Introduction to the OreM odules package

Calling Sequence:

OreM oduleg] <function>](args)
<function>(args)

B Description:

¢ OreModulesis a Maple implementation of a gorithms which compute parametrizations, extension modules (ext), resolutions and other
algebraic objects for linear systems of differential equations, time-delay systems, etc.

« The algebraic framework for OreModulesare Ore algebras. In order to deal with modules over Ore algebras computationaly, this
package is based on the Maple library Mgfun (cf. Ore_algebra, e.g. Ore algebras and non-commutative Groebner bases are devel oped
in Mgfun). Within this unified framework, OreModuleshandles:

=. ordinary differential equations,

partial differential equations,
e multidimensiona discrete systems,
« differentia time-delay systems,

* repetitive systems,

| * multidimensional convolutional codes, etc.

* These systems may be time-invariant or time-varying with polynomial or rational coefficients.
« Inthe context of linear control systems the main features of OreModulesare the following:

« decide controllability and parametrizability,

« construct (minimal) parametrizations,

« compute Bezout identities (left/right/generalized inverses),

* decide flatness (al so pi-freeness).

« The package OreModules based on an original program by F. Chyzak and A. Quadrat, is maintained and further developed by A.
Quadrat and D. Rabertz.

« To use afunction of theOreModul espackage, either define that function alone using the command with(OreM odules, <function>), or
define all OreModulesfunctions using the command with(OreModules). Alternatively, invoke the function using the long form
OreModules[<function>].

¢ The functions available in the OreModul espackage are the following:

Define an Ore agebra:

DefineCreAl gebra

Module Theory:
Exti (Rat) Extn(Rat)
Torsion(Rat) SyzygyhMbdul e(Rat )
Resol ution(Rat) FreeResol ution(Rat)

Leftlnverse(Rat) Ri ght | nverse(Rat)
Local Leftlnverse Generalizedlnverse(Rat)
Proj ectiveDi nension(Rat) Hi |l bert Seri es(Rat)
Conpl ement (Rat ) Lift perators(Rat)

Linear Systems:

Aut onomousEl enrent s(Rat)  Brunovsky(Rat)




i Pol vnori

! ! Luti :
Firstlntegral
Control Theory:
| abili .
Final Conditions
Matrix tools:
Mult Appl yMat ri x
Lnvol uti on Kr onecker Pr oduct
Tools for modules:

. .
MLRALLI Tl ; ) Quotient (Rat)
KBasi s Connection

bili .
Pol I nt er sect

Auxiliary tools:

Boundar yTer ns DiffToOe

« For the description of the basic algorithms and for detailed examples, see
F. Chyzak, A. Quadrat, D. Robertz, "Effective algorithms for parametrizing linear control systems over Ore algebras', Applicable
Algebrain Engineering, Communication and Computing (AAECC) 16 (2005), pp. 319-376,
A. Quadrat, D. Robertz, "Parametrizing all solutions of uncontrollable multidimensional linear systems’, Proceedings of the 16th
IFAC World Congress, Prague, 2005,
F. Chyzak, A. Quadrat, D. Robertz, "OreModules. A symbolic package for the study of multidimensional linear systems’, in: J.
Chiasson, J.-J. Loiseau (eds.), "Applications of Time-Delay Systems", LNCIS 352, Springer, 2006, pp. 233-264,
F. Chyzak, A. Quadrat, D. Robertz, OreModules project, http://wwwb.math.rwth-aachen.de/OreM odul es.

Bl Examples:

C > wth(O eMdul es):

{ Example 1: Computation of autonomous elements

retards: aspects theoriques et pratiques PhD thesis, University of Orsay, France, 1995):

> Alg := DefineOeAl gebra(diff=[Dt,t], dual _shift=[delta,s], polynonmt,s],
shift_action=[delta,t,h]):

>R :=evalm([[Dt, -Dit*delta, -1], [2*Dt*delta, -Di-Dt*delta”2, 0]]);

Dt Dt -1
R:=
%Dta Dt —Dt 52 oé
> ApplyMatrix(R, [yl(t),y2(t),u(t)], Ag);
% D(y1)t) - D(y2)(t - h) - u(t) %
D(y1)t—h)— D(y2)t) - D(y2)t - 2h)

1);
0 00E28 1+8% 0gH 1+82

[ Linear differential time-delay system describing aflexible rod (see H. Mounier, Proprietes structurelles des systemes lineaires a

r > Exti(lnvolution(R, Alg),

1 O0JHDt Dtd 1 2%

0 1AMts -Dt &dt-Dtsd*H
r > TorsionEl ements(R, [y1(t),y2(t),u(t)], Ag);

[[D(6,X1) =0y, [B,() = 2yL(t— h) +y2(t) +y2(t— 2h)]]

Example 2: Study of flatness of linear systems

[ System of linear ordinary differential equations describing a bipendulum (J.-F. Pommaret, Partial Differential Control Theory, 2001):



C>Ag := DefineOreAl gebra(diff=[D,t], polynone[t], comme[g,|1,12]):
r>R:=evalnm[[D'2+g/I1, O, -g/l1], [0, D'2+g/12, -9/l12]]);
g 9
2, = =
n O 11
R:=
9 9
2, = ——
0 Py i

m

Check parametrizability of the system:
r>Extl := Exti(lnvolution(R Alg), Ag, 1);

D?12g+g?

1  0gH1D?+g 0 -
Extl:= D?l1g+g?

0 1 0 12D%+g —g

2

41211+ D?12g+D?11 g +g?M
Since Ext1[1] is an identity matrix, the system is (generically) controllable and parametrizable. Ext1[3] is a parametrization of the
L system.
r>P:= Ext1[3];
D?12g+g°

P:= D?l11g+g?
41211+ D%12g+D?%11g+g?

A left inverse of the parametrization (if it exists) isaflat output of the system:
r>F := Leftlnverse(P, AlQg);

11 12
I F::égz(—|l+|2) 92 (41 +12) OE

m

[ Wewant to express the system variables x1, x2, and uin terms of the flat output:
r>R2 :=linalg[stackmatrix] (R F);
B g g
m 2, = _=
=T 0 11
g 9
—_ O 2, =2 _
re=pg 0 D™z 12
T 12
Hg?(H1+12) g*(H1+12)

> E:= Elinination(R2, [x1,x2,u], [z1,22,y], AlgQ);
0 0 2¢g°-11¢°

E :=table((l= 0 12g-11g 0

g-lig 0 0
D?11%2+gl1? H22g-122D?I11 12°D?g®*-12D*g?112+122D*11¢g* -D?g®112 —-g*I11 +g*12
2= 112 4112 D?g?11%2+11D%*g*12 -g®11 +12g°
1112 22 41D%g?12+D%g?122 -g®11 +12¢°

L D
r > ApplyMatrix(E[1], [x1(t),x2(t),u(t)], A g)=ApplyMatrix(E 2], [z1(t),z2(t),y(t)], A Q);
2(H1+12)u(t)

H1+12)gx2(t)

41 +12)gx1(t)

2 2 2 2 4
Ezuz %Zzl(t)%gllzzl(t)—lzzIl%ﬂ(t)%—lzzgzz@) +%y(t)§22 3 —%y(t)%mz —%y(t)EZ g®112




4
+ %m%2 11g°-yt)g*l1 +y(t)g4IZE
2 2

Elzzl(t)— 1112 z2(t) - %Zy(t)élz g°+ %y(t)%l g’12 -y()g®l1 +y(t)|293E

2 2
112 Z1(t) - 122 z2(t) - %Zy(t)él 9’12 + %zy(t)EZZ g’ -yt)g’l1 +y(t)|293E

L [ Uptoinvertible constants, the previous equations expressxl, x2, and uin terms of the flat output y (modulo the system equations).

Bl See Also:
I == : .




OreM odules[AppIyM atr iX] - apply operator to a (vector of) function(s)

Calling Sequence:
ApplyMatrix(M,v,Alg)

Parameters:
M - scaarinAl g or matrix with entriesin Al g
v - function or list or vector of functions

Alg - Oreagebra(given by DefineOreAlgebra

B Description:

« ApplyMatrix applies the operator represented by Mto v which isafunction or alist or avector of functions, i.e. it computes the matrix
product of Mby v, where scalar multiplication is replaced by the action of scalar operators (represented by elementsin Al g) on
functions. (The action of elementsin Al g on functions is determined by the commutation rulesin the Ore algebra.)

e If MisascaarinAl g, then Misapplied tov if v isafunction or to every entry inv if v isalist or vector of functions.
« If Misamatrix, thenv is expected to be alist or avector and the length of v must be equal to the number of columns of M

¢ Al g isexpected to be defined using DefineOreAlgebra

* Theresult of ApplyMatrix isafunction in casev isafunction and avector of functionsif v isalist or avector. In the latter case, the
length of the result equals the number of rows of M, if Mis amatrix, or equals the number of entries of v, if Misascalar in Al g.

« This command extendsapplyaprin Ore algebra Diff ToOre provides a counterpart to ApplyMatrix. To compose two or more
operators, use Mult.

B Examples:
C > w th(O eMdul es):

Example 1: Ordinary differential equations

C>Ag := DefineOreAl gebra(diff=[D,t], polynone[t], comm<[g,|1,12]):
[ System of linear ordinary differential equations describing a bipendulum (J.-F. Pommaret, Partial Differential Control Theory, 2001):
>R := evalm([[D'2+g/11, O, -g/l1], [0, D*2+g/12, -g/12]]);

. 9 g

i %
R:=
g g
2,2 2
L 0 Dy,

r > ApplyMatrix(R, [x1(t),x2(t),u(t)], Alg) = matrix([[0],[0]]);
1()E’gxl(t) gut)

ut) % ZE

x2(t
2xz(t)§’ - |2( : _ng

Example 2: Differentia time-delay systems

> Alg := DefineOreAl gebra(diff=[D,t], dual _shift=[delta,s], polynonF[t,s],
comme| a, onega, zeta, k], shift_action=[delta,t]):
Differential time-delay system describing awind tunnel (A. Manitius, Feedback controllers for a wind tunnel model involving a
delay: analytical design and numerical simulations |EEE Trans. Autom. Contr. vol. 29 (1984), 1058-1068):
>R := eval ([[D+a, -k*a*delta, 0, 0], [0, D, -1, 0], [0, onmega”2, D+2*zeta*onega,
-onmega”2]]);

T



+a —kaod 0 0
R:=HO D -1 0

L 0 w? D+2lw -w
r > ApplyMatrix(R, [x1(t),x2(t),x3(t),u(t)], Ag) = matrix([[0],[0],[011);

D(x1Xt) + ax1(t) - kax2(t- 1) 0

D(x2)(t) - x3(t) 0

L 2 x2(t) + DOA)t) + 22 00 x3(t) — w? u(t) 0
r>DffToOe(lhs(%, [x1,x2,x3,u], AQ);

D +a —kaod 0 0

0 D -1 0

o w? D+2lw -w

Bl See Also:
| Leftinverse, Rightlnverse, Generalizedinverse




OreM odules AutonomousElementg],

OreM odules AutonomousElementsRat] - return torsion elementsin terms of the system variables and as
integrated autonomous elements

Calling Sequence:

AutonomousElements(R,v,AlQ)
AutonomousElementsRat(R,v,Alg)

Parameters:
R - matrix withentriesinAl g
v - list or vector of functions

Alg - Oreadgebra(given by DefineOreAlgebrg

Bl Description:

« AutonomousElements returns a generating set of the autonomous elements of the linear system of ordinary / partial differential
equations represented by the matrix R, a system of differential equations that defines the autonomous elements as functions, and, if
possible, the general solutions to these equations.

* Risamatrix with entriesin the Ore algebraAl g.

« visalist or vector of functions which depend on the independent variable of the ODE system. These functions are interpreted as the
system variables.

« Al g isexpected to be defined using DefineOreAlgebra

¢ Theresult of AutonomousElementsis the empty list if there exist no autonomous elements of the linear system, or alist of three
vectors otherwise.

« If theresultisalist of three vectors, then the first vector consists of a system of differential equations which defines a generating set
of the autonomous el ements of the system.

« The second entry of the result is a vector that gives the autonomous el ements of the linear system as functions.

« A vector whose entries define a generating set of the torsion elements expressed in the system variables given by v is the third entry of
the result. Theith generator is given by the right hand side of the equation which is theith entry of this vector. The left hand side of
this equation is@.

¢ AutonomousElementsRat performs the same computations as AutonomousElements, but the domain of coefficients of the Ore
algebraAl g isreplaced by its quotient field, i.e. rationa functions.

« Inaddition to the third entry of the result, the autonomous equations that the torsion elements satisfy can be obtained by using
TorsionElements The integration of the torsion elements can also be achieved by usinglntTarsion

Bl Examples:
> wi t h( Or eMbdul es):

Example 1:
System of linear ordinary differential equations describing a bipendulum (J.-F. Pommaret, Partial Differential Control Theory, 2001):

> Alg : = DefineOreAl gebra(diff=[D,t], polynone[t], com¥[g,|11,12]):
>R :=evalnm([[D*2+g/11, O, -g/l1], [0, D'2+g/12, -9g/12]]);

1T




0 D2+ -
> Aut ononmousEl ement s(R, [x1(t),x2(t),u(t)], Ag);

There are no autonomous el ements, i.e., generically, the bipendulum is controllable. However, if the lengths of the two pendula are
equal, there are autonomous el ements:

2, 9 9
T 11
R:=
9 9
r > Rnod := subs(l2=l1, eval MR));

g g
2, 2 2
o ° 11
Rmod :=
9 g
2 2
L TR

> Aut ononousEl ement s(Rmod, [x1(t),x2(t),u(t)], AQ);

I % 1(t)+|1% 1‘”%"%% Clsn%%o 2 o%%[el—xm) x2(t)]§

Example 2:

System of linear ordinary differential equations describing two pendula mounted on a cart (J. W. Polderman, J. C. Willems,
Introduction to Mathematical Systems Theory. A Behavioral Approach, TAM 26, Springer, 1998):
> Alg := DefineOeAl gebra(diff=[D,t], polynoms[t], com¥[nl, n2, M L1, L2,4g]):
>R := eval m([[ml*L1*D'2, nR*L2*D"2, -1, (Menmil+nR)*DM2],
[ ML*L172*DM2-nl*L1*g, O, O, nil*L1*D 2],
[0, nR*L272*DN2-nR*L2*g, 0, nR*L2*D 2]]);

1M T

mlL1D? m2L2D? -1 (M+ml+m2)D?
R:= M1L1°D?-miL1lg 0 0 mlL1D?
L 0 m2L22D2-m2L2g O m2L2D?

[ > Aut ononousEl enent s(R, [x1(t),x2(t),x3(t),u(t)], AQ);

[]
r > Rmd : = subs(L2=L1, eval MR));

miL1D? D?L1m2 -1 (M+ml+m2)D?
Rmod:= fn1L1°D?-milLlg 0 0 mlL1D?
L 0 m2L12D?-L1gm2 O D2L1m2
r > Aut ononpusEl enent s(Rmod, [ x1(t), x2(t), x3(t) u(t)], Ag);

o %naz
m2mlL1ge,(t)- L1m26,(t)=0 [, =~ —* ! =
! mlg H
L1m26,(t) + L1m26,(t)= 0 @E % ?‘EE
2 ,=-cle'" - _c2e "L
1 mZ%(as(t) -L1 % es(t)%: 0 2
el
3=_Cle LlE"‘_CZ GE LlE%




8, = x1(t) - x2(t)

2
8, = x2(t) gml+x2(t)gm2-x3(t) + M %2 u(t)E

2

, = x2(t)gml-x2(t)gm2 -x2(t)gM +L1M %2 x2(t)§+x3(t)

> Torsi onEl ement s(Rmod, [x1(t),x2(t),x3(t),u(t)], AQ);
Ha

2
gg 06,(t) +L1 %2 8,(tFF 0 8,(t)=x1(t) - x2(t)

2
O+L1 %2 b0 8,(t) = x2(t) gmL+x2(t) gm2—x3(t) + M %2 u(t)E
2 272

2 |
%2 eoiko ()= X2(t) gml-x2(t) gm2 - x2(t)gM +L1M % x2(t)E+x3(t) i
23

0796t +L1

B See Also:
| PiPolynomial.




OreM odules[BoundaryTer ms] - return the boundary terms of an integration by parts

Calling Sequence:

BoundaryTerms(z,P.y,Alg)

Parameters:

z

P

y .
Alg - Oreadgebra(given by DefineOreAlgebrg

function or list or vector of functions
element of Al g or matrix with entriesin Al g
function or list or vector of functions

B Description:

« BoundaryTermsreturns an expression in terms of the (entries of the) givenz andy which allows to determine the boundary terms
obtained by integrating by parts the product z Py, where the second multiplication is the application of the (matrix of) ordinary
differential operator(s) in Al g toy and the first multiplication is just multiplication of functions on the | eft.

The boundary terms of the integration by parts of z Py are obtained as the difference of the substitutions of the upper and lower
bound of the range of integration into the result of BoundaryTerms (see the examples bel ow).

* Pisan element of the Ore algebra Al g of ordinary differential operators or amatrix with entriesin Al g.

For the product z Py to be defined, z andy must be functions of the |eft indeterminate (i.e. independent variable) of Al g and P an
element of Al g, or z andy must be lists or vectors of functions of the left indeterminate of Al g and P amatrix with entriesinAl g. In
the latter case, the length of z must equal the number of rows of P and the length of y must equal the number of columns of P.

¢ Al g isexpected to be defined using DefineOreAlgebra

* Theresult of BoundaryTermsisasum of certain products of the entries of z and y and their derivatives.

* BoundaryTermsis used in LQEquationsto determine boundary terms which are introduced by integration by parts when computing

the Euler-Lagrange equations.

B Examples:
C > w th(O eMdul es):
{Examplel:
C>Ag := DefineOreAl gebra(diff=[D,t], polynone[t]):
>P =D
[ P:=D
[> B := BoundaryTerms(f(t), P, g(t), AQ);
B:=1(t)o(t)
C

The integral which is considered in this exampleis the following:
>int(f(t)*diff(g(t), t), t=a..b);

b
10 3

The boundary terms of the integration by parts of f(t) %g(t)% are obtained by substituting the upper and lower bound of the range of

L integration into B and taking the difference:
[> subs(t=b, B)-subs(t=a, B);

f(b) g(b) - f(a) g(a)

Example 2:




>Ag:= DeflneOreAIgeb ?Si f=[D,t], polynome[t]):

f
>z = vector ([f1(t), i)

>P:=evaln([[D 1], [D*2, 0]]);

D 1

P:=% é

L 2 0
vector([gl(t), g2(t)]);

Y
y:=[g1(t), g2(t)]
r > B := BoundaryTernms(z, P, y, Alg):

I B := fA(t) gl(t) + f2(t) %gl(t)%— %fZ(t)%l(t)

[ Theintegral whichis considered in this example is the following:
r>int(evalmz & ApplyMatrix(P, y, Alg))[1], t=a..b);

b
2
% 1) i 9100 B 9200 200 E; gl(t)Em

The boundary terms of the integration by parts of the previous integrand are obtained by substituting the upper and lower bound of

L the range of integration into B and taki ng the difference:
> subs(t=b, B)-subs(t=a,

L fl(b)gl(b)+f2(b)§ggl(b)%‘%fﬂb)%l(b) -fi(a)gl(a) - fﬂa)%gl(a)é %Q(a)%l(a)

B See Also:
DeiLneQLeALgebtaMull ApplyMatrix, Involution, L QEquations Final Conditions, ControllabilityMatrix, Brunovsky, KalmanSystem,

1 m

z:= [f1(t), fA(1)]




OreM odules Brunovsky],

OreM odules BrunovskyRat] - find transformation of controllable linear ODE system to Brunovsky canonical form

Calling Sequence:

Brunovsky(R,Alg)
BrunovskyRat(R,Alg)

Parameters:
R - matrix withentriesinAl g

Alg - Oreadgebra(given by DefineOreAlgebrg

Bl Description:

« Brunovsky returns a matrix which defines a transformation of the system variables such that the given controllable linear system of
ordinary differential equations for these system variables transforms to Brunovsky canonical form (or canonical controller form, see
e.g. E. D. Sontag, Mathematical Control Theory, Springer, 2nd edition, 1998, or T. Kailath, Linear Systems Prentice-Hall, 1980).

« Risamatrix with entriesin the Ore algebraAl g representing a linear system of ordinary differential equations.

« Al g isexpected to be defined using DefineOreAlgebra
¢ Thevariable transformation defined by the matrix which is returned by Brunovsky brings the given linear system to the form

d
Etx(t) = Ax(t)+ Bu(t), whereAis ablock diagonal matrix with each non-zero block a companion matrix with zero last row, and Bis

partitioned according to the block structure of A such that every block at position (i, i) in this structure is a column whose only
non-zero component is the last one which is 1 (see Example 2 below; see also E. D. Sontag, Mathematical Control Theory, Springer,
2nd edition, 1998, p. 191).

BrunovskyRat performs the same computations as Brunovsky, but the domain of coefficients of the Ore algebra Al g isreplaced by its
guotient field, i.e. rationa functions.

Bl Examples:
C > wi th(OreModul es):

Example 1: converting a second order ODE to afirst order system
> Alg := DefineOreAl gebra(diff=[D,t], polynone[t]):

We consider the following linear ordinary differential equation:
>R:=mtrix([[D'2, -1]1]);

T 1T

R:=[D? -1
> ApplyMatrix(R, [x(t),u(t)], A g)=evaln([[0]]);

%‘éxa)g WrFL 0

[ Using Brunovsky, we find atransformation of the system variables that brings the system to Brunovsky canonical form:
> T := Brunovsky(R, AlQ);

1 0
T:=E8D 0
0 1

[ Intermsof the system variablesx(t), u(t) and the new variableszi(t), z2(t), v(t), this transformation can be written as follows:
>matrix(3,1,[z1(t),z2(t),v(t)])=ApplyMatrix(T, [x(t),u(t)], AQ);




1) x(t)

2(t) X(t)

| (®) ut)

C>S:=1linalg[stackmatrix] (T, R):

To find the Brunovsky canonical form satisfied by the new variables z1(t), z2(t), v(t), we solve S(x(t), ut)T = (zA(t), z(t), v(t)) for (
L X(t) u(E)"T:

C = Elimnation(S, [x,u], [z1,z2,v,0], A Q):

r > Appl yMatri x(E[ 1], [x(t),u(t)] Al g) Appl yMatri x(E[ 2], [z1(t),z2(t),v(t)], A Q);

0 | zZ(t)E-fv(t)
0
] z](t)é'rzZ(t)
u(t)
) v(t)
L z1(t)

Example 2:

Linear system of ordinary differential equations describing a satellite in a circular equatorial orbit (see T. Kailath, Linear Systems

Prentice-Hall, 1980, p. 60):

> Alg := DefineOreAl gebra(diff=[Dt,t], polynom[t], comm¥[onega, mr,a,b]):

>R:=evalmM([[D,-1,0,0,0,0], [-3*onmega™2, ¢, O, - 2*onega*r,-a/mo0], [0,0,Dt,-1,0,0],
[0,2*onegal/r,0,Dt,0,-b/ (mMr)]]);

1M T

Dt -1 0 0 0 0

0 a

F3w? Dt 0 2wr -— 0

L m

R:=H

50 0 Dt -1 0 0

m 2w b

00 — 0 Dt o -—
L L r mr

[ > Appl yMatrix(R, [SeQ(X[I](t) i=1..4),ul(t),u2(t)], Alg)=evaln([[O],[0],[O],[0]]);
H o

RO X0

Swle(t)m—%)&(t)éﬂ+2wrx4(t)m+aul(t) 0
0
0
%&(0%‘ x(t)
o)

2wx(tym+ %xd(t)%-nr —bu2(t)

L mr
[ A transformation of the system variables that brings the system to Brunovsky canonical formis:
r>T := Brunovsky(R, Al g);




vV VYV
202!'!1(0

L I I e R |

"II"II 1

1
ba 0 0 0 0
1
0 ba 0 0 0
3w’ 200 1
ab 0 0 ab bm
T:=
1
0 0 ba 0 0
1
0 0 0 ba 0
20
- 0
abr
m( t)]AI[Z[3](t)] [z[4](t)], [V[2](t)]]) =Appl yMatri x(T,
X0
ba
X0
ba

w?x () m+2wr x(t)m+aul(t)

mba

X0
ba

40
ba

2wx,(t)ym—bu2(t)

bamr

.
Eiim‘nation(s [seq(x[i],i=1..4),ul,u2], [z[1],z[2],v[1],z2[3],z[4],v[2],0,0,0,0],
App'VNhthX(E[Z] [[z[11()], [z[20 ()], [vl21 ()], [2z[31(t)]. [z[41(t)]. [v[21(t)]],

nal g[ stackmatrix] (T, R):

Thefirst four equations in the following system are the equations satisfied by the new variableszA(t), z2(t), z3(t), z4(t), v1(t), v2(t), and
L thelast six equations give the inverse transformation to T:

- > Appl yMatri x(E[1], [seq(x[i](t),i=1..4),ul(t),u2(t)], Alg)=eval m(C):;



H205 w0
108 H 2050
70 8¢H
gjz(té % -% zl(t)E+ z(t)
%Jl(t) g % 2awmz,t)+amru(t)
%X“(t) % %—3 bw?mz(t) +bmy(t) - 2bwr mzt)
%xz(t) % % paz®)
K0 % bazt)
% baz(t)

L If we define the matrices A and B as follows, then it is clearly visible that the new variables satisfy a Brunovsky canonical form:
r>A:=mtrix(4,4,[0100000000010000); B:=mtrix(4,2,[0,0,1,0,0,0,0,1]);

0O 1 0 Q0
0O 0 0 O
A=
0O 0 0 1
0O 0 0 o
0 0
1 0
B:=
0 0
L 0 1
r > ApplyMatrix(linalg[diag] (Dt$4), [z1(t),z2(t),z3(t),z4(t)], Al g)=ApplyMtrix(A,
[z1(t),z2(t),z3(t),z4(t)], A g)+ApplyMmatrix(B, [vi(t),v2(t)], AQg);
2(t) 0
0 1(t)
A(t) 0
0 2(t)
Example 3:

[ Linearized system of ordinary differential equations describing two pendula mounted on a cart (see J. W. Polderman, J. C. Willems,
Introduction to Mathematical Systems Theory. A Behavioral Approach, Springer, 1998, p. 159-160):



C>Ag :: Defi neOreAl gebra(diff=[Dt,t], polynoms[t], comm¥[nl, n2, M L1, L2, g]):
r>R:= eval m{[[mMl*L1¥Dt A2, nR*L2*Dt A2, (Menil+nR) *Dt A2, - 1],
[ml*L17r2*DtA2-nil*L1*g, 0, mi*L1*Dt~2, 0],
[0, mR*L272*DtA2-nR*[2*g, nmR*L2*Dx"2,0]]);
miL1Dt? m2L2Dt? (M+ml+m2)Dt? -1
R:= Mn1L1°Dt*-miL1lg 0 miL1Dt? 0
L 0 m2L22Dt? - m2L2g m2L2 Dt? 0

[ In casethe lengthsL1 and L2 of the two pendula are not equal, we obtain the following transformation of the system variables that
L brings the system to Brunovsky canonical form:
r>T := Brunovsky(R, Al Q);

0 L1? L22 1 0

u SN T o - 0 g

0 g?(H2+L1) g% (HL2+L1) g s

- DtL1 Dt L2 Dt 0 ~

. g% (H2+L1) g? (L2 +L1) g’ 5

H L1 L2 H

u —_— — 0 0 [

5 g(L2+L1) g(L2+L1) s
_H L1Dt L2Dt :
T:=0 _— —_ 0 o &
5 g(L2+L1) g(L2+L1) -
= 1 1 =

2 42+11 T2+ ° 0 3

H Dt Dt H

- 42+11 T2+ ° 0 3
H(L2M+L2ml-mill) (ML1+L1m2-m2L2)g o 1 H
5 MLIL2(42+L1)  ML1L2(42+L1) L2L1IME

- > eval n{[seq([z[i](t)],i=1..6),[v(t)]])=Appl yMatrix(T, [x1(t),x2(t),x3(t),u(t)], Alg);




. L12 x1(t) - L22 x2(t) - x3(t) L2 +x3(t) L1
5 g2 (HL2+L1)
. L12 %xl(t)%— L22 %xza)é %xs(t)éz + %xS(t)él
Ha(M) B % g?(H2+L1)
00 b L1a-L2xe)
0 HE g(-L2+L1)
=05 B
%Z“(t) ; é L1 %xl(t)%» L2 %xza)é
0 0 H -H2+L1
o H g(L2+L1)
u g H x1(t) = x2(t)
O H | 42+L1
Fv(t) % -
E %xl(t)%» %xZ(t)E
- 42+L1
E;xl(t) L2M+gx1(t)L2ml-gx1(t)mlL1l —-gx2(t)M L1 —gx2(t) L1 m2 +gx2(t)m2L2 —u(t) L2 +u(t)L1
L u ML1L2(-L2+L1)
C>S:=linalg[stackmatrix](T, R):
C>F:=Eimnpation(S, [x1,x2,x3,u], [seq(z[i],i=1..6),v,0,0,0], A Qg):
L The Brunovsky canonical form can be read off from the following system of equations:
>

Applyl\/atrlx(F[l] [ x2(t), XZ(}AI) ;(3(t) u(t)], Al g)=ApplyMatrix(F[2],
g

[seq(z[i](1),1=1.6), v(1}]
o
H 405w

t+7(1)

| |
giE 2R
NN

+Z(t)

+27,(1)

| |
gie g
N

+2(1)

|

&HE
N

i)

+z,(t)
2(t) g M2+ z,(t) g° M + z(1) g* mL -z () L2M g - z(t) L2mlg ~z(t) gL1m2 -z(t) gL1IM +L2L1Mv(t)
9°z(t)-z(t)L2g-z(t)gL1 +L2L1z(t)

gz(t)- L1z(t)

gz(t)-L2z(t)







OreM odules Complement],
OreM odules] ComplementRat],
OreM odules ComplementConst Coeff],

OreM oduleg AllComplementsConstCoeff] - return generating set of torsion elementsin terms of the system
variables

Calling Sequence:
Complement(T,R,Alg,d)
ComplementRat(T,R,Alg,d)
ComplementConstCoeff(T,R,AlQ)
AllComplementsConstCoeff(T,R,AlQ)

Parameters:
T, R - matriceswithentriesinAl g

Alg - Oredgebra (given by DefineOreAlgebrg
d - (optional) non-negative integer

B Description:
and V, where T and Rare given matrices with entriesin the Ore algebraAl g.
« Complement solves the above matrix equation only for those matricesSand V such that the entries of Shave degree at most d in the

in the operators and coefficients of the entries of Sare bounded by 1 by default.

