.e. there exists a stabilizing controller &f of the form:

C=vUu'lt=v1Xx.

Exercise 5.7:Check thatS = (UT : V)T ¢ A3x2

2 s—1)° s—1)° (s—1)
si1tb <s+1) 2b (m) ~ 24

= (s—1)? 1 s—1 (s—1)
S b~ 1 T 205y ’
(s=1)* (s=1)*
—0 Gy —2a GF1)®

Prove thatp = n/d is is strongly (resp. bistably) wherea andb are defined by (14), satisfies:
stabilizable namelyp is internally stabilizable by means
of a stable controller € A (resp. by a stable controller
¢ whose inverse is stable [4], [20], [78], i.e.€ U(A))

S(IQZ —P) €A3X3,
(I: -P)S=U—PV =1L

s—1)2
c =vu=( ol

Deduce thatP is internally stabilized by the controller:
(s=1)°
_20/ (S-‘rl)‘} )
3 3 -1
2 s—1 -1 (s—1)
( s+1+b(s+1> 20 (iﬂ) _2(s+1) )
. 1)2 s ’
(s—1) 1 s—1 +2b ((S+11))3
_ 4(55—3)e(s—1)2 .
- (s5+1) ((s+1)3—4 (5s—3) e—(s—1)) (1 : 2)
Corollary 5.7: [59] P € K?*" is internally stabilized by
the controllerC' € K™*1 iff one of the following conditions
is satisfied:

(s+1)3 s+1 s+1
o The matrix

(Iq - PC)_I

- ( Ja-ra, ~(I,—PC)'P >

—C(I,-PC)'P

Corollary 3.3), compute a weakly coprime factorization

of p.

is aprojector of AP*P, namelyll? = II; € AP*P.

4) Prove thatp is internally stabilizable and compute a ¢ The matrix

stabilizing controller ofp.
5) Determine a coprime factorization pf
6) Prove thap is bistably stabilizable.

The next theorem gives some explicit characterizations of
internal stabilizability only using the transfer matrx of the
system, i.e. without using any fractional representatioof

Theorem 5.2:[58], [59] P € K7*" is internally stabilizable

iff one of the following conditions is satisfied:
1) There existsS = (UT : VT)T € AP*4 such that:

UP
— pXr
_(VP>€A ,

—U—-PV =1,

SP

(Ig: =P)S

Then,C = VU! is a stabilizing controller of.
2) There existd’ = (—X : Y) € A™*P such that:

PT =(PX: PY) € AP,

T(f) =—-XP+Y=1I,.

Then,C’ = Y~! X is a stabilizing controller ofP.

If P is internally stabilizable, then there exiSte AP*9,
T € A™P satisfying 1 and 2 and such that

TS=-XU+YV =0,

([ -P({I,-CP)"'C P(I,-CP)!
H2_( —(I,-CcP)'c (I,-CP)! )

is aprojector of AP*P, namelyIl2 = I, € AP*P.
Moreover, we have:

I, 41y = I,

Corollary 5.7 was already proved féf..(C.) [28].
Remark 5.2:First of all, let us notice that we can prove
that Corollary 5.7 is equivalent to the fact th&t € K7*"
is internally stabilizable iff one of the following conditions is
satisfied [58], [59]:
o AP (PT . I,)T is aprojective latticeof K", namely a
projective A-submodule ofK™ of rankr,
e AP (I, : —P)T is aprojective latticeof K9, namely a
projective A-submodule of(? of rank q.
Secondly, in thdoop-shaping procedur§?0], [29], let us
notice that theobustness radius defined by [20], [25], [29]:

bpo =TI =112 15

Corollary 5.8:  « If P € K7 admits a left-coprime
factorization? = D'N, DX — NY = I, then
S = (XxXD)T: (v D)T)T satisfies 1 of Theorem 5.2,
and thusC = (Y D) (X D)~! =Y X~ is a stabilizing
controller of P.



Exercise 5.8:This exercise is based on certain results ob-
tained in [55], [57], [62]. We refer the reader to these papers
for more details and the solutions.

1)

2)

3)

4)

5)

6)

1while we were completing the paper at the beginning of 2004, we ha
found that a similar characterization of internal stabilizability was obtained
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Similarly, if P € K%*" admits a right-coprime fac- 7) Prove that € K internally stabilizey € K iff we have

torization P = ND™!, -YX + XD = I, then the following equality of fractional ideals oA:

T = (-DY : D X) satisfies 2 of Theorem 5.2, and thus,

C=(DX)" ' (DY) = X"'Y is a stabilizing controller (Lp) (1, ¢)=(1—pc). (26)
of P.

8) Consider the transfer functigndefined in Example 4.8.
Prove thatp is internally stabilizable angh admits a
coprime factorization.

