> with(OreModules) :
> with(Stafford):
> Alg := DefineOreAlgebra(diff=[D,t], polynom=[t]):

Let us consider the ordinary differential linear control system defined by the following matrix of operators:

> R:=eValm([[D, O, -t, O],[oy D: O, _1]])1

D 0 ~t 0
R'{o D 0 —1]

We then obtain the following system:

> ApplyMatrix (R, [x[1] (t),x[2] (£),ul1] (t),ul2] (t)],Alg)=evalm([[0]$2]);

A |- 10

Let us check whether or not the time-varying linear control system is flat, namely, whether or not the
left Alg-module M= Alg"{1*4}/(Alg"{1*2} R) is free.

In order to do that, we can first check whether the full row rank matrix R admits a right-inverse 7":

> T:=RightInverse(R,Alg);

od o
— o oo

> Mult(R,T,Alg);

o 1]

As R admits a right-inverse, we obtain that the left Alg-module M is projective, and thus, stably free.
Let us compute the rank of M over Alg:

> OreRank(R,Alg);

As the rank of M over Alg is 2, we know that M is a free left Alg-module due to a classical result of
J. T. Stafford. Let us compute a basis of the left Alg-module M.

In order to do that, we can first compute an injective parametrization of the system R(z1, x2, u1, uz)? = 0:

> st:=time(): Q:=InjectiveParametrization(R,Alg); time()-st;

1—tD+#2D%2 + D2 —t3D —¢3
Q= -D t
T | D?t+2D+D?+D3t —t?D?2—-3tD—-3t—D¢2
—-D2 1+tD
0.500

Hence, all the solutions of R(zy, =2, u1, u2)” = 0 in any left A_l-module F' (e.g., smooth functions) are
parametrized by means of B, i.e., we have:



> evalm([[x[1] ()], [x[2] (£)], [ul11 (£)1, [ul2] (+)11)
> =ApplyMatrix(Q, [xi[1] (£),xi[2] (£)],Alg);

- (fa o)
%1+ €a(t) + 1t (L &(t))
%1 = % &i(t)

Let us check that @ is a parametrization of the system R(z1, z2, u1, uz)T = 0 by computing the syzygy
module of the left Alg-module generated by the rows of Q.

> SyzygyModule(Q,Alg) ;

D 0 -t O
0 D 0 -1

As the syzygy module of @ is generated by the rows of R, we find that @) is a parametrization of the
system R (z1, 22, ul, u2)"T=0. Let us now check whether or not this parametrization is injective, i.e.,

Q(&1, &)" = 0 implies (&1, &)" = (0, 0)""

> B:=LeftInverse(Q,Alg);

|1 —t+t* 0 t2
10 2 1 tD+t+1

As @ admits a left-inverse B, we deduce that (21, T2, u1, uz)? = Q(&1, &)7 is an injective parametriza-
tion of the system R ( zI, 22, ul, u2) T=0.

> evalm([[xi[1](t)], [xi[2] (£)1])=ApplyMatrix(B, [x[1] (t),x[2] (t),ul1](t),ul2](t)],Alg);
[ &1(t) } _ [ z1(t) — 22(t) t + 22(t) t2 + 12 ua(t) }
&2(t) 225(t) + ua (t) + ua(t) t + us(t) +t (F ua(t))
(€1, &)7 is then called a flat output of the system R (21, 22, ul, u2)"T=0. In terms of the associated

module, this previous result shows that the residue classes of the rows of B form a basis of the left
Alg-module M. This last result can be directly obtained by:

> BasisOfModule(R,Alg) ;

1 —t+t*2 0 2
0 2 1 tD+t+1

The command InjectiveParametrization uses an heuristic which generally speeds up the computations,
which is particularly helpful in the case of partial differential equations.
However, we can also use the straightforward algorithm described in A. Quadrat and D. Robertz,
Constructive computation of bases of free modules over the Weyl algebra; INRIA Report 5786, 2005.
This can be done by using the command InjectiveParametrization2. We then obtain:



> Qbis:=InjectiveParametrization2(R,Alg);

Qbis :=

[-8Dt? +2t2 -1+ 7¢?D?+¢tD+2D3t3 - 33 D2 + 3D,

D3t —D2?2+2D*#? - 3D3t2 — D%t + D + 2 D?]