« ComplementConstCoeff is applicable only in the case, where each entry of T and R has constant coefficients as an operator inAl g.

T and Rover Al g whose entries have constant coefficients, in general different solutions are returned by Complement and
ComplementConstCoeff.

« If no solution to the above matrix equation could be found, then the result of these procedures is the empty list. Otherwise

alist of matrices with entriesin Al g. In this case the result of Complement and ComplementConstCoeff isthelist[ |- ST, V, S],

matrix of abasis of solutions for the corresponding homogeneous linear system of equations.

generating set of such a submoduleN.

¢ T and Rare matrices with entriesin the Ore algebraAl g and with the same number of columns.

« Complement, ComplementRat, ComplementConstCoeff, All ComplementsConstCoeff solve the matrix equationT - T ST =V RforS

operators and at most d in the coefficients given in the definition of the Ore algebra Al g. If the parameter d is not provided, the degree

Then the above equation is solved only for matrices Sand V whose entries have constant coefficients as operatorsin Al g. However, in
this case the degrees of the entriesis not bounded. Note that even if Complement and ComplementConstCoeff are applied to matrices

Complement and ComplementConstCoeff return alist of three matrices with entriesin Al g, and AllComplementsConstCoeff returns

where (S V) isaparticular solution to the above matrix equation and | is the identity matrix. The result of AllComplementsConstCoeff
in this case contains matrices | - ST, wherel is the identity matrix and different matrices are substituted for S namely the first Scoming
from aparticular solutionto T-T ST = VR and all remaining matrices Sheing obtained from this particular solution by adding each

» These procedures are intended for the following purpose: Let the residue classes of the rows of T in the left Al g-module M presented
by Rbe a generating set of the torsion submodule of M. That means we consider the left Al g-module M which is the factor module of
the free Al g-module of row vectors whose length egqual s the number of columns of Rmodulo the submodule which is generated by the
rows of R (A generating set for its torsion submodule can be obtained e.g. using TarsionElements) Then, from a each solution (S V)
or T-T ST =VRwe obtain acomplement of the torsion submoduleinM, i.e. a submoduleN of M such that M is the direct sum of its
torsion submodule and N. Given S the residue classesin M of the rows of the matrix U =1 - ST, wherel is the identity matrix, form a



« Al g isexpected to be defined using DefineOreAlgebra

« ComplementRat performs the same computations as Complement, but the domain of coefficients of the Ore algebra Al g isreplaced
by its quotient field, i.e. rational functions.

» For more details see A. Quadrat, D. Robertz, "Parametrizing all solutions of uncontrollable multidimensional linear systems',
Proceedings of the 16th IFAC World Congress, Prague, 2005.

B Examples:
C> wi t h(Or eModul es):

Example 1: Ordinary differential equations

We study a bipendulum, namely a system composed of a bar where two pendula are fixed. Here we only consider the case, where
both pendula have the same lengthl.

For more details, see J.-F. Pommaret, Partial Differential Control Theory, Kluwer, 2001, p. 569, and the Library of Examples at

L http://lwwwb.math.rwth-aachen.de/OreModul es.

CL>Ag := DefineOeA gebra(diff=[Dt], polynon¥[t], comm~[g,I]):
r>R:=-evalm[[D‘2+g/Il, 0O, -g/l], [0, D'2+g/l, -g/l]]);

g o 8

r>Extl := Exti(lnvolution(R A g), Ag, 1);

2l+g 0 -1 0

Extl .= é % g
0 1 D?l+g —g

2

> TorsionEl enents(R, [x1(t),x2(t),u(t)], AQ);

2
% 6.0+ % el(t)E: o% .0 =X10)- xz(t)]E

[ Theresidue classes of the rows of T in the (left) Al g-module presented by R generate its torsion submodule:
r>T:= Ext1[2];

r>C:= Complerment(T, R AQ);

>U:=(d1]: V:=C2]: S:=(d3]:
Weverifythat T-TST=TU=VR
>sinmplify(MIlt(T, U Ag) - Milt(V, R AQ));
0
Since the entries of T and R have constant coefficients as operatorsin Al g, a'so ComplementConstCoeff can be applied:
> C : = Conpl ement Const Coef f (T, R Al Qg);

1 1 rmr

r> A := Al Conpl emrent sConst Coeff (T, R AlQ);




1 0 1 0 1- 1+D%l+g g

1 0 1 0 1- 0
D’l+g (-1+g)(D?1+g) (—1+g)(D2I+9) D2I+9
—3 g —L="9 0

g g

1+D?lg+g? -g° g - 0 2I+g 1

1+g(D?I+g) - g 1-g 0HH o 1
1+D?lg+g?) (D31 + D?lg+g®-D?I - D21+
(1+D%Ig gg)( R . R

[t

Every matrix in the list A defines a complement of the torsion submodule of the (Ieft) Al g-module presented by R
r > map(a->Factorize(Milt(T, a, Alg), R Ag), A;

Ho o e dio oo do dho o

Example 2: Differential time-delay systems

Linear differential time-delay system describing aflexible rod (see H. Mounier, Proprietes structurelles des systemes lineaires a

retards: aspects theoriques et pratiques PhD thesis, University of Orsay, France, 1995):

> Alg := DefineOreAl gebra(diff=[Dt,t], dual _shift=[delta,s], polynomet,s],
shift_action=[delta,t,h]):

>R :=evalm[[Dt, -Dit*delta, -1], [2*Dit*delta, -Di-Dt*deltar2, 0]]);

Dt Dt d -1
R:=% é
Dt> -Dt-Dtd*> O
r>Extl := Exti(lnvolution(R, Alg), Alg, 1);
O 0 0gE25 1+82 odQg 1+8°

1 T

1 O0JHDt Dts 1 2%

0 19Mts Dt &IDt-Dtd’
> TorsionEl enents(R, [y1(t),y2(t),u(t)], AQ);

(PO X1) =0, [B,(t)=-2y1(t— h)+y2(t) +y2(t - 2h)]]
[ Theresidue classes of the rows of T in the (left) Al g-module presented by R generate its torsion submodule:
r>T:= Extl1[2];

25 1+8°
T=HDt Dtd 1
L td Dt
r>C:= Conplenment(T, R AQg);
) 0 0
5 (1+3%)5 3
T . 82 0
C:= ) 2
25 - 0 1 0
62
0 0 150 -5 5 0 0

c>U:= di]: v:=d2]: s:=(C3]:

[ Weveifythat T-TST=TU=VR

[ >simplify(MIlt(T, U Ag) - Milt(V, R AQ));
0

[ Sincethe entries of T and R have constant coefficients as operatorsin Al g, also ComplementConstCoeff can be applied:

( > C : = Conpl enent Const Coef f (T, R Alg);



](I\/UIt('T' U Ag)

1+ 82
20

Dt 5° 1Dt6 1Dt63 0
- - +=
i 2 2
c2l: s:=(3]:

(1+5%)5
T2

- 0

MILt(V, R Ag));

N [on




OreM odules Connection] - return matrix representations of left multiplication maps on a finite dimensional factor

module over an Ore algebra

Calling Sequence:
Connection(R,Alg)

Parameters:
R - matrix with entriesinAl g

Alg - Oreagebra(given by DefineOreAlgebrg

B Description:

« Connection returns the list of matrices which represent the left multiplication maps by indeterminates of Al g on the finite
dimensional left module which is presented by Rwith respect to the vector space basis returned by KBasis.

Independently of the definition of the coefficient domain of Al g, Connection uses the Ore algebrawhich is obtained from Al g by
replacing the coefficient domain by its quotient field, i.e. rational functions. The residue class module which is considered by
Connection, namely the module presented by R, is the factor module of the free module of row vectors over this Ore algebra whose
length equal s the number of columns of Rmodulo the submodule which is generated by the rows of R

« The vector space endomorphisms of the module presented by R defined by left multiplication by the (remaining) non-invertible
indeterminates are represented as matrices with respect to the basis constructed by KBasis, i.e. thei-th row of thej-th resulting matrix

isthe coefficient row vector of the product of thej-th indeterminate times thei-th element in the vector space basis returned by KBasis
with respect to this basis.

« |f the factor moduleis the zero module, then Connection returns alist of zero times zero matrices.

* Risamatrix with entriesin the Ore algebraAl g.

« Al g isexpected to be defined using DefineOreAlgebra

« Connection returns alist of square matrices with entries in the quotient field of the coefficient domain of Al g.

« Note that for Connection, in the same way as for KBasis, the domain of coefficients of the Ore algebraAl g isreplaced by its quotient
field, i.e. rational functions.

B Examples:
E>with(0relvbdules):
Example 1:
E>A|g .= DefineOreAl gebra(di ff=[D1,x1], diff=[D2,x2], polynon¥[x1,x2]):
r>R:=evalm([[D1, O], [D2, D1], [0, D2]]);
1 0
R:=@2 D1
L 0 D2
r>B := KBasis(R, A gQ);
L B:=[A, A\, A, DI
> Connection(R, Al Q);
0 O0ggo o
0 10 o0
L 0 0ggo o

@

[ Multiplication by D1on the residue class module in terms of the vector space basis




> map(a->Milt (D1, a, Alg), B);
[\, D1 A, D1 A, D1%]
> map(a->[coeff(a, B[1]), coeff(a, B[2])], %;
[[DL 0], [0, D], [0, D1?]]
> map(a- >ReduceMatrix([a], R Ag), %;
[[1L0O DL
Hence, only the product of D1 by the second basis vector in Bis non-zero, and the coefficient row vector of this product has only one
non-zero coefficient, whichis 1.
Multiplication by D2 on the residue class module in terms of the vector space basisB:
> map(a->Mil t (D2, a, Alg), B);
[A, D2 A, D2 D2\, D1]
> map(a->[coeff(a, B[1]), coeff(a, B[2])]., ;
[[D2,0], [0, D2], [0, D2D1]]
> map(a- >ReduceMatrix([a], R Ag), %;
[0 DY
Hence, only the product of D2 by the first basis vector in B is non-zero, and the coefficient row vector of this product has only one
non-zero coefficient, which is-1.

Example 2:

> Alg : = DefineOreAl gebra(diff=[D1,x1], diff=[D2
>R := mtrix([[D1"3, x1], [D2, x1+D1], [D3, D2]

1)

¥ x1
R:=D2 x1+D
3 D2

[\, D1\, D1*A, A, A, D2 A, D1, D1D2), D1* A, A, D1°]

;(2] , diff=[D3,x3], polynon[x1,x2,x3]):

> KBasi s(R, Al g);

> Connection(R, Alg);
0O 1 0 O 0 0 0 0 O 0 0 0 x1 0 -1 0 O 0
0O 0 1 O 0 0 O 0 O

0 0 0 xx 0 O O O O

T T T T T T I I T T ET T I T T T T T T I T T I ITIa]




Example 3:

r>R:=mtrix([[D173], [D2+x3], [D3+D1]]);
D1®

R:= 2+ x3

3+D

[ > KBasi s(R, Al g);

[]
[ > Connection(R, Al g);
I [LLeen

Bl See Also:
SyzygyModule




OreModules[ControllabilityMatrix] - return controllability matrix of alinear ODE system

Calling Sequence:
ControllabilityMatrix(F,G,k,Alg)

Parameters:
F - square matrix with entriesin Al g
G - matrix with entriesin Al g
k - natural number

Alg - Oreagebra(given by DefineOreAlgebra

B Description:
d
« ControllabilityMatrix returns the controllability matrix for the Kalman systemat X(t)= Fx(t) + Gu(t). More generally,
ControllabilityMatrix returns the matrix formed by juxtaposing G(t), G,(t), ..., G_,(t), where G, = G(t) and
G,,,(t)=F(H GO - %G.(t)%

¢ Fand Gare matrices with entriesin the Ore algebraAl g, whereF is expected to be a square matrix and the number of rows of Gequals
the number of columns of F.

« Al g isexpected to be defined using DefineOreAlgebra

e If Fisan (nx n)-matrix and Gis an (nx m)-matrix, then the result is an (nx km)-matrix.

Bl Examples:

C > wth(O eMdules):
C> Alg := DefineOeAl gebra(diff=[D,t], polynonms[t]):

Example 1:

d
Consider the Kalman system Etx(t)= Fx(t)+ G u(t), where:
r>F:=mtrix(2,2,[1,-1,0,1]);

1
\%
@
[t

matrix(2,1,[0,1]);

1
v
@]
1
=]
—
=
=
QO
=3
:.
<
2
=
x
n
o
N
=
«
~

> linalg[rank] (C);

Since C has full rank, the above Kalman system is controllable.

Example 2:

d
Consider the linear ODE system Etx(t) =F(t) x(t) + G(t) u(t), where:
>F:=mtrix(2,2,[2,t-1,-1,1]);

M r



[

>G:=mtrix(2,1,[t,1-t]);

\%
@]
1

ControllabilityMatrix(F, G 2, Ag);

t  4t-t*-2

C:=
-t 2t+2
% : 1%
0 O

Hence, C does not have full rank fort= 1. Here we have to consider the larger controllability matrix:
> C:= Controllabilitymatrix(F, G 3, AQg);

t  4t-t>-2 14t-4t2-10
C:=
-t 2t+2 6t+t?+6

> |inal g[rank] (subs(t=1, evalm(Q)));

> subs(t=1, evalnm(Q));

2

See Also;
i Mult, ! . ion, : . . inal -



OreM oduleg DefineOr eAlgebra] - definean Orealgebrafor the current session of OreModules

Calling Sequence:
DefineOreAlgebra(t, =1, ..., t, =1, options)

Parameters:

t - typesof commutation
I - listsof indeterminates whose Iengths are determined by the corresponding t
options -  (optional) options

B Description:

« DefineOreAlgebra sets up a data structure representing an Ore algebra for the current session of OreModules It extends the command
Ore _algebralskew_algebra] so that most of its parameters and options are the same asin Ore_algebralskew_algebral.

* Most of the commandsin QreMadulestake one parameter Al g which is expected to be aresult of the DefineOreAlgebra command.

¢ Theresult of DefineOreAlgebraisalist whose first entry is the result of Ore_algebra[skew_algebra] called with the same parameters
and all options as given to DefineOreAlgebra except for "shift_action™. The other entriesin the resulting list collect information about
the Ore algebra defined by the first entry.

« For the possible types of commutation and possible options, see Ore_algebralcommutation_rules] resp.

« DefineOreAlgebra accepts an additional option "shift_action™ which specifies how (matrices of) shift and advance operators are
applied to (vectors of) functions. The string "shift_action" is expected as |eft hand side of an equation whose right hand sideisalist
with three entries. The first entry specifies an indeterminated declared in a preceding argument of DefineOreAlgebra which represents
ashift or advance operator. The second entry sets the indeterminatet on which the previous indeterminated acts. Here, t may be
different from the indeterminate which was declared together with &. The third entry defines the length of the shift resp. advance. This
option effects the result of ApplyMatrix.

Bl Examples:
> wi t h( Or eMbdul es):

Example 1:

System of linear ordinary differential equations describing a bipendulum (J.-F. Pommaret, Partial Differential Control Theory, 2001):
> Algl := DefineOeAl gebra(diff=[D,t], polynoms[t], com¥[g,|11,12]):
>Rl := evalm([[D*2+g/11, O, -g/l1], [0, D'2+g/12, -g/12]]);

1T

9 ¢]
2, = _=
o © 11
Rl:=
9 9
2,2 _
L 0 Dy T,
[>MJIt(D, t, Algl);
1+Dt

r > ApplyMatrix(RL, [x1(t),x2(t),u(t)], A gl);

2
%2 xl(t)E 1+gx1(t)-gu(t)

11

2
% x2(t)EZ —gx2(t) +gu(t)

12




Example 2:

retards: aspects theoriques et pratiques PhD thesis, University of Orsay, France, 1995):

> Alg2 := DefineOreAl gebra(diff=[Dt,t], dual_shift=[delta,s], polynonFt,s],
shift_action=[delta,t,h]):

>R :=evaln([[Dt, -Di*delta, -1], [2*Dt*delta, -Di-Dt*delta”r2, 0]]);

Dt Dts -1

m::% é

L Dt5 -Dt-Dt&* O
r > ApplyMatrix(R2, [yl(t),y2(t),u(t)], Alg2);

% D(y1Xt) - Dly2)(t - h) - u(t) %
D(yL)Xt - h)— D(y2)(t) - D(y2)t - 2h)

[ Linear differential time-delay system describing aflexible rod (see H. Mounier, Proprietes structurelles des systemes lineaires a

Example 3:

Linear system of PDEs that appears in mathematical physics, namely in the study of Lie-Poisson structures (see C. M. Bender, G. V.
Dunne, L. R. Mead, Underdetermined systems of partial differential equations Journal of Mathematical Physics, vol. 41, no. 9
(2000), pp. 6388-6398 and W. M. Seiler, Involution analysis of the partial differential equations characterising Hamiltonian vector
L fields Journal of Mathematical Physics, vol. 44 (2003), pp. 1173-1182):

C > Al g3 := DefineOreAl gebra(diff=[D1,x1], diff=[D2,x2], diff=[D3,x3], polynoms[x1, x2, x3]):
r>R3 :=eval m[[x1*D3, x2*D3, 0], [-x1*D2+x2*Dl, -1, x2*D3], [-1, -x2*Dl+x1*D2, x1*D3]]);

x1D3 x2D3 0
R3:=Ex1D2+x2D1 -1 x2D
-1 x2D1+x1D2 x1D

r > ApplyMatrix(R3, [F(x1,x2,x3), Q(x1,x2,x3), H(x1, x2,x3)], Al g3);

0 0
x1 %TXS F(x1, x2, XS)EJr X2 %TXS G(x1, x2, X3)%
0 0 0
x1 %T F(x1, x2, xs)é-f X2 %T F(x1, x2, x3) E— G(x1, x2, x3) +x2 % H(x1, X2, x3)E
X2 X1 3
0 0 0
=H(x1, X2, x3) + x1 % G(x1, X2, x3) %» X2 %1 G(x1, x2, x3) E+ x1 %;3 H(x1, x2, x3)E

Example 4:

Linear system involving the Euler operator which occursin the study of a sphere rolling on a surface (see J. Hadamard, Sur
I"equilibre des plaques elastiques circulaires libres ou appuyees et celui de la sphere isotrope, Annales scientifiquesdel’E. N. S., 3e
L serie, 18 (1901), pp. 313-342.)

C > Al g4 := DefineOreAl gebra(eul er=[D, rho], polynons[rho], conmme[I| anmbda, nu]):

r>R4 := eval M [[D+1/ 2, ((l anbda+mu)/2)*(D- 1), 1/2,0], [2*D, -(3*l anbda+2*nu), D+3, 0],

[-D, | anbda, -1, 2*mu*(D+1)]1]);

Y SIPTO
#5 S0HO-1) 5 0
R&=Ep  8A-2u D+3 0
I D A 1 2uD+1)

> Appl yMatrix(R4, [theta(rho), sigma(rho), K(rho), rho)], Al g4);




d 1 1 Hd 1 Hd 1 1 1
%e(p@;e(p)+5p§;,o(p)§+5p§;o(p)§x ~5A0(0) =5 0PN K 5 KE)

2p§%e(p)§3m(p)—2o(p)u+p§%K(p)E+3K(p)

P a%e(p)% Aa(p) —K(p) +2up E%G(P)%ﬂ HG(p)

See Also:



OreModuleg DiffTOOr €] - convert alinear (or affine) differential (time-delay) equation to an operator

Calling Sequence:
DiffToOre(L ,dvar,Alg)

Parameters:
L - differential expression or list or vector of differential expressionsin the dependent variables
dvar - list of dependent variables
Ag - Oreagebra(given by DefineQreAlgebrg

B Description:

« DiffToOreconvertsthe linear (or affine) differential (time-delay) equation(s) L to an operator which is a matrix over the Ore algebra
defined by Al g.

« Lisadifferential expression or alist or vector of differential expressionsin the functions whose names are provided by thelistdvar.
The arguments of these functions may be shifted by constant values, if these shifts are representable by the action of shift operators
defined in Al g.

« Al g isexpected to be defined using DefineOreAlgebra

e Theresult of Diff ToOreisalist of two matrices. The first matrix has entriesin Al g and represents the linear part of L as an operator.
The second matrix of the result has only one column and consists of differential expressions. It is the difference of L written asa
vector and the linear part of L.

¢ This command provides a counterpart to ApplyMatrix and to Ore to diff in Ore_algebra To compose two or more operators, use Mult.

Bl Examples:
C > wi th(OreModul es):

Example 1: Ordinary differential equations

[>A|g

;= De
r>L:=[dif

neOreAl gebra(diff=[Dt], po none[t]):
(t),t,t)-diff(x(t),t)+diff(u(t),t)+a(t), diff(x(t),t)+x(t)-u(t)+b(t)];

% x(t)% KO u(t)%a(tx SHOFXO- U+ b(t)E

r>M:=DffToOre(L, [x,u], AQ);

| i

r > eval m(Appl yMatrix(M 1], [x(t),u(t)], Alg) + M2]);

22 X(OE‘ %[X(t)%“f % U(t)%+ gt)
| %X(t)%* X(t) — u(t) + b(t)

r>DiffToOe(L[1], [x,u], AQg);
L [[D*-D D] 4t)]

fin
f(x

Example 2: Partial differential equations

C>Ag := DefineOeAl gebra(diff=[D1,x1], diff=[D2,x2], diff=[D3,x3], polynonF[x1,x2,x3]):
r>L :=[diff(y(xl,x2,x3),x1,x2)- dlff(Z(Xl X2, X3), x2)+d| f(u(x1, x2,x3), x1),
di ff(z(x1,x2,x3), x2 x3) u(xl x2,x3)];




L:= %y(xl, X2, x3)§~ %%2 X1, x2, X3)§+ %&L u(x1, x2, x3)% %ﬁm ZAx1, X2, x3)§~ u(x1, x2, X3)§

r>DiffToore(L, [y,z,u]l, AQg);

%ZDl D2 DE% O%
L 0 D3D2 -1 0]
Example 3: Differential time-delay systems

> Alg : = DefineOeAl gebra(diff=[Dl, x1], shift=[delta, x2], dual _shift=[tau, x3],
[
pol ynon¥[ x1, x2, x3], shift_action=[delta, x1], shift_action=[tau, x1]):

> L o= [D(y)(x1-1)+z(x1+2) +2*u(x1), (D@@) (y)(x1+1)-y(x1)-u(x1)];

L L :=[D(y)Xx1 - 1)+ ZAx1+2)+2u(x1), (DQ))(y)(xl +1) - y(x1) — u(x1)]
r>DiffToOe(L, [y,z,u], AQ);

%Dlr 52 2%@ o%
L L 125-1 0 -1 0
Bl See Also:




OreModulesDimension],

OreM oduIes[Di mensi onRat] - return the Hilbert dimension of afinitely generated module over an Ore algebra

Calling Sequence:
Dimension(R,Alg)
DimensionRat(R,Alg)

Parameters:
R - matrix with entriesinAl g

Alg - Orealgebra(given by DefineOreAlgebrg

B Description:

« Dimension returns the Hilbert dimension of the left module over the Ore algebraAl g presented by R This command extends
hilbertdim in Groebner to left modules (however Dimension always uses the degree-reverse lexicographic termorder tdeg).

» For more details about the Hilbert dimension, see Groebner[hilbertdim].
* Risamatrix with entriesin the Ore algebraAl g.

« Al g isexpected to be defined using DefineOreAlgebra

If the left module presented by the matrix Ris the zero module, then -infinity is returned.

« DimensionRat performs the same computations as Dimension, but the domain of coefficients of the Ore algebra Al g isreplaced by its
quotient field, i.e. rationa functions.

Bl Examples:
C > wi th(OreModul es):

Example 1:

c> Al g : = DefineOreAl gebra(diff=[D1, x1], diff=[D2,x2], polynon¥[xl,x2]):
[ First we determine the Hilbert dimension of the zero left ideal in Al g:
[ >R:=evalm([[0]]);
R=[ 0
> Dinension(R, Al g);
4

We replace the domain of coefficients of Al g by its quotient field, i.e. by the field of rational functionsinx1 and x2:
> Di nensi onRat (R, Al g);
2
The Hilbert dimension of the zero module is -infinity:
> Dimension([[1]], Alg);

1 m [t r

Example 2:

m

> Alg : = DefineOreAl gebra(diff=[D1, x1], diff=[D2,x2], diff=[D3,x3], polynoms[x1, x2,x3]):
r>R:= mtrix([[D1+x2], [D3+1]]);

1+x2
R:=
L 3+1

[ > Di nension(R, Al g);

4

(> Di nensi onRat (R, Al g);



L L 1
See Also:
SyzygyModule



OreModuleg Elimination],

OreModuleg EliminationRat] - eiminatevariablesin alinear system over an Orealgebra

Calling Sequence:
Elimination(R,v,w,Alg,u)
EliminationRat(R,v,w,Alg,u)

Parameters:
R - matrix withentriesin Al g or INJ(n) or SURJ(n) or ZERO, where nis a non-negative integer
v - list of indeterminates
w - list of indeterminates
Alg - Oreagebra(given by DefineOreAlgebrg
u - (optional) sublist of v
B Description:

< Elimination solves, if possible, the linear system Ry= zfory, wherey (resp. 2) is the vector whose components are the entries of v
(resp.w).