) ) ) 9) Prove thatt = —(s —1)/(s+ 1) € A cannot internally

The lattices ofK are called thdractional idealsof A. stabilize the planp = 1/(s—1) (see Example 5.1) using

A fractional ideal J of A is an A-submodule of the only (26) and the fact that — pc € U(A).

quotient fieldK’ = Q(A) which satisfies that there exists 1) prove that ifp admits a weakly coprime factorization
07 a€ AsuchthatajC A. Letp € K be a transfer and is internal stabilizable, thep admits a coprime
function. Prove tha/ = (1, p) = A+ Ap s a fractional factorization.

ideal of A. _ , _ .. 11) Letc e K be a stabilizing controller of. Using 3 and
Prove thatp admits a weakly coprime factorization iff (26), prove that: admits a coprime factorization if

the ideal/ = (1, p) satisfies that admits a coprime factorization.

A:J2{keK |k kpcAy={dcA|dpe A The next theorem gives a general parametrization of all
stabilizing controllers of an internal stabilizable plant which
is a principal integral ideal of A, namely has the form does not necessarily admit a doubly coprime factorization.
A:J=(d), with0 #d € A. Theorem 5.3:[58], [59] Let P € K?*" be an internally
A : J is called theideal of the denominator®f p stabilizable plant. Then, all stabilizing controllers Bf have
whereas(p) (A : J) is theideal of the numerator®f the form

p- _ -1
Prove thatp admits a coprime factorization iff the cE =V+QU+rQ 27)
fractional idealJ = (1, p) is principal. =Y -QP) (X -Q),

¢ € K is said toexternally stabilizepp € K if the
transfer function(pc)/(1 — pc) € A. Prove thate € Kk Where ¢ = VU~' = Y~ X is a particular stabilizing
externally stabilizeg iff we have (1, pc) = (1 —p¢).  controller of P, i.e. we have

Provep is internally stabilizable iff the fractional ideal

J = (1, p) isinvertible namely satisfieg (A4 : J) = A, v=rv=1,
where the producy (A : J) is defined by: Y-XP=1I,
UP pxr
JA:J)={a+bpla,be A: ap, bp € A}. VP € APXT,
If J is an invertible fractional ideal oft, then 4 : J is (-PX: PY)eATP,

calledthe inverseof J and is denoted by —!. Deduce

that p is internal stabilizable iff there exist, b € A and@ is any matrix which belongs

which satisfy?: Q={LecAX| LPecA> PLc A, (28)
- PLP e A"}
{ a—bp=1, (25)
ap € A such thatdet(U + P Q) # 0 anddet(Y — Q P) # 0.

Then, prove that ifz # 0 (resp.a = 0), ¢ = b/a € K Let us notice that some attempts in order to parametrize all
(resp.c = 1 — b € A) is a stabilizing controller of stabilizing controllers of an internally stabilizable plant which
andJ~! = (a, b). Finally, if a # 0, then prove that we does not necessarily admit a doubly coprime factorization have

have: been done in [48], [73]. Unfortunately, these parametrizations
are either not explicit in the free parameters or the set of free
a=1/(1-pc) (sensitivity transfer functidn  parameters is not characterized.
b=c/(1—pc). Remark 5.3:The number of free parameters in the

) parametrization (27) is completely characterized by the projec-
Prove directly that = b/a € K, where0 # a, b € A tjye A-modulef of rankr x ¢ defined by (28). Let us notice
satisfy (25), is an internally stabilizing controller of that determining the cardinal(Q) of a minimal generating
by showing that we then have (23). system of and-module is a well-known and difficult problem
in algebra. Some bounds @i{(2) have been given in [59] for
ﬁﬁerent cases of systems but the general case is still open.

the paper “Feedback, minimax sensitivity, and optimal robustness’, G. zamkpwever, for SISO systems, a complete answer is given in the
B. A. Francis, IEEE Trans. Autom. Contr,, 28 (1983), pp. 585-601, under thgaxt corollary.

form: p is internally stabilizable iff there exists a stalglsuch thats = 1—pq . B B

andap = (1 — pq) p are both stable. This characterization corresponds to Corollary 5-9_- [57] Let p = n/d € K = Q(A) be an

b = —q, up to the sign convention in the closed-loop system (see Figure 1jnternally stabilizable plant.
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« All stabilizing controllers ofp have the form stabilizing controllers ofp admits two parameters and
2 2 there does not exist a parametrization of all stabilizing
y+qdz®+qdy -
c(qr,q2) = n Y L controllers ofp with only one free parameter.
_ ”q.1 @y Reconsider the exercise with= (1 +i/5)/2 € Q(A) and
wherec = y/x is a stabilizing controller op, namely 4 = 7[; \/5] [1]. For both of them, see [57] for the results.
{ dow—ny=1 Corollary 5.10: « [59] If P € K?*" admits a left-