[t+2Dt*—¢*, -D+2D?¢t+1—tD]

[4—17D*t— 16D +5tD +2D*#? +13D3¢t + 15D? — 3D3¢2 + 12 D2,
—7D% +2D%t+5D* —3D*t +2D?% + D3¢

[1+2t?2D?+5tD —2t—Dt?,2D3t + D? — D?¢]

We check that Qbis is another injective parametrization of the system R ( z1, 22, ul, u2)"T=0 as we
have:

> SyzygyModule(Qbis,Alg);
D 0 -t 0
0 D 0 -1
> Bbis:=LeftInverse(Qbis,Alg);

0 0 2tD—t+3 —2D%*t+3D%t—3D2—-tD+5D—1

Bbis:=1 4.1 —9¢2 2¢2D2 —3Dt2 —tD+ 2+ 1

Equivalently, the residue classes of the rows of Bbis define a basis of the left Alg-module M.

Using the algorithms described in F. Chyzak, A. Quadrat, D. Robertz, Effective algorithms for parametriz-
ing linear control systems over Ore algebras, Applicable Algebra in Engineering, Communications and
Computing (AAECC), 16 (2005), 319-376, we can obtain the following minimal parametrization P of the

system R(z1, 2, uy, ug)? =0:

> P:=MinimalParametrization(R,Alg);

—t2 0
0 -1
Pi= —-2—-tD 0
0 -D

which is not injective over Alg as we have

> LeftInverse(P,Alg);

|

but which is injective if we allow rational coefficients in ¢, i.e., P admits a left-inverse over the algebra
B_1 of the ordinary differential operators with rational coefficients in ¢:

> BRat:=LeftInverseRat(P,Alg);

1
—— 0 0 O
BRat := 2

0 -1 00

Hence, P defines an injective parametrization of all the solutions of the system R (21, x2, u1, uz)” = 0 over
any left B_1-module (e.g., rational functions, meromorphic functions), i.e., we have R(x1, 2, u1, ug)? =0
> (@1, T2, ur, uz)” =P((1, ()T

Moreover, the residue classes of the rows of the matrix BRat define a basis of the left B_1-module
MRat= B_1"{1*4}/(B_1"{1*2} R) but we point out the existence of a singularity at ¢t = 0. Hence, despite



the simplicity of the parametrization P, the first two parametrizations of the system
R(z1, o2, uy, uz)’ = 0 are more relevant when we want to study the system in a neighbourhood of
t=0.

We note that the algorithms which compute bases of free modules over the Weyl algebras are very sensitive
with respect the permutation of the rows of the presentation matrix.

Let us illustrate this fact by computing a basis of the previous system but where we have permuted
the two rows of R, i.e.:

> Rl:=evalm([[0, D, 0, -11,[D, 0, -t, 011);
0O D 0 -1
Ri:=1p o ¢ o

Let us compute an injective parametrization of the system defined by R1.

> st:=time(): Ql:=InjectiveParametrization(R1,Alg); time()-st;

—2D24+2D+¢D —-D+D2t+1—-tD—¢2D
Q1 = -D-D?t+1+tD+t*D D*-D-t¢D
| —2D%2+4+3tD—-tD3+D?t+2D +¢2D? D3 -D2-D2%¢t-2D
—2D?+2tD—-tD3+D?t+2D+¢2D? D3 -D2-D2¢t-D
0.630

We easily check that @I is a parametrization of the system defined by R1, i.e., by R as we have:
> SyzygyModule(Q1,Alg);
D 0 -t 0
0O D 0 -1
Moreover, Q1 is injective as it admits a left-inverse defined by:

> LeftInverse(Ql,Alg);