« Risamatrix with entriesin the Ore algebraAl g.
¢ The number of entriesin v (resp.w) must equal the number of columns (resp. rows) of R

« Al g isexpected to be defined using DefineOreAlgebra

e TheresultisatableT containing two matrices such that T[1] y=T[2] zis equivalent to Ry= z These matrices are formed by the
coefficientsin the Groebner basis of the left Al g-module generated by the left hand sides of Ry—z=0w.r.t. an elimination order
which eliminates the variablesv.

e Ifuisgiven, thenRy=zis solved, if possible, for the indeterminatesinv which are not contained inu, wherey (resp. 2) is the vector
whose components are the entries of v (resp. w).

« EliminationRat performs the same computations as Elimination, but the domain of coefficients of the Ore algebra Al g isreplaced by
its quotient field, i.e. rational functions.

Bl Examples:
E>vw'th(0rel\/bdules):
Example 1:
E>Alg := DefineOreAl gebra(diff=[D1,x1], diff=[D2,x2], diff=[D3,x3], polynom[x1, x2,x3]):
C>jvar := x1, x2, X3:
r>R:=-evalm([[D1, O, -D2], [O, D2, -D2], [D1, O, D2]1);
1 0 D2

1(ivar),y2(ivar),y

r > ApplyMatrix(R, [y
[[z1(ivar)],[z2(ivar)],[

Al g) =eval n(

N W
- <
<Q
m-‘
=—




11 r

0 do [
1y1(x1, X2, X3) 5~ %y%xl, X2, X3)H
B 1 1(x1, X2, X3)
0 do O
%szZ(xl, X2, x3) 5~ %yS(xl, X2, x3) = 22(X1, X2, X3)
3 J 08 | 3(X1, X2, X3)
irlyl(xl, X2, x3) B+ iTZyS(xl, x2, x3)E
>E:=Eimnation(R [y1,y2,y3], [z1, 22 z3], Ag);
0 0 2D -1 0 1

E:=tablefl=H0 2D2 0 H2=H-1 2 1

D1 O 0 1 0 1
lyMatrix(E[ 1], [yl(ivar),y2(ivar),y3(ivar)], A g)=ApplymMatrix(E 2],
(1tvar), 22(|var) 23(|var)] Al g);

% y3(x1, X2, x3)
0

% y2(x1, X2, x3)
0

%1 y1(x1, x2, x3)

Example 2: Elimination computes input-output representation from state space representation

> Apply
1

[z

CIEE)

-Z1(x1, X2, x3) + z3(x1, X2, X3)

Z1(x1, X2, x3) + 2 z2(x1, X2, x3) + z3(x1, X2, Xx3)

CIOE]

z1(x1, x2, x3) + z3(x1, X2, x3)

IO

Linear system of ordinary differential equations describing a stirred tank (see H. Kwakernaak & R. Sivan, Linear Optimal Control
Systems, Wiley-Interscience, 1972).
> Alg := DefineOreAl gebra(diff=[D,t], polynone[t], comme[theta, VO,cO0,cl,c2]):
The state space representation is given by:
>R := eval ([[D+1/ (2*theta),0,-1,-1],[0,D+1/theta, - (cl1-c0)/ VO, -(c2-c0)/V0]]);
1 1

2 0 0 -1 -1

0 DE cl-c0 c2-c0
o T w ~ w A

> ApplyMatrix(R, [x1(t),x2(t),ul(t),u2(t)], Ag);

2 %‘xl(t)% +x1(t) - 2ul(t)0 —2u2(t)6
0

N -

x2(t) % VO+ x2(t) VO— ul(t) 6 cl +ul(t) 6 cO —u2(t) B c2 +u2(t)6¢cO

5 8V0 5

In terms of the states, the output is defined by:
>C:=evalm[[1/(2*theta),0],[0,1]]);

> eval m([[y1(t)],[y2(t)]])=Appl yMatrix(C, [Xl(t) X2(t)] A g);
X1(t)

ro e
2(t)

x2(t)



C

1T T

To find an input-output representation, we define the following matrix:

> Rf :=linalg[stackmatrix] (R |inalg[augnent](C, matrix(2,2,0)));
311
=zD+29 -1 -1
2 0 gl Gt @2
u +5 T -
H11
020 0 0 0
; 0 1 0 0
>E := Elimnation(Rf, [x1,x2,ul,u2], [0,0,y1,y2], Alg, [ul,u2]);
0 0 0 -VODB-V0 6cl-6c0 6c2-6c0
0 0 2D6-1 0 1 1
E:=table([l= 2=
0 1 0 1 0 0
1 0 20 0 0 0

>ﬁ|pp;yNBtrix(E[l], [x1(t),x2(t)], Al g)=ApplyMatrix(E[2], [y1l(t),y2(t),ul(t),u2(t)],
9);

0 ée VO % y2(t)%— VOy2(t) +ul(t)6cl —ul(t)8cO +u2(t)8c2 —u2(t) 8 cO
0 % 28 %yl(t)% yA(t) +ul(t) +u2(t)
25 F
10 % y2(t)
n 26y1(t)

The first two equations give the input-output behaviour of the system. The third and fourth equations express the state in terms of the
output which shows that the system is observable.

Example 3: Application of Elimination to the study of flatness of linear systems

System of linear ordinary differential equations describing a bipendulum (J.-F. Pommaret, Partial Differential Control Theory, 2001):
> Alg := DefineOreAl gebra(diff=[D,t], polynone[t], com¥[g,|11,12]):
>R :=evalnm([[D*2+g/11, O, -g/l1], [0, D'2+g/12, -g/l12]]);

2. 9 9
TR 11
R:=
2,9 9
0 D™ T
Check parametrizability of the system:
> Extl := Exti(lnvolution(R A g), Ag, 1);
D?12g+g?
1 0gf1D?*+g 0 -
Extl:= %% % D?l1g+g?
0 1 0 2D*+g -g

41211+ D?12g+D?11g+g?
Since Ext1]1] is an identity matrix, the system is (generically) controllable and parametrizable. Ext1]3] is a parametrization of the

system.
> P = Ext1[3];



L A left inverse of the parametrization (if it exists) is aflat output of the system:
r>F := Leftlnverse(P, AQ);

D?12g+g°
P:= D?l1g+g®
41211+ D%12g+D?%11g +g?

11
F:-%
g?(H1+12) g (—|1+|2)
[ Wewant to express the system variables x1, X2, and uin terms of the flat output:

r>R2 :=linalg[stackmatrix] (R F);
- 9 g
= 2, _=
m D Il 0 11
E 9 g
- g 2, = =
Re=p O D™ iz
! 12
Hg?(H1+12) g?(H1+12)

:>E:: Elimnation(R2, [x1,x2,u], [z1,z2,y], AQ);
0 0 12¢g°-11¢°

E:=tablefl=H 0  I2g-Ilg 0

g-lig 0 0
D?11%2+gl1? H22g-122D?%I11 12°2D?g®*-12D*g?112+122D*11¢g? -D?g®112 —-g*I1 +g* 12
2= 112 4112 D?g?11%2+11D%*g*12 -g®11 +12g°
1112 22 41D2g?12+D?g?122 -g®I1 +12¢°

L D
- > Appl yMatri x(E[1], [x1(t),x2(t),u(t)], Al g)=ApplyMatrix(E[2], [z1(t),z2(t),y(t)], Alg);
2(41+12)u(t)

H1+12)gx2(t)

H1+12)gx1(t)

Ezuz %zl(t)é*gllzzl(t)—lzzI1%2222(I)E—I22922(t) +%y(t)§22 3 —%y(t)%gmz —%y(t)EZ g?112
+ %y(t)gzzllgz—y(t)g"ll +y(t)g4IZE
Elzzl(t)— 1112 z2(t) - %zy(t)élzgz +%22y(t)glgzl2 -yt)g®l1 +y(t)|293E

I El 12 zA(t) - 122 z2(t) - %zy(t)él g’12 +%22y(t)52292 -yt g1l +y(t)|293E

| [ Uptoinvertible constants, the previous equations expressxi, x2, and uin terms of the flat output y (modulo the system equations).

Bl See Also:




OreM oduleg Exti],

OreM odules[Exti Rat] - compute an extension module of a finitely presented module over an Ore algebra with valuesin
thisOrealgebra

Calling Sequence:
Exti(R,Alg,i)
ExtiRat(R,Alg,i)

Parameters:
R - matrix with entriesin Al g or INJ() or SURJ(n), wherenis a non-negative integer

Alg - Oreagebra(given by DefineOreAlgebra

i - non-negative integer

B Description:

« Exti computes theith extension module with valuesinAl g of the left Al g-module M which is generated by the rows of R i.e. theith
homology module of the complex which is obtained from afree resolution of M by applying the hom functor. As a specia case, for
i = 0the computed extension moduleis the right Al g-module of homomorphisms from M into Al g, returned as a presentation of aleft
Al g-module by means of an involution of Al g (cf. Lnvolution).

¢ Exti usesan involution of Al g in order to turn the complex of right Al g-modules, obtained from afree resolution of M by applying
the hom functor, into a complex of left Al g-modules. Following the definition of the extension module, if i > 0, Exti computes a part
of afreeresolution of M of lengthi + 1 (seeResolution) and applies Involution to theith resp. the (i + 1)th matrix in this resolution to
obtain the matrix L; resp. L, ,. Then Exti computes the syzygy module Sof the left Al g-module presented by L, , and the annihilator
of the generating elements of Sin the left Al g-module presented by L, (seeQuatient). This last step corresponds to the computation of
theith homology module of the before mentioned complex. If i = 0, then Exti only computes the syzygy module of the left Al g
-module presented by L, ;.

* Risamatrix with entriesin Al g or INJ(n) or SURJ(N), wherenis a non-negative integer.

« Al g isexpected to be defined using DefineOreAlgebra

e Ifi=0, then theresult isamatrix with entriesin Al g. After applying Involution to this matrix, one obtains a presentation of the right
Al g-module of homomorphisms from the left Al g-module presented by Rinto Al g.

e Ifi>0, thentheresultisalist of three matrices with entriesin Al g. The residue classes of the rows of the second matrix in the | eft
Al g-module presented by L, form a generating set for S(see above). The first matrix gives the annihilator of these residue classesin
this module. The third matrix isL,, ;. The product of the second matrix by the third matrix is zero by construction. If the part of the
free resolution of M computed by Resolution is shorter thani + 1, then Exti returns[undefined, ZERO, ZERQO].

Ifi >0, thefirst matrix of the result is amatrix having a block diagonal structure, where each block consists of only one column but
may have severa rows. The number of blocks equals the number of rows of the second matrix of the result. The entries of theith
block form a Groebner basis (w.r.t. the degree reverse lexicographical ordering on the variables of Al g) of the annihilator of theith
row of the second matrix in the left Al g-module presented by L, (see also Quatient).

¢ Theith extension module with valuesinAl g of M is the zero module if and only if the first matrix of the result of Exti is an identity
matrix. For an additional interpretation of the first extension module, see Torsion

ExtiRat performs the same computations as Exti, but the domain of coefficients of the Ore algebra Al g isreplaced by its quotient
field, i.e. rational functions.

« Extn computes several extension modules at once. Torsionis synonymous with Exti fori = 1.

For more details on the algorithm computing the extension modules over Ore algebras, see F. Chyzak, A. Quadrat, D. Robertz,




"Effective algorithms for parametrizing linear control systems over Ore algebras’, Applicable Algebrain Engineering,
Communication and Computing (AAECC) 16 (2005), pp. 319-376.

Bl Examples:
> wi t h( Or eMbdul es):

Example 1:

C>Ag := DefineOeAl gebra(diff=[D1,x1], diff=[D2,x2], polynom[x1,x2]):
r>R:=mtrix([[2, -D2], [2*D1, -D1*D2]]);

2 D2
R:=
L D1 -D1D

[> Exti (R, Alg, 0);

D2 -2
[ To obtain the generator of the right Al g-module of homomorphisms from the left Al g-module M presented by Rinto Al g, one hasto
L apply aninvolution of Al g to the result of Exti:
2
H:=
-2

r>H:=Involution(Exti(R A g, 0), AQ);
[ Indeed, the homomorphism of free left Al g-modules represented by H maps the relations defining M to zero in Al g.
r>MIt(R H AQg);

| i

Example 2:
C > Al g := DefineOeAl gebra(diff=[D1,x1], diff=[D2,x2], nom:[xl,x2]):
r>R:=mtrix([[-D2+D1+2, -D2], [2, -D2], [2*D1, -Dl* ;

p
D2]
2+D1+2
R:= E
L 2D

r>Ext := Exti(R Ag, 1);

1D2-D2? 0 1 0 O
Ext:= 1
0 D1D2-D2°000 -1 D1
[ Inthisexample, L, isgiven by:

r>1L[1] := Involution(R Al Q);
2-D1+2 2 -2D1
A o
D2 D2 -D1D

Ext{1] isthe annihilator of the rows of Ex{2] in the Al g-module presented by L, i.e
> ReduceMatrix(Milt(Ext[1], Ext[2], Alg), L[1], Ag):

[]

1M T

This annihilator can also be computed by:
> Quotient(Ext[2], L[1], Al Q);

gmz— D22 0 é
L 0 D1D2-D2?

[ By construction, Ex{ 3] yields a parametrization of the system Ex{2] y= 0:
> Ml t(Ext[2], Ext[3], AQ);




Example 3:

Linear system of partial differential equations with non-constant coefficients appearing in the study of the Lie algebra SU(2) (see C.
M. Bender, G. V. Dunne, L. R. Mead, Underdetermined systems of partial differential equations Journa of Mathematical Physics,
L vol. 41 no. 9 (2000), pp. 6388-6398):

C>Ag := DefineOreAl gebra(diff=[D1,x1], diff=[D2,x2], diff=[D3,x3], polynon[x1,x2,x3]):

r >R :=Involution(eval m([[x3*D1-x1*D3, x3*D2-x2*D3, -1], [-1, x1*D2-x2*Dl1l, x1*D3-x3*D1],
[x2*D1-x1*D2, -1, x2*D3-x3*D2]]), Al Q);
1D3-x3D1 -1 x1D2-x2D
R:=X2D3-x3D2 x2D1-x1D2 -1
L -1 x3D1-x1D3 x3D2-x2D
> Exti(R Ag, 1);
2D3-x3D2 0 0 -
1D3-x3D1 0 Og é
1D2-x2D1 0 0Hpa X2 x3 3D2-x2D3H
0 x2D3-x3D2 OHm1 D2 D3 1D3-x3D1H
0 x1D3-x3D1 OHH1 x1D2-x2D1 x1D3-x3D1H[2D1-x1DZH
0 x1D2-x2D1 0 -
i 0 0 1H :

r>Exti(R Ag, 2);

2D3 x3D

1D3-x3D1G[ 1], SURX1)

%x1D2-x2D
> Exti (R, Alg, 3);

[undefined, ZERO, ZERO)]
Computing extension modules over the Weyl algebrawith rational coefficients:
> ExtiRat (R, Alg, 1);

1M r

¥3D2-x2D3 0 -
a5 3D2-x2D3F
dx3D1-x1D3 0 1 X2 x3 -

g) % 1D3-x3D1H

0 x3D2-x2D x12D2+x1x2D1-x2 —x1°D3+x1x3D1-x3 -H

2D1-x1D2H

L 0 x3D1-x1D 5

- > ExtiRat (R Alg, 2);

3D2-x2D
% E[ 1],SURJ(1)§
L 3D1-x1D

.SeeAIso

DefineOreAlgebra Involution, SyzygyModule Quotient, Resolution, FreeResolution, ShorterFreeResolution, ShortestFreeResolution,
| ProjectiveDimension Extn, Torsion, Parameirization, Minimal Parametrization AutonomousElements, PiPolynomial, TorsionElements




OreModuleg Extn],

OreM oduIes[ExtnRat] - compute extension modules of afinitely presented module over an Ore algebra with valuesin
thisOrealgebra

Calling Sequence:
Extn(R,Alg,n)
ExtnRat(R,Alg,n)

Parameters:
R - matrix with entriesin Al g or INJ() or SURJ(n), wherenis a non-negative integer

Alg - Oreagebra(given by DefineOreAlgebra

n - non-negative integer

B Description:

« Extn computes thefirst, second, ..., and nth extension module with valuesin Al g of the left Al g-module M which is generated by the

rows of R i.e. thefirst, second, ..., and nth homology module of the complex which is obtained from a free resolution of M by applying
the hom functor.

* Risamatrix with entriesin Al g or INJ(n) or SURJ(), wherenis a non-negative integer.

« Al g isexpected to be defined using DefineOreAlgebra
« Theresultisatable of n+ 1lists. The entry of the result with index j equals the result of Exti applied to Rwithi=j.

ExtnRat performs the same computations as Extn, but the domain of coefficients of the Ore algebra Al g isreplaced by its quotient
field, i.e. rational functions.

¢ Exti computes theith extension module for given i. Tarsionis synonymous with Exti fori =

For more details on the algorithm computing the extension modules over Ore algebras, see F. Chyzak, A. Quadrat, D. Robertz,
"Effective algorithms for parametrizing linear control systems over Ore algebras’, Applicable Algebrain Engineering,
Communication and Computing (AAECC) 16 (2005), pp. 319-376.

Bl Examples:
C > wi th(OreModul es):
Example 1:
> Al g := DefineO eAl gebra(diff=[D1,x1], diff=[D2,x2], pol nom= [x1,x2]):
r>R:=mtrix([[-D2+D1+2, -D2], [2, -D2], [2*D1, —D1*DQ ;
2+D1+2
R:=
L 2D
r>Ext := extn(R Alg, 2);
Ext:=
0
1D2-D2? 0 1 0 0
table([0 = [undefined, INJ2), undefined], 1= 1 =[[ 3, 3, SURXL)D
0 D1D2-D2°400 -1 D1
L -1

> Exti (R Alg, 0);
[ INJ2)




> Exti(R Ag, 1);

1D2-D2? 0 %él 0 og
1
0 D1D2-D2°000 -1 D1

L -1
r>Exti(R Ag, 2);
L ([ [ 4 SUrRX1)

Example 2:

Linear system of partial differential equations with non-constant coefficients appearing in the study of the Lie algebra SU(2) (see C.
M. Bender, G. V. Dunne, L. R. Mead, Underdetermined systems of partial differential equations Journa of Mathematical Physics,
L vol. 41 no. 9 (2000), pp. 6388-6398):

C>Ag := DefineOreAl gebra(diff=[D1,x1], diff=[D2,x2], diff=[D3,x3], polynonmx1,x2,x3]):

>R :=Involution(eval m([[x3*D1-x1*D3, x3*D2-x2*D3, -1], [-1, x1*D2-x2*Dl1l, x1*D3-x3*D1],
[x2*D1-x1*D2, -1, x2*D3-x3*D2]]), Al Q);
1D3-x3D1 -1 x1D2-x2D
R:=X2D3-x3D2 x2D1-x1D2 -1
L -1 x3D1-x1D3 x3D2-x2D

> Extn(R, Alg, 3);
table([0 = [undefined, X1 D2-x2D1 x2D3-x3D2 x3D1-x1D3, undefined],

Ox2D3-x3D2 0 o
m
L
Hx1D3-x3D1 0 05
g O
H L]
HX1D2-x2D1 0 0gx1 X2 X3 3D2-x2D
O O
HA O
1= §§5 0 x2D3-x3D2 OFD1 D2 D3 1D3-x3D
=N [l
HO O
§§ 0 x1D3-x3D1 o 1 x1D2-x2D1 x1D3-x3D D1-x1D2
oy 0
H o Xx1D2-x2D1 07
L0 =
in i
NN 0 0 15
2D3-x3D

1D3-x3D1G[ 1], SURX1)

x1D2-x2D
3=[undefined, ZERO, ZERO]
L )

L Computation of extension modules over the Weyl algebrawith rationa coefficients:
r> ExtnRat (R, Alg, 3);

table(0 = [undefined, 2 D1-x1D2 x3D2-x2D3 x1D3-x3 D1, undefined],
3D2-x2D3 0

3D2-x2D3H

3D1-x1D3 0 % x2 X3 E
0 x3D2-x2D Xx2-x1°2D2+x1x2D1 x3-x12D3+x1x3D

0 x3D1-x1D

3D2-x2D
2= % E[ 1, SURJ(l)%
3D1-x1D

3= [undefined, ZERO, ZERO]
L D







OreModulegFactorize],

OreM oduIes[Factor izeRat] - right-dividea matrix over an Ore algebra by another one, if possible

Calling Sequence:

Factorize(M1,M2,AlQ)
FactorizeRat(M1,M2,Alg)

Parameters:
M, M - matriceswith entriesinAl g

Alg - Oreagebra(given by DefineOreAlgebra

Bl Description:

« Factorize performs, if possible, aright-division of ML by M2, i.e., Factorize returns a matrix F with entriesinAl g, if it exists, such that
FM2 =ML

e ML and M2 are matrices with entriesin the Ore algebraAl g having the same number of columns.
« Al g isexpected to be defined using DefineOreAlgebra
* Theresult isamatrix with entriesin Al g or the empty list, if right-division failed.

« FactorizeRat performs the same computations as Factorize, but the domain of coefficients of the Ore algebra Al g isreplaced by its
quotient field, i.e. rationa functions.

Bl Examples:

C>wth(OeMdules):

C>Ag:= DefineOreA gebra(diff=[D1],x[1]], diff=[D[ 2], x[
r>M :=mtrix([[-01],-02],0], [-1,0,-0{2]], [0,-1,1]
0

]2 %: pol ynone[ x[ 1], x[2]]):

>M := mtrix([[-D1]-2,-D[2]-3,-2*D[ 2] +3*D{1]], [-2,0,-2*D[2]], [0,17,-17*D[1]]]);
-2 -D,-3 -2D,+3D,

M2:=H -2 0 2D,
0 17 17D,
> F := Factorize(M, M, Ag);
1 1 i
i 17
0 1- 0
F= 2
0 0 -_l
17

> MIlt(F, M, AQg);




1 _D2 O
1 0 D,
I 0 -1 D
r>M :=mtrix([[D[1]]]);
| M1:=[D;]
r>M :=mtrix([[D[2]]]);
| M2:=[D,]

[> Factorize(M, M2, Al g):
| []

See Also:



OreM odulegFinalConditions]| - extract the coefficients of variations of functions and their derivativesin a given
expression

Calling Sequence:
FinalConditions(B,T)

Parameters:

B - expression whichislinear in all occuring variations of functions and their derivatives
T - vaueserving as"fina time" (to be substituted for the independent variable)

B Description:

« FinalConditionsfirst extracts the coefficients of the variations of functions and their derivatives which occur inB. Then T is
substituted for the independent variable which is the argument of the functions occuring in B. The list of the resulting expressionsis
returned.

» Bisexpected to be an expression which islinear in al occuring variations of functions and their derivatives. Exactly the functions
named & with subscript are interpreted as variations of functions.

« FinalConditionsisintended to be applied to the second entry of the result of LQEquations It then yields the |eft hand sides of the
equations determined by the boundary terms which were introduced in the computation of the Euler-Lagrange equations.

Bl Examples:
> wi t h( Or eModul es):

Example 1:

>B:=a(t)*delta[xi[1]](t)+b(t)*diff(delta[xi[1]](t),t)+c(t)*diff(delta[xi[1]](t),t, t);

2
B:=41)d (1) +b() %‘5{10)%‘ qt) %2 521(05

[ > Final Conditions(B, T);

L [&(T), b(T), aT)]

Example 2:

:>B:=
6*del ta[ xi [1]](t)*xi[1](t)+12*delta[xi[1]](t)*diff(xi[1](t),t)-4*delta[xi[1]](t)*diff(x
i[1](t),t$3)+2*delta[xi [1]](t)*diff(xi[2](t), t)+2*diff(de|ta[xi[1]](t),t)*xi[1](t)+4*di
ff(delta[xi[1]](t),t)*d|ff(X|[1](t) t$2) + dlff(delta[xi[l]](t yU)*diff(xi[1](t),t)-2*d
iff(delta[xi[1]](t), t)*X|[2](t) 3* elta[x 1]](t)*X|[2](t)

g 65(0% 052 %‘aﬁ(t)%zm -3 (080

r > Final Conditions(B, T);

[6&,(T)+12D(E,XT) -4 (D@))(El)(T) +2D(E,NT) —3&,(T), 28,(T)+4 (DQ))(El)(T) +6D(E,N(T) —2&,(T)]
> col lect (B, [delta[xi[1]](t), diff(delta[xi[1]]1(t),t)]);

3 2
% & (t)+12 % El(t)%‘ 4 %3 El(t)g* 2 % Ez(t)E—3 & (1) %S(t) + % &)+4 %2 El(t)E* 6 % El(t)% 2 Ez(t)% 540%
See Also:

. Mult, Appl . ion, ahili ix Ka .




OreM oduIes[FirstI ntegraJ] - computefirst integralsfor linear systems of ordinary differential equations

Calling Sequence:
Firstintegral(R,v,AlQ)

Parameters:
R - matrix with entriesinAl g
v - list or vector of functions

Alg - Oreagebra(given by DefineOreAlgebrag

B Description:

« Firstintegral returnsthefirst integrals of the linear system of ordinary differential equations represented by R, i.e. the autonomous
elements of the system which are annihilated by the differential operator w.r.t. the independent variable. In other words, the first
integrals are those left Al g-linear combinations of the system variables whose derivative is a consequence of the system equations.

¢ Risamatrix with entriesin the Ore algebraAl g of ordinary differential operators.

e visalist or vector of functions which depend on the independent variable of the ODE system. These functions are interpreted as the
system variables.

« Al g isexpected to be defined using DefineOreAlgebra

e Theresult of Firstlntegral isafunction of the independent variable of the ODE system which is given in terms of the system
variables specified by v. Sinceit is computed by solving alinear system of ordinary differential equations, the result depends on some
constants introduced by dsolve

» For more information, see J.-F. Pommaret, A. Quadrat, "Localization and parametrization of linear multidimensional control systems’,
Systems & Control Letters, 37 (1999), pp. 247-260.

B Examples:
C > w th(OeMdules):

{ Example 1:
& Control Letters, 37 (1999), pp. 247-260.)