. c A (29) coprime factorization® = D~! N, then:
T, dy, nx .
Q={Le A™*1| PLe A} D.
(see (22)) andy;, ¢ are any element ofl satisfying: { | }
e [59] If P € K2 admits a right-coprime factorization

e+ qna’+gny’ #0. P =ND"! then:
« All stabilizing controllers ofp have the form O=0D {LeAr>4| LPeA™r}.
(1. 42) = b+q1 2612 + g2 b 7 Corollary 5.11: [58], [59] Let P e_Kq.” be a plant which
a+q a’p+qb’p admits a doubly coprime factorization:
wherec = b/a is a stabilizing controller op, namely P=D'N=ND1,
(ol © (5 3)(F 5)=»

(see (25)), and, ¢ are any element ofi satisfying:  Then, theA-module() of free parameters defined by (28) is

atqadp+apbip£0. the free A-module of rankr x ¢ defined by:

=DA™4D
The parametrizations (29) and (30) have only one free _
parameter iffp> admits a coprime factorization. > = s/r ={Le A [L=DRD, VR e A™*}.
is a coprime factorization of, then: Therefore, all stabilizing controllers d? have the form
o The parametrization (29) becomes the following one - < - .
Lyt ar C(@Q) = (V+DQ)(X+N Q)™ = (X-QN) ™ (Y -QD),
clg) = dz+qrp’ where@ € A% is any matrix such that:
wheregq is any element ofA such thatdz + gpr # 0. det(X + NQ) #0, det(X —QN) #0.
» The parametrization (30) becomes the following one We recover the well-knowrYoula-Kuera parametrization of
c(q) = b+gqr all stabilizing controllers ofP [17], [40], [78], [80], [81].
¢ a+qrp’ Example 5.5:Let us consider the transfer function
wheregq is any element ofd such thata + gpr # 0. p=poe "%,

Exercise 5.9:Let A = R[22, 23] be the polynomial ring in _ .
22 and z%. Using the fact that every integer > 2 is of the wher_e po € RH. is a proper and stable rational transfer
form n = 2i + 3, we obtain that” = (22) ()7 € A for function andr > 0. Hence, we havey €¢ A = H,(C,),

n>1andz ¢ A, which proves that: and thus,p admits the coprime factorization = n/d with
" n =pye "% andd = 1. Thus, we have the following Youla-
A={p= Z“’ #t € Rlz]|ar = 0} Kucera parametrization of the stabilizing controllerspof
=0 _ q
c - 3, T
@ 1+gpoe 7°

In [47], the ring A has been used in order to modelize the
set of discrete finite-time delay systems which do not contaivhereq € A is a free parameter.

the unit time-delayz. For instance, such a system appears in Let co € RH,, be a stabilizing controller opy € RHo,
high-speed electronic circuits (see [47] for more details). achieving some prescribed performances. Then, we have:

1) Let us considep = (1 —23)/(1 — 2?) € K = Q(A). i2 o € RH.. C A

Using the identity (1 —=poco)
1-2%)(1+2%) = (1—a?)(1+22+a2%) Therefore, we obtain the stabilizing controller @{50]
. ) . N Co _ Co
prove thatp does not admit a weakly coprime factoriza- c(q) L+poco(e ™ —1)  1—co(po—p)

tion, and thus, does not admit a coprime factorization. hich i I h ith , .
2) Show thate = (—1 + 2)/(1 + «*) is a stabilizing which is called theSmith predictor[49], [51]. Let us notice

controller ofp. Conclude that there is no Youla-Kera that the complementary sensitivity transfer function has the
parametrization of all stabilizing controllers pf following form

3) Compute the parametrization of all stabilizing con- pc(q) Do Co s
trollers of p. Prove that this parametrization of all 1—pe(q) <1 — Do 00> ¢




showing that the Smith predictor allows us to reject the time-

delaye~"* outside the closed-loop formed Iy andcy. See
[24] for recent results on the Smith predictor.

Exercise 5.10: « Following Example 5.4, prove that the
unstable transfer functiop = e=*/(s — 1) is internally
stabilized by the following controller;

2e B 2e(s—1)

1+2 (ersji—n) T s+ 1-2e G-

Let us notice thatl —e= 1Y) /(s—1) € A = H,(Cy)

is called adistributed delaySee [8], [49] for more details.

o Compute the Youla-Ktera parametrization of all stabi-
lizing controllers ofp.