0 1 D—t—1 —D+t+1
1 0 tD—#2—¢t—1 —tD4+t*+t+1

The rows of the left-inverse of @1 then define a basis of the left Alg-module M as we can check by
computing a basis:

> Bl:=BasisOfModule(R1,Alg);

.01 D-t-1 ~D+t+1
T |1 0 tD—#*—t—1 —tD+t*+t+1

We can also use the straightforward algorithm explained in A. Quadrat and D. Robertz, Constructive

computation of bases of free modules over the Weyl algebra; INRIA Report 5786, 2005, in order to compute

another injective parametrization and basis of M:

> st:=time(): Qlbis:=InjectiveParametrization2(R1,Alg); time()-st;

12 1—tD
o 2+t 1-tD-D
Q1bis := 944D D2
?’D+2t+1+tD —D?t—D?
0.471



> LeftInverse(Qlbis,Alg);
0 0 t+1 -1
t+1 —t 0 0
> Bilbis:=BasisOfModule2(R1,Alg);

ijis:[ 0 0 t+1 —1}

t+1 —t 0 0

See Example 14 of A. Quadrat and D. Robertz, Constructive computation of bases of free modules over
the Weyl algebra; INRIA Report 5786, 2005, for the explicit computations.

We note that, in this particular case, Injective Parametrization2 gives smaller injective parametrization
and basis of M than the one returned by InjectiveParametrization.

However, the reader must keep in mind that it is generally not the case and the command Injec-
tiveParametrization is really faster than InjectiveParametrization2. This is mainly due to the fact that
InjectiveParametrization avoids as much as possible the time-consuming computations of two generators
of ideals, which is not the case of Injective Parametrization2.

Let us consider the example of a time-varying control linear system defined by means of the following
matrix of ordinary differential operators with polynomial coefficients in t:

> R2:=evalm([[D, 0, -t, 0],[0, D, 0, -t]l);
D 0 —t 0
0 D 0 -t

R2 = [

The system is then defined by the following equations:
> ApplyMatrix(R2, [x[1](t),x[2] (t),ul1] (£),ul2] (£)],Alg)=evalm([[0]$2]);
[ (%wl(t)) —tui(?) } _ { 0 }

(G w2(t)) — tua(t) 0
Let us check whether or not the previous time-varying linear control system is flat, i.e., whether or not the
left Alg-module M2= Alg~{1*4}/(Alg~{1*2} R2) is free. In order to do that, we can first test whether
M2 is projective, i.e., a stably free left Alg-module.

> RightInverse(R2,Alg);

Do «+o

t
0
D
0
The fact that R2 admits a right-inverse implies that M2 is a stably free left Alg-module. We can also
compute its rank over Alg:

> OreRank(R2,Alg);
Using a result due to J. T. Stafford, we then obtain that M2 is a free left Alg-module, as M2 is
a stably free left Alg-module of rank 2. Let us compute an injective parametrization of the system
R2(x1, 2, u1, ug)? = 0:

> st:=time(): Q2:=InjectiveParametrization(R2,Alg); time()-st;



Q2 .=
[1—-tD+D?*t-D+¢?D?+D?*t3+ D32 = D?t* - 3+3D —t°D? — 414D — 3 D?
—2Dt2, D?t-D+D?+#*D? - D3t — D32 + D2 t* + 3t3D +t3D? + 2D ¢?)
[—?D?+Dt*+t*D, -D+D?*t+1—tD —t*D]
[4D3t+3D3-9t3D? —16Dt?> — 7t2D? — 9¢tD + D*¢2 + D*t — D3¢? — 5D?¢
—4D —+*D3 - D3¢3 + D?,
~D*t—D3-D*+D3t+2D2+ D33+ 7t>D? +9tD + D3¢ + 5D?t + 4 D]
[-2D? +4Dt> - D3t +D?t+2D +t3D?, D3 — D? — t2D? — 3t D]