> Alg := DefineOreAl gebra(diff=[D,t],
>R :=evalM[[D -1, -1], [-1, D, 1]1]);

-1 -1
R:=
L 1 D 1

[ (See Example 9 in J.-F. Pommaret, A. Quadrat, Localization and parametrization of linear multidimensional control systems Systems
C

;)ol ynone[t]):

r>z := Firstintegral (R [etal(t),eta2(t),eta3(t)], Ag);
L z:=_Cle’ (L) +n2)
r>S:= ApplyMatrix(R [etal(t),eta2(t),eta3(t)], Ag);

nl(t)%nz(t)-rﬁ(t)
S:=

1)+ n20 - n30)
r>diff(z, t) - _Cl*exp(-t)*(S[1,1]1+S[2, 1]);

] - c1e -+ ne)+_c1e ok Gy neoft-_c1e o nao-no « nao

[>Siﬂp|ifY(%;

[

0




Example 2:

We study a bipendulum, namely a system composed of a bar where two pendula are fixed, one of length|1 and one of length 2.
See J.-F. Pommaret, Partial Differential Control Theory, Kluwer, 2001, p. 569. Here we consider the case, wherel1=12:

> Alg := DefineOeAl gebra(diff=[D,t], polynom[t], com¥[g, |1, 12]):

> R := subs(l2=11, evalm([[D'2+g/11, 0, -g/l1], [0, D'2+g/12, -g/l12]]));

g g
2, = =
TR 11

R:=
9 9
2 _=
0 D + 11

> Aut ononousEl enent s(R, [x1(t),x2(t),u(t)], Alg)

% 1(t)+|1% 1(t)§:o§§ Clsn%%o czco%%[el-xl(t) x2(t)]§

>V := Firstintegral (R [x1(t),x2(t),u(t)], AQg);

% x1(t)g Clsi n% %/_1 + %xl(t) C2 co% 11 -x1(t)_C1 co% %/E +x1(t)_C2s n% %/_

Vi=
%xZ(t) Clsm%%/_ %xZ(t) C2co %/_1+x2(t) cm;%%ﬁ —Xx2(t) Can%él_é/r
> = ApplyMatrix(R [x1(t),x2(t),u(t)], AQ);
- > . -
x1(t)+ %2 X1(HH1 - gu)]
u 11 0
S:=0O O
| 2 ] o
3_:] x2(t)+ %2 x2(t)d1-g u(t)z
] i1 a
> := expand(eval n{[coeff(diff(V, t), diff(x1(t),t,t)),
-coeff(diff(Vv, t), diff(x1(t),t,t))] & S)[1]);

_Cls n% % x1(t) ) _C2 co% % x1(t) )
Hgt E 11 gt % E
L:= n% %2 x1t) - 11 - C2 co% > X1()
_Cls n% % x2(t) ¢ ) _C2 co% % x2(t) X ,
+ " +_Cls n% %2 x2(t)§+ + C2 co% % x2(t)E

11

\%

simplify(diff(V, t)-L);

Example 3:

The linearized ordinary differential equations for the satellitein acircular orbit (see T. Kailath, Linear Systems Prentice-Hall, 1980,

p. 60 and p. 145). We consider the case wherea=0and b= 1, i.e., the case where we only have atangentia thrust:

> Alg := DefineOreAl gebra(diff=[Dt,t], polynom[t], comm¥[onega, mr,a,b]):

>Rab := evalm([[D,-1,0,0,0,0], [-3*omega”2, Dt,O,-2*onmega*r,-a/mo0], [0,0,Dt,-1,0,0],
[0,2*onegal/r,0,Dt,0,-b/ (mMr)]]);



1M T

Dt

3w> Dt O
Rab :=

'
=
o
o

2w

T 0 Dt
0, eval n{Rab)),
Dt -1 0

3|U

[EnY
[

o

~ (T I T TITTT T T T T T IITT]

o
I}
N O

> R := linal g[subnatrix] (subs(a=1,

’

1.
0

o

1
2wr -
m

3w> Dt O

pyj
1
1 D

Dt 0

> Aut ononousEl enent s(R, [x1(t),x2(t),x3(t),x4(t),ul(t)], AQ);

d3wme,(t)-8,(t)=0 a 8, = 2 x1(t) + r x4(t)
] 17 3wm
at L,(1)=0 6,=_C1 ,=2m %xZ(t)é wr mx4(t) - 2ul(t)

> Firstintegral (R [x1(t),x2(t),x3(t),x4(t),ul(t)], Ag);
1_C1(2wx1(t)+r x4(t))

2 w

Example 4

System of linear ordinary differential equations describing two pendula mounted on a cart (J. W. Polderman, J. C. Willems,
Introduction to Mathematical Systems Theory. A Behavioral Approach, TAM 26, Springer, 1998):

> Alg := DefineOreAl gebra(diff=[D,t], polynone[t], comre[nil, n2, M L1, L2, 0]):

> R := subs(L2=L1, eval n([[ml*L1*D'2, nR*L2*D"2, -1, (Mtnmil+nR)*DN2],

[ml*L172*DM2-mi*L1*g, 0, O, mil*L1*D*2], [0, nR*L2°2*DM2-nR*L2*g, 0, n2*L2*D*2]]));
mlL1D? D?L1m2 -1 (M+ml+m2)D?
R:=mniL1°D?-millLlg 0 0 miL1D?
0 m2L1°D?*-L1gm2 O D?L1m2

> Aut ononmousEl ement s(R, [x1(t),x2(t), x3(t),ul(t)],

T

t
cle'

Al g);

L1m2mlg8,(t)- L1m26,t)=0 Qi = + Cee

L1m26,(t)+ L1m26,(t)=0

2 ,=—-Cle
1 mZ%%(t) -L1 % %(t)% 0

[minn}
=
oy =~
[T

MO T T I T I T T I T T TIoT



8, = x1(t) - x2(t)

2
8, = x2(t) gml+ x2(t)gm2 - x3(t) + M % ul(t)E

2
X2(t)gml-x2(t)gm2-x2(t)gM +L1M %2 x2(t)E+x3(t

3
L O
> Firstintegral (R [x1(t),x2(t),x3(t),ul(t)], AQg);

t t t
miLl %1 %xl(t) c1 ﬁﬁ.g+ L1 %xl(t)%rcz ~{L1xa_ci{g ﬁﬁﬁdﬁ x1(t)_c2{g -L1 %xz(t)grm el :

-L1 %xz(t)acz +JE x2(t)_Clyg ﬁﬁ'é_m x2(t)_C2«/E %ﬁ‘%é

B See Also:
| Extn, Torsion PiPolynomial.




OreModuleg FreeResolution],

OreM odules[FreeResoI utionRat] - compute a freeresolution of a finitely presented module over an Ore algebra

Calling Sequence:

FreeResolution(R,AlQ)
FreeResolutionRat(R,Alg)

Parameters:
R - matrix with entriesin Al g

Alg - Oreagebra(given by DefineOreAlgebra

B Description:

« FreeResolution iterates the computation of syzygy modules of the left module over the Ore algebraAl g whichis presented by R, i.e.
of the factor module of the free Al g-module of tuples whose length equals the number of columns of R modulo the submodule which
is generated by the rows of R That means that FreeResolution computes a free resolution of the left module presented by R

« At first, FreeResolution computes a matrix the rows of which generate all left Al g-linear relations of the rows of R Then
FreeResolution repeats the same for the matrix which has just been defined instead of R This construction isiterated as long as there
exist non-trivial left Al g-linear relations of the rows of the matrix which has just been computed.

« Risamatrix with entriesin the Ore algebraAl g.

« Al g isexpected to be defined using DefineOreAlgebra

« Theresult is atable which contains matrices with entries Al g and the name INJ(r) as last entry of the table, wherer is the number of
rows of the last matrix occuring in the table The matrix with index 1 in the result isRand the matrix with indexi is the result of

SyzygyModuleapplied to the matrix with indexi—1,i > 1, i.e,, the rows of the matrix with index i generate the syzygy module of the
left module generated by the rows of the matrix with indexi— 1.

In order to stop the computation of syzygy modules after a given number of iterations, Resolution can be used.

« FreeResolutionRat performs the same computations as FreeResolution, but the domain of coefficients of the Ore algebra Al g is
replaced by its quotient field, i.e. rational functions.

Bl Examples:
C > wi th(OreModul es):

Example 1:

=[ D1, x1], diff=[D2,x2], diff=[D3,x3], polynom[x1,x2,x3]):

c>Ag :=Def|ne O eAl gebra(diff
val m([[D1], [D2], [ )

if
D3]]

r>R:= m( [D2

D1

R:= ng
L D3
T > Res := FreeResolution(R Al g);
D1
Res:= table([1= D2 []2= 3=[D2 D3 DI, 4=INJ1))

L D3 0 D3 D

r> Mlt(Res[2], Res[1], AQg);




0
L 0
[>Nult(Res[3], Res[ 2], Al gQ);
0 0Q
Example 2:
E>A|g = flneOreAlgebra(dlff:[ t], dual _shift=[delta,s], polynome[t,s]):
r>R:=mtrix([[0,Dt*delta], [t*Dt,t*delta], [Dt,Dt]]);
0 Dt9
R:=EDt td
L t Dt
> Res := FreeResolution(R, A g, 3);
0 Dt9
Dt t? +5t2 5-tDtd Dt &t

Res:=table(1=[IDt 3 2:% §3=[Dt -], 4= INJL)])

t Dt
r> Mlt(Res[2], Res[1], A Q);

5-Dt?t-2Dt +tDt5d -Dt?85 Dt?dt+2DtJ

5 4
0 0
[>Nult(Res[3], Res[2], Alg);
L 000

Bl See Also:




OreModules Gener alizedl nver sg|,

OreM odules[Gener alizedl nverseRat] - compute a generalized inverse of amatrix over an Ore algebra

Calling Sequence:

Generalizedinverse(M,AlQg)
GeneralizedinverseRat(M ,Alg)

Parameters:
M - matrix with entriesinAl g

Alg - Orealgebra(given by DefineOreAlgebrg

B Description:

» Generalizedl nversecomputes (if possible) a generalized inverse of the matrix M i.e. amatrix G with entriesin Al g such that the
product MG MequalsM

« If no generalized inverse of Mexists, Generalizedl nversereturns the empty list.

* Misamatrix with entriesin the Ore algebraAl g.

« Al g isexpected to be defined using DefineOreAlgebra

isreplaced by its quotient field, i.e. rational functions.
« Left (right) inverses of matrices over Ore algebras are computed by Leftinverse (Rightlnverse).

B Examples:
C> wi t h(Or eModul es):

Example 1:

m

> Alg := DefineOreAl gebra(diff=[Dt,t], polynone[t]):
r>R:=-evalm[[0, 1], [O, 0]]);

| 0 3
.

> G := Generalizedlnverse(R Al Q);
O%
1 0
r>MIt(R G R Ag);

| o

Example 2:

o
o

o

G

o

Linear differential time-delay system describing aflexible rod (see H. Mounier, Proprietes structurelles des systemes lineaires a

retards: aspects theoriques et pratiques PhD thesis, University of Orsay, France, 1995):

> Alg := DefineOeAl gebra(diff=[Dt,t], dual_shift=[delta,s], polynonmt,s],
shift_action=[delta,t,h]):

>R :=evalm([[Dt, -Dt*delta, -1], [2*Dt*delta, -Di-Dt*delta”2, 0]]);

Dt Dt -1
R:=% é
Dtd Dt-Dtd%> 0

T

« Generalizedl nver seRat performs the same computations as Generalizedl nverse but the domain of coefficients of the Ore algebra Al g



r > Ext

r>G:=

;= Exti(Involution(R Alg), Ag, 1)
0 O0gH2s 1+8% OHH 1+3° [H
H
1 0 t Dtd 1 20 H
=
0 189Mts Dt 53EDt3%+DifH
General i zedl nverse(Ext[2], AlQ);
:'LES 0 0
2
G:= 1 0 0
-~Dtd 1 0



OreModulegHilbertSeries],

OreM odules[HiIbertSeriesRat] - return Hilbert series of afinitely presented module over an Ore algebra

Calling Sequence:
HilbertSeries(R,Alg,s)
HilbertSeriesRat(R,Alg,s)

Parameters:
R - matrix with entriesinAl g

Alg - Orealgebra(given by DefineOreAlgebrg

s - indeterminate for the Hilbert series
B Description:

« HilbertSeriesreturns the Hilbert series of the left module over Al g which is presented by R

* Theleft Al g-module which is considered by HilbertSeriesis the factor module of the free Al g-module of row vectors whose length
equal s the number of columns of R modulo the submodule which is generated by the rows of R

The Hilbert series of afinitely presented left module over Al g is defined as follows: The Ore algebraAl g hasaincreasing filtration
defined by the order of its elements, namely an increasing sequence of vector subspaces of Al g such that the union of these vector
subspacesisAl g and the product of any element in thei-th vector subspace by any element in thej-th vector subspace liesin the ( +j
)-th vector subspace, where the kth vector subspace consists of zero and all elements of Al g of order less than or equal tok (For the
Weyl agebrathisisthe Bernstein filtration). The Hilbert series of afinitely presented left Al g-module is the generating function of
the (vector space) dimensions of the homogeneous components of the graded module associated to thisleft Al g-module with respect
to the above filtration.

« Theresult of HilbertSeriesisaformal power seriesins such that the coefficient of s”i isthe dimension of the vector space containing
zero and all elements of order i (in the sense explained above) in the left Al g-module presented by R

* Risamatrix with entriesin the Ore algebraAl g.
« Al g isexpected to be defined using DefineOreAlgebra
¢ s isthe indeterminate for the resulting Hilbert series.

« HilbertSeriesRat performs the same computations as HilbertSeries, but the domain of coefficients of the Ore algebra Al g isreplaced
by its quotient field, i.e. rational functions.

Bl Examples:
> wi t h( Or eMbdul es):

Example 1:

c> Al g := DefineOreAl gebra(diff=[D1,x1], diff=[D2,x2], polynone[x1,x2]):
[ The Hilbert series of the Ore algebraAl g is:
> HilbertSeries([[0]], Alg, |anbda);
1
L (-1+A)*

[ The Hilbert series of the algebra obtained by replacing the domain of coefficients of Al g by its quotient field is:
> HilbertSeriesRat([[0]], Alg, |anbda);

1
L (FL+A)?




Example 2:

> Ag:= DeflFFOeAIgebra(diff=[Dl,x1], di ff=[ D2, x2], polynon¥[x1,x2]):
val

>R:= nm([[D1, O], [D2, D1i], [O, D2]]);
1 0
R:=@2 D1
0 D2
> Hil bertSeries(R Al g, |anbhda);
1 A+ 1

+
(-L+N)?  (L+2)
> taylor(% I|anbda=0, 12);
2+5A+8AZ+11A% +14 0% +17 A% +20 A% +23 A7 +26 A% +29)° +32A1° 435\ +O(\1?)
> Hil bertSeriesRat (R, Al g, |anbda);
2+A
Hence, the dimension of the vector space containing zero and all elements of order zero in the left module presented by R over the
Ore algebraAl g with rational functionsin x1, x2 as coefficientsis 2. Similarly, the dimension of the vector space containing zero and

al elements of order oneis 1. Thelist whichis returned by KBasis contains bases of these vector spaces:
> KBasi s(R, Al g);

(A, A A, DI
Example 3:
> Alg := DefineOreAl gebra(diff=[D1, x1], diff=[D2,x2], diff=[D3,x3], polynome[x1, x2, x3]):
>R := matrix([[D1"3, x1], [D2, x1+D1], [D3, D2]]);

13 x1
R:=2 x1+D

3 D2
> Hil bertSeries(R Al g, |anbda);

M+A+1 A +2N2+20+1

SN (@
> Hil bertSeriesRat (R Al g, |anbda);

3A2+3A+2+A°
> KBasi s(R, Al g);

[A, D1A, D1%A, A, A, D2 A D1, D1D2A, D1%A\, A, D13
2 DI 1A A, D2 A, A DN A,

Example 4:
> Alg : = DefineOeAl gebra(diff=[Dl, x1], diff=[D2,x2], diff=[D3,x3], polynom[x1,x2,x3]):
>R := matrix([[D173], [D2], [D3+D1]]);
D1®
R:=g D2
3+D
> Hi|l bertSeriesRat (R, Al g, |anbda);
M+a+1

> KBasi s(R, Al g);
[\, A\, D3 D3]
>R := matrix([[D173], [D2+x1], [D3+D1]]);



D18
R:=HD2+x1
3+D

[> Hi | bert Series(R, Al g, |anbda);
0

[> KBasi s(R, Al g);
[]

Bl See Also:

| SyzygyModule




OreModuleg[l deall nter section)] - intersect two left ideals of an Ore algebra

Calling Sequence:
IdealIntersection(L1,L2,Alg)

Parameters:
L1 - list of polynomialsin Al g
L2 - list of polynomialsin Al g

Alg - Oreagebra(given by DefineOreAlgebra

B Description:

« | deall ntersection computes a Groebner basis (w.r.t. the degree-reverse lexicographical term order) of the intersection of the left ideals
generated by L1 and L2 in the Ore algebra defined by Al g.

e L1andL2 arelists whose entries are polynomiasinAl g.

« Al g isexpected to be defined using DefineOreAlgebra

« Theresult of Ideall ntersectionisalist of polynomialsinAl g.
B Examples:

C > w th(OeMdules):
C>Ag := DefineOeAl gebra(diff=[D1,x1], diff=[D2,x2], polynonx1,x2]):
r>L1:= [x1*D2+x2*D1-1]; L2 := [D1-D2];
L1:=[x1D2+x2D1-1]
L L2:=[D1-D2]
> | deal I ntersection(L1, L2, A g);
L [x1D2D1-x1D2? +x2D1? -x2D2D1-2D1 +2D2]
r > L1 := [D2°2+D1, D172-1]; L2 := [D1"2-D2-1];
L1:=[D2°+ D1 D1?-1]
L L2:=[D1?>-D2-1]
> | deal I ntersection(L1, L2, A g);
L [D1®-D1D2-D1+D2?D1? -D2® -D2? 2D1? +D2+1 +D1* -D2D1?]

Bl See Also:
| ReduceMatrix, SyzygyModule




OreModuleq[I ntegrability] - compute Groebner basis of the rows of a matrix over an Ore algebra

Calling Sequence:
Integrability(R,AlQ)

Parameters:

R - matrix with entriesin Al g or INJ(n) or SURJ(n), wherenis a non-negative integer

Alg - Oreadgebra(given by DefineOreAlgebrg

Bl Description:

« Integrability returns the Groebner basis of the left module over the Ore algebraAl g which is generated by the left hand sides of RA -
p = 0, whereA and P are vectors of suitable dimensions. The Groebner basisis computed w.r.t. an elimination ordering which
eliminates the indeterminates introduced to represent the standard basis vectors, i.e. the A,

» Each elements of the resulting Groebner basis which contains no A (i.e., which isalinear combination of the, only) is asyzygy of the
rows of R (cf. also SyzygyMaodule). Hence, I ntegrability can be used to study formal integrability of linear systems of PDE.

* Risamatrix with entriesin the Ore algebraAl g.

« Al g isexpected to be defined using DefineOreAlgebra

» Theresultisalist of linear combinations of A,, >\p My, oo Hg with coefficientsinAl g. Here p (resp. g) equals the number of columns
(resp. rows) of R

Bl Examples:

C > w th(OeMdules):

C>Ag := DefineOeAl gebra(diff=[D1,x1], diff=[D2,x2], polynon¥[x1,x2]):

r>R:=mtrix([[D1, O, O], [-D2, D1, 1], [O, D1, 1]]);

D1 O

1

R:= 2 D1 1

L 0 D1 1
r>G:=Integrability(R A Q);
G:=[D1y,+ D2y, —=D1pg, A, D1+ A, — g, A, D2+ [, — g, A, D1- 1, ]
> renmove( has, parse(convert(G string)), |anbda);
[D1p,+ D2y, -D1y,]

> SyzygyModul e(R, Al Q);
[ [D2 D1 -DI

See Also;
fineC ize Quoti | ix. Elimination,



OreModulegIntTorsion],

OreM odules[l ntTorsionRat] - integrate thetorsion elements of alinear system of partial differential equations

Calling Sequence:

IntTorsion(R,AlQ)
IntTorsionRat(R,AlQ)

Parameters:

R
Ag

matrix with entriesin Al g

Ore algebra (given by DefineOreAlgebrg)

B Description:

In order to find a parametrization of alinear systemRy= 0 of partial differential equations having autonomous elements, R can be split
as aproduct RLR2 such that the system Ry= 0 is equivalent toR1t= 0 and 1= R2n, namely R2is a presentation matrix of the left Al g
-module M which is associated with Ry= 0 modulo its torsion submodule. R2 can be obtained as the second entry of the result of
applying Exti fori = 1to the formal adjoint (seelnvalution) of R, and R1 can be computed by applying Eactorizeto Rand R2

IntTorsion integrates the torsion elements, i.e., it solves (essentially) the homogeneous linear system R11 = O for the vector of
functionst.

Those rows of R2whose residue classesin M are zero are omitted by IntTorsion. Hence, strictly speaking, | ntTorsion solvesR1t=0
for the functions in the vector T which correspond to non-zero torsion elementsin M.

Risamatrix with entriesin the Ore algebraAl g.

Al g isexpected to be defined using DefineQreAlgebra

First IntTorsion computes a generating set of the torsion submodule of the left Al g-module M which is associated with Ry= 0. The
torsion elements of M are in bijective correspondence to the autonomous el ements of the system (see also TarsionElements,
AutonomousElements). Then IntTorsion computes a generating set of the left Al g-relations satisfied by the generating set of
autonomous elements. This linear system of partial differential equationsisthen solved for the autonomous elements using pdsolve

Theresult of IntTorsion isalist with three entries. If the left Al g-module M which is associated with the linear system istorsion-free,
i.e. if the system has no autonomous el ements, then the first two entries of the result equal the empty list.

In any case, the third entry of the result is a matrix with entriesin Al g having the same number of columns asR The residue classes
in M of the rows of this matrix generate the torsion submodule of M.

If the given linear system has autonomous elements, then the first entry of the result of IntTorsion isamatrix with entriesin Al g
whose rows generate the left Al g-relations satisfied by the generating set of autonomous el ements which corresponds to the
generating set of torsion elements given by the rows of the third entry of the result, i.e. this matrix constitutes the linear system of
partial differential equations which is solved by IntTorsion.

The second entry of the result of IntTorsion is the solution (which may depend on arbitrary functions and constants) to the above
linear system of partial differential equationsif it could be found by pdsolve Otherwise the second entry of the result is the empty list.
Even in case pdsolvecould only partially solve the system, the second entry of the result gives the result of pdsolve

To continue parametrizing the linear systemRy= 0, a particular solution to R2n =t hasto be found. Thisis done by ParticularSolution
.IntTorsion and ParticularSolution are used by Parametrization, if the system has autonomous elements.

IntTorsionRat performs the same computations as I ntTorsion, but the domain of coefficients of the Ore algebra Al g isreplaced by its
quotient field, i.e. rational functions.

For more details see A. Quadrat, D. Robertz, "Parametrizing all solutions of uncontrollable multidimensional linear systems”,
Proceedings of the 16th IFAC World Congress, Prague, 2005.



Bl Examples:
> wi t h( Or eModul es):

Example 1: Ordinary differential equations
System of linear ordinary differential equations describing a bipendulum (J.-F. Pommaret, Partial Differential Control Theory, 2001):

> Alg := DefineOeAl gebra(diff=[D,t], polynoms[t], comm¥[g,l]):
>R := evalm([[D*2+g/l, O, -g/l], [0, D*2+g/l, -g/l1]);

1T T

LT
A generating set of the torsion submodule of the (Ieft) Al g-module M which is associated with the given linear system can be

L obtained asfollows:
> TorsionEl enents(R, [x1(t),x2(t),u(t)], AQ);

2
% 00+ 8,0 HEO=x10- 2

Equivalently, one can compute the first extension module with valuesin Al g of left Al g-module presented by the formal adjoint of R

©> Ext 1= Exti(lnvolution(R Alg), Ag, 1);

2l+g 0
Ext:=
0 1]

[ Then,Rcan be split as a product R1R2 as follows:
r>R2 :=eval mExt[2]);

r>Rl := Factorize(R R2, Ag);

r>MIt(Rl, R2, Ag),;

Theresidue classin M of the second row of R2is zero. The residue class of the first row of R2is a non-zero torsion element of M.
Hence, IntTorsion solvesRL, ; T, = 0.
r>IntTorsion(R, Al Q);

I §D2I+g], gmsing%%e_cuo%%%[l -1 0]%

Wefind: A generating set of the left Al g-relations satisfied by the autonomous elements, the integrated torsion elements, and a

L generating set of torsion elements of M.
L Theinformation given by IntTorsion is used by Parametrizationif the considered system has autonomous elements:
> Parametrization(R A g);




 Fyat gt
1Cl sm% %« _C2 CO% %4 gé,(t)

9&,(t)

2
g&,(t)+1 %2 El(t)g

Example 2: Partia differential equations

Linear system of PDEs that appears in mathematical physics, namely in the study of Lie-Poisson structures (see C. M. Bender, G. V.
Dunne, L. R. Mead, Underdetermined systems of partial differential equations Journal of Mathematical Physics, vol. 41, no. 9
(2000), pp. 6388-6398 and W. M. Seiler, Involution analysis of the partial differential equations characterising Hamiltonian vector
L fields Journal of Mathematical Physics, vol. 44 (2003), pp. 1173-1182):

C>Ag := DefineOeA gebra(diff=[D1,x1], diff=[D2,x2], diff=[D3,x3], polynom[x1,x2, x3]):
r>R:=eval m[[x1*D3, x2*D3, 0], [-x1*D2+x2*D1, -1, x2*D3], [-1, -x2*D1+x1*D2, x1*D3]]);

x1D3 x2D3 0
R:=Ex1D2+x2D1 -1 x2D
-1 x2D1+x1D2 x1D

A generating set of the torsion submodule of the left Al g-module M which is associated with the given linear system can be obtained

L asfollows:
r > TorsionEl enents(R, [F(x1, x2, x3), &(x1, x2, x3), H(x1, x2,x3)], Ag);

0
&3 (X1, x2,x3)=0

0 0
X2 %;1 6,(x1, x2, X3)%+ x1 % 6,(x1, x2, x3)%
0
X2 3 0,(x1,x2,x3)EF 0
0
x1 3 0,(x1,x2, x3)EF 0
0 0
=x2 %ﬁ 6,(x1, X2, x3)%+ x1 % 6,(x1, x2, x3)%

8,(x1, x2, x3) = X1 (X1, X2, x3) + X2 G(X1, X2, x3)

(X1, X2, X3) = %ﬁl F(x1, x2, x3)§+ %02 G(x1, x2, xs)é-f %03 H(x1, x2, x3)

[ Equivaently, one can compute the first extension module with valuesin Al g of left Al g-module presented by the formal adjoint of R

(.>Ext := Exti(lnvolution(R Alg), Ag, 1);



D3 0 0
Ix2D1+x1D2 0 0
1 x2 0 -x2D3
0 x2D3
Ext:= 1 D2 D3 x1D3
0 x1D3
1 -x2D1+x1D2 x1D x1D2+x2D
0 x2D1+x1D2 0O
0 0 1

Then, Rcan be split as a product RLR2 as follows:
> R2 := eval m(Ext[2]);
1 X2 0

R2:=MD1 D2 D3

1 -x2D1+x1D2 x1D
> Rl := Factorize(R R2, Alg);

0 0 1
> MIt(RL, R2, Ag);
x1D3 x2D3 0
x1D2+x2D1 -1 x2D
-1 x2D1+x1D2 x1D

Theresidue classin M of the third row of R2is zero. The residue classes of the first and second row of R2 are non-zero torsion

elements of M. Hence, IntTorsion solves R1t = 0 for the first two components of 1.
> | nt Torsion(R, Al Qg);

D3 0
D2 -2
D1 1 X1_F1(x12 + x22) dx1 + Ex2 %2 ?D(_Fl)(xl2 +x22)x1dxl +_F1(x12+ XZZ)%DQ + C1
0 x2D3
_F1(x12 +x2?)
0 x1D3
0 —x2D1+x1D2

[ Wefind: A generating set of the left Al g-relations satisfied by the autonomous elements, the integrated torsion elements, and a
L generating set of torsion elements of M.