CcC =
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whereq =22 q; + 3% ¢ € A.
¢) Using the following identity
(®(1—2ny))2? + (n® (1+2dx))y?* =1,

show that, for any; € A,

{

are such that = 22 ¢, + % ¢o.
d) Finally, deduce that we have:

@ =d*(1-2ny)q,
@ =n?(1+2dx)q.

inf

1_ = i f .
Lt /(L= pe) [a= inf wd (@ +na) |14

We refer the reader to [2], [40], [41], [78] for applications

of the Youla-Kwera parametrization to synthesis problems.
Corollary 5.12: [59] Let A be a Banach algebra (e.gl,
Wy, Ho(CL)), K = Q(A), P € K7*" a stabilizable plant

VI. STRONG AND SIMULTANEOUS STABILIZATIONS
Definition 6.1: We have the following definitions [4], [78]:

and Wi, Wy € A9%49 two We|ghted transfer matrices. Let us ° A plantP e K77 is Strongly stabilizablaf there exists

denote byStab(P) the set of all stabilizing controllers a?.
Then, we have:

E 2 infoegianpy | Wi (I, — PO) ' Wy ||a

= (1)

ianEQ H W1 (U+ PQ) Wg ||A7

where(UT : VT)T € AP*4 satisfy
U-PV=1I,

(UP)QAP”,

VP

andC =V U~! is a particular stabilizing controller aP.
Exercise 5.11: 1) [59] Let P € K=" be a plant which
admits the doubly coprime factorization:

P=D'N=ND,
)ZIP.

(5 3)( 5

Y X Y D
Prove that + PQ = (X + N R) D, and thus:

-Y

inf || Wi (X+NR)DWy |a.

REAT*4

2) [61] Letp € K = Q(A) be a stabilizable plant and
w € A a weighted transfer function.

a) Using Corollary 5.9, prove that we have:

—
=)
[l

inf 1-— 32

ednf Mw/A-pe)lla (32)

= inf |w(a+a’pq+b°pg) |la (33)
q1,92€A

wherea, b € A satisfya —bp =1, ap € A, and
¢ = b/a is a stabilizing controller op. Conclude
that we have transformed the non-linear proble
(32) into an affine, and thus, convex one (33).
b) If p=n/d is a coprime factorization of
de—ny=1, =z, y€A,

then prove that we hawe=1/(1—pc) = dz and
b=c¢/(1 —pc) =dy. Deduce that we have

a+a’pq+bpg =d(z+qn),

a stable stabilizing controllef’ € A™*? of P.

o Two plants P, P, € K?*" are simultaneously stabi-
lizable if there exists a controllelC’ € K"*? which
internally stabilizesP; and P.

The strong and simultaneous stabilization problems have
largely been investiguated in the literature (see [4], [78] and
the references therein). This can be explained by the fact
that strongly stabilizable plants have a good ability to track
reference inputs [78]. Moreover, in practice, engineers are
usually reluctant to use unstable controllers specially when
the plant is stable. Finally, simultaneous stabilization plays
an important role in the study akliable stabilization i.e.
when we want to design a controller which stabilizes a finite
family of plants which describes a given system during normal
operating conditions and various failed modes (e.g. loss of
sensors or actuators, changes in operating points). We refer
the reader to [4], [78] for more details and references.

Let us introduce some definitions [3], [27], [75].

Definition 6.2: e a = (a; :...: a,) € A™ is unimodu-
lar if there exists a vectdf = (by : ...: b,) € A" such
thatab” = Y7 a; b; = 1. We denote the set of all the
unimodular vectors o™ by U, (A4).

A matrix R € A?*P is unimodularif there exists a matrix
S € AP*4 such thatR S = 1.

A unimodular matrixR = col(Ry,...,R,) € AT*P is
called k-stable (1 < k < r = p — ¢) if there exists a
(p — k)-tuple (¢;)1<i<p—r belonging to thed-module

}

col(Ri+ci:Re+co:... i Ry +cpi) € AT (p=F)

k
ZRP*]H‘Z' b; | b; € A

i=1

Rpk+1A+...+RpAé{

m such that the matrix
is a unimodular matrix, where
col(Ry:...: Rp_i)

denotes the matrix formed by the — k) first columns
of R.
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Remark 6.1:A unimodular matrixR € A?*? is k-stable iff admits a right-inverse with entries iA, with the notations:
i i kx(p—Fk)
there exists a matrify, € A such that R=(D: -N)=(D :=N, :=A) €A,

Ry = COl(Rl HE Rp,k) + COI(Rp,kJrl HER Rp) Tk ? ? ?
is a unimodularg x (p — k)-matrix. Let us define bySy, = (UT : VT)T € AP=Hx4, [ € A7xq,
Definition 6.3: [3], [27], [75] @ = (a1 : ... :an) € Up(A) V€ A’*4, any right-inverse .oRk such thatet U # 0. Then,
is called stable(or reductiblg if there exists an — 1)-tuple the controllerC’ < K74, defined by
b=(b1: ...:by_1) € A" ! such that oo ( VU1 ) ls=r—k
o Ty +T,(VU! ’ k
(a1+an bl Do :an—1+anbn—1) eUn—l(A)a . _.1 2( ) i I
internally stabilizesP. Moreover, ifdet(D — ATy) # 0, then
i.e. there existgc; : ...:¢,_1) € A" ! such that we have: the controllerC, = V U~! € K**¢ internally stabilizes
n—1 Py=(D—AT)) (N, +ATy) € K7%*,
itanb)ci =1 . . . .
;(a Fanbie The unstable part of’ is only contained in the transfer matrix

Cy, =V U~! and its dimension is less or equal 40 gq.

