restart:
with(OreModules) :
with(OreMorphisms) ;
with(linalg):

vV V. V V

We consider the following matrix of differential operators taken from A. D. Polyanin, A. V. Manzhirov,
Handbook of Mathematics for Engineers and Scientists, Chapman, 2007:

> R[1]:=evalm([[d[t]-k*d[x]-al[1],-b[1]], [-a[2],d[t]-k*d[x]-b[2]]1]1);
dt —k dz — ay —bl
—a9 dt — k‘dw — b2

R1 =
We denote by A = Q(ay, az, b1, ba, k)[dt, d;] the commutative polynomial ring of differential operators in
d; and d, with coefficients in the field Q(aq, ag, b1, ba, k)

> A:=DefineOreAlgebra(diff=[d[t],t],diff=[d[x],x],polynom=[t,x],comm=[a[1],
> al[2],b[1],b[2],k]):

and M; = A*2/(A1*2 R;) the A-module finitely presented by the matrix R;. The endomorphism ring
E; = end 4 (M) is defined by the generators f;’s defined by fi(m1(\)) = 71 (A P;), where 71 : AY*2 — M,
denote the projection onto My, A is any element of A'*2 and P; is one of the following two matrices:

> Endo[1] :=MorphismsConstCoeff (R[1],R[1],A):

: 1 0 0 b1
0 1 7 as —ai+ by

The family of generators {f1 = idas,, f2} of the A-module E; satisfy the A-linear relations defined by
Endo[1][2] F = 0, where F = (f; f»)T and Endo[1][2] is the following matrix:

> Endo[1][1];

> Endo[1][2];
—as by dy —kdy — by
[ dy —kdy —aq -1 ]
Let us study the existence of idempotents of the ring F, defined by constant matrices:

> Idem[1] :=IdempotentsMatConstCoeff (R[1],Endo[1][1],A,0,alpha):
> Idem[1][1];

0 0 1 0 1/2a1a1 —1/2a1 by +1/2 o1 by

[[0 0]’[0 1][ a1 a ~1/2a1 a1 +1/2 a1 by +1/2

]

We obtain three idempotents of E; defined by means of constant matrices. In particular, the first two
ones are the trivial ones 0 and idp;. The last one is defined by a matrix Idem[1][1, 3] whose entries belong
to the ring B = Q(ay,az, b1, ba, k)[c1]/(((a1 — b2)* + 4 az by) af — 1)[ds, d,]:

> B:=Idem[1][2]: collect(B[9][1],alphal1]);
-1+ (CL12 — 2(11 bg + b22 + 4&2 bl) 0412

Using the fact that B is a commutative polynomial ring over a field, we know that the matrix R; is then
equivalent to the block diagonal matrix 77 = Vi R, Uy ! defined by:

> S[1]:=simplify(subs(alphal1]~2=1/((al1]-b[2]) "2+4*a[2]*b[1]),
> HeuristicDecomposition(R[1],Idem[1][1,3],B))):

> T[1]:=map(collect,S[1]1[1],{d[t],d[x]},distributed);



d — kd, — orarien
a1 bataga;+1

ajajtaq ba—1 0
0 dt *kdm - 2 aq ‘|

T1 =

The unimodular matrices U; and V; are then defined by:

> U[1] :=evalm(S[1][2]); V[1]:=evalm(S[1][3]);
—2a1ay —arbyt+ora; +1 20109 —a1by+aja; +1
U = Vi=
170[1&14’0&11)2 20510,2 ].7041(11+C¥1b2

20[1 a2

We now consider a second example coming from A. D. Polyanin, A. V. Manzhirov, Handbook of Mathemat-
ics for Engineers and Scientists, Chapman, 2007, which is defined by the following matrix of differential

operators:
> RI[2]:=evalm([[d[t]-k*d[x]"2-al[1],-b[1]], [-a[2],d[t]-k*d[x]"2-b[2]]]);
dy — kdy? —ay —by
RQ =
dy — kdy? — by

—as

Doing similarly as before, we obtain that the endomorphism ring Fy = enda(M3) of the A-module
My = A2 /(A2 Ry) is generated by two generators g;’s defined by g;(m2(\)) = w2 (A P;), where 7y :
A2 — M, denote the projection onto Mo, X is any element of A'*2 and P; is one of the following two

matrices:
> Endo[2] :=MorphismsConstCoeff (R[2],R[2],A):

> Endo[2][1];