The information given by IntTorsion is used by Parametrizationif the considered system has autonomous elements:
r > Paranetrization(R Al Q);



0
Nn,(X1, X2, x3) - x2 %;3 &,(x1, x2, x3)%

)
table([1= E N,(X1, X2, x3) + x1 %3 &, (X1, x2, XS)E E
: o
%]3(xl, X2, X3) + X2 %1 &,(x1, x2, X3)%~ x1 % £,(x1,x2, XS)E H
- ]

2= 5

x1n,(X1, X2, x3) + X2 n,(x1, X2, x3)
0 0 0
%1 n,(x1, x2, x3)%+ % N,(X1, X2, x3)%+ %3 N,(X1, X2, x3)% £

0 0 0
(X1, x2,x3) - x2 %1 N,(X1, X2, X3) E+ x1 % N,(X1, X2, x3) %+ x1 %3 Na(X1, X2, X3)

[ ]
O
X1 F1(x12 + x22) okl + Ex2 %2 %D(_Fl)(xlz +x2%)xLdxl + F1(x1%+ x22)%jx2 +_ClE
H
LI
LI
_F1(x12 +x2?) H
|
iy
0 -+
L L D
Bl See Also:

| FEactorize, PiPolynomial, AutonomousElements.




OreM odules[l nvol UtiOI’l] - apply involution of the Ore algebrato a matrix

Calling Sequence:
Involution(M,Alg)

Parameters:

M - matrix with entriesin Al g or INJ(n) or SURJ(n) or ZERO, where nis a non-negative integer
Alg - Oreagebra(given by DefineOreAlgebrg

B Description:

« Involution applies an involution of Al g toM

« For each Ore algebraAl g theinvolution isfixed in OreModules The matrix Mis transposed and (an extension of)

Ore_algebraldual_polynomial] is applied to each entry. Then, indeterminates representing differential or shift operators are mapped to
their negative, whereas the indeterminates occuring on the left in normal forms of elementsinAl g are mapped to themselves. If the

option "shift+dual_shift" is used in DefineOreAlgebrato declare a shift and an advance operator at the same time, then the involution
isjust transposition of matrices.

* Misamatrix with entriesin the Ore algebraAl g.

« Al g isexpected to be defined using DefineOreAlgebra
e Theresult is amatrix whose shape is the transposed shape of M

Bl Examples:
C > wi th(OreModul es):

Example 1: Ordinary differential equations

m

> Alg : = DefineOeAl gebra(diff=[D,x

], polynon¥[x]):
>M:i=mtrix([[D x], [0, x*D+D*2]]);

X
M:=
xD + D?
é-D 0
X —1-xD +D?

C>Ag := DefineOeAl gebra('shift+dual _shift‘=[tau,delta,t]):
r>M:= matrix([[delta, O, t], [0, t*delta+tau™2, 1]]);

0 t
M= %
L to+ 1 1

r > Involution(M Alg):

r > lnvolution(M AlQ);

Example 2: Shift and advance operator

0

t3+ 1

L 1

Bl See Also:




| Rightinverse, Generalizedinverse



OreM oduIes[KaIman&stem] - check structural properties of a Kalman system

Calling Sequence:

KamanSystem(A,B,Alg)
KamanSystem(n,m,Alg)

Parameters:
A B - matriceswithentriesinAl g
n, m - postiveintegers

Alg - Oreagebra(given by DefineQreAlgebra

Bl Description:
« KalmanSystem returns structural information about alinear system of ordinary differential equationsin Kalman form. The systemin

Kaman form is either given explicitly in terms of two matrices A and B with entriesinAl g, or ageneric Kalman system of prescribed
dimension is considered.

« Aand B are matrices with entriesin the Ore algebraAl g. They represent alinear system of ordinary differential equationsin Kalman
form D x=Ax+ Bu, wherexis the system variabl e representing the state of the system, uis the system variable representing the input
of the system, and D is the diagonal matrix with the differential operator with respect to time on the diagonal. Therefore, Amust be a
square matrix. If Aand B are provided, thenn is set to the number of columns of A, and mis set to the number of columns of B.

* n and mare positive integers which define the dimension of state space respectively input space. If KalmanSystemis called with
positive integersn and m then ann x n matrix Awith entriesAl, A2, ..., A[n*n) (enumerated row by row) and an n x mmatrix B with
entriesB1, B2 ..., B(n*n) are defined. In this case, the parameter Al g isoptional. If Al g is not provided, then a suitable Ore algebra
with indeterminates D and t is defined.

 Inany case, the system matrix is formed by juxtaposing D - Aand B, whereD is the diagonal matrix with the differential operator with
respect to time.

« Al g isexpected to be defined using DefineOreAlgebra
¢ Theresult of KalmanSystemis alist with five entries.

« Thefirst entry of the result gives the result of TarsionElements applied to the system matrix of the Kalman system and system
variablesxy, ..., xn, ul, ...,um wheren is the dimension of the state space and mis the dimension of the input space.

« The second entry of the result gives the result of Parametrization applied to the system matrix of the Kaman system.

¢ Thethird entry of the result gives the result of Leftinverse applied to the third entry of Exti applied to the adjoint of the system matrix
(obtained by Involution) and i = 1, i.e. the left inverse (if it exists) of the parametrization of the system computed along with the first
extension module with valuesin Al g of the adjoint of the left Al g-modul e associated with the system.

¢ The fourth entry of the result gives the result of Rightlnverse applied to the system matrix of the Kalman system.

« Thefifth entry of the result isthe Ore algebrawhich is used by KalmanSystem. (In case, A and B are defined by KalmanSystem as
above, then Al g needs to be adapted.)

B Examples:

C > w th(O eMdul es):

{ Example 1:

1980, p. 60 and 145; here mass and radius are set to 1; wis the angular velocity):
Alg := DefineOeAl gebra(diff=[D,t], polynonme[t], conme[onega]):

>
>mA = evalm([[O,1,0,0],[3*onmega™2, 0, 0, 2*onega) ,[0,0,0,1],[0, - 2*onega, 0,0]]);

[ We study the linear Kalman system of a satellite in acircular equatorial orbit in one go (see T. Kailath, Linear Systems Prentice-Hall,
C



0 1 0 O
w? 0 0 2w
mA:=
0 0 0 1
L 0 2w 0 O
r>nmB :=evalm[[0,0],[21,0],[0,0],[0,1]]);
0 0
1 0
mB:=
0 0
L 0 1
r > Appl yMatrix(eval M([[D,0,0,0],[0,D0,0],[0,0,D,0],[0,0,0,0]]),
[x2(t),x2(t),x3(t),x4(t)], AQg)=
Appl yMatri x(mA, [x21(t),x2(t),x3(t),x4(t)], Alg) + ApplyMatrix(nB, [ul(t),u2(t)], AQg);
X0
. x2(t) 0
%&Xz(t) @2 x1(t) + 2coxa(t ()
%&X%) X4(t) 0
Z 2wx2(t) 2(t)
é&m(t)
c>K:= Kal manSysten(m\, nB, A g):
L There are no torsion elements of the system, i.e. the systemis controllable:
> K[ 1];
[ []
[ Parametrization of the system:
[ > K 2];
0]
d
$80
&)
d
380

2 g

307 E (1) + %2 El(t)E— 2w % £t
2

g 2w % El(t)% %2 Ez(t)E

[ Thereisaparametrization of the system using two free parameters¢,, &,.
[ A flat output of the system can be obtained, if possible, as aleft inverse of a parametrization. Then it is returned as third entry of the

result:
% 1 0 0 0 O Og
0O 0O 1 0O 0 O

> K[ 3] ;



[ Right inverse of system matrix:

r > K[ 4];
0 0 0 Q
-1 0 O 0
0 0 0 O
0 0 -1 0
D -1 2w O
L 2w 0 D -1
Example 2:

We study a bipendulum, namely a system composed of a bar where two pendula are fixed. Here we only consider the case, where
both pendula have the same lengthl.

For more details, see J.-F. Pommaret, Partial Differential Control Theory, Kluwer, 2001, p. 569, and the Library of Examples at

L http://wwwb.math.rwth-aachen.de/OreModul es.

C>Ag := DefineOreAl gebra(diff=[D,t], polynone[t], comme[g, I]):

r>m :=evalmf[[O0010], [0001], [-9g/l,0,0,0], [0O,-0/1,0,0]]);

0 0 1 0
0 0 0o 1
mA= —Tg 0 0 0
0 _Tg 0 0
[>nmB:=-evaln([[O], [O], [g/I], [9/I]]);
0
0
mB:=0 8
[
g
| [
- > Appl yMatri x(eval m([[D, 0,0,0],[0,D,0,0],[0,0,D,0],[0,0,0D]),
[x1(t), x2(t), x3(t), x4(t)], Ag)=
Appl yMatrix(md, [x1(t),x2(t),x3(t),x4(t)], A g)+Applymatrix(nB, [u(t)], AQg);
a0 o o
enp 1Y EE°
2 L H 9x1(0)H, Hout)
u S H | HHI
WSOEE o
- - g 9x2)y mou®)
0 90 | o0l
Ha 4V B

> K : = Kal manSysten(mA, nB, Alg):
Torsion elementsin terms of the system variablesx1, x2, x3, x4, u:
> K[1];

|



] 2
096, (1) +! %2 el(t)E: 0 %1(0 = x1(t) - x2(t)

2 (1) = X3(t) — X4(t)
596,00+ %2 em%: 0

E Parametrization of the linear system obtained by equating the torsion elements to zero:
r> K 2];
gt . Hyat
é-ﬁ_a co%%%» | C2 smg% % g¢? El(t)E
g&,(t)
ot gt %
_Cls n%%‘ _c2 CO%%* g El(t)%
g %zw%
2
98,(0)+! E; zl(t)E

[ Hat output of the linear system obtained by equating the torsion elements to zero:

> K[ 3];
%oé 0 o0 o%

A right inverse of system matrix does not exist:
[]

> K[ 4] ;

Example 3:

We only give the dimensions of state and input space and let OreM odulescheck the corresponding generic Kalman system:
> K : = Kal manSystenm(2, 1):
Generically, there are no torsion el ements:

1M M T

> K[ 1] ;
[]
Parametrization of the generic Kalman system:
> K[ 2];
&,()A2B2- & (t)B1A4+B1 % El(t)%
&,()BLA3- £ (t)B2A1+B2 % El(t)%
2
I (D A2A3+E (1) ALA4 - % El(t)%Al - % El(t)EM + %2 &,(t)
[ Fat output:
M > K[3];
E_B B2 B1 0%
L 12 A3+ A2B2° -B2B1A4 +B1A1B2  -B1?A3+A2B2° -B2B1A4 +B1A1B2
[ Right inverse of system matrix:
M > K[4];




B2B1 B1? d
-B12 A3+ A2B2%2 -B2B1A4 +B1A1B2 -B12A3+A2B2%2 -B2B1A4 +B1A1B2

B2? B2B1
-B12 A3+ A2B2%2 -B2B1A4 +B1A1B2 -B12A3+A2B22 -B2B1A4 +B1A1B2

—B1A3+B2D -B2A4 -A2B2-B1A1+B1D
-B12 A3+ A2B2%2 -B2B1A4 +B1A1B2 -B12A3+A2B2%2 -B2B1A4 +B1A1B2

Bl See Also:
I i Labili ix, Ei ] . inal "




OreModules|KBasis] - return avector space basis of afinite dimensional factor module over an Ore algebra

Calling Sequence:
KBasis(R,Alg)

Parameters:
R - matrix with entriesin Al g or INJ(n) or SURJ(n), wherenis a non-negative integer

Alg - Oreadgebra(given by DefineOreAlgebrg

Bl Description:
« KBasisreturns a vector space basis of the finite dimensional Ieft module which is presented by R

« Independently of the definition of the coefficient domain of Al g, KBasis uses the Ore algebrawhich is obtained from Al g by

replacing the coefficient domain by its quotient field, i.e. rational functions. The left module which is considered by KBasis, namely
the module presented by R, is the factor module of the free module of row vectors over this Ore algebra whose length equals the
number of columns of Rmodul o the submodule which is generated by the rows of R

« If the module presented by Ris the zero module, then KBasis returns the empty list. Otherwise the result isalist of multiplesof A, .
)\p by monomialsin Al g, wherepisthe number of columnsof R If A, ..., )\p areinterpreted as the standard basis vectors of the free

module of rank p, then the residue classes which are represented by the entries of the result of KBasis form a vector space basis of the
module presented by R

.y

* Risamatrix with entriesin the Ore algebraAl g.

« Al g isexpected to be defined using DefineOreAlgebra
« Notethat, for KBasis, the domain of coefficients of the Ore algebraAl g is replaced by its quotient field, i.e. rational functions.

Bl Examples:
> wi t h( Or eMbdul es):

Example 1:

C>Ag := DefineOeAl gebra(diff=[D1,x1], diff=[D2,x2], polynone[x1,x2]):
r>R:=-evalm[[D1, 0], [D2, Di], [0, D2]]);

1 0
R:=M2 D1
L 0 D2
r > KBasis(R, A Q);
L (A, A A, DI
Example 2:
c> Al g := DefineOreAl gebra(diff=[D1,x1], diff=[D2,x2], diff=[D3,x3], polynon[x1,x2,x3]):
r>R:=mtrix([[D1*3, x1], [D2, x1+D1], [D3, D2]]);
1 x1
R:=D2 x1+D
L 3 D2

r > KBasi s(R Al g);

[\, D1\, D1*A, A, A, D2 A, D1, D1D2), D1* A, A, D1°]




Example 3:

C>Ag := DefineOeA gebra(diff=[D1,x1], diff=[D2,x2], diff=[D3,x3], polynom[x1,x2,x3]):
r>R:=mtrix([[D173], [D2], [D3+D1]]);
D1®
R:=H D2
3+D

r > KBasis(R, A Q);

[\, A\, D3 D3\ ]
r>R:= matrix([[D1"3], [D2+x1], [D3+D1]]);

D13

R:=HD2+x1

3+D

[> KBasi s(R, Al g);
[]

B See Also:
| Involution, SyzygyModule




OreM odules[Kronecker Product] - return the Kronecker product of two matrices over an Ore algebra

Calling Sequence:
KroneckerProduct(A,B,Alg)

Parameters:
A B - matriceswithentriesinAl g

A g - Oreadgebra(given by DefineOreAlgebra

B Description:

« KroneckerProduct returns the Kronecker product of the matrices A and B.

« Al g isexpected to be defined using DefineOreAlgebra

B Examples:

C > w th(OeMdules):
C>Ag := DefineOeAl gebra(diff=[D1,x1], polynoms[x1]):
r>A:=mtrix(2,2,[D1,x1, D1, x1]);

1 x1
S
L 1 x1
r>B:=mtrix(2,2,[x1*D1l+1, x1"2, 0, D1"2]);

1D1+1 x12
B:=
L 0 D1?

r > Kronecker Product (A, B, Alg[1]);
1D1°+2D1 D1x1?+2x1 Dix1?+x1 x1°

0 D1® 0 x1 D12

1D12+2D1 D1x12+2x1 Dix1?+x1 x1°

L L 0 D1® 0 x1D1?

See Also:
i Mult, Appl ix Diff ion, ix Lef ) )



OreModuleg L eftl nver sg],

OreM odules[L eftl nverseRat] - compute aleft inverse of a matrix over an Ore algebra

Calling Sequence:

Leftinverse(M,AlQ)
LeftinverseRat(M,Alg)

Parameters:

M - matrix with entriesin Al g or INJ(n) or SURJ(n), wheren is a non-negative integer

Alg - Oreagebra(given by DefineOreAlgebrg

B Description:

« Leftlnversecomputes (if possible) aleft inverse of the matrix M i.e. amatrix L with entriesin Al g such that the product of L by Mis
the identity matrix.

« If noleft inverse of Mexists, Leftl nversereturns the empty list.

e Misamatrix with entriesin Al g.

« Al g isexpected to be defined using DefineOreAlgebra

« LeftlnverseRat performs the same computations as L eftl nverse, but the domain of coefficients of the Ore algebra Al g is replaced by
its quatient field, i.e. rational functions.

« Right inverses of matrices over Ore algebras are computed by Rightlnverse Generalized inverses of matrices over Ore algebras are
computed by Generalizedinverse

Bl Examples:

C > w th(O eMdul es):

C> A g := DefineOeAl gebra(diff=[D1,x1], diff=[D2,x2], polynone[x1,x2]):
r>M :=evalm[[O0,1],[1,0],[0,1]]);

0 1
M1=H1 O
L 0 1

r>1L1 := Leftlnverse(M, A Q);

1
v

Milt (L1, M, Ag);

v
&

:= eval n([[x2*D1+1], [D2]]);
D1+1
M2:=%2 %
L D2
r>1L2 := Leftlnverse(M, A Q);

L L2:=[1-x2D2 x22D1+x7|
milt (L2, M2, AlQ);

[ —
\%

(4

M3:=[x2D1+1 -D2

r> M := Involution(M, Al g);

f > Leftlnverse(Ms, Alg);



L []
> Leftlnverse(SURI(3), Alg);

1 0 0
0 1 0
0 0 1]
[ > LeftInverse(INJ(2), Ag);
ZERO

Bl See Also:
I ient, Elimination, hility, Red .




OreModulegLiftOperatorsg|,

OreModuleg L iftOperator sRat] - computes thelift operatorsfor alinear operator defining a projective D-module

Calling Sequence:
LiftOperators(R,AlQ)
LiftOperatorsRat(R,Alg)

Parameters:

R
Ag

matrix with entriesin Al g

Ore algebra (given by DefineOreAlgebrg)

B Description:

C

[

The fact that the linear operator represented by the matrix Rover the Ore algebra Al g defines a projective module, i.e. that the
cokernel of the map which multiplies rowsto the left of the matrix Ris projective, is characterized by the existence of alift operator
for this operator. A lift operator P1for the operator D1represented by Ris defined by the property D1P1D1= D1 (as a composition of
operators), i.e. in terms of matrices, alift operator is represented by a generalized inverse of R If Radmits aright inverse, then such a
right inverse represents a lift operator.

LiftOperatorsconstructs a free resolution of the left Al g-module presented by Rusing FreeResolution Then, LiftOperatorstriesto
compute aright inverse of the last morphism in the free resolution. If such aright inverse does not exist, then LiftOperatorsreturns
the empty list. Otherwise, LiftOperatorsreturns a table of matrices, where the last matrix is aright inverse of the last morphism of the
free resolution and the previous ones represent lift operators of the corresponding operators represented by the morphismsin the free
resolution.

Risamatrix with entriesin the Ore algebraAl g.

Al g isexpected to be defined using DefineQreAlgebra

LiftOperatorsRat performs the same computations as LiftOperators, but the domain of coefficients of the Ore algebra Al g is replaced
by its quotient field, i.e. rational functions.

Left (resp. right) inverses of matrices over Ore algebras are computed by Leftinverse (resp. Rightlnverse). Generalized inverses of
matrices over Ore algebras are computed by Generalizedinverse

For more details about the computation of lift operators, cf. J.-F. Pommaret, A. Quadrat, Generalized Bezout |dentity, Applicable
Algebrain Engineering, Communication and Computing 9 (1998), pp. 91-116.

Bl Examples:

> w t h(OreModul es):
Example 1:
> Alg : = DefineOreAl gebra(diff=[D1,x1], diff=[D2,x2], polynomr[x1,x2]):

> R = eval m([[-x2*D1+1, D2]]);
R:=[>2D1+1 D2

2+ D2x2
L :=tab|e([1=é( %)
22D1-x2

éz+ D2x2 é
22D1-x2

>L :=LiftQperators(R Al Q);

> Rightlnverse(R AlQ);

>sinplify(Milt(R L[1], R Alg) - R;



Example 2:

(See Examples 4, 9, 10 in J.-F. Pommaret, A. Quadrat, Generalized Bezout Identity, Applicable Algebrain Engineering,
Communication and Computing 9 (1998), pp. 91-116.)
> Alg : = DefineOeAl gebra(diff=[Dl, x1], diff=[D2,x2], polynonr[x1,x2]):
>R :=evalm([[D1, -1, O], [D2, O, -1], [0, D2, -Di]]);
1 -1 o0

1M

1
\%

-
1

LiftOperators(R Al Q);

L:i=table(l=H-1 O Of2=H O

r>F := FreeResolution(R, Al g);

F:=table(1=M2 0 -1[H2=[D2 D1 -1,3=INJ1))

L 0 D2 D1
r > Rightlnverse(F[2], AlQ);
0
0
L -1
r > Ceneralizedlnverse(R Al Q);
0 0 QO
-1 0 O
L 0 -1 0O

Bl See Also:
DefineOreAlgebra Mult, ApplyMatrix, Leftinverse, Rightlnverse, Generalizedinverse, SyzygyModule FreeResolution, Resolution,




OreM oduIes[L ocalL eftl nver SE] - compute left inver se of a matrix over alocalization of an Ore algebra

Calling Sequence:
LocalLeftinverse(M,v,Alg)

Parameters:
M - matrix with entriesin Al g or INJ(n) or SURJ(n), wherenis a non-negative integer
v - list containing a single indeterminate

Alg - Oreagebra(given by DefineOreAlgebra

B Description:

« LocalLeftlnverse computes (if possible) aleft inverse of the matrix Mover the localization of the Ore algebraAl g with respect to the
multiplicatively closed set of al powers of the indeterminate giveninv, i.e., LocalLeftl nversereturns (if possible) a matrix L whose
entries are fractions whose numerators are in Al g and whose denominators are powers of the indeterminate giveninv, such that the
product of L by Mis the identity matrix.

« If noleft inverse of Mover the localization of Al g described above exists, Local L eftl nversereturns the empty list.
* Misamatrix with entriesin the Ore algebraAl g.

* visalist containing one of the indeterminates which were used to define Al g.

« Al g isexpected to be defined using DefineOreAlgebra

« Left (resp. right) inverses of matrices over Ore algebras are computed by Leftinverse (resp. Rightlnverse). Generalized inverses of
| matrices over Ore algebras are computed by Generalizedlnverse

Bl Examples:

C > w th(O eMdul es):

{ Example 1:

involving a delay: analyical design and numerical simulations |EEE Trans. Autom. Contr. vol. 29 (1984), pp. 1058-1068):

> Alg := DefineOreAl gebra(diff=[Dt,t], dual_shift=[delta,s], polynom[t,s],
comme| a, onega, zeta, k], shift_action=[delta,t,h]):

>R := eval([[Dt+a, -k*a*delta, O, 0], [O, Dt, -1, O], [O, omega™2, Dt+2*zeta*onega,
-onega”2]]);

[ Linear differential time-delay system of awind tunnel model (see A. Manitius, Feedback controllers for a wind tunnel model

t+a —kad 0 0
R:= 0 Dt -1 0

L 0 w? Dt+2lw -7
r>Extl := Exti(lnvolution(R Ag), Ag, 1);

-w?kad
0 OgMt+a —kad 0 0
Dt w? -aw?
1 ojH o ®? Dt+2{w -
-w?Dt? - w?aDt
0 1 0 Dt -1 0

L tw?-aw?-Dt®-2Dt?Zw —abt? -2aDt{w
[ Ext1[3] provides us with a parametrization of the system. We try to compute a left inverse of Ext1[3]:
[>Leftlnverse(Ext1[3], Al g);

[]
[ Hence, no left inverse of Ext1[3] over Al g exists. The obstructions are given by the following possible Tepolynomials:
r> Pi Pol ynom al (R, Al Q);




1M

1 T

[, Dt +a]
We consider the localization of Al g with respect to the multiplicatively closed set of powers of d and compute a left inverse of
Ext1[3] over this localization:
>

L := Local Leftlnverse(Ext1[3], [delta], A Qg);

1
L::E— >
dw ka

o

> Ml t (L,

Ext1[ 3],

Al g);

[ 1
Hence, we obtain aflat output of the system over the localized ring:
> eval m([[xi 1(t)]])=Appl yMatrix(L, [x2(t),x2(t),x3(t),u(t)],

Al g);

Example 2:

Linear differential time-delay system describing a satellitein a circular equatorial orbit (see T. Kailath, Linear Systems Prentice-Hall,

1980, p. 60 and p. 145, and H. Mounier, Proprietes structurelles des systemes lineaires a retards: aspects theoriques et pratiques

PhD Thesis, University of Orsay, France, 1995, p. 6 and p. 11):

> Alg := DefineOreAl gebra(diff=[Dt,t], dual _shift=[delta,s],
conmm[ omega, mr,a,b], shift_action=[delta,t]):

>R:=evalmM[[D,-1,0,0,0,0], [-3*onega™2, D, 0, -2*onmega*r, -a*delta/ mO0],
[0,0,Dt,-1,0,0], [O,2*0onegal/r,0,Dt,0,-b*delta/(ntr)]]);

pol ynon¥[t, s],

Dt 10 0 0 0
) ad
3w Dt 0 2wr -— 0
m
R:=
0 0 Dt -1 0 0
2w bd
0 — 0 Dt 0o -—
r mr
> Extl := Exti(Involution(R Al g), Ag, 1);
bad 0
0 0 OgE3mw’ mDt 0 —2wrm -ad o0 badDt o f
|
i
1 0 O Dt 10 0 0 O 0 bad éi
0O 1 O 0 2mw 0 mrDt 0 -bd 0 bad Dt
0 0 1 0 0 Dt -1 0 0 H0E3bmw?+Dt’bm —2Dtbwr

2aDtmw aDt?mr
We find a parametrization of the system in Ext1[3]. We try to compute a left inverse of Ext1[3] over Al g:

> Leftlnverse(Ext1[3], Al Q);

[]

Therefore, no left inverse of Ext1[3] over Al g exists. The obstructions are given by the following Tepolynomial:
> Pi Pol ynomi al (R, Alg, [delta]);

(0]
We consider the localization of Al g with respect to the multiplicatively closed set of powers of d and compute aleft inverse of

L Ext1[3] over thislocalization:

r>L := Local Leftlnverse(Ext1[3], [delta], A g);
Dtr (4w’ + Dt?) 1 Dt
65aw’b 3w’bm 6aw’m
L:=
1
0 P 0 0 0

dba



r>Mlt(L, Ext1[3], Ag);

| i, B

[ Hence, we obtain aflat output of the system if we introduce the time-advance operator:
[ >evaln([[xi 1(t)], [xi2(t)]])=Appl yMatrix(L, [x1(t),x2(t),x3(t),x4(t),ul(t),u2(t)], Ag);

1r OP)3)t+ 1) m+ 4r DEAYt+ 1) w2 m+ 2 ul(t)aw - DU2)t)b
gl(t)é: 6 aw’bm
2t) X3(t+ 1)

L ba

B See Also:
L i i i g ‘.3 i '




OreModules L QEquations],

OreM odules[L QEquationsRat] - derive Euler-Lagrange equationsfor alinear optimal control problem with
quadratic cost functional

Calling Sequence:
L QEquations(R,Q,AlQ)
LQEquationsRat(R,Q,Alg)

Parameters:
R - matrix with entriesin Al g
Q - square matrix with entriesin Al g

Alg - Oreagebra(given by DefineOreAlgebra

B Description:

* LQEquationstransforms alinear optimal control problem to a variational problem without constraints. This requiresthat it is possible
to parametrize the solutions of the linear system of ordinary differential equations under consideration (see Parametrization). The
controllability of the given linear system is a sufficient condition.

» LQEquations constructs a parametrization of the linear system and substitutes this parametrization into the cost functional, in order to
obtain avariational problem without constraints. Then the Euler-Lagrange equations of the variational problem are derived.