Definition 6.4: [64], [74], [75] The stable ranger(A) of “ginijar results also hold for a transfer matdx admitting

A is the smallest: € N'U {+oc} such that every vector of right-coprime factorization.

Unt1(4) is stable. Up to our knowledge, there is no general algorithm checking

Remark 6.2:Let us notice that the stable rang&(A) is  \yhether or not a matris is k-stable. However, we can prove
also called thestable rankof A in the literature of algebra. 4t any matrix® € A7 such that > st(A) is r—sr(A)+1-

Theorem 6.1: « [74] sr(H(Cy)) = 1. stable [60]. Therefore, we obtain the following corollary which
« [60], [78] st(RHx) = 2. only depends oBr(A), i.e. on the integral domair.

o [36] sr(A(D)) = 1. Corollary 6.1: [60] Let P = D' N be a left-coprime

o [67]sr(Wy) =1 . factorization P € K*" such thatr > sr(A). Then, there

o [35] sr(E(k)) =11if k=C, and 2 ifk =R. exist two stable matrices

e [32] sr(Lo(iR)) = 1.

[75] sr(R[z1,...,2s]) =n + 1.

Remark 6.3:Let us notice thatr(H (C)) = 1 does not
contradict the fact thair(RH.,) = 2. Indeed, the functions such that the followingy x (¢ + sr(A) — 1)-matrix
of H,(C,) can have some complex coefficients whereas a N
functiogl of)RHoo can only have real coefficients. It seems Br—say+1 = (D = AT =(Nox(ay-1 +AT2))
that the ring{f € H..(C+)| f(5) = f(s)} has stable range admits a right-inverse, with the notations:

2 l?rl;]té l:c[))":)?/v?now, therell.s no proqf of it. . R=(D: -N)=( D : Naay _A).
g proposition explains the link between strong
stabilizability andk-stability. q sr(A)—1 r—sr(A)+1

Proposition 6.1:[60] The transfer matrixP? € K9%" is sr(A)— : .
strongly stabilizable iffP admits a doubly coprime factoriza—.hc Sr—st(a)+1 = (UT: V)T e Alrts =X s any right-
tion P — D=L N — N D~! suchthatk — (D : —N) € AP inverse OfR, _sr(4)4+1 Such thaidet U # 0, then the controller
and (DT : NT) e AP are respectively- and ¢-stable. ¢ defined by

Remark 6.4:Let us notice that ifP = D;' Ny = D;* N, _ < VUt ) Isr(A) -1
are two left-coprime factorizations a?, then, we can prove N T\ + T (VU™ Jr—sr(4)+1
that there exists a matri& € GL,(A) such that:

T, € A(rfsr(A)Jrl)Xq’
Ty € A(rfsr(A)Jrl)X(sr(A)fl)

Y

internally stabilizes the planP® = D~! N. Moreover, if
(Da: —No) = U (D1 : —N). fiet(D — ATl). 7é 0, then the controlleCy,4)—1 = VU ™!
internally stabilizes the plant
Hence, we can easily show th&} is k-stable iff R, is also )1 = (D — ATl)’l (Nuray_1 + A T3).

k-stable. Similar results also hold for right-coprime factor-
izations. Therefore, Proposition 6.1 does not depend onFinally, the unstable part of the controll€tis only contained

particular choice of a doubly coprime factorization Bf in Cya)—1 = VU™! and its dimension is less or equal to
Secondly, let us notice that strong stabilizability implies thesr(A4) — 1) x q. _
existence of a doubly coprime factorization for the plant. ~ Corollary 6.2: [60] If sr(A) = 1, then every transfer matrix

Theorem 6.2:[60] Let P = D! N be a left-coprime Which admits a left or a right-coprime factorization is strongly
factorization of P with R = (D : —N) € AP, If R is k- stabilizable (i.e. is internally stabilized by a stable controller).
stable ands 2 r — k > 0, then there exist two stable matricedn particular, this result holds fod = W, or A(D).

T, € A¥*4 andT, € A**s such that the matrix Moreover, every internally stabilizable plant, defined by a
transfer matrixP with entries in the quotient field dff . (C.)
Rp=(D—ATy: —(N,+ATy)) € AVP=H) is strongly stabilizable.



Let us notice that Corollary 6.4 solves a question asked by
A. Feintuch in [21] on the generalization of S. Treil's result
[74] for MIMO systems defined oveH ., (C_.).

Corollary 6.3: [62] If sr(A) = 1, thenA is a Hermite ring.

In particular, this is the case for the rindgs..(C,), A(D),

W4, E(C) and Lo (iR). Moreover, if K = Q(A) and the
transfer matrixP € K?*" admits a left or a right-coprime
factorization, thenP admits a doubly coprime factorization.

Let us state the link between strong and simultaneous
stabilizabilities.

Proposition 6.2:[78] Let P, P, € K9*" be two transfer
matrices which admit the following doubly coprime factoriza-

5)

6)

tions P, = D' N; = N; D! and: 7
D; —N; X; N\ -
Then, P, and P, are simultaneously stabilized by a controller
C iff there existsI" € A such thal/4+V T € GL,(A), where:
U=Dy Xo— N1 Yp,
V = —D; Ny + N D.
Remark 6.5:Let us notice that if?’;, and P, are two stabiliz- 8)

able plants which do not admit doubly coprime factorizations,
then the simultaneous stabilization problem for two pIants9
. . o )
is no more equivalent to a strong stabilization problem. The
relationships between these two problems seem to be highly
open for stabilizable plants which do not admit doubly coprime
factorizations.

Corollary 6.4: [60] If sr(4) = 1, then every couple of
plants, defined by two transfer matricBs and P, with entries
in K = Q(A), having the same dimensions, and admitting
doubly coprime factorizations, is simultaneously stabilized by
a controller (simultaneous stabilization). In particular, this
result holds forA = W, or A(D).

Moreover, if A = H,(C,) and Py, P, are two internally
stabilizable plants with entries iK' = Q(A), then P, and P,
are simultaneously stabilized by a control@r

We refer to [70] for a promising work on the simultaneous
stabilization problem for multidimensional systems, i.e. for the
ring Mp- defined in Example 2.1.

Exercise 6.1:[62] Using Exercise 5.8, prove the results:

1) Prove thaty € K = Q(A) is strongly (resp. bistably)
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, pr are simultaneously stabilizable iff the plants
, P2 k—1, defined by

P1y---
Pk+1,---
A dL ny —n; d1
Pk+i—1 = 76& o1 —niy1
are simultaneously stabilized by a stable controller [4].
Let p; € A andp, € K. Using (26), prove that

¢ simultaneously stabilizep; and py iff ¢/(1 — p1c)
strongly stabilizes, — p;.

Letp; € A andps,...,pr € K. Prove thatc simul-
taneously stabilize®.,...,pr iff ¢/(1 — p1c) € A
simultaneously stabilizes the plants—p1, ..., px —p1.

Let p, ¢ € A. Using (26), prove thatc internally
stabilizesp iff 1/(1 — pc¢) € A. Hence, deduce that
¢ internally stabilizeg iff ¢ externally stabilizes.

Let us recall that ifA is a Banach algebra, then:

l1—a|la<1l=acU(A). (34)
Let A be a Banach algebra and:

lella<t/lIplla-

Prove thatc € A internally stabilizesp. This result is
generally called themall gain theorenjl4], [84].
Using (26), prove that # ¢ € K internally stabilizes
0 # p € K iff 1/c internally stabilizesl /p.

Letd € A. Using (26), prove that internally stabilizes
p € K iff ¢/(1+4 ¢) internally stabilizep+4. Similarly,
prove that internally stabilizep € K iff ¢+4 internally
stabilizesp/(1 + d p).

Lety € A andc be a stabilizing controller op € K.
Using (26), prove thap + ¢ (resp.p/(1 + dp)) is
internally stabilized bye iff:

1—(0c/(1=pc)) € U(A)
(resp.1+ (6p/(1 —pc)) € U(A)).
If A is a Banach algebra, using (34), deduce that

) 1
V(sEAH(SHA<m

(respv d e A:fld]la< 1/([p/(1=pe)lla)),

c internally stabilizesp + 6 (resp.p/(1 + 0 p)). Let us
notice thatp+ 6 is generally called aadditive pertuba-
tion of p whereasp/(1 + d p) is called amultiplicative
perturbationof p [20].

stabilizable iff there exists € A (resp.c € U(A)) such
that.J = (1 —pc). Deduce thap is strongly stabilizable
iff there existsc € A such thatp/(1 — pc) € A.

2) Using (26), prove that € K internally stabilized) iff
c € A.

3) Let py = ni/di, p2 = n2/ds € K be two coprime
factorizations withd; 1 —ny y1 = 1. Prove thatp; and
po are simultaneously stabilizable iff

A (dl ng — Ny dz)

b
7 (dyzr —nay)

is strongly stabilizable [4], [78].
4) Letp; = ny/dy,...,pr = ng/dr € K be k coprime
factorizations withd; z1 — ny 1 1. Prove that

To finish, let us introduce the concept tofpological stable
range of a Banach algebra.

Definition 6.5: [64] If A is a Banach algebra, then the
topological stable rangesr(A) of A is the smallestn €
N U {+o0} such thatU, (A) is dense inA™ for the product
topology.

Remark 6.6:As for the stable range, the topological stable
rangetsr(A) is also called theopological stable ranlof A.

Theorem 6.3:We have the following results:

o [72] tsr(Hwo (D)) = 2,

o [64] tsr(A(D)) = 2.

Proposition 6.3:[64] If A is a Banach algebra, then we
havesr(A) < tsr(A).

Let us notice that we can hawe(A) < tsr(A) as we can
easily see it in Theorems 6.1 and 6.3.
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Proposition 6.4:[60] If A is a Banach algebra such that « The ring of Z-valued polynomials irQ[z], namely
tsr(A) = 2, then every SISO plant, defined by the transfer
functionp = n/d (0 # d,n € A), satisfies: A={peQz]|p(Z) CZ},
| n—ne|a<e, is a Piifer domain [26].
ld—d. a<e The next theorem gives a complete characterization of the
A= rings A of SISO stable plants over which every plant is
If d. # 0, then, in the product topology, is as close as we internally stabilizable.
want to a transfer functiop. = n./d. which admits a coprime  Theorem 7.1: [56] We have the following equivalences:

Ve>0, 3(de: ne) € Ug(A) - {

factorization. In particular, this result holds for = H.. (D) 1) Every SISO plant, defined by a transfer function with
or A(DD). N . _ entries inK = Q(A), is internally stabilizable.
Remark 6.7:From Proposition 6.4, we obtain thaifs not 2y Eyery MIMO plant, defined by a transfer matrix with
internally stabilizable, then there exists a stabilizable ptant entries inK = Q(A), is internally stabilizable.
as close as we want f@in the product topology. 3) A is a Priifer domain.
Let us notice that Theorem 7.1 has a similar form as

VII. CLASSIFICATION OF THE RINGS OFSISOSTABLE
PLANTS

Theorem 4.3.
_ _ _ Exercise 7.1:Using  Definition 7.1, Theorem 5.1,
“ ... The foregoing results about rational functions  Lemma 3.1 and Exercises 5.5 and 5.8, prove Theorem 7.1.

are so elegant that one can hardly resist the tempta- ~ Remark 7.1:Let us notice the fact that the integral domains
tion to try to generalize them to non-rational func-  gver which

i ions? i . , .
tions. But to what class of functions? Much attention . every transfer matrix admits a weakly doubly coprime

has P?e”_de"me" in the engineering literature to the factorization, i.e. coherent Sylvester domains (see Theo-
identification of a class that is wide enough to en- rem 3.5)

compass all the functions of physical interest and yet « every plant, defined by a transfer matrix, is internally

enjoys the structural properties that allow analysis of stabilizable, i.e. Rifer domains (see Theorem 7.1)

the robust stabilisation problem”, N. Young [83]. « every transfer matrix admits a doubly coprime factoriza-
To finish these notes, we shall give few results of commu-  on 'j.e. Bezout domains (see Theorem 4.3),

tative algebra and homological algebra which allow to start . - .
a classification of rings of SISO stable plants by respect re all coherent rings (see Definition 3.7) antegrally closed

certain system properties (e.g. existence of (weakly) dou n¥6] _(namely, every elenglem: on_ [i N Q-(A) sa‘isfymg a
coprime factorizations, internal stabilization) onic polynomial, i.e.> ;o a; k' = 0, with a, =1 and
Definition 7.1: [6], [26], [66] A Priifer domainA is an a; € A, belongs toA). In terms of homological algebra,

: ; " e . : at coherent Sylvester domai# is a projective-free coherent
integral domain which satisfies one of the following equivalen . N : .
integral domain (see Definition 4.3) of weak global dimension

assertions: . N s : .
- ) ) ) w.gl.dim(A) < 2, a Pifer domain is an integral domain
« Every finitely generated torsion-fre¢-module is projec- ¢\ ook global dimensionv.gl.dim(A) < 1 and a Ezout
tive. -

domain is a projective-free domain of weak global dimension

w.gldim(A) < 1 (see [54], [56], [66] for more details).

Roughly speaking, the concept wkak global dimensiofv],

{ de—ny=1, [66] measures the number of different concepts of primeness:
a ring A with w.gl.dim(A) < 1 has only one concept
of primeness (the standard one) whereas a rihgwith

« Foreveryp € K = Q(A), the fractional ideal/ = (1, p) w.gl.dim(A) < 2 has two concepts of primeness (the same

« Every ideal of the forml = (d, n), 0 #d, n € A, is a
projective A-module, i.e. there exist, y € K such that:

dzx, dy, nx € A.

of A is invertible (see Exercise 5.8). standard one as well as the concept of weak primeness). Over
Prufer domains were named after H.URsr who initiated a ring A with w.gl.dim(4) > 3 (see e.g. Exercise 3.7),
their study in 1923. not every transfer matrix with entries in the quotient field
Example 7.1:We have the following examples: K = Q(A) admits a weakly doubly coprime factorization,

« Every integral closure of into a finite extension of) is and thus, the fractional representation approach seems to fail
a Dedekind domainnamely a noetherian &fer domain. to be interesting. Finally, let us notice that the problem to
For example, the integral closure @f into Q(i+/5) is recognize whether or not a finitely generated projective/stably
the Dedekind domaifZ[i /5], and thus, a Rifer domain free A-module is free (i.e. whether or not a stabilizing plant
[26], [66]. This fact allowed us in [56], [57] to explain admits coprime factorizations) is an important issue in algebra
the counter-example given in [1] and a theory, so calledlgebraic K-theory, was developed

« Every non-singular algebraic surface defines a Dedekiimtthe seventies in order to study these problems (as well as
affine domain. For instance, the rifjt, t2]/(t3+t3—1)  others). We refer the interested reader to [60], [57], [58] for
is a Dedekind domain, and thus, aifar domain [66]. an introduction to basic concepts Af-theory as well as their

o Every Bezout domain is a Bfer domain. Thus, the applications to synthesis problems.
ring of entire functionsE(k), with £ = R, C, and For lack of space, in these notes, we were not able to
& = E(R) N R(s)[e”*] are Piifer domains [26], [66]. show how to use the algebraic analysis approach developed in
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this paper in order to recover the operator-theoretic approgebl W. Dicks, “Free algebras overé&out domains are Sylvester domains”,
developed in [28] (see [83] for a nice introduction to this _ J- Pure and Applied Algebra

h— Q] J.C. Doyle, B. A. Francis, A. R. Tannenbaufeedback Control Th
approach). Indeed, a nearly complete characterization of & Macmiﬁ’;’nePubnshi%ngzmpany gy reedback ontiel Theory

functional spaces (e.d72, L,(R)) so that internal stabiliza- [21] A. Feintuch, “The strong stabilization problem for linear time-varying
tion is equivalent to the existence of the bounded inverse of the systems”, Problem 21 in 2002 MTNS Problem BodBgen Problems

. - . . on the Mathematical Theory of Systém42-16/08/02, available at
linear operator frome to u (see Proposition 5.1) is obtained . /vww.inma.uch.ac.be/ ~blondel/op/

in [61]. This result can also be used in order to model rings 2] M. Fliess, H. Mounier, “Controllability and observabil.ity of linear delay
SISO stable plants with prescribed stabilization properties (for systems: an algebraic approactESAIM Control Optimization and

; : : : . Calculus of Variations3 (1998), 301-314.
instance, find a ring of SISO stable plants over which intern 5] M. Fliess, H. Mounier. P_( Roughon and J. Rudolph, “Byts liéaires

stabilization is equivalent to the existence of a bounded inverse sur les oprateurs de Mikusiski et commande d’une poutre flexible”,
of the linear operator from to u, wheree andu belong to a 241 ESA:M proceedings? (1998), 183-193. ored |

; ; 24] M. Fliess, R. Marquez, H. Mounier, “An extension of predictive control,
certain functional space [611)' PID regulators and Smith predictors to some linear delay systdmts”,
J. Control 75(2002), 728-743.

VIIl. CONCLUSION [25] B. A. Francis, A Cot_Jrse in_HC>o Control '_I'heory Lecture Notes in
) ] Control and Information Sciences 88, Springer-Verlag 1987.

We hope to have convinced the reader that the algebrgié] L. Fuchs, L. SalceModules over non-Noetherian Domajrdathemat-

analysis (Commutative aIgebra, module theory, homological ical Survey and Monographs, vol. 84, American Mathematical Society,

algebra,' Banach algebras) develops powerful. concepts g . R. Gabel, A. V. Geramita, “Stable range for matriced”Pure and
tools which allow, on the one hand, to recover different results Applied Algebra’5 (1974) , 97-112, “Erratum”, vol. 7 (1976), 239.
of the classical literature on the fractional representati¢¢f! T.T. Georgiou, M. C. Smith, "Graphs, causality, and stabilizabity: linear,

. . shift-invariant systems o#2[0, co)”, Mathematics of Control, Signals,
approach to analysis and synthesis problems and, on the other 4 Systems,ol)./ 6 (1993)2[19;2)23 9

hand, to develop new ones. For lack of space, we were @d] K. Glover, D. McFarlane, “Robust stabilization of normalized coprime
able to treat in these notes certain other results that can also be factor plant description witht/o-bounded uncertainty’|EEE Trans.

. . . . Automatic Contral 8 (1989), 821-830.
obtained using this mathematical framework. We refer to [5“[]30] H. Gluesing-Luerssertinear Delay-Differential Systems with Commen-

[55], [56], [57], [58], [59], [60], [61], [62] for more details. surate Delays: An Algebraic Approachectures Notes in Mathematics
1770, Springer, 2002.
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