0.640

We then check that Q2 is a parametrization by showing that the syzygy module of Q2 is generated by
the rows of the matrix R2:

> SyzygyModule(Q2,Alg) ;

—t 0

D 0
0 D 0 —t

Moreover, the parametrization @2 admits a left-inverse B2 defined by:

> B2:=LeftInverse(Q2,Alg);

[1 0 #-D+1 3D —-D?t+Dt* —D?+tD+3t> - 2D + ¢ +2
10 1 t3—tD+t+1 t*D—2D?+3D-D?*t+Dt?+2t*—tD+D+2¢t+2

B2 .
Hence, we obtain

R2(z1, 2, up, ug)’ =0 <= (21, 22, u1, u2)” = Q2(&, &)7

and (&1, &)T = B2(w1, 29, ur, uz)?. Finally, the residue classes of the rows of the matrix B2 define a
basis of the left Alg-module M2.

Now, using InjectiveParametrization?2, we obtain the following injective parametrization of the system
R2(I1, To, U1, UQ)T = O

> st:=time(): Q2bis:=InjectiveParametrization2(R2,Alg); time()-st;



Q2bis :=

9

7t4D3—}D4t4 ’
2 2

1

{8D2t3152D4D3t36t?D2 +5t4D2+4t3D—§D4t5
1 345 2
+§D 0+ 12,

1 542 1 543 1 4 42 3 2 2 13 4 1 342
— D2 DS — D42 4+tD3—D24+D-—D2%2t+ - t3D*+ 2 D3¢

2 2 2 2 2

3 1 4 12 4 15 2 2 1 342 2 2 1 343
—t D—§t DZ —t¢ D—it D2, -D+D t—iD t?+1—tD+#2D _iD t

1

{2—25D2t—2D+13tD—26D3t2—2D5t3—6D4t2—18tD3—12D2

314 343 2 12 1 544 1 4 44
—7t3D*4+6D3t3 + 182D *iD t +§D t,

1 1 1
—§D6t—D5—2D5t+2D4t—§D6t2+§D5t2

1. : 1o,
{2D3t33t2D23tD;D2t34t2D2t4D3,

1 1 1
——D*t—-tD?+D?— —D*¢?
2 2 + 2
0.709
> LeftInverse(Q2bis,Alg);
1 1 3 1

0,0, fftQDQ 2D2t—§tD—D+f

L 27
1 4 42 4 1 342 3 3 2 2
5D t +§D t—iD t? +tD3+D%—-2D%t—-2D
I 1 1 1 1
t+1,1, t4D 3D — 3 — —¢2

+ +2 2 277

1 1
—§t4D3 - 5D3t3+ 2t4D2+D2t3+2t2D2—t2D—tD+t+1]
> BasisOfModule2(R2,Alg);

1 1 3 1
0,0, ——t*D2—-=-D?t——-tD—-D+ =
{’ ) 2 2 +2’

1 1 1.
D4t2+D4t2D3t2+tD3+D32D2t2D2]

1 1
t+1,1, t4D 3D — =3 — —¢2
[+ FED g,

. 1 . 1
f§t4D3 D3t3+2t4D2+D2t3+2t2D2tthDthJrl]
We point out again that the algorithms which compute bases of free modules over the Weyl algebras are
very sensitive with respect the permutation of the rows of the presentation matrix.

Let us illustrate this fact by computing a basis of the previous system but where we have permuted
the two rows of R2, i.e.:

> R3:=evalm([[0, D, 0, -t],[D, 0, -t, 011);

0 D 0 -t

RS=1p o ¢t o0



> st:=time(): Q3:=InjectiveParametrization(R3,Alg); time()-st;

Q3 =

[—?D?+Dt*+t*D, —-D+D?*t+1—-tD —t3D]

[1—tD+D?*t—D+t*D?+ D33+ D3t> —D?#* — 313D — t5D? — 4¢* D — 3 D?

—2D2, D2t -D+D?+#2D%2 - D3t - D32+ D?t* + 313D + 3 D% + 2D ¢?