The result of LQEquationsisalist containing three entries. Thefirst entry is amatrix containing the integrand of the variation of the
cost functional, i.e. the Euler-Lagrange equations, obtained after integrating by partsin order to eliminate the derivatives of the
variations. From the second entry of the result the boundary terms which are introduced by this integration by parts can be
determined. The third entry of the result gives the parametrization of the linear system which has been substituted into the cost
functional.

* Oneway to solve the linear optimal control problem isto solve the necessary conditions given by the Euler-Lagrange equations and
the boundary terms, i.e. given by the first and second entry of the result of LQEquations (see the example below; for more detailed
examples see aso the Library of Examples at http://wwwhb.math.rwth-aachen.de/OreM odul es).

1
* Thelinear system of ordinary differential equationsis given by the matrix R The quadratic cost functional is defined asz timesthe

integral from0to T of 2" Qz wherezis the vector of system variables.

* Rand Qare matrices with entriesin the Ore algebraAl g, whereQis expected to be a square matrix. Although in most applicationsQ
will be symmetric, thisis not required for LQEquations.

« Al g isexpected to be defined using DefineOreAlgebra

« LQEquationsRat performs the same computations as L QEquations, but the domain of coefficients of the Ore algebra Al g isreplaced
by its quotient field, i.e. rational functions.

¢ For more information, see A. Quadrat, "Analyse algebrique des systemes lineaires multidimensionnels', PhD thesis, Ecole Nationale
des Ponts et Chaussees, 1999, and J.-F. Pommaret, A. Quadrat, "A differential operator approach to multidimensional optimal control
", Int. J. Control, Vol. 77 (2004), No. 9., pp. 821-836.

Bl Examples:
C > w th(O eMdul es):

{ Example:

C>Ag := DefineGreAl gebra(diff=[D,t], polynonr[t]):

|




1M r

d
We consider the linear system gtx(t):—x(t)+u(t).
>R := evaln([[D+1, -1]]);
Ri=[D+1 -]
> ApplyMatrix(R, [x(t),u(t)], A g)=evaln([[0]]);

30+ O w0k [ 9

> TorsionEl ements(R, [x(t),u(t)], Ag);
[]

Since there are no torsion elements, the given linear system is controllable and parametrizable.
> Parametrization(R, Al Q);

=<,(t)

OB E0

The quadratic cost functional is defined by means of the following matrix:

>Q:= eval m([[1,0],0,1]])
1 0
S
0o 1

0

L:=H2E,(1)- % El(t)%éi(t) %1(0 + %El(t)% ) - %E (t
1 SNl

The left hand side of the Euler-Lagrange equation is:
>E :=L[1][1,1];

> L := LQEquations(R, Q Al g);

2
E:Z@@—éﬁ@@%

s =g 0)=_c1e+_coe™

> sol := dsolve(E, xi[1](t));

> sol rhs(sol);

29 29

sl :=_c1e?’+ co2é
The boundary terms which were introduced by integration by parts of the variation of the cost function are:

>B:=L[2];
B:%m§m+%am%

The constants_C1 and _C2 of the general solution sol to the Euler-L agrange equation are determined from theinitial condition§, (0) =
—X(0) = x0and the final condition&,(T)+ D(&, XT)=0given by B:
> Final Conditions(B, T);
[&,(T)+ D(& XT)]
> sol ve({subs(t=0, sol)+x0=0, subs(t=T, sol +diff(sol, t))=0}, { Cl, _C2});

écz—— 2+ 1)%0 o 02— 1) é
B (eﬁn+ﬁeﬁn_e<ﬁn+ﬁe<ﬁn)eo'— B (eﬁmﬁeﬁn_ed'mﬁe(ﬁn)eo

According to the parametrization used by L QEquations, which isgivenin L[3], we have:
> x = sinplify(-subs(% sol));

“2a- 0, (ﬁcr—t)) 2+ed§rr—o) 450—1))5)

e x0(-e
oo +ﬁe2 d'nﬁ(ﬁn
>u = sinplify(subs(%4 -sol-diff(sol, t)));
Xo(eﬁrr 0 ﬁcr—t)))

u=
eﬁmﬁJn_éﬁmﬁéﬁn




See Also:
, KalmanSystem



OreM odules/Minimal Par ametrization],
OreModuleg M inimalPar ametrizationRat],
OreM odulegMinimal Parametrizations],

OreM odules]Minimal ParametrizationsRat] - return minimal parametrization(s) of alinear system over an Ore
algebra

Calling Sequence:

Minimal Parametrization(R,Alg)
Minimal ParametrizationRat(R,Alg)
Minimal Parametrizations(R,Alg)
Minimal ParametrizationsRat(R,Alg)

Parameters:
R - matrix with entriesin Al g

Alg - Oreagebra(given by DefineOreAlgebrg

B Description:

« Minimal Parametrization constructs aminimal parametrization of the torsion-free left module over Al g which is presented by R,
namely a matrix Qwith entriesin Al g such that the rows of Rgenerate all left Al g-relations (i.e. syzygies, see SyzygyMadulé of the
rows of Q, and among all matrices with entriesin Al g satisfying this property the result of Minimal Parametrization has the least
number of columns. In particular, the product of Rby Q isthe zero matrix. The minimality of Q means that the left Al g-module
presented by Qs either the zero module or atorsion left Al g-module.

* Minimal Parametrizationsreturns alist of several minimal parametrizations of the left Al g-module presented by R

¢ Theleft module which is considered by Minimal Parametrization(s), namely the module presented by R is the factor module of the
free module of row vectors with entriesin Al g whose length equal s the number of columns of R modulo the submodule which is
generated by the rows of R

 Intheterminology of linear systems over Ore algebras, Minimal Parametrization constructs a matrix which represents an operator P
such that all solutions of the parametrizable linear system Ry = 0 are obtained asy= P zfor some vector of functionsz

« Note that Minimal Parametrization does not check whether the left Al g-module presented by Ris torsion-free, i.e. whether the linear
system Ry= 0 is parametrizable. If it is not, then the result will be aminimal parametrization of the left Al g-module presented by R
modulo its torsion submodule, i.e. aminimal parametrization of the linear system obtained from Ry= 0 by adding a suitable set of
equations such that all autonomous elements of the system are set to zero. (See also Example 3 below).

First Minimal Parametrization computes the syzygy module of the left Al g-module presented by the formal adjoint of R(i.e.
SyzygyModuleis applied to the result of Invalution applied to R). Then the rank r of the left Al g-module presented by the syzygiesis
determined using OreRank. The rank r gives the number of columns of the resulting matrix Q. Then Invalutionis applied to the first
matrix, found by selectingr rows of the matrix of syzygies computed before, whose rows do not satisfy any non-trivial left Al g-linear
relation, and the result is returned.

« Minimal Parametrizationsreturns the list of formal adjoints of all matrices, found by selecting r rows of the matrix of syzygyies (see
previous point), whose rows do not satisfy any non-trivial left Al g-linear relation, i.e. which are left Al g-linearly independent.

* Risamatrix with entriesin the Ore algebraAl g.

« Al g isexpected to be defined using DefineOreAlgebra




e Theresult of MinimalParametrization isamatrix with entriesin Al g whose number of rows equals the number of columns of R The
result of MinimalParametrizationsis alist of matrices with entriesin Al g whose numbers of rows equal the number of columns of R

« Minimal Parametrization(s)Rat performs the same computations as Minimal Parametrization(s), but the domain of coefficients of the
Ore algebraAl g isreplaced by its quotient field, i.e. rational functions.

» For more details about minimal parametrizations, see F. Chyzak, A. Quadrat, D. Robertz, "Effective algorithms for parametrizing
linear control systems over Ore algebras®, Applicable Algebrain Engineering, Communication and Computing (AAECC) 16 (2005),
pp. 319-376.

B Examples:
C > w th(OeMdules):

Example 1:

[ We compute aminimal parametrization for the divergence operator:

[ > A g := DefineOeAl gebra(diff=[d[1],x[1]], diff=[d[2],x[2]], diff=[d[3],x[3]],
pol ynone[ x[ 1], x[ 2] ,x[3]]):

r>R:=evaln([[d[1], d[2], d[3]1]);

L R=[d d d

r>Extl := Exti(lnvolution(R, Alg), Alg, 1);

Exi={ 14 & d]Z0

1

We find that the linear system given by the divergence operator is parametrizable, and Ext1] 3] is a parametrization of the system:
> Ml t (R Ext1[3], A Q);

1 T

00Q
In fact, up to the sign and a permutation of the columns, Ext1[3] is the curl operator. However, this parametrization is not minimal.
We have that the rank of the Al g-module which is associated with the system is 2, i.e., there exists a parametrization of the system

L which depends on two arbitrary functions only:
[ > OreRank(R, Al g);

2

r>P := Mnimal Parametrizati on(R Al g);

[> MiIlt (R, P, AQ);

r > Mninal Paranetrizations(R, Al g);

Example 2:

We consider the first set of Maxwell equations (for more details, see the Library of Examples at

http://wwwb.math.rwth-aachen.de/OreM odul es):

> Alg := DefineOeAl gebra(di ff=[d[1],x[1]], diff=[d[2],x[2]], diff=[d[3],x[3]],
diff=[d[4],x[4]], polynom=[x[1],x[2],x[3],x[4]]):

>R :=evalm[[d[4], O, O, O, -d[3], d[2]],

[0, d[4], ’ d[S]v 0, 'd[l]],
[0, O, d[4],-d[2], d[1], O],
(d{1], d[2], d[3], O, O, O]]);

T



d
o 0o d - d O
i b 4, 4 0 0 0

L Interms of equations, the first set of Maxwell equationsis given by:
[ > ApplyMatrix(R, [seq(B[i](seq(x[j],j=1..4)),i=1..3),seq(E[i](seq(x[j],j=1..4)),i=1..3)],
Al g) =eval m([[0] $4] );

Mo 0 O Ho [
% B4, %1 %, &)E- % B4 %% %) % B4 % %, &);
T e L
e BT B B S B B
10 ) 0 0o i 0
:i_& B, %, %, &)E- %;% E (% % %5, %) T+ % E(%: % %, %)
0 - T 0
sl 3 0 oo g
%;l B (%, % X, &)EwL %;Z B,(%: %1 % x4>;+ i B3(%: %1 % &);

Let us check whether or not the first set of Maxwell equations is parametrizable. In order to do that, let usintroduce the formal
L adjoint R adj of R
r>Radj := Involution(R Al Q);

R adj =

To check whether the system of Maxwell equations is parametrizable, we compute the first extension module with valuesin Alg of the

L left Alg-module N which is associated with R_ad;:
r>Extl := Exti(Radj, Ag, 1);

d d 0 0
o o ogH, O 0 0 d dHH0 d d 0
1 o oggh 4 d O O Opggd O 4 O
0 1 040 4, 0 d 0 dHH0 o0 -, -

0 d 0 -
Since Ext1]1] isthe identity matrix, we see that the module M, which is associated with R, is torsion-free. Equivalently, the system of
Maxwell equations is parametrizable and Ext1[3] is a parametrization of the system. In what follows, we shall see that this

L parametrization is not minimal. We first compute a free resolution of the Alg-module M associated with R
> FreeResol ution(R, Al g);




9
o
o
o

I

a

table([1= 2=[d, &, dy —dj 3=INJD))

0o o d - d O

" 4 4 0 0 O

[ In particular, by summing alternatingly the number of columns of al the entriesin this free resolution, we find that the rank of Mis 6
-4+ 1=3. Thisresult can also be obtained using OreRank

N
MTTTTITTTTTTT]

[ > OreRank(R Al g):
3
[ Hence, aminimal parametrization of the system involves only three potentials. Let us compute some minimal parametrizations of the
system:
r>Pmn := Mninmal Paranetri zati ons(R, Al Q);
0HHd ¢ Of
d, HHO -d, 0 H
-d, E—dl 0 0 E
Pmin:= ] ]
-d, g o0 0 -dfg
0 HHd, 0 —dp
I o HBHo -, -4f
Example 3:

If the left module which is associated with the linear system is afinite dimensional vector space (e.g. if the solution space of an
analytic linear system of PDEsis finite-dimensional over the field of constants), then this module is atorsion module:
> Alg := DefineOreAl gebra(diff=[D,t], polynone[t]):

>R:=evalm[[D0],[0,D1);
D O
R:=§ é
0 D

r> Extl := Exti(lnvolution(R Alg), Ag, 1);

D O 1 Q
I
0 D 0 1

> M ni mal Paranmetrizati on(R, Al Qg);

1M T

SURJX(2)
Here we use Parametrization to obtain a parametrization of this finite-dimensional solution space:

> Paranetrization(R AlQ);
%Clé
1C2
B See Also:

I |ution, Exti. Extn, . ) ial, onEl

m r




OreM oduIes[M U|t] - multiply scalars or matricesover an Ore algebra

Calling Sequence:
Mult(M1,M2,... Alg)

Parameters:
M, M, ... - scdarsinAl g or matriceswith entriesin Al g
A g - Orealgebra (given by DefineQreAlgebrg

B Description:

e Mult returns the product ML M2 ..., where ML, M2, ... are scalarsin Al g or matrices with entriesin Al g (expecting that their product in
the given order is defined).

« Al g isexpected to be defined using DefineOreAlgebra

« Theresult of Multisascaar in Al g if al arguments (except Al g) are scalars. It isamatrix with entriesin Al g if at least one matrix
occurs in the arguments of Mult.

¢ This command extendsskew_product in Ore_algebra

Bl Examples:
C > w th(O eMdul es):
C>Ag := DefineOreAl gebra(diff=[D[1],x[1]], diff=[D2],x[2]], polynom[x[1],x[2]]):
L Multiplying scalars:
r>mlt(D1], x[1], AQg);
1+D, x
> Mlt(3, D2], x[1]+1, AQ);
3D,(x +1)
C Multiplying matrices:
[ >L1:=evaln([[x[2]*D[1]+1, D[2]], [0, D1]]]);

D,+1 D,
L1:=
L 0 D,

r>RlL :=evalm([[2+x[2]1*D[ 2], x[1]], [x[2]172*D[1]-x[2], x[1]1+x[2]111);

2+%D, X%
Rl:=§22 é
L Di=% X+X%

r>mMlt(L1, R1, AQ);

EXZDJ%ZDPZH X1X2D1+X1+Xz+1+D2X1+X2D2§
Dlxz(xle_l) 1+D1X1+X2D1

C Multiplying scalar and matrices:

r> Mlt(7, L1, R, AQ);

§8x2D1+14x22D1D2+7 7x1x2D1+7xl+7x2+7+7D2x1+7x2D2§

7D; % (x,D, - 1) 7+7D, X +7xD,

B See Also:
Generalizedinverse




OreModules OreRank],

OreM odules[OreRankRat] - computetherank of afinitely presented left module over an Orealgebra

Calling Sequence:

OreRank(R,AlQ)
OreRankRat(R,Alg)

Parameters:
R - matrix with entriesin Al g

Alg - Oreagebra(given by DefineOreAlgebra

B Description:

¢ OreRank returns the rank of the left module over the Ore algebra Al g which is presented by R, namely the vector space dimension of
the tensor product of this module by the quotient (skew) field of Al g.

« Theleft module which is considered by OreRank, namely the left module presented by R, is the factor module of the free modul e of
row vectors over Al g whose length equals the number of columns of R modulo the submodule which is generated by the rows of R

¢ Therank of the left moduleM presented by Ris computed by constructing afinite free resolution of M and summing up aternatingly

the ranks of the free modulesin this resolution. The resulting number, which is the Euler characteristic of M, equals the rank of M and
isreturned by OreRank.

* Risamatrix with entriesin the Ore algebraAl g.

« Al g isexpected to be defined using DefineOreAlgebra

« OreRankRat performs the same computations as OreRank, but the domain of coefficients of the Ore algebra Al g isreplaced by its
quotient field, i.e. rational functions.

Bl Examples:
> wi t h( Or eModul es):

Example 1:

C>Ag := DefineOreAl gebra(diff=[D1,x1], diff=[D2,x2], polynon¥[x1,x2]):
r>RL :=mtrix([[1, D2+1], [D1, D2]]);

1 D2+1
R1:=
L 1 D2

[ > OreRank(R1, Al gQ);

0

Therank of the left module presented by R1is zero. In fact, this module is atorsion module, as one obtains a generating set of torsion
elements for the module by computing the first extension module with valuesin Al g of the adjoint module:

r > Exti(lnvolution(Rl, Alg), Alg, 1);

2+D1D2+D1 0 1 0
SURJ(2)
L 0 -D2+D1D2+D100 0 1

Example 2:

r>R2 := matrix([[1, D2], [D1, D1*D2?]]);




[ > OreRank(R2, Alg);
1

>R3 :=mtrix([[1, D2, 0], [D1, D1*D2, 0]]);
1 D2 Oé

R3:=
1 D1D2 O

[ > OreRank(R3, Al gQg);
L 2
B See Also:

I . imination, .




OreModulegParametrization],

OreM odulegParametrizationRat] - return, if possible, a parametrization of alinear system over an Orealgebra

Calling Sequence:

Parametrization(R,Alg)
ParametrizationRat(R,AlQ)

Parameters:
R - matrix with entriesin Al g

Alg - Oreagebra(given by DefineOreAlgebra

B Description:

» Parametrization constructs, if possible, a parametrization of the linear system represented by the matrix R, i.e. in particular, it
constructs a vector zwhich depends on some arbitrary functions and possibly on some arbitrary constants such that Ry= 0 holds
identically. Of course, the problem of parametrizing al solutions of Ry= 0 in this way depends on the space of functions under
consideration, i.e. the space where the entries of yare searched for. For several types of linear systems and spaces of functions,
Parametrization yields a parametrization of the solutions of the linear system in the sense that all solutions of Ry= 0 are found by
substituting appropriate functions into the parametersin z For instance, if Ry= 0 isalinear system of partia differential equations
with constant coefficients and the function space is chosen to be the set of al smooth functions, then all solutions of Ry= 0 are
parametrized by the result z of Parametrization.

If the left Al g-module M associated with the linear system istorsion-free, i.e. the factor module of the free left Al g-module of row
vectors whose length equal s the number of columns of Rmodulo the submodule which is generated by the rows of R contains no
non-zero torsion elements, then Parametrization applies the parametrization obtained by Exti to a vector of arbitrary functions & and
returns the resulting vector of functions.

If the left Al g-module M associated with the linear system is not torsion-free, i.e. the linear system under consideration has some
non-trivial autonomous elements, then Parametrization tries to integrate the torsion elements using IntTarsionand tries to glue these
integrated torsion elements with the parametrization (computed by Exti) of the linear system obtained from the given one by equating
all autonomous elements to zero. In the modul e-theoretic language, this can be achieved if the torsion submodule of M has a
complement inM (see Complement). The latter condition is always satisfied for linear systems of ordinary differential equations. Up tc
now, Parametrization only uses ParticularSolution to glue the integrated torsion elements with the parametrization of the linear
system without non-trivial autonomous elements (see also ParticularSolution).

* Risamatrix with entriesin the Ore algebraAl g.

« Al g isexpected to be defined using DefineOreAlgebra

« Depending on the structural properties of the linear system defined by Rand the possibilities to integrate the resulting equations,
Parametrization returns either a matrix or atable of (equations of) matrices.

If the given linear system is parametrizable by means of arbitrary functions (and/or constants) only, or if present torsion elements can
be integrated and glued with the parametrization of the corresponding linear system without non-trivial autonomous elements (see
above), then the result of Parametrization is a matrix P whose entries are linear expressions in arbitrary functions € of the independent
variables and in constants_Cj such that RP = 0, where multiplication is the action of the operatorsin Al g on functions. For the issue
of parametrizingall solutions in thisway see the first paragraph.

If the given linear system has autonomous elements and it is not possible to integrate them, Parametrization returns a table with three
entries. The first entry gives a parametrization of the linear system obtained from the given one by equating all autonomous elements
to zero. The second entry is the equation R2n = { and the third entry is the equation R1{ = O (for the connection of these equations
with the glueing of parametrizations see Particul arSolution).

If the given linear system has autonomous elements and it is possible to solve R11 = 0 (i.e. to integrate the torsion elements; for the



notation see ParticularSolution), but no particular solution to the linear systemR2n =1 can be found, then Parametrization returns a
table with two entries. Thefirst entry gives a parametrization of the linear system obtained from the given one by equating all
autonomous elements to zero. The second entry of the result is the equationR2n =T.

¢ ParametrizationRat performs the same computations as Parametrization, but the domain of coefficients of the Ore algebra Al g is
replaced by its quotient field, i.e. rational functions.

« For more details see A. Quadrat, D. Robertz, "Parametrizing all solutions of uncontrollable multidimensional linear systems',
Proceedings of the 16th IFAC World Congress, Prague, 2005.

Bl Examples:
> wi t h( Or eModul es):

Example 1:

C>Ag := DefineOreAl gebra(diff=[D,t], polynone[t]):
]

r>R:=evalmM[[D]);
L R:=[D]
[ > ApplyMatrix(R [x(t)], Ag);

d
7 SR
[>Paramatrization(evaln([[D]]), Al g);

[CY

d
Every solution of Etx(t) =0 isaconstant.

Example 2: Poincare sequence

C>Ag := DefineOreAl gebra(diff=[D1,x1], diff=[D2,x2], diff=[D3,x3], polynonx1,x2,x3]):
r>Rl :=evalm[[D1, D2, D3]]);

L R1:=[D1 D2 D3

r> Pl := Paranetrizati on(RL, A g);

m

The solutions of the divergence operator are parametrized (up to signs and permutation of columns) by the curl operator.
r>R :=DffToOe(P1, [xi[1],xi[2],xi[3]], Ag)[1];

3 D2 O
rR2:=00 -D1 D3

L 1 0 D
> P2 := Paranetrization(R2, Al g);

5}
P &, (X1, x2,x3)

P2:= %63 &, (x1,x2, XS)E
%&1 &, (x1, x2, x3)E

E The solutions of the curl operator are parametrized (up to signs) by the gradient operator:
r>R3 :=DiffToOe(P2, [xi[1]], Ag)[1];

i




1 T

R3:= 3
1

> MIt(RL, R2, Ag);
[0 0 Q

> Mt (R2, R3, AlQ);
0
0
0

Example 3: Differential time-delay system

Linear differential time-delay system describing aflexible rod (see H. Mounier, Proprietes structurelles des systemes lineaires a

retards; aspects theoriques et pratiques PhD thesis, University of Orsay, France, 1995):

> Alg := DefineOreAl gebra(diff=[Dt,t], dual_shift=[delta,s], polynomst,s],
shift_action=[delta,t,h]):

>R :=evalm[[Dt, -Dt*delta, -1], [2*Dt*delta, -Di-Dt*delta”2, 0]]);

Dt Dts -
R:=
%Dté Dt -Dt 52 0%
> ApplyMatrix(R, [yl(t),y2(t),u(t)], Ag);
% D(y1)Xt) - D(y2)(t - h) — u(t) %

- D(YLXt - h) - D(y2)(t) - D(y2)t - 2h)
> P := Paranetrization(R Al Q);

Cl
5 +E, () +&,(t-2h)

P=H _c1+2g-h)

(& Xt—2h)+D(&, Xt)
Wefind that P is a solution of Ry= 0 for all smooth functionsé:
> Appl yMatrix(R P, A g);
% 0%
0

Linear system of PDEs that appears in mathematical physics, namely in the study of Lie-Poisson structures (see C. M. Bender, G. V.
Dunne, L. R. Mead, Underdetermined systems of partial differential equations Journal of Mathematical Physics, vol. 41, no. 9
(2000), pp. 6388-6398 and W. M. Seiler, Involution analysis of the partial differential equations characterising Hamiltonian vector
fields Journal of Mathematical Physics, vol. 44 (2003), pp. 1173-1182):

> Alg : = DefineOreAl gebra(diff=[D1l, x1], diff=[D2,x2], diff=[D3,x3], polynom[x1,x2,x3]):
> R := eval m([[x1*D3, x2*D3, 0], [-x1*D2+x2*Dl1l, -1, x2*D3], [-1, -x2*Dl+x1*D2, x1*D3]]);

Example 4: Partia differential equations

x1D3 x2D3 0
R:=Ex1D2+x2D1 -1 x2D
-1 x2D1+x1D2 x1D

In this example, no particular solution of R2n =tisfound to glue the integrated torsion elements with the parametrization of the
linear system obtained from the given linear system by equating all autonomous elements to zero (for the notation see
ParticularSolution):

> Parametrization(R A g);



0
Nn,(X1, X2, x3) - x2 %;3 &,(x1, x2, x3)%

table([1= N,(X1, X2, x3) + x1 %03 &, (X1, x2, XS)E

3(X1, X2, X3) + X2 %@1 &, (X1, x2, X3)%~ x1 % &, (xL,x2, XS)E

X1N, (XL, X2, X3) + x2n,(X1, X2, X3)

% n,(x1, x2, x3)%+ %ﬂ N,(X1, X2, x3)%+ %63 N,(X1, X2, x3)%
(X1, x2,x3) - x2 %@1 N,(X1, X2, X3) E+ x1 % N,(X1, X2, x3) %+ x1 %03 Na(X1, X2, X3)

OETTTTTITTITTITITTT]
i N D

_F1(x12 + x2?)

0

L D
[ Thefirst entry of thistable is a parametrization of the linear system obtained from the given linear system by equating all autonomous

elements to zero. The second entry is the equation R2n =1, wheretis the genera solution of the homogeneous linear systemR11=0
L (seeParticularSolution).
> Paranetrizati onRat (R, Al g);

] 0
N,(X1, X2, X3) + x2 %3 &, (X1, x2, XS)E

table([1=H N,(x1, X2, x3) - x1 %3 &,(x1, %2, X3)% .
%} (x1, X2, X3) - x2 % &, (x1, x2, XB)E-t x1 %T &,(x1, x2, XS)E
x1n,(x1, X2, x3) + X2 n,(x1, x2, x3) g 102+ x2)
2=
x21,(x1, X2, x3) +x2x1 % Ny(XL, X2, x:%)%»xl2 % Ny(XL, X2, x3)% x1? % No(xL, x2, x3)Ed T F1(x1? +x2%)
L L )
B See Also:

DefineOreAlgebra IntTorsion ParticularSolution, Complement, Minimal Parametrization Diff ToOre, SyzygyModule Resolution,

FreeResolution ShorterFreeResolution, , ProjectiveDimension Exti, Extn, Tarsion, AutonomousElements,
PiPolynomial, TorsionElements




OreM odulegParticular Solution],

OreM odulegParticular SolutionRat] - for parametrizing alinear system, find a particular solution after

integration of the torsion elements

Calling Sequence:

ParticularSolution(R,Alg)
ParticularSolutionRat(R,AlQ)

Parameters:
R - matrix with entriesin Al g

Alg - Oreagebra(given by DefineOreAlgebra

B Description:

 Inorder to find a parametrization of alinear systemRy= 0 of partial differential equations having autonomous elements, R can be split
as aproduct RLR2 such that the system Ry= 0 is equivalent toR1t= 0 and 1= R2n, namely R2is a presentation matrix of the left Al g
-module M which is associated with Ry= 0 modulo its torsion submodule. R2 can be obtained as the second entry of the result of
applying Exti fori = 1 to the formal adjoint (seelnvolution) of R, and R1 can be computed by applying Factorizeto Rand R2

.

ParticularSolution first callsIntTorsionto obtain the general solution T of the homogeneous linear system R11 = 0 and then tries to
find a particular solutionn of the inhomogeneous linear system R2n =t.

« A particular solutionn is obtained by applying a generalized inverse of R2 (see Generalizedinverse but see also Complement), if it
exists, to the vector of integrated torsion elements computed by IntTorsion

* Risamatrix with entriesin the Ore algebraAl g.