[ 1 0
0 1 as 7a1+bg

The family of generators {g; = idas,, g2} of the A-module Ey satisfy the A-linear relations defined by
g2)T and Endo[2][2] is the following matrix:

[0 by

Endo[2][2] G = 0, where G = (¢1

> Endo[2][2];
l as by —dy + kdy? + by

—dy + kd,? +ay

We can now study the existence of idempotents of the ring Ey defined by constant matrices:

1

Idem[2] :=IdempotentsMatConstCoeff (R[2] ,Endo[2] [1],A,0,alpha):

0 0 10 |
ay ay "loo|]o 1
We obtain three idempotents of Fs defined by means of constant matrices: 0, idy; and an idempotent e
defined by the matrix Idem|[2][1,1] € B?*2 i.e., e € endg(B ®4 Ma):

>

> TIdem[2][1];

1/20{1&1—1/20&1[)24—1/2 qul

71/2011&1 + 1/20&1b2+1/2

> B:=Idem[2] [2]: collect(B[9][1],alphal1]);
=1+ (m1? —2a1 by + bo? + 4 ay by) a?

Then, the matrix Rs is equivalent to the block-diagonal matrix T = Vo Ro Uy ! defined by:

S[2] :=simplify(subs(alphal[1]~2=1/((a[1]-b[2]) "2+4*a[2]*b[1]),

>
HeuristicDecomposition(R[2],Idem[2] [1,1],B))):

>
> T[2]:=map(collect,S[2][1],{d[t],d[x]},distributed);



2
dy — kd,? — et
ai batag a1 +1

a1 a;tay bo—1 0
2
dy —kd,” — Tor ]

T2 =

0

The unimodular matrices Us and V5 are then defined by:

> U[2] :=evalm(S[2]1[2]); V[2] :=evalm(S[2] [3]);

20[1@2 albg—alal—l
Va =
—1+041a1—061b2

2041@2 albg—alal—l
—20&1&2

—1+a1a1—a1b2

|

-2 1049
To finish, we consider the matrix of differential operators defined by:

> R[3]:=evalm([[d[t]~2-k*d[x]"2-al1],-b[1]1]1, [-al2],d[t] "2-k*d[x]"2-b[2]11]1);
d® —kd,* — ay —by ]

—as di? —kd,? — by

|

The endomorphism ring F3 = enda(M3) of the A-module M3 = A'*2?/(A'*2 R3) is generated by two

generators hy and hs respectively defined by means of the following matrices:

> Endo[3] :=MorphismsConstCoeff (R[3],R[3],A):

> Endo[3][1];

)

10
0 1

[ 0 b1
as —ai+ bQ

The family of generators {g1, g2 = idaz, } of the A-module E3 satisfy the A-linear relations Endo[3][2] G

0, where G = (g1 g2)T and the matrix Endo[3][2] is defined by:

-1
di? — kd,? — by —ash;

Let us compute idempotents of the ring F3 which are defined by means of constant matrices:

> Endo[3][2];
di? —kd,? —a; ]

> Idem[3] :=IdempotentsMatConstCoeff (R[3],Endo[3][1],A,0,alpha):

> TIdem[3][1];
1/2041611—1/20411)2-1-1/2 o1 by

0 0 1 0
’ ’ a1 a2 71/20[10,14’1/20&11)2%’1/2

0 0 0 1
We obtain the two trivial idempotents 0 and id s, of E5 but a non-trivial one defined by the third matrix

Idem|[3][1, 3] of Idem[3]. The entries of Idem[3][1, 3] also belong to the ring B:

> B:=Idem[3][2]: collect(B[9][1],alphal1]);
-1+ (a12 —2a1 by + b22 +4as bl) 0412

Then, the matrix R3 is equivalent to the block-diagonal matrix T3 = V3 R3 U3 ! defined by:

> S[3]:=simplify(subs(alphal1]~2=1/((al[1]-b[2]) 2+4*a[2]*b[1]),
> HeuristicDecomposition(R[3],Idem[3][1,3],B))):

T[3]:=map(collect,S[3]1[1],{d[t],d[x]},distributed);

>
0

2 2 ajajtaq ba—1
. di? — kd,? — ererterbal
5 1=
O dt2 o kdIQ oo b2<5311 a;+1



The unimodular matrices Us and V3 are then defined by:

> U[3]:=evalm(S[31[2]); V[3]:=evalm(S[3][3]);

201 a9 aiby—aja; —1 2c1a9 a1by—aia; —1
Us = 3=

2a1a9 1 —aqa; + oy by 2a1a9 1 —aqa; + oy by