[-2D2 +4Dt> - D3t +D?t+2D +t3D?, D — D? —t2D? — 3¢ D]

[4D3t +3D3 —9t3D? —16D2 — 7t?D% —9¢tD + D*t2 + D*t — D32 — 5D?¢

—4D —t*D3 — D3 ¢3 + D2,

—D*t—-D3-D*+D3t+2D?+ D33+ 7t2D? + 9tD + D3t + 5D%*¢t + 4 D]
0.691

We check that Q3 is an injective parametrization of the system R3(wx1, 2o, ui, u2)? =0, i.e., of the
system R2(z1, w2, ug, uz)? = 0:

> SyzygyModule(Q3,Alg) ;

D 0 -t 0
0 D 0 —t
> B3:=LeftInverse(Q3,Alg);
By |01 t*D—-D?t+Dt* —D?+¢tD+3t* —2D+t+2 t?—D+1

1 0 tYD-—#*D?2+#3D-D?*t+Dt? +2¢3 —tD+D+2t+2 3 —tD+t+1
We obtain that the residue classes of the rows of B3 define a basis of the left Alg-module M.

We can also compute an injective parametrization and a basis by means of the commands Injective Parametriza-
tion2 and BasisOfModule2:

> st:=time(): Q3bis:=InjectiveParametrization2(R3,Alg); time()-st;



Q3bis =

1 1 1
—%tD781D2t+81D+84D2723t2D2784D3t—§D3t3—§D3t2

7 1 19 1 9
—48D4t2—42D4t—4D5t3+§t2+§D2t4—?D4t3+§D4t4—§D6t2
21 17 45 45 31 7
—?D5t2+?t3D2+42D3+t4D3+3D4—?D5t+?+14Dt2+§t3D,

5 25 3 1
D2t—D—4D2+4D3t+§D3t2+8D4t2—?D4t+§D5t3+§D4t3—12D6t2

137 7 1 137
% 7DG+§D7t3+gD6t?’—iDGtJr15D7+56D4

2
7 27 9 9
—D7t—=—D"t2+ D8 - =D
2 2 +2 2

.25
+3D%¢2 + DJ+?D3+

—56D%t—15D8t —4D8¢2 —

1 1 21 1 21
%tD+27D2t—27D—%D2+3t2D2+%D3t—26D3t3—?D3t2—9D4t2

1 f 1
fgD5t3—3t2+gD2t4f%+2t376D4t374D4t4+§t5D2f%t?’DQ

11 1
——t4D3+§t5D3+3t4D+6Dt2—t3D,1—tD—26D2+26D3t+2D3t3

2
342 42 133 4 9 1543 a3, Loap 544 6 42
—3Dt—13Dt—|—7Dt—§Dt+3Dt+§Dt+Dt—16Dt

133 27 19 1

—2OD5t2—27D5—TD?’—?Dﬁ—4D7t3—?D6t3+§D6t4+27D6t
9 27 21

—54D* +54D%t — §D8t2+?D7t75D7t2

11 79 25 1 3
7+7t2D2+14tD+?D2t+28D+?D3t2+§D3t3+D4t3+§D4t2

49 123 1 21
- ?D?’t—7D2+§D5t3—60D5t—180D4—?D6t—63D5—4D6t2

19 . 2
—§D7t—%D6—107D4t—238D3—§D0t2,4D4t+6D3+2D6t2+35D5t

1 13 15 191 . 27 1 21
20D + =D #? — D5 —80DS + 2 DOt — ~- DT — 2L DSt 4 = D82 — = D7t

20D g D7 80D > 3~ T3 >

93

3 9
D72 - —-D®—-15D% — — D! —4D%¢
+2 2 2

14 12 1
7676tD777D2t+12D+73D2+9t2D27%D3t+5D3t37%Di”tz

57 11 1 9
?D4t—4D5t3—?D4t3+§D4t4—§D6t2—6D5t2+6t

11 1 45 45
+?753D2+6D3+§t4D3+?D‘*—?Dstjt14D1f2,—D2+6D37§+4D4ﬁ2

1 5 53 53 1
+6D4t—6D3+§D5t3—§D6t2— ?D5t+7D5t2+?D5+22D6+§D7t3
97 21 19 9 9

+D6t3—?D6t+6D7—?Dgt—4D8t2—28D7t—?D7t2+§D8—§D9t

—42D%¢% —

1.701
> SyzygyModule(Q3bis,Alg) ;

-t 0

D 0
0 D 0 —t



> B3bis:=LeftInverse(Q3bis,Alg);

>

B3bis :=
4 12 1
0,0,180D4+—9D3t—§D4t2+—3D2—28D—14tD—7D5t3—ED2t
2 2 2 2 2
25 11 1 9 63 21
_7D3 2 _ = 2D2—7D3 3 2 DS *D7 7D6_D4 3 7D6
5 t 2t 5 3 + 238 +2 t+2 t+2 t
19 15 13 25
+60D5t+4D6t2+63D5+107D4t+?D5t2—5,?D4t—?D3+?D3t
27 191 3 93 3 1 1 9
- DS¢— DS+ D2 — DS+ D¢+ — D32 +4D2¢t+ —D%¢2 - Z D8
2 2 +2 2 +2 +2 + +2 2
21
—4D7t—?D5t—80D4+20D2—15D7+6D
9 9 81 3 57 9 43

—t,1,— =Dt — D2+ —D?+ 3 4+2TD+ —tD—--D?¢t—-6D3¢2 4+ —¢
b7y 5 + 5 +2 + 27D + 5 5 6 + )

. 1 , 1 1 11 . 1
f18t2D274D3t3+§t4D73t2+t3D+§D2t4f%DthEtSDZwL%,
21 1 1 1
§D4t—27D3+12D3t—t3D2—Dt2+55tD+4D4t2—§t3D+?9D3t2
21 9 1 11 27 133
= D%t+4t+ Dt — D33+ —#2D? - - D* -2 -54D? - —-D -2
+ 5 +dt+ g 5 + 5 5 5 5 6
BasisOfModule2(R3,Alg);
2 12 1
O,O,238D3+180D4+60D5t+4D6t2—?th—§D3t2+73D2—§D5t3
11 21 1 3
+63D5—t3D4—3t2D2—5+?DGt—§D3t3—14tD—28D—§D4t2
4 19 . 2 1
+;tD3+gD7t+1O7D4t+%DGnL?gDOt?,GD—§D6t+20D2+§D3t2
9 191 93 3 21 3 25 .
4D2¢t— D8 — D5 — =D6 4 S D52 - S D5t —80DY+ S D2+ ==t D3
+ 2 2 5 2 T3 2 80 *3 T3

1 15 13
—4D7t—15D7+§D6t2+?D4t—?DS

43 9 81 31 11 81
—t,1,=t—=D?t—6D3t>+ —D2—-3#2—- —t*D— —=D?¢3 —18t* D% + —
D) 2 6 * 2 3 2 2 8 * 2
1 1 3 57 9 9
+t3D —4D3 3+ —t*D2+ —t*D+ 34+ —tD+ 27D — = D*#? — D3,
2 2 2 2 2 2
133 19 21 1 11 1
— " D-54D2%24+ D324+ D2t —-D3 3+ — 2 D2 —D23 — 2D - = t3D
2 + 2 + 2 2 + 2 2
9 15 27

. . 21
7t2+§D0t+3th?D4+4D4t2+12tD3726+3D4t+4t727D3

Finally, let us consider an example taken from F. Malrait, Problemes d’identification et d’observation du
moteur a induction pour la variation de vitesse industrielle “sans capteur”, PhD thesis, Ecole Nationale
des Mines de Paris, 07/02/01, Example 2, p. 105. The system is defined by the following matrix of
ordinary differential operators with polynomial coefficients in t¢:

>

R4:=evalm([[D, -t, O, -t°4, 0, 0], [0, D, -1, 0, -t, 01, [0, 0, D, 0,0, -t"211);

D —t 0 —t* 0 0
R/y==|0 D -1 0 —t 0
0 0 D 0o 0 -t

10



We then have the following time-varying linear control system:

> ApplyMatrix (R4, [seq(x[i] (t),i=1..3),seq(uli] (t),i=1..3)]1,Alg)=evalm([[0]$3]);

(g 21(8)) = ta(t) — thu (1) 0
(L 25(t)) — m3(t) — tus(t) —lo
(& z3(t)) — 2 us(t) 0

Let us check whether or not this system is flat. In order to do that, we need to check whether or not the
left Alg-module M= Alg~{1*6}/(Alg"{1*3} R4) is free.
Let us first understand if the left Alg-module M/ is projective.

> RightInverse(R4,Alg);

- ) 8 i
—~Dt*+t¢ — 0
3 + 3
1 1 1
——D%2t+-D —=Dt>+t 0
3 +’3 3 +
0 0 t 1Dt2
2
0 0 0
D3 1 5 tD
- ~D2t+-D -—-14-—=
3 3 +3 + 2
D2
0 0 -
L 2 i

As a right-inverse of Rj exists, we then obtain that M/ is a projective, and thus, a stably free left
Alg-module as R4 has full row rank. Let us compute the rank of M/ over Alg.

> (OreRank(R4,Alg);

As M} is a stably free left Alg-module of rank 3, from a classical result due to J. T. Stafford, we obtain
that M4 is a free left Alg-module. Let us compute a basis.

> st:=time(): B4:=BasisOfModule(R4,Alg); time()-st;
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B4 =
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17.489

In particular, we obtain that (&1, &, &3)7 = B4(x1, 22, o3, u1, us, uz)? is a flat output of the system
R4(x1, x2, T3, u1, uz, uz)? = 0 or, equivalently, the residue classes of the rows of B/ define a basis of
M. Let us compute an injective parametrization of the system R4(x1, 2o, T3, u1, ug, uz)’ = 0.

> st:=time(): Q4:=InjectiveParametrization(R4,Alg); time()-st;
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We check that Q4 is a parametrization of the system R4(z1, xa, 23, u1, us, uz)’ = 0 by computing the
syzygy module of the left Alg-module generated by the rows of R4. We obtain:

> SyzygyModule(Q4,Alg);

-D ¢t 0 t 0 0
0 D -1 0 -t 0
0 0 -D 0 0 ¢

Finally, the parametrization (w1, z2, o3, u1, uz, u3)? = Q4(&1, &, &)7 is injective, i.e., we obtain

(&1, &, &)T = Bd(z1, 2o, 3, U1, ua, uz)”

as we have:
> simplify(evalm(B4-LeftInverse(Q4,Alg)));
0000 O0O0
0000 O0O0
00 00 O0O0

More generally, it was proved in A. Quadrat, D. Robertz, On the blowing-up of stably free behaviours,
Proceedings of CDC-ECCO05, Seville (Spain), 12-15/12/05, that any controllable linear system with poly-
nomial coefficients and at least 2 inputs is flat. The three previous examples satisfy these conditions and
we have shown how to obtain flat outputs for these systems or, equivalently, bases of the corresponding
free modules over the Weyl algebra A_7. Finally, we point out that we do not need to use a dynami-
cal compensator for last example in order to obtain a flat linear system as it was done in F. Malrait,
Problémes d’identification et d’observation du moteur & induction pour la variation de vitesse industrielle
7sans capteur”, PhD thesis, Ecole Nationale des Mines de Paris, 07/02/01 as this systems is already flat.
A similar comment holds for any controllable linear system with polynomial coefficients and at least 2
inputs.

Finally, we do not advice to use InjectiveParametrization2 and BasisOfModule2 for computing an injective

parametrization and a basis of M/ as it can take half a day of computations and return quite large injective
parametrizations and bases!
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