« Al g isexpected to be defined using DefineOreAlgebra

¢ Theresult of ParticularSolution isalist with three entries.

Thefirst entry of the result is amatrix with entriesin Al g having the same number of columns asR The residue classes of the rows of
this matrix in the module associated with the given system generate the torsion submodule (see also TarsionElements). This matrix
equal s the second entry of the result of applying Exti for i = 1 to the formal adjoint of R

» The second entry of the result of ParticularSolution is a particular solution eta of R2n =T, if ageneralized inverse of R2 (see
Generalizedinversd) exists. Otherwise this entry is the empty list.

» Thethird entry of the result is the vector T, if IntTorsion succeeded to integrate the torsion elements. Otherwise this entry is the empty
list.

¢ The general solution of the homogeneous linear system R11 = 0 can be computed using IntTorsion The commandsIntTarsionand
ParticularSolution are used by Parametrization if the system has autonomous elements.

Particular SolutionRat performs the same computations as Particular Solution, but the domain of coefficients of the Ore algebra Al g
isreplaced by its quotient field, i.e. rationa functions.

For more details see A. Quadrat, D. Robertz, "Parametrizing all solutions of uncontrollable multidimensional linear systems”,
Proceedings of the 16th IFAC World Congress, Prague, 2005.

Bl Examples:
C > w th(O eMdul es):

Example 1: Ordinary differential equations

L System of linear ordinary differential equations describing a bipendulum (J.-F. Pommaret, Partial Differential Control Theory, 2001):



> Alg := DefineOreAl gebra(diff=[D,t], polynone[t], corrm:[g,l]):
>R := evaln([[D*2+g/], 0O, -g/l], [O, D’\2+g/I -g/ )
_9
|

> P := ParticularSolution(R, Al Qg);

Wefind: R2 aparticular solution eta of R2n =1, and the general solutiontof RLt=0.
> Exti(Involution(R Alg), Ag, 1)[2];
% ) Oé
D*l+g g

Cls n%% %e c2 co%%

0

> ApplyMatrix(P[1], P[2], Alg);

Example 2: Partia differential equations

Linear system of PDEs that appears in mathematical physics, namely in the study of Lie-Poisson structures (see C. M. Bender, G. V.
Dunne, L. R. Mead, Underdetermined systems of partial differential equations Journal of Mathematical Physics, vol. 41, no. 9
(2000), pp. 6388-6398 and W. M. Seiler, Involution analysis of the partial differential equations characterising Hamiltonian vector
fields, Journal of Mathematical Physics, vol. 44 (2003), pp. 1173-1182):

> Al g : = DefineOreAl gebra(diff=[D1,x1], diff=[D2,x2], diff=[D3,x3], polynomr[x1, x2, x3]):
> R := eval n{[[x1*D3, x2*D3, 0], [-x1*D2+x2*D1, -1, x2*D3], [-1, -x2*D1+x1*D2, x1*D3]]);

x1D3 x2D3 0

R:=Ex1D2+x2D1 -1 x2D

-1 ~x2D1+x1D2 x1D

> P := ParticularSolution(R, Al Q);
x2 0 X1_F1(x12 + x22) dx1 + %xz %2 ?D(_Fl)(xl2 +x2%)x1oxl + F1(x1%+ x22)§:><2+_01
D2 D3 H[ ],
_F1(x12 +x2?)
x2D1+x1D2 x1D
0

Wefind: R2, a particular solutionn of R2n =1, and the general solutiont of R1t=0.
> Exti(lnvolution(R Ag), Alg, 1)[2];
1 x2 0

1 D2 D3

1 -x2D1+x1D2 x1D
> Particul arSol uti onRat (R, Al g);




%}1 x2 0 E - F1(x12 + x22)
[l
| x1x2D1-x12D2-x2 12D ] F1(x12 + x22)
r > ExtiRat(Involution(R Ag), Ag 1)[2];

g}l X2 0 E
x1x2D1-x12D2-x2 -x1?D
Bl See Also:

| AutonomousElements, PiPolynomial.




OreM oduI&[Pi Polynomial] - return a Groebner basis of theideal of Tkpolynomials of a given linear system with
constant coefficients

Calling Sequence:
PiPolynomial (R,Alg,v)

Parameters:
R - matrix with entriesin Al g with constant coefficients

Alg - Oreagebra(given by DefineOreAlgebrg

v - indeterminate or list of indeterminates

B Description:

* PiPolynomial returns a Groebner basis of the ideal of the (commutative) polynomial ring in the indeterminate(s) v such that for every
of its non-zero elementsttthe localization of the Al g-module which is presented by Rwith respect to the multiplicatively closed set of
all powers of Ttis free. The command PiPolynomial is restricted to matrices Rover Al g whose entries have constant coefficients (and

hence commuite).

« Each non-zero element of theideal generated by the result of PiPolynomial is called atepolynomial for the given system over the Ore
algebraAl g with constant coefficients. For every Tepolynomial Tt the tensor product of the localization Al g[n(_l)] with respect to the
set of powers of rtwith the Al g-module presented by Ris afreeAl g[r[(_n]-module.

« Risamatrix with entriesin the Ore algebraAl g.

« v isone of the indeterminates which were used to define Al g or alist of those.

« Al g isexpected to be defined using DefineOreAlgebra

« For more details about Tepolynomials, see H. Mounier, "Proprietes structurelles des systemes lineaires a retards. aspects theoriques et
pratiques’, PhD Thesis, University of Orsay, France, 1995, and F. Chyzak, A. Quadrat, D. Robertz, "Effective algorithms for
parametrizing linear control systems over Ore algebras’, Applicable Algebrain Engineering, Communication and Computing
(AAECC) 16 (2005), pp. 319-376.

B Examples:
C > wth(OeMdules):

{ Example 1:

[ Linear differential time-delay system of awind tunnel model (see A. Manitius, Feedback controllers for a wind tunnel model
involving a delay: analyical design and numerical simulations |EEE Trans. Autom. Contr. vol. 29 (1984), pp. 1058-1068):
[ > Alg := DefineOreAl gebra(diff=[Dt,t], dual_shift=[delta,s], polynomst,s],
commH| a, onega, zeta, k], shift_action=[delta,t,h]):
r>R:=-evalnm[[Dt+a, -k*a*delta, O, O], [O, Dt, -1, 0], [0, onega”2, Dt+2*zeta*omega,

-omega”2]]);
t+a —kad 0 0
R:=H O Dt -1 0
0 w? Dt+2lw -w?

- > Extl := Exti(Involution(R Ag), Alg, 1);




-w?kad
0 0 t+a —kad 0 0
Dt w? - aw?
1 O0dH o w? Dt+2lw -
-w?Dt? - w?aDt
0 1 0 Dt -1 0

t3-2Dt?{w —-aDt? -Dt w? —2aDt { w —aw?
Ext1[3] provides us with a parametrization of the system. We try to compute aleft inverse of Ext1[3]:
> Leftlnverse(Ext1[ 3], A g);

[]
Hence, no left inverse of Ext1[3] over Al g exists. The obstructions are given by the following possible repolynomials:
> Pi Pol ynomi al (R, Al Qg);
[6,Dt +a]
We consider the localization of Al g with respect to the multiplicatively closed set of powers of d and compute aleft inverse of
Ext1[3] over thislocalization:
> L := Local Leftlnverse(Ext1[3], [delta], A Qg);

1
L:=§— > 0 0 0%
dw ka

[q
Hence, we obtain aflat output of the system over the localized ring, i.e. the localization of the corresponding moduleis free:
> eval m([[xi 1(t)]])=Appl yMatrix(L, [x1(t),x2(t),x3(t),u(t)], Ag);

e

w?ka

> Ml t(L, Ext1[3], Alg);

1M [t T

Example 2:

Differential time-delay system describing an electric transmission line (see D. Salamon, Control and Observation of Neutral Systems,
Pitman, 1984, and H. Mounier, Proprietes structurelles des systemes lineaires a retards: aspects theoriques et pratiques PhD Thesis,
L University of Orsay, France, 1995):

[>Alg := DefineOreAl gebra(diff=[Dt,t], diff=[delta,s], polynon¥[t,s],
L com¥[a[0],a[1],a[2],a[3],a[4],a[5],b[0]]):
>R :=evaln[[Dt+a[0], -(a[4]*Dt+a[0])*delta, -a[0], O, -b[0]*Dt],
[-delta<(a[5]*Dt+a[1]), Dt+a[l], O, a[1], 0],
, 0, -a[2]*b[0]],

[a[2], -a[2]*a[4]*delta, Dt
[a[3]*a[5] *delta, -a[3], 0, Dt, 0]]);

Dt+a, ~(@aDt+a)d -8 O - Dt

O (a;Dt+a)) Dt+a, 0 a 0

R:=
a, -a,3,0 Dt 0 -ab

L a,a,0 -8, 0O Dt 0
> Exti(lnvolution(R Ag), Ag, 1)J[1];

1 0 0 O

0 1 0 0

0 0 1
L 0o 0 o0 1

Hence, the first extension module of the transposed module of the module presented by Rwith valuesinAl g is zero.
> Exti(lnvolution(R, Ag), Alg, 2)[1];

[5°a, a,3,+3, & a, 8 -2aa a,aad +a a a & -5Dta,aa +dDta, a, +53,a,a,a Dt ~3a, a,a Dt
+23,8,8,2,8,0-82, 2, a,-3 aa, 0-2, 0a,a]
[62Dta1—Dt2+a1a33562—a1Dt -a,a, —asézazao]

1




[5Dt +8a, a)]
[a, Dt +a," Dt? +a 3,8, Dt ~a;a Dt?a, +878, 2,8, +a, & a, 0’ ~23,3; 8,8,8,0° +a, a, & o +Dta, a,

L +3a3aDt-a aa D883 -4 4 |

[ But the second extension module of the transposed module of the module presented by Rwith valuesinAl g is non-zero.
r>pi := PiPolynomal (R Alg, [delta]);

n=lg s 878 ~28) 8, &8 +q 8 5-288,8a8%a +4qaaadia ta 58, 28°8 33 254434,

| +aada+a a a ~2a a data & J
r > factor(pi);
2 2 2, 3 2 2 2 2 2 4 2 2 2.2
[0(8 & & 0'-20"a;a & +§ & —283 2,830 +480° 8,8 aa +a 8§ ~20°a 3§ 28433,
| +0'a aa e a8 00 -28%a, 8 a4, )]
r>pi := PiPolynomal (R Ag, [Dt]);
m=[a a,Dt’+ g a,a Dt +a a,a,a, +a Dt* +Dt’ g a, +Dt*]
r > factor(pi);

[(a, Dt+a, a,+Dt?) (Dt* + g a,)]

See Also:



OreM odulesPoll nter sect] - intersect two left ideals of an Ore algebra

Calling Sequence:
PolIntersect(L,v,Alg)

Parameters:
L - list of polynomialsin Al g
v - list of indeterminatesin Al g

Alg - Oreagebra(given by DefineOreAlgebra

B Description:

 Poll ntersect computes a Groebner basis (w.r.t. the degree-reverse lexicographical term order) of the intersection of the left ideal
generated by L in the Ore algebra defined by Al g and the (skew) polynomial ring with indeterminatesinv.

L isalist of polynomialsin Al g which generate the left ideal of Al g to be intersected with the (skew) polynomial ring in the variables
V.

The indeterminatesin the list v must be among those indeterminates which were used to define Al g.

« Al g isexpected to be defined using DefineOreAlgebra

The result of Pollntersect isalist of polynomiasinAl g.

B Examples:

C > w th(O eMdul es):
C>Ag := DefineOeAl gebra(diff=[D1,x1], diff=[D2,x2], polynonr[x1,x2]):
[ > L = [x1*D2, x2*D1];
L:=[x1D2 x2D1]
[>v c= [x2,D2];
v:=[x2,D2]
r > Pollntersect(L, v, AQ);
L [2D2+ x2D2?% x2° D2]

> Alg := DefineOreAl gebra(diff=[D,t], shift=[delta,s], polynonr[s,t]):
r>L :=[D*delta+s, deltan2];
L L:=[D&+s 5%
[>v c= [s];
v:i=[9]
r > Pollntersect(L, v, AQ);
L [s*+5]

1
\

Pol I ntersect(L, [D,delta,t,s], AQg);
L [°+58s+5,0°D3+s]

Bl See Also:
| ReduceMatrix, SyzygyModule




OreM oduleg Proj ectiveDimension],

OreM odules[Pr Oj ectiveDimens onRat] - computethe projective dimension of afinitely presented module over an
Orealgebra

Calling Sequence:
ProjectiveDimension(R,Alg)
ProjectiveDimensionRat(R,Alg)

Parameters:

R
Ag

matrix with entriesin Al g

Ore algebra (given by DefineOreAlgebrg

B Description:

C

1T T

|

ProjectiveDimension returns the (left) projective dimension of the left module over the Ore algebraAl g which is presented by R

The (left) projective dimension of afinitely presented left Al g-module M isthe minimal length of a projective resolution of M. All Ore
algebras in the scope of OreM oduleshave finite (Ieft) global dimension which is an upper bound on the (left) projective dimension of
left Al g-modules. Hence, the result of ProjectiveDimension is always a non-negative integer.

Theleft Al g-module which is considered by ProjectiveDimension is the factor module of the free Al g-module of row vectors whose
length equals the number of columns of Rmodulo the submodule which is generated by the rows of R

ProjectiveDimension computes a free resolution of the left Al g-module presented by R and reduces the length of this resolution as
much as possible using the same methods as Shorter FreeResol ution and ShortestFreeResolution. As soon as the resolution cannot be
shortened anymore (i.e. when the last morphism in the resol ution does not admit aright inverse), ProjectiveDimension returns the
length of this resolution. If ProjectiveDimension arrives at a free resolution of length 1 and the presentation matrix still admits aright
inverse, then it returns O.

Risamatrix with entriesin the Ore algebraAl g.

Al g isexpected to be defined using DefineQreAlgebra

ProjectiveDimensionRat performs the same computations as ProjectiveDimension, but the domain of coefficients of the Ore algebra
Al g isreplaced by its quotient field, i.e. rational functions.

For more details, see T. Y. Lam, "Lectures on Modules and Rings', Springer, 1999, and A. Quadrat, D. Robertz, "Computation of
bases of free modules over the Weyl algebras', Journal of Symbolic Computation 42 (11-12), 2007, pp. 1113-1141.

Bl Examples:

> w t h(OreModul es):
Example 1:
(see J.-F. Pommaret, Partial Differential Equations and Group Theory: New Perspectives for Applications Kluwer, 1994, p. 162)
> Alg : = DefineOeAl gebra(diff=[Dl, x1], diff=[D2,x2], diff=[D3,x3], polynom[x1,x2,x3]):
>R :=evalm([[1], [D1], [D2], [D3]]);

1

D1

D2

D3
> Shortest FreeResol ution(R, Al g);



table([1= 12=1INJ8))

D2z D3 0 O 0 1
D1 0 D3 1 0 O

0 D1 D2 0 1 O

0 O 0 D2 D3 D1
> ProjectiveDi nmension(R, Al Qg);

0
Hence, the (left) Al g-module which is presented by Ris projective. For the details, see SharterFreeResolution, Example 1.

1 r

Example 2:

E (see J.-F. Pommaret, Partial Differential Control Theory, Kluwer, 2001, p. 665)
C>Ag := DefineOreAl gebra(diff=[D1,x1], diff=[D2,x2], polynoms[x1,x2]):
r>R:=evalm[[x2*D1, 1], [x2*D2, 0], [D1, D2]]1);
D1 1
R:=2D2 0
L D1 D2
r > ShortestFreeResolution(R Alg);
D1 1 O
table(1=2D2 0 042=INJ3))
L D1 D2 1
[ > ProjectiveDi nmension(R, Al Q);
1

B See Also:
I . nimal T |ution, ient ility,




OreModulegQuotient],

OreM oduleg QuotientRat] - return annihilators of elementsin a finitely presented module over an Ore algebra

Calling Sequence:
Quotient(R1,R2,AlQ)
QuotientRat(R1,R2,Alg)

Parameters:
RL, Rz - matriceswithentriesinAl g

Alg - Oreagebra(given by DefineOreAlgebra

Bl Description:

« For each row of R1, Quatient computes the left ideal of Al g containing all elementsA such that the left A-multiple of the row of Rl is
in the left Al g-module generated by the rows of R2, i.e., Quotient computes the annihilators of the residue classes of the rows of R1in
the left module over Al g which is presented by R2, i.e. of the factor module of the free Al g-module of tuples whose length equals the
number of columns of R2 modulo the submodule which is generated by the rows of R2.

¢ R1 and R2 are matrices with entriesin the Ore algebraAl g having the same number of columns.

« Al g isexpected to be defined using DefineOreAlgebra

The result of Quotient isamatrix having a block diagonal structure, where each block consists of only one column but may have
several rows. The number of blocks equals the number of rows of R1. The entries of theith block form a Groebner basis (w.r.t. the
degree reverse lexicographical ordering on the variables of Al g) of the annihilator of the residue class of theith row of R1 in the left
Al g-module presented by R2.

« QuotientRat performs the same computations as Quotient, but the domain of coefficients of the Ore algebra Al g isreplaced by its
guotient field, i.e. rationa functions.

« ReduceMatrix computes the normal form of each row in agiven matrix over Al g modulo the Groebner basis of the rows of a second
matrix over Al g.

Bl Examples:

C > w th(OeMdules):
C>Ag := DefineOreAl gebra(diff=[D,t], polynonr[t]):
r>RL :=evalm([[D, t], [0, D]);

i
L D
>R := Milt(eval m([[1,1],[0,1]]), RL, Ag);

% t+D

T > Quotient(RL, R2, Alg);

| i,

[ Hence, the left Alg-modules generated by the rows of R1resp. R2are equal.
[>R3 :=-evaln([[D t], [1, O]]);

D t
R3:=
L 1 0

> Quotient(RL, R3, Alg);




0
12

L 2+tD
[ Hence, the first row of R1is an element of the left Alg-module M3 generated by the rows of R3 and A times the second row of Rllies

L inM3if and only if Aisaleft Alg-linear combination of t? and 2+ t D.
r> Quotient(R3, RL, AQ);
0

D +tD?
D3

Hence, the first row of R3is an element of the left Alg-module M1 generated by the rows of R1, and A times the second row inR3lies
inM1if and only if Aisaleft Alg-linear combination of -D +tD? and D*,

See Also:
i ize, Elimination, pility, Red . ion, Exi.



OreModules/ReduceMatrix],

OreModules]ReduceM atrixRat] - reducetherows of amatrix over an Ore algebra modulo the rows of another one

Calling Sequence:

ReduceMatrix(R1,R2,Alg)
ReduceMatrixRat(R1,R2,AlQ)

Parameters:
RL, Rz - matriceswithentriesinAl g

Alg - Oreagebra(given by DefineOreAlgebra

Bl Description:

¢ ReduceMatrix computes the normal form of each row in R1 modulo the Groebner basis of the rows of R2 (w.r.t. the degree-reverse
lexicographical ordering on the variablesin Al g) and returns the matrix whose rows are these normal forms. Zero rows are omitted in
the resullt.

¢ R1 and R2 are matrices with entriesin the Ore algebraAl g having the same number of columns.

¢ Al g isexpected to be defined using DefineOreAlgebra

* Theresult of ReduceMatrix is a matrix with the same number of columns asR1 and R2. The number of rows of the result may be
zero.

* ReduceMatrixRat performs the same computations as ReduceMatrix, but the domain of coefficients of the Ore algebra Al g is
replaced by its quotient field, i.e. rational functions.

* Quotient computes the annihilators of the rows of a given matrix over Al g in the left Al g-module presented by a second matrix over
Al g.

Bl Examples:

C > w th(O eMdul es):
C>Ag := DefineOeAl gebra(diff=[D1,x1], diff=[D2,x2], polynonm[x1,x2]):
r>Rl :=-evalm([[D1, O, D2], [1, Di+D2, D2+1], [0, D2, 0]]);

1 0 D2
R1:=H1 Di1+D2 D2+1

L 0 D2 0
r>R :=evaln([[1, D1, D2], [0, D2, 1]]);

D1 D2
R2:=§ %

L D2 1
r > ReduceMatrix(Rl, R2, A Q);

gl 0 D2§
L 0O 0 -1
[ > ReduceMatri x(R1, R1, Al gQ);
L []

See Also:




OreModules/Resolution],

OreM odules[ResoI ution Rat] - compute a given number of left modulesin a freeresolution of afinitely presented

module over an Orealgebra

Calling Sequence:
Resolution(R,Alg,n)
ResolutionRat(R,Alg,n)

Parameters:
R - matrix with entriesin Al g

Alg - Oreagebra(given by DefineOreAlgebra

n - natura number

B Description:

« Resolution iterates the computation of syzygy modules of the left module over the Ore algebraAl g which is presented by R, i.e. of the
factor module of the free Al g-module of tuples whose length equals the number of columns of Rmodulo the submodule which is
generated by the rows of R That means that Resolution constructs the beginning of a free resolution of the left module presented by R

 If n> 1, then Resolution first computes a matrix the rows of which generate all left Al g-linear relations of the rows of R If n > 2, then
Resolution repeats the same for the matrix which has just been defined instead of R All in al, this construction isiterated n-1 times,
i.e. n-1 new matrices are constructed such that the rows of every matrix generate all left Al g-linear relations of the rows of the
preceding matrix.

« If therows of one of the matrices that are computed by Resolution do not satisfy any non-trivial left Al g-linear relation, then the

following entry of the result (if requested) is not a matrix, but the name INJ(r), wherer is the number of rows of the previous matrix. If
more terms of the free resolution are to be constructed, then the following entries of the result will be the names ZERO.

* Risamatrix with entriesin the Ore algebraAl g.

« Al g isexpected to be defined using DefineOreAlgebra

¢ Theresult is atable which contains matrices with entries Al g and possibly names INJ() and ZERO. The matrix with index 1 in the
result isRand the matrix with indexi is the result of SyzygyModuleapplied to the matrix with indexi—1,i > 1, i.e,, the rows of the
matrix with index i generate the syzygy module of the left module generated by the rows of the matrix with index i — 1.

« Inorder to iterate the computation of syzygy modules described above as long as possible, FreeResol ution can be used.

» ResolutionRat performs the same computations as Resolution, but the domain of coefficients of the Ore algebra Al g isreplaced by its
quotient field, i.e. rational functions.

B Examples:
E>with(OrerduIes):
Example 1:
E>A|g := DefineOreAl gebra(diff=[D1,x1], diff=[D2,x2], diff=[D3,x3], polynom[x1, x2,x3]):
r>R:=mtrix([[Dl], [D2], [D3]]);
D1

R:= D2

L D3

> Resolution(R, Ag, 3);




table([1=R 2= D1 0Q3=[-D2 D3 DI

-D3 D
r>Res := Resolution(R, A g, 4);

Res:=table[l=R 2=ED2 D1 0[F3=[-D2 D3 DI, 4=INJL))

L D3 D
r> Mlt(Res[2], Res[1], A Q);
0
Oé
L 0
[>MJIt(Res[3], Res[ 2], AlQ);
[0 00
Example 2:
E>Alg := DefineOreAl gebra(diff=[Dt,t], dual _shift=[delta,s], polynone[t,s]):
r>R:=mtrix([[O0,Di*delta], [t*Dt,t*delta], [Dt,Dt]]);
0 Dt9
R:={dDt to
L t Dt
r>Res := Resolution(R, A g, 3);
-Dtt* +5t° 53-tDtd Dt &t?

R&s:ztabld[lzRZ:% %34'3t a!l)

r > Milt(Res[2], Res[1], Ag);

5-Dt?t-2Dt +tDtd -Dt?d Dt25t+2Dt3J
%0 0%
0 O

[0 0 0

[> Milt (Res[3], Res[2], Alg);

See Also:
DefineQreAlgebra SyzygyMaodule FreeResolution ShorterFreeResolution, ShortestFreeResolution, ProjectiveDimension LiftOperators



OreModulegRightInverse],

OreM odules[RightI nverseRat] - computearight inverse of a matrix over an Ore algebra

Calling Sequence:

Rightinverse(M,AlQg)
RightInverseRat(M,AlQ)

Parameters:

M - matrix with entriesin Al g or INJ(n) or SURJ(n), wheren is a non-negative integer

Alg - Oreagebra(given by DefineOreAlgebrg

B Description:

« Rightl nverse computes (if possible) aright inverse of the matrix M i.e. amatrix Rwith entriesin Al g such that the product of Mby Ris
the identity matrix.

« If noright inverse of Mexists, Rightl nverse returns the empty list.

e Misamatrix with entriesin Al g.

« Al g isexpected to be defined using DefineOreAlgebra

« RightlnverseRat performs the same computations as Rightl nverse, but the domain of coefficients of the Ore algebra Al g is replaced
by its quotient field, i.e. rational functions.

 Left inverses of matrices over Ore algebras are computed by L eftinverse Generalized inverses of matrices over Ore algebras are
computed by Generalizedinverse

Bl Examples:

C > w th(O eMdul es):

C> A g := DefineOeAl gebra(diff=[D1,x1], diff=[D2,x2], polynone[x1,x2]):
r>M :=evaln[[0,1,0],[1,0,0]1);

0 1 Q0
M1:=
L 1 0 O

r >Rl := Rightlnverse(M, A g);

0 1
R1:= 1 0
L 0 0

> MlIt(M, R, Ag);

| o B

eval m([[-x2*D1+1, D2]]);

v
&

M2:=[x2D1+1 D2
r>R2 := Rightlnverse(M, Al g);

2+x2D2
m::é é
L 22D1-x2

[> milt (M2, R2, AlQ);

[
r> M := Involution(M, Al g);




D1+1
M3:=

-D2

[]

ZERO

1, i
0 1
Bl See Also:

I ient, Elimination, bility, Red .

[ > Ri ghtl nverse(Ms, A Q);
[ > Ri ghtl nverse(SURJ(3), A Q);

{> Ri ghtlnverse(INJ(2), A g);




OreM odules] Shorter FreeResolution],

OreM oduleg Shorter FreeResolutionRat] - shorten (if possible) a freeresolution of a finitely presented module

over an Orealgebra

Calling Sequence:

ShorterFreeResol ution(F,Alg)
ShorterFreeResol utionRat(F,Alg)

Parameters:
F - tablerepresenting afree resolution of afinitely presented module over Al g (e.g. given by FreeResolutian)

Alg - Oreagebra(given by DefineOreAlgebrg

B Description:

« Given a(finite) free resolution of afinitely presented left module over the Ore algebraAl g, ShorterFreeResolution tries to construct
a shorter free resolution of the same module. Thisis possible whenever the last morphism between free modules in this free resolution
admits aright inverse (seeRightlnverse).

If the length mof the free resolution given by Fisat least 3 and if the last morphism R - between free modules given inF admits aright
inverse §, then a shorter free resolution is obtained by removing the last free module, augmenting the last but first morphismR__;
with S, i.e. replacing it by R, S,). and replacing the last but second morphism R _, by the transpose of (R,_ , 0) in acompatible
way (note also that the last but second free module in the given free resolution must be adjusted).

.

If the length mof the free resolution given by F equals 2 and if the last morphism R, between free modules given inF admits aright
inverse S,, then a presentation of the module resolved by F is obtained by removing the last free module and augmenting the last but
first morphisn R, with S,, i.e. by defining the presentation matrix (R, S)).

If the length mof the free resolution given by F isless than 2, then Shorter FreeResolution returnsF.

» Fisatable which represents afree resolution of afinitely presented left module over Al g. Most commonly, F is the result of either
FreeResolution or Resol ution.

« Al g isexpected to be defined using DefineOreAlgebra

» Theresult of ShorterFreeResolution is of the same format asthe input F, i.e. atable representing a free resolution of afinitely
presented |eft module over Al g (seeFreeResolutian), which is shorter than the given one or equals the given one.

» The procedure described above can be iterated using the command ShortestFreeResol ution.

« ShorterFreeResolutionRat performs the same computations as Shorter FreeResolution, but the domain of coefficients of the Ore
algebraAl g isreplaced by its quotient field, i.e. rationa functions.

For more details, see A. Quadrat, D. Robertz, "Computation of bases of free modules over the Weyl algebras', Journal of Symbolic
Computation 42 (11-12), 2007, pp. 1113-1141.

Bl Examples:
> wi t h( Or eModul es):

Example 1:
(see J.-F. Pommaret, Partial Differential Equations and Group Theory: New Perspectives for Applications Kluwer, 1994, p. 162)

> Alg : = DefineOeAl gebra(diff=[Dl, x1], diff=[D2,x2], diff=[D3,x3], polynom[x1,x2,x3]):
>R = evaln([[1], [D1], [D2], [D3]]);

1T T




1

D1
R:=
D2

L D3
[ We start with afree resolution of the (left) Al g-module presented by R
r>F := FreeResolution(R, Al Qg);

30 0 -1
1 2 0 -1 0 2D3 0 0 0 1
D1 1 1 0 0 10 D3 1 0 0
F = table([1= 2= 3= 5=INJ1),4=[D1 -D2 D3 -IJ)
D2 0o D3 0 D1 0 b1 D2 0 1 O
D3 0 D2 DI 0 0O 0 0 -D2D3D
0O 0o D3 D2

- > Shorter FreeResol ut i on(F, Ag);
D3 0 0o -1

D2 0 -1 0

1 2 D3 0 0O 0 1 Q0
D1 -1 0O O
D1 1 0 D3 1 0 0 O
table([1= 2=0 D3 0 DIl 4=INJ4))
D2 0 D1 D2 0 1 0
0 D2 D1 O
D3 0O O 0 D2 D3 D1 -1

0 0 -D3 D2

L 0 O 0 o
r > ShorterFreeResolution(% Al Q);

1

5
w
1

D1
D2

D3
table([1 = 3=INJ7))
O D2 DL 0 0 0 1 O

0O 0 D3 D2 1 0 0 O

LITTIITTIITTIIITTT I TTHTITIS
O
[y
'
[
o
o
o
o
o
o

1 D

0 O 0 0 D1 D2 D3 -1

- > Shorter FreeResol ut i on(% A g);




table([1= 12=1INJ8))

D1 D2 0 1 O

0 0 -D2 D3 D1

table([1= 12=1INJ8))

o
O
[y
o
U
w
=y
o
o

0O 0 D1 D2 0 1 O

0 0 O 0 -D2 D3 D1
Hence, it was possible to reduce the length of the free resol ution represented by F in each step, finally arriving at a free resolution of

L length 1. These steps can be done at once by calling ShartestFreeResol ution:

> Shortest FreeResol uti on(F, Al Qg);
1 0 O 0 0O 0 O

table([1= 12=1INJ8))

0O 0 DI D2 0 1 0 O

0 0 O 0 -D2 D3 D1 -1
In fact, the module presented by Ris stably free because aright inverse of the presentation matrix obtained by ShartestFreeResolution

L admitsaright inverse:

> Rightlnverse(% 1], Ag);



o b2 D1 0 O O 1 O

O 0O D3 b2 1 0 0 O

CIOM T I T T T I T T T T T T I T T T T T

0 O 0 0 D1 D2 D3 -1
In particular, this module is projective, which can also be checked viaProjectiveDimension
> ProjectiveDi nmension(R, Al Qg);

0

Spencer operator (see J.-F. Pommaret, Partial Differential Equations and Group Theory: New Perspectives for Applications, Kluwer,
94, p. 163)

Al g : = DefineOreAl gebra(diff=[Dl, x1], diff=[D2,x2]
R ] A

pol ynon¥[ x1, x2]) :
= evalm([[1], [D1], [D2], [D172], [D1*D: 1

E

L D2?
[ We start again with afree resolution of the (left) Al g-module presented by R
r>F := FreeResolution(R, Al Qg);

0F
01 og
4 D1 0F
= H 1D2-1 0 0 1 00
zDZ Oz
F:=table([1= 53=H0 0 D1 D2 O 0 1 O0J4=INJ3)
1D1? -18
5 5 B 0 0 0 D1 D2 0 1
D1D2 0F
HD2? Oé
D1A




o
D1 ]
D2 %
D1? %
teble[1.= D1DZ2=
D2 %
0
, 0 H
> ShorterFreeResolution(% Al g);
1
D1
D2
D1?
table(1=MD1D2
D2?
0
0
L 0
> ShorterFreeResolution(% Al g);
1
D1
D2
D1?
table(1=MD1D2
D2?
0
0
0

> Short est FreeResol ut i on(F, Alg);

o -1 O
-1 0 0
D2 O 0
D1 O -1
0 D2 O
0 D1 O
0 o0 -D2
0 O 0
0 0O 0 ©O
0 -1 0 O
-1 0 0 O
0 D1 0 -1
0O D2 -1 O
D2 0 0 O
D1 D2 -1 O
0 0 D1 D2
0 0O 0 O
0 0O 0 ©O
0 -1 0 O
-1 0 0 O
0 D1 0 -1
0O D2 -1 O
D2 0 0 O
D1 D2 -1 O
0 0 D1 D2
0 0O 0 O

0 0 O
0 0 O
-1 0 O
0 0 O
0 -1 0
-1 0 1
D1 0 O
D2 D1 D2
0O 0 O
0O 0 O
0O 0 O
0 0 O
0O 0 O
-1 0 O
0 1 0
0O 0 1
D1 D2 O
0O 0 O
0 0 O
0O 0 O
0 0 O
0O 0 O
-1 0 O
0 1 0
0O 0 1
D1 D2 O

3=INJ8))
0

o

o

o

o

2=INJ9))

o o o = o o o o
(I T T T I T T T T T T T T

o

2=INJ9))

o

o

o
(I T T T I T T T T T T T T

o

1



D1 0 -1 0 0 O O O

o

D2 -1 0 0 0O O 0 O

o

DI> 0 D1 0 -1 0 0 O

o

table(l=1D2 0 D2 -1 0 0O O O

o

2=INJ9))
D22 D2 0 0 0O -1 0 O

o

o
O
[
N
1
=
o
o
BN
o
(@)

[ Again we arrived at afree resolution of the presented module of length 1. The presented moduleis stably free because the
presentation matrix admits aright inverse:
r > Rightlnverse(% 1], Ag);

0 O D1 O -1 0 1 00

0 0O O b2 D1 O O 1 O

o
O
[y
o
1
[
o
o
o
o
(@]
1

DO

0O 0 O o0 D2 D1 D2 0 1
In particular, the module is projective (ProjectiveDimension actually performs the same steps as above to compute the projective
dimension):

> ProjectiveDi nmension(R, Al Q);

1 T

Example 3:

E (see J.-F. Pommaret, Partial Differential Control Theory, Kluwer, 2001, p. 665)
C>Ag := DefineOeAl gebra(diff=[D1,x1], diff=[D2,x2], polynon¥[x1,x2]):
r>R:=eval m[[x2*D1, 1], [x2*D2, 0], [D1, D2]]);
D1 1
R:=2D2 0
L D1 D

r>F := FreeResolution(R, Al Q);
D1 1

F:=table1=32D2 OL2=[D2 D1 1],3=INJ1))

L D1 D
r > ShorterFreeResol ution(F, A Q);




2D1 1 0g
table((1=2D2 0 OE 2=INJ3))
L D1 D2 1%
> ShorterFreeResol ution(% AlQ);
2D1 1 0O
tebleL=32D2 0 052=INJ3))
L D1 D2 1%
Here we arrive at a free resolution of the left module presented by Rof length 1, but the presentation matrix does not admit aright
L inverse:

[> Ri ghtlnverse(% 1], A g);
[]

[ The presented module is not stably free. It is not projective either as shown by the following computation of its projective dimension:
[ > ProjectiveDi nension(R, Al Qg);
1

Bl See Also:
mem ) SyzygyModule | ; EreeResalution i ME@W et - .Rmmmmmmm Tarsion




OreM odules] ShortestFreeResolution],

OreM oduleg ShortestFreeResolutionRat] - return a shortest freeresolution of afinitely presented module over
an Orealgebra

Calling Sequence:

ShortestFreeResol ution(F,Alg)
ShortestFreeResol utionRat(F,Alg)

Parameters:
F - matrix with entriesin Al g or table representing a free resolution of afinitely presented module over Al g (e.g. given by

FreeResolution)
Alg - Orealgebra(given by DefineOreAlgebrg

B Description:
» ShortestFreeResolution iterates the application of ShorterFreeResolution to afinite free resolution of afinitely presented |eft module
over the Ore algebraAl g and returns a free resolution of the same module which cannot be shortened in this way anymore.

* Fiseither amatrix with entriesin Al g or atable which represents a free resolution of afinitely presented left module over Al g. In the
first case, afree resolution of the left Al g-module presented by F is computed first. In the second case, most commonly, F is the result
of either FreeResolution or Resolution. Then, in both cases, ShorterFreeResolution is applied repeatedly to the resolution until
ShorterFreeResolution does not change the resolution anymore.

¢ Al g isexpected to be defined using DefineOreAlgebra

» Theresult of ShortestFreeResolution is of the same format asthe input F, i.e. atable representing a free resolution of afinitely
presented |eft module over Al g (seeFreeResolutian).

» ShortestFreeResolutionRat performs the same computations as ShortestFreeResolution, but the domain of coefficients of the Ore
algebraAl g isreplaced by its quotient field, i.e. rational functions.

For more details, see A. Quadrat, D. Robertz, "Computation of bases of free modules over the Weyl algebras*, Journal of Symbolic
Computation 42 (11-12), 2007, pp. 1113-1141.

B Examples:
C> wi t h(Or eModul es):

Example 1:

(see J.-F. Pommaret, Partial Differential Equations and Group Theory: New Perspectives for Applications Kluwer, 1994, p. 162)
> Alg : = DefineOreAl gebra(diff=[D1, x1], diff=[D2,x2], diff=[D3,x3], polynomr[x1, x2, x3]):
>R :=-evaln([[1], [D1], [D2], [D3]]);

1M T

1
D1
R:=
D2

D3

> Shortest FreeResol ution(R, Al g);




1
D1
F:=table(l=
D2

D3

table([1 =

table(fL =

- > Shorter FreeResol ut i on(F, Ag);

> Short er FreeResol ut i on(% A g);

0

0O 0 O
0O 0 O
0O 0 O
0O 0 O
0O 0 1
1 0 O
0O 1 O
D2 D3 D1

2 D3 0 0 0 1

0O D3 1 0 O

0 DI D2 0 1

3 0 0 -1
2 0 -1 0
1 -1 0 O 1
2= 3=
0 D3 0 D1
0 D2 D1 O 0
0 0 -D3 D2
D3 0 0 -1
» 0 -1 o0f
1 u
D1 -1 0 Of
D1 =
2==0 -D3 0 Dle:
D2 H
0 D2 D1 OH
D3 u
0 0 -D3 D2H
o o o of
01
u M3 0 O
AD1 u
= m2 0 -1
HD2 u
H D1 -1 0
=D3 =
table(1= P =0 D3 0
00 u
M Q0 -D2 D1
00 5
u 0 o -D3
=) u
u 0 0 O
00
Al g);

- > Short er FreeResol uti on(%

0 0 -D2 D3 D

5

12=INJ8))

We show how ShortestFreeResolution appliesSharterFreeResolution to a free resolution of the (Ieft) Al g-module presented by R (for

L more details see ShorterFreeResol ution):
r>F := FreeResolution(R, Al Qg);

=INJ1),4=[D1 D2 D3 -1

1 0
0 O

4=INJ4))
0 O

0O O 0 -D2 D3 D1 -1

D1 O 1 0 O

0O 0 0 1 0

D2 1 0 O0 O

0 D1 D2 D3 -1

(MO T T I T T T T T T ET T T T T I T ]

3=INI7))



0 0 O
0 0 O
i 0 0 O
table([1= 12=1NJ8))
0 0 1
1 0 O
0 1 0
-D2 D3 D1

table([1= 12=1INJ8))

o
O
[y
o
U
w
=y
o
o

o
o
=
S
o
P
o

Example 2:

Spencer operator (see J.-F. Pommaret, Partial Differential Equations and Group Theory: New Perspectives for Applications, Kluwer,
1994, p. 163)

> Alg : = DefineOreAl gebra(diff=[Dl, x1], diff=[D2,x2], polynonr[x1,x2]):

>R :=evalm[[1], [D1], [D2], [Di”2], [Di*D2], [D2"2]]);

1 1 T

- > Short est FreeResol ut i on(R, Alg);




DI 0 -1 0 O
D2 -1 0 0 O
DI> 0 D1 0 -1

tablef1=@2D1 0 D2 -1 O

0 D1 D2 -1 O

L 0 0 0 0 0
[ For the details, see ShorterFreeResolution, Example 2.

Example 3:

L D1 D
> Shortest FreeResol uti on(F, Al g);

2D1 1 O

L D1 D2 1

o
o
o
o

o
o
o
o

o
o
o
o

o
o
o
o

2=INJ9))

'
[
o
o
o

o
A
o
(@)

o
o
[EnY
o

D1 D2 0 1

E (see J.-F. Pommaret, Partial Differential Control Theory, Kluwer, 2001, p. 665)
C>Ag := DefineOreAl gebra(diff=[D1,x1], diff=[D2,x2], polynoms[x1,x2]):
r>R:=evalm[[x2*D1, 1], [x2*D2, 0], [D1, D2]]1);
D1 1
R:=2D2 0
L D1 D2
r > ShortestFreeResolution(R Alg);
D1 1 O
table(1=2D2 0 042=INJ3))
L D1 D2 1
r>F := FreeResolution(R, Al Q);
D1 1

F:=table(l= D2 0QH2=[D2 D1 1],3=INJ1))

tablefl=2D2 0 052=INJ3))



OreModules SyzygyM odul €],

OreM 0du|es[$/zygyM oduIeRat] - return syzygy module of afinitely presented left module over an Ore algebra

Calling Sequence:

SyzygyModule(R,AlQ)
SyzygyModuleRat(R,AlQ)

Parameters:

R - matrix with entriesin Al g or INJ(n) or SURJ(n) or ZERO, where nis a non-negative integer
Alg - Oreagebra(given by DefineOreAlgebrg

B Description:

« SyzygyModule computes the syzygy module of the left module over the Ore algebra given by Al g which is presented by R i.e. of the
factor module of the free Al g-module of tuples whose length equals the number of columns of Rmodulo the submodule which is
generated by the rows of R Hence, the rows of the resulting matrix generate al left Al g-linear relations of the rows of R

* Riseither amatrix with entriesin the Ore algebraAl g or INJ() or SURJ(N) or ZERO, where nis a non-negative integer.

« Al g isexpected to be defined using DefineOreAlgebra

¢ Theresult of SyzygyModuleis a matrix whose rows form a Groebner basis of the syzygy module of the left Al g-module which is
presented by R

« SyzygyModuleRat performs the same computations as SyzygyModule, but the domain of coefficients of the Ore algebraAl g is
replaced by its quotient field, i.e. rational functions.

B Examples:

C > w th(OeMdules):

C>Ag := DefineOeAl gebra(diff=[D1,x1], diff=[D2,x2], polynoms[x1,x2]):
r>R:=mtrix([[D1, O, O], [-D2, D1, 1], [O, D1, 1]]);

DL 0 0
Ri=GD2 D1 1
L 0 D1 1
[ > SyzygyModul e(R Al g);
D2 D1 DY

r>R:=mtrix([[-D2, D1, 1], [O, D1, 1]]1);

2 D1 1
R:=

0 D1 1

> SyzygyModul e(R, Al Q);
INJ2)

ZERO

> SyzygyModul e(I NJ(3), A g);

1 T

> SyzygyModul e(SURI(2), A Qg);

r>R:=mtrix([[x1], [D1]]);

x1
R:=
L D1

( > SyzygyModul e(R, Al Q);




ngl—l —xlz‘é
D12 -2-x1D

[ > SyzygyMdul eRat (R, Al g);
x1D1-1 -x17

B See Also:
DefineOreAlgebra Resolution, FreeResolution, ShorterFreeResolution, Minimal Resolution, ProjectiveDimension, Exti, Extn, Tarsion,
| Parametrization, Minimal Parametrization, Quotient, Factorize, Elimination, Integrability, Involution, ReduceMatrix.




OreModuleg TorsionElements],

OreM odules[TorsionEIementsRat] - return generating set of torsion elementsin terms of the system variables

Calling Sequence:

TorsionElements(R,v,Alg)
TorsionElementsRat(R,v,AlQ)

Parameters:

R
v
Alg

matrix with entriesin Al g
list or vector of functions

Ore algebra (given by DefineOreAlgebrg)

B Description:

C

1T T

-1 r

TorsionElementsreturns a generating set of torsion elements of the left module over Al g which is presented by Rand a generating set

of autonomous equations that these torsion elements satisfy. The torsion elements are expressed in terms of the system variables given
by v.

Risamatrix with entriesin the Ore algebraAl g.

v isalist or vector of functions which depend on the independent variable of the ODE system. These functions are interpreted as the
system variables.

Al g isexpected to be defined using DefineQreAlgebra

The result of TorsionElementsis the empty list if no torsion elements exist in the left module over Al g which is presented by R, or a
list containing two vectors otherwise.

If theresult isalist of two vectors, then the first contains a generating set of autonomous equations that the torsion elements given by
the second vector satisfy. The second vector gives a generating set of torsion elements@, in terms of the system variables given by v.

TorsionElementsRat performs the same computations as TorsionElements, but the domain of coefficients of the Ore algebraAl g is
replaced by its quotient field, i.e. rational functions.

For linear systems of ODEs or PDESs, the command AutonomousElements returns the generating torsion elements as integrated
autonomous elements. This integration can also be achieved by using IntTarsion

Bl Examples:

> wi t h(OreModul es):
Example 1: Ordinary differential equations

System of linear ordinary differential equations describing a bipendulum (J.-F. Pommaret, Partial Differential Control Theory, 2001):
> Alg := DefineOeAl gebra(diff=[D,t], polynom[t], com¥[g,|1,12]):
>Rl := evaln([[D*2+g/11, 0, -g/l1], [0, D'2+g/12, -g/12]]);

g g
2,2 2
i ° 11
R1:=
g 9
2, = _2
0 Dy, T,

> Torsi onEl ement s(RL, [x1(t),x2(t),u(t)], Ag);
[]
There are no torsion elements, i.e. no autonomous elements of the systems, which means that, generically, the bipendulum is

controllable. However, if the lengths of the two pendula are equal, there are autonomous elements:
> Alg := DefineOreAl gebra(diff=[D,t], polynone[t], comre[g,|]):



>R := evalm([[D'2+g/l, O, -g/l], [0, D*2+g/l, -g/1]1]);

SRR

> Torsi onEl enents(R2, [x1(t),x2(t),u(t)], AQg);

2
%E} el(t)E» 96,(0)= o% () =x1(0) - xz(t)]E

Example 2: Differential time-delay systems

Linear differential time-delay system describing aflexible rod (see H. Mounier, Proprietes structurelles des systemes lineaires a

retards: aspects theoriques et pratiques PhD thesis, University of Orsay, France, 1995):

> Alg := DefineOreAl gebra(diff=[Dt,t], dual _shift=[delta,s], polynomet,s],
shift_action=[delta,t,h]):

>R :=evalm[[Dt, -Dit*delta, -1], [2*Dit*delta, -Di-Dt*deltar2, 0]]);

Dt Dt d -1
R:=% é
L Dtd -Dt-Dt&* O
> TorsionEl enents(R, [y1(t),y2(t),u(t)], AQ);
(PO Xt) =0, [B,(t)=-2y1(t— h) +y2(t) +y2(t - 2h)]]

1 T

Example 3: Partial differential equations

Linear system of partia differential equations that appears in mathematical physics, namely in the study of Lie-Poisson structures.
(See C. M. Bender, G. V. Dunne, L. R. Mead, Underdetermined systems of partial differential equations Journal of Mathematical

Physics, vol. 41, no. 9 (2000), 6388-6398 and

W. M. Seiler, Involution analysis of the partial differential equations characterising Hamiltonian vector fields, Journal of

L Mathematical Physics, vol. 44 (2003), 1173-1182.)

C>Ag := DefineOreAl gebra(diff=[D1,x1], diff=[D2,x2], diff=[D3,x3], polynonH x1,x2,x3]):
r>R:=eval m[[x1*D3, x2*D3, 0], [-x1*D2+x2*D1, -1, x2*D3], [-1, -x2*D1+x1*D2, x1*D3]]);

x1D3 x2D3 0
R:=Ex1D2+x2D1 -1 x2D
L -1 x2D1+x1D2 x1D

> Torsi onEl ement s(R, [F(x1,x2,x3), G&(x1,x2,x3), H(x1,x2,x3)], Ag);




0
3 6,(x1,x2,x3)=0

32 5 0B g ok
B ogarcfho
B ogaofho
3250 0o ol

[
)

8,(x1, x2, x3) = x1 F(x1, x2, x3) + x2 G(x1, X2, x3)

,(X1, X2, X3) = %@l F(x1, x2, x3)%+ %62 G(x1, x2, X3)%+ %63 H(x1, x2, x3)

fay
()

r> Tor si onEl emrent sRat (R, [ F(x1, x2,x3), x1,x2,x3), H(x1,x2,x3)], Ag);

0
673 (X1, x2,x3)=0

X1 %%2 6,(x1, x2, x3)%+ X2 %@1 6,(x1, x2, x3)%

0
3 8,(x1,x2,x3)=0

x1 % 6,(x1, x2, x3)%+ x2 %@l 6,(x1, x2, X3)%

8,(X1, X2, x3) = XL F(X1, X2, x3) + X2 G(x1, X2, x3)

i i i
(XL, X2, X3) = X2 G(xL, X2, X3) - x1° %2 G(x1, X2, X3) E+ x1x2 %1 G(x1, X2, X3) E— x12 %3 H(x1, X2, x3)

See Also:



OreModuleg[Torsion],

OreModuleg TorsionRat] - return generating set for torsion submodule and annihilators of torsion elements

Calling Sequence:
Torsion(R,AlQ)
TorsionRat(R,AlQ)

Parameters:
R - matrix with entriesin Al g or INJ(n) or SURJ(n), wherenis a non-negative integer

Alg - Oreadgebra(given by DefineOreAlgebrg

Bl Description:

« Torsion computes the first extension module with valuesin Al g of the left Al g-module presented by R It returns the same result as
Exti applied to Rfori =1

* Risamatrix with entriesin the Ore algebraAl g.

« Al g isexpected to be defined using DefineOreAlgebra

« For agenera description of the result of Torsion in terms of the computation of the first extension module, seeExti. If Ris the result
of Involution applied to some matrix R1with entriesin Al g, then the second matrix of the result is a presentation of M/ t(M), whereM
istheleft Al g-module presented by R1and t(M)is its torsion submodule. The first matrix of the result gives the annihilators of the

residue classes of the rows of the second matrix in M. Hence, non-zero torsion elements correspond to columns of the first matrix
which generate a proper left ideal of Al g.

TorsionRat performs the same computations as Torsion, but the domain of coefficients of the Ore algebra Al g isreplaced by its
quotient field, i.e. rational functions.

¢ The sameinformation can be obtained using Exti, but Exti also computes higher extension modules (cf. also Extn).

B Examples:
C> wi t h(Or eModul es):

Example 1: Ordinary differential equations

E System of linear ordinary differential equations describing a bipendulum (J.-F. Pommaret, Partial Differential Control Theory, 2001):
C>Ag := DefineOeA gebra(diff=[D,t], polynom<[t], comm<[g,|1,12]):
r>RlL :=evalm([[D*'2+g/11, O, -g/l1], [0, D*2+g/12, -g/12]]);
9 9
2, = =
i © 11
R1:=
g g
2, = -
i 0 Py i
r > Torsion(lnvolution(Rl, A g), Ag);
D?12g+g°
1 0gM2ll+g 0 -g
D?l11g+g?
0 1 0 D?12+g —g

L 41211+ D%12g+D?11g+g*H

Since the first matrix is an identity matrix, there are no torsion elements, i.e., there are no autonomous el ements of the systems, which
means that, generically, the bipendulum is controllable. However, if the lengths of the two pendula are equal, there are autonomous

L elements:

C>Ag := DefineOreAl gebra(diff=[Dt], polynone[t], comm~[g,I]):




1 T

>R ;= evaln([[D'2+g/l, 0, -g/1], [0, D*2+g/l, -g/1]1);

SRR

> Torsion(lnvolution(R2, Alg), Alg);

g
2l+g 0 10
0 1 D?l+g —g

2

[ Theresidue classr of the first row of the second matrix generates the torsion submodule of the Al g-module M presented by R2. This

residue classr satisfies | D+ g) r=0inM.
Example 2: Differentia time-delay systems

Linear differential time-delay system describing aflexible rod (see H. Mounier, Proprietes structurelles des systemes lineaires a

retards: aspects theoriques et pratiques PhD thesis, University of Orsay, France, 1995):

> Alg := DefineOreAl gebra(diff=[Dt,t], dual _shift=[delta,s], polynomet,s],
shift_action=[delta,t,h]):

>R :=evalm[[Dt, -Dt*delta, -1], [2*Dt*delta, -Di-Dt*deltar2, 0]]);

Dt Dt d -1
R:=% %
Dt> -Dt-Dtd*> O
> Torsion(lnvolution(R Al g), Ag);
0 0025 1+5% 04 1+6°

1 0 t Dtd 1 25

0 15Mts -Dt dOmMt-Dtd*H
The torsion submodule of the Al g-module M presented by Ris generated by the residue classr of the first row of the second matrix.
We haveDtr=0inM.

Example 3: Partial differential equations

Linear system of partia differential equations that appears in mathematical physics, namely in the study of Lie-Poisson structures.
(See C. M. Bender, G. V. Dunne, L. R. Mead, Underdetermined systems of partial differential equations Journal of Mathematical
Physics, vol. 41, no. 9 (2000), 6388-6398 and

W. M. Seiler, Involution analysis of the partial differential equations characterising Hamiltonian vector fields, Journal of
Mathematical Physics, vol. 44 (2003), 1173-1182.)

> Alg : = DefineOreAl gebra(diff=[D1, x1], diff=[D2,x2], diff=[D3,x3], polynomr[x1, x2, x3]):
> R := eval m([[x1*D3, x2*D3, 0], [-x1*D2+x2*Dl1l, -1, x2*D3], [-1, -x2*Dl+x1*D2, x1*D3]]);

x1D3 x2D3 0
R:=Ex1D2+x2D1 -1 x2D
-1 x2D1+x1D2 x1D

> Torsion(lnvolution(R Al g), Ag);



1

1

1

1

x1x2D1-x12D2-x2 —x12D

X2 0
D2 D3

x2D1+x1D2 x1D

X2 0

D3 0
x2D1+x1D2 0
0 x2D3
0 x1D3
0 x2D1+x1D2
L 0 0
L Computation of the torsion submodule over the Weyl algebra with rationa coefficients:
r > TorsionRat (I nvolution(R, A g), A Qg);
D3 0
x1D2+x2D1 0 %
0 D3
L 0 ~x1D2+x2D

x2D3
x1D3

x1D2+x2D

:




