In this worksheet we study the parametrizability of Maxwell equations. See H. Weyl, Space Time
Matter, fourth edition, Dover, 1952.

> with(Ore_algebra):
> with(OreModules) :

We define the Weyl algebra Alg = A4, where d; acts as differential operator w.r.t. z;, i=1, ..., 4, and
where 1, x2, 3 are the spatial variables and x4 is the time variable.

> Alg := DefineOreAlgebra(diff=[d[1],x[1]], diff=[d[2],x[2]], diff=[d[3],x[3]],
> diff=[d[4],x[4]], polynom=[x[1],x[2],x[3],x[4]], comm=[epsilon,mu]):

We enter the system matrix of the first set of Mazwell equations, which is a matrix with entries in Alg:
The first three rows stand for the sum of the time derivative of the magnetic field and the curl of the
electric field; the last row of the matrix is the divergence of the magnetic field.

R := evalm([[d[4], O, 0, O, -d[3], d[2]],
(0, d[4]1, o, d[3], 0, -d[1]],

[0, O: d[4]’_d[2], d[l:la 0]:

[d[1], d4[2], d4[3], 0, O, 011);

d. 0 0 0 —ds do
0 d¢ 0 ds 0 —-d
0 0 dy —do dy 0

di dy d3 O 0 0

V V V V

R =

In terms of equations, the first set of Maxwell equations is given by:

> ApplyMatrix(R,
[seq(BLi] (seq(x[j],j=1..4)),i=1..3) ,seq(E[i] (seq(x[j],j=1..4)),i=1..3)], Alg)
> =evalm([[0]1$4]);

\Y

(8w4 31(3317 To, T3, T4)) — (8%3 Esy(x1, 22, 23, T4)) + (8%2 Esz(x1, x2, x3, T4)) 0
( 327 Bo(w1, 22, 23, 74)) + (% Ey(21, 22, 23, 74)) — (821 Es(wy, w2, 3, 24)) | | O
(i s(x1, T2, T3, 14)) — (5% Ei(w1, 32, w3, 74)) + (50 Ba(w1, m2, 73, 1)) 0
(% (lev x2, I3, x4)) + (% 32 T, T2, T3, x4)) + ( 23 BS(xlv T2, I3, .134)) 0
The syzygy module of the Alg-module generated by the rows of R is defined by:
> Syzygy := SyzygyModule(R, Alg);
Syzygy := [ dv dy d3 —dy |
Equivalently, if we consider the first set of Maxwell equations with a right member (x[1] : ... : s[4]))T,

then the compatibility condition of the inhomogeneous system is given by:

> ApplyMatrix(Syzygy, [seq(kappalil(seq(x[j],j=1..4)),i=1..4)1, Alg)[1,1]1=0;

(3?0 ki(x1, T2, T3, T4)) + (52 Ko(T1, T2, T3, T4)) + (82 k3(w1, T2, T3, T4))

(324 ka(T1, T2, T3, 4)) =0

Let us check whether or not the first set of Maxwell equations is parametrizable. In order to do that, let
us introduce the formal adjoint R_ adj of R:

> R_adj := Involution(R, Alg);



—dy 0 0 —-d
0 —-dys 0 —do
0 0 —dy —ds
0 —d3 do 0

ds 0 —d 0

—dy dy 0 0

R_adj :=

To check whether the system of Maxwell equations is parametrizable, we compute the first extension
module ext”1 with values in Alg of the left Alg-module N which is associated with R_adj:

> st := time(): Extl := Exti(R_adj, Alg, 1); time()-st;
ds ds 0 0

10 0 0 dg 0 0 0 —ds do 0 —di ds 0

Ert] — 0 1 0 0 di do d3 O 0 0 —-di 0 —dy O
’ 001 0”0 —=dg 0O —=ds 0 d |’ 0 0 —ds —dy
0 0 01 0 0 d¢ —do dv O dy 0 0 —da

0 —-dy 0 —ds
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Since Ext1[1] is the identity matrix, we see that the module M, which is associated with R, is torsion-free.

Equivalently, the system of Maxwell equations is parametrizable and Fzt![3] is a parametrization of the
system. More precisely, if we introduce the following notations

> Bvec := evalm([seq([B[il (seq(x[j],j=1..4))1,i=1..3)1);
[ Bi(x1, z2, 3, T4) |
Buec := | Ba(x1, T2, T3, 4)
L B3(.’E17 T2, T3, .’L'4> i
> Evec := evalm([seq([E[i](seq(x[jl,j=1..4))]1,i=1..3)1);

[ El(xlv X2, I3, .’E4) 1
Evec := | Es(z1, x2, T3, T4)
E3(.’E1, T2, T3, m4) a

then, we obtain the following classical parametrization of the first set of the Maxwell equation by means
of the quadri-potential (A[1], A[2], A[3], V):

> ApplyMatrix(Ext1[3],
> [-A[2] (seq(x[i],i=1..4)),A[3] (seq(x[i],i=1..4)),A[1] (seq(x[i],i=1..4)),
> V(seq(x[i],i=1..4))], Alg)=linalg[stackmatrix] (Bvec, Evec);

((%3 Ag(x1, @2, 23, T4)) + ((%2 Asz(x1, 2, 3, T4)) ]31(3;17 o, T3, T4)
(8;1;1 A3(x17 L2, X3, .1‘4)) + (3933 Al(xlv L2, X3, x4)) (xl, X2, T3, T 4)
(ga; Az(1, 22, 23, 24)) — (52 Ar(21, 22, 23, 24)) | _ | Bs(an, 22, 23, 74)
(% 1(®1, 22, 3, 24)) — (% V(xy, x2, 3, 24)) | E1(IE1, T2, T3, T4)
(% (131, X9, T3, IIJ4)) (% V(l‘l, To, T3, l‘4)) E2(-'1717 T2, T3, T 4)

L (8i 3(z1, T2, T3, 1)) — (%V(mla T2, T3, Ta)) ] Es(w1, @2, 23, 24)

Let us point out that the parametrization of the first set of Maxwell equations is not unique. In particular,
we had to permute some columns of Ezt1[3] in order to find again the standard parametrization of the first
set of Maxwell by the quadri-potential (A[1], A[2], A[3], V). In the rest of this Maple worksheet, in order
to find again the classical results of electromagnetism, we shall use the following standard parametrization
P instead of Ext1[3]:

> grad := evalm([[d[1]], [d4[2]], [d[3111):



curl := evalm([[0, -d[3], d[2]], [d[3], O, -d[1]], [-d[2], d4[1], 0]1):
P1 := linalg[stackmatrix] (curl, linalg[band] ([-d[4]], 3)):
P2 := linalg[stackmatrix] ([[0]$3], -grad):
P := linalglaugment] (P1, P2);
0 —ds do 0
ds 0 —di 0
—dy dy 0 0
—dy O 0 —d
0 —ds 0 —dy
0 0 —dys —ds

vV V. V V

P =

Let us insist that P is obtained by multiplying the second column by -1 and by performing a cyclic
permutation on the first three colums of Ext[3].

Therefore, P and Ext1[3] define the same parametrization up to a change of names of the arbitrary
functions, i.e., of the potentials. We have:

> ApplyMatrix(P, [seq(A[i](seq(x[i],i=1..4)),i=1..3),V(seq(x[i],i=1..4))], Alg)
> =linalg[stackmatrix] (Bvec, Evec);

(89: Az (1, 22, 3, T4)) + (agg Az (1, w2, T3, 24)) 1(z1, 22, 3, T4)
(z1, T2, T3, T4)

( o, Ag(.’l?l, To, T3, .1?4)) — 3($ T2, T3, T 4)
A1($1, T2, T3, Ta)) — ( 74)
(331, T, T3, 1‘4)) ( )

o ) — ( )

Z1, T2, T3, $4)

Z1, T2, T3, T4
2\T1, T2, T3, T4
3\T1, T2, T3, T4
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In what follows, we shall see that this parametrization is not minimal. We first compute a free resolution
of the Alg-module M associated with R:

> FreeResolution(R, Alg);

di 0 0 0 —d3 do
0 di 0 ds 0 —d
0 0 di —do di O
di dy d3 0 0 0

table([1 = 2=[di dy d3 —dy],3=INJ(1)])

In particular, by summing alternatingly the number of columns of all the entries in this free resolution,
we find that the rank of M is 6 - 4 + 1 = 3. This result can also be obtained using OreRank:

> QOreRank(R, Alg);
Hence, a minimal parametrization of the system involves only three potentials contrary to the parametriza-

tion by the quadri-potential. Let us compute some minimal parametrizations of the system using
MinimalParametrizations:

> st := time(): Pmin := MinimalParametrizations(R, Alg); time()-st;
ds dsy 0 ds do 0 ds 0 0 ds 0 0
0 —di ds 0 —-di O 0 ds 0 —di ds 0
Prvin — —di 0 —do —d; 0 0 —d; —dy 0 0 —do O
’ 0 0 —dy |’ 0 0 —dy |’ 0 —dy —dy |’ 0 —dys —dy
dy 0 0 dy 0 —do dy 0 —do 0 0 —do

0 —ds O 0 —ds —ds 0 0 —ds —dy 0 —ds



0.690

We write the first of these minimal parametrizations in a more familiar way using the free functions

wh 1b27 w?):

> ApplyMatrix(Pmin[1], [seq(psilil(seq(x[jl,j=1..4)),i=1..3)], Alg)
> =linalg[stackmatrix] (Bvec, Evec);

(% P1(x1, 29, T3, T4)) + (% o(x1, Ta, T3, T4)) | Bi(z1, @s, 73, 14)
—(gg7 Y2(@1, 22, 23, 24)) + (55 ¥3(21, T2, T3, T4)) Bs(a1, To, %3, T4)
— (3 ¥1(21, w2, w3, 1)) — (52 Ya(w1, w2, 3, 7)) | | By(ar, w2, w3, 24)

_(3%4 Vs(21, T2, T3, T4)) | Ei(w, w2, 13, 34)
%wl(ﬂ;‘l, X2, I3, .%‘4) E2($1, X2, T3, :L‘4)
I — (527 Ya2(@1, 72, T3, 74)) | Ea(w1, w2, @3, 74)

Similar minimal parametrizations of the first set of Maxwell equations can be obtained using Pmin|2]
and Pmin[3]. We finish by studying the second and the third extension modules with values in Alg of
the Alg-module N associated with R_ adj:

> st := time(): Ext2 := Exti(Involution(P, Alg), Alg, 1); time()-st;
1 0 00 0 O dy 0 0 dy
01 0 0 00O —d3 0 di O —dy
o 0 01 000 —dy dy 0 0 —dy
Erz=1g 00100 0 d 0 d /|| —ds
000 0 10 0 —ds3 dy O dy
0 00 0 01 0 0 dy ds

0.880

Since Ext2[1] is the identity matrix, we see that ext”2 of N is zero, and thus, the Alg-module associated
with the first set of Maxwell equations is reflexive.

Therefore, if we consider the system of equations formed by the parametrization of the first set of
Maxwell equations by means of the quadri-potential (A[1], A[2], A[3], V) with a zero right hand side,
then this new system is parametrizable. In fact, such a parametrization is given in Ext2[3].

> ApplyMatrix(Ext2[3], [-xi(seq(x[il,i=1..4))]1, Alg)
> =evalm([seq([A[i] (seq(x[i],i=1..4))],i=1..4)1);

a
I Aq(xy, w2, 3, T4)
7z, %l _ | Ax(m, w2, w3, 74)
% %01 As(x1, w2, T3, T4)
7(% %1) A4(l‘17 T2, I3, x4)
4

%1 = &(xq, 22, T3, Tq)

This parametrization corresponds to the gauge transformation of the quadri-potential (A[1], A[2], A[3],
V). Obviously, this parametrization is a minimal one.

> st := time(): Ext3 := Exti(Involution(P,Alg), Alg, 2); time()-st;
Ext3 = ;[ 1],SURJI(1)

0.330



Since Ext3[1] is not an identity matrix, we see that ext”3 of N is not the zero module. Therefore, the Alg-
module associated with the first set of Maxwell equations is not projective, and thus, free. In particular,
we cannot parametrize the above gauge transformation if (A[1], A[2], A[3], V)T = (0: 0: 0: 0)7T.

Let us interpret the formal adjoints of P, Fzt2[3] and R. Let us start with the formal adjoint P_ adj of
the parametrization P of the first set of Maxwell equations. We have:

> P_adj := Involution(P, Alg);

0 —d3 do di 0 O
ds 0 —di 0 dy 0
“dy dy 0 0 0 dy
0 0 0 d do ds

We easily check that P_ adj corresponds to the second set of Mazwell equations. More precisely, we have

> ApplyMatrix(P_adj, [seq(H[j](seq(x[jl,j=1..4)),j=1..3),-Di(seq(x[jl,j=1..4)),
> -D2(seq(x[j],j=1..4)),-D3(seq(x[jl,j=1..4))], Alg)
> =evalm([seq([j[il (seq(x[j]1,j=1..4))]1,i=1..3), [-rho(seq(x[j]l,j=1..4))11);

r —(a%d Hy (1, T2, T3, T4)) + (312 H3 (21, x2, 23, 74)) — (a D1(z1, x2, 23, 74))
(52 Hi(z1, 22, 3, 74)) — (52 H3($1, T2, T3, T4)) — (i 2(x1, 2, T3, T4))
(o Hy(r v, 20) + (o o, 2, 70, 78) — (o D3, 0, 7, 28) |
L —(3% D1(x1, 3, x3, 24)) — (5% D2(x1, T3, T3, Ty)) — (ai 3(x1, w2, T3, £4))

—P(CEl, €2, I3, 304)

where (H[1], H[2], H[3]) denotes the magnetic induction, (D1, D2, D3) the electric induction, (j[1], 7[2],
713]) the density of current and p the density of electric charge. Now, the formal adjoint R3_ adj of the
gauge transformation Ext2[3] is defined by:
> R3_adj := Involution(Ext2[3], Alg);
R3,adj = [ dl d2 d3 —d4 ]

We easily check that R3_ adj corresponds to the conservation law, as we have:

> ApplyMatrix(R3_adj, [seq(j[i](seq(x[jl,j=1..4)),i=1..3),-rho(seq(x[j],j=1..4))1,
> Alg)[1,1]=0;

(3% d1(m1, w2, w3, T4)) + (52 ja(w1, w2, @3, 7)) + (5% Ja(w1, 2, T3, T4)) + (3% plar, 22, T3, T4))
=0
Finally, if we take j[i] = 0 and p = 0, we can check whether or not the resulting second set of Maxwell
equations are parametrizable.
> extl := Exti(P, Alg, 1);
—dy —di O 0

10 00 —d3s 0 dg 0 —ds O 0 —dy ds 0
ext] — 01 00 —dy di 0 O 0 dy 0 —d3 0 —ds
' 0 01 0}’ 0 —ds do dgi O 0 |’ 0 0 ds ds
00 01 0 0 0 di do ds ds 0 0 —d

—dy 0 —di O



Therefore, the second set of Maxwell equation is parametrized by ext![3],

parametrization of the magnetic/electric inductions:

vV VvV VvV V

The arbitrary functions 6]i], i=1, ...,

Hvec :

Dvec :

evalm([seq([H[i] (seq(x[j],j=1.
evalm([[D1(seq(x[j],j=1.
ApplyMatrix(ext1[3],

=linalg[stackmatrix] (Hvec, Dvec);

%1 = 03(x1, 2, 23, T

(

%2 = 91(1‘ T2, T3,

%3 := 04(x1, T2, T3,
(

%4 = 02 T1, T2, T3,

.4))71,i=1..3)1):

.4))1, [D2(seq(x[j],j=1.

[seq(thetalil (seq(x[j],j=1..4)),i=1.
[ _(8%4 %2) — (6%1%4) ] Hy (1, x2, x3,
(% %4)4_(%%1) Hg(xl, To, T3,
_<a%3 %4)_(3%4%3) _ H3($17I2,$3a
(aig% )+ (822 %3) | D1(z1, 22, 3,
(32 %2) — (52 %3) D2(x1, w2, 3,
_(% %2) (62 %1) D3(.’L‘1, To, T3,

4
T4

T4
Ty

4)
4)
4)
)

.4))]1,[D3(seq(x[j1,j=1.

.41, Alg)

i.e., we have the following

2411

4, are sometimes called pseudo-potentials. Let us point out that the

parametrization ext![3] of the second set of Maxwell equations by the pseudo-potentials is equivalent to
the formal adjoint R_adj of the first set of Maxwell equations:

Let us introduce the following matrix, where p denotes the magnetic constant and e is the dielectric

constant:
> M :=
>

[0,epsilon,0],[0,0,epsilon]]));

oS =

o

o O O

Then, the Minkowski law is defined by:

>
>

.4)),i=1.

Hy(x1, 2, x3, T4)
Hy(xq, x2, 3, T4)
H3($17 T2, I3, I4)
D]-(xl; T2, I3, 1'4)
D2(z1, 2, x3, T4)
D3(.’171, o, T3, 3?4)

00 00 0]
Lo o000
I
1
0 = 00 0
1
0 0 00
0 0 0 ¢ 0
0 0 00 ¢

linalg[stackmatrix] (Hvec, Dvec)=ApplyMatrix(M,

[seq(B[i] (seq(x[j],j=1. .3),seq(E[i] (seq(x[j],j=1.

[ Bi(x1, 22, 23, 24)

I

By(x1, w2, 3, x4)

"

= | Bs(x1, x2, 3, 4)

o

€E1(I’1, T2, T3, 1'4)
€E2($1, Z2, I3, 1'4)
| € Es(x1, 22, 23, 24)

.4)),i=1..3)1,

Alg);

linalg[diag] (evalm([[1/mu,0,0],[0,1/mu,0],[0,0,1/mul]) ,evalm([[epsilon,0,0],



Now, if we substitute the parametrization of the first set of Maxwell equations by means of the quadri-
potential (A[1], A[2], A[3], V) into the Minkowski law and substitute again the result into the second set
of Maxwell equations, we obtain the matrix of differential operators

> J := linalg[diag] (1inalg[band] ([1], 3), linalg[band] ([-1], 3)):
> wave := Mult(P_adj, J, M, P, Alg);

C a2 2 2 .
d3 d2 +d4 [SyYi d2 d1 d3 d1 d4€d1
) ;) 7
a2 g2 2
do dy ds* —di"+ds“ep ds ds dyedy
wave 1= L L o
ds dy ds dy —do? —di* +di%ep
— — dgeds
) ) p
L d4€d1 d4€d2 d4€d3 d128+d22€+d32€_

or, in terms of the (A[1], A[2], A[3], V), we obtain the following equations:

> Equations := ApplyMatrix(wave, [seq(A[j](seq(x[i],i=1..4)),j=1..3),
V(seq(x[i],i=1..4))]1, Alg):

El := simplify(Equations[1,1])=j[1] (seq(x[i],i=1..4));

\%

2 2 2
E1:= (E(%ﬁ Ay(z1, T2, T3, T4)) Pt — (%22 Ay (21, T2, T3, 24)) — (%32 Ay(w1, w2, T3, 74))
2 2
+ (5555 Aa(m1, w2, w3, 14)) + (5555 As(x1, w2, T3, 74))

2 .
+5(ﬁ V(l'lv T2, T3, 1'4))/14)/,& :Jl(xla T2, I3, 1'4)
> E2 := simplify(Equations[2,1])=j[2] (seq(x[i],i=1..4));

2 52
E2 = ((Ekbzaﬁm Al(‘rlv T2, T3, {E4)) +€(8m 2 A2(‘T1’ T2, T3, $4))M - (3212 A2($17 T2, T3, x4))

2
— (%32 Ag(xy, T2, 3, T4)) + (rg 725 As(z1, 22, T3, 24))
2
+e (ﬁ V(z1, x2, T3, 24)) 1)/ 1 = Ja (21, T2, T3, T4)
> E3 := simplify(Equations[3,1])=j[3] (seq(x[i],i=1..4));
2 2
E3 = —(—(g50gm Ai(1, w2, w3, 24)) — (550555 A2 (@1, w2, T3, 74))
- 5(%42143(1317 T2, T3, T4)) 1+ (%12‘43(3317 2, X3, £4)) + (%22‘43(%1’ T2, T3, 74))
2 .
5(%&?3 V(z1, x2, T3, x4)) ) /10 = Js(21, T2, T3, T4)
> E4 := simplify(Equations[4,1])=-rho(seq(x[i],i=1..4));
2
4 — 6((8m4 5ar A (xh To, T3, fE4)) + (73:&1 J2a Ag(xl, X2, T3, SC4)) + (7314?3@; A (CCl; X2, T3, 1’4))
2
+ (W V(z1, T2, T3, T4)) + (%22 V(z1, x2, T3, T4)) + (awgz V(@1, 22, 3, 14))) =

*P(ﬂfb T2, T3, .T4)

However, we saw that the quadri-potential (A[1], A[2], A[3], V) is defined up to a gauge transformation.
Therefore, we can assume that the quadri-potential (A[1], A[2], A[3], V) satisfies the following equation:

> G := evalm([[seq(d[i],i=1..3),epsilon*mu*d[4]]1]):
> ApplyMatrix(G, [seq(A[j](seq(x[il,i=1..4)),j=1..3),V(seq(x[i]l,i=1..4))]1, Alg)[1,1]=0;

(3%1 Ai(z1, T2, T3, T4)) + (8:1:2 A (z1, T2, T3, T4)) + (8:1:3 Asz(z1, T2, T3, T4))

+5M(0w4 V(xl, T2, T3, .T4)) =0



Multiplying the previous equation by the following column of differential operators

> T := evalm([seq([-1/mu*d[i]], i=1..3),[-epsilon*d[4]]1]);

ﬁ -

I
_&
T := W
_ds

o
L —€d4

we obtain the so-called gauge condition defined by Gauge (A[1], A[2], A[3], V)T = (0: 0: 0: 0)T, where
Gauge is the following matrix:

> Gauge := Mult(T, G, Alg);

di? dyd ds d i
7i 2 U1 o 3 U1 7d4€d1
% % %
dyd ds? ds d
o 2 U] 7i 3 U2 7d4€d2
Gauge := 7 I I
dsd ds d ds?
_dza; Az a2 _as —dyeds
% %
L —d4€d1 —d4€d2 —d4€d3 —€2d42,u i

Then, from the systems wave (A[1], A[2], A[3], V)T

— (1) 5 421 ¢ j[3): - )T and Gauge (A[1], A2,
A, V)T =(0:0: 0: 0)T, we finally obtain Wave (A[1], A[2], A[3], V)T = (j[1] : j[2] : j[3] : - p)7,
where the matrix Wave is defined by:
> Wave := simplify(evalm(wave+Gauge));
%1 0 0 0
0 %1 0 0
Wave := 0 0 %1 0
0 0 0 di’e+di?e+ds’e—e2dipu
o1 e —dy? —di? +dgP e p — ds?

1

Using the fact that v2=1/(p ), where v is the speed of light, we see that the quadri-potential (A[1], A[2],
A[3], V) satisfies the following equations:

> WaveEq := ApplyMatrix(Wave, [seq(A[j](seq(x[i],i=1..4)),j=1..3),
> V(seq(x[il,i=1..4))]1, Alg):

> subs(epsilon=1/(mu*v"2), simplify(muxWaveEq[1,1]))=muxj[1](seq(x[i],i=1..4));
9% o1
22— % R 5 2 .
P (5 1) — (3 1) — (52 %) = s, w2, s, )
%1 = Ai(z1, xa, x5, 5‘74)
> subs(epsilon=1/(muxv"2), simplify(mu*WaveEq[2,1]))=muxj[2] (seq(x[il,i=1..4));
0% _o1q
22— % R 5 2 .
B — (3 ) = (52 1) — (gl %1) = (e, o, @, @)

%1 := Ag(x1, x2, T3, T4)



> subs(epsilon=1/(mu*v~2), simplify(muxWaveEq[3,1]))=mu*j[3](seq(x[i],i=1..4));

9% o1
= 0 2 2 2 .
P — (e %1) — (52 %1) — (gyz %1) = uja a1, w2, w3, a)

%01 = Az(x1, 22, T3, T4)
> subs(epsilon=1/(mu*v~2), simplify(-WaveEq[4,1]/epsilon))
> =epsilon*rho(seq(x[i],i=1..4));

0% o1
2.2 70 2 2 2
= 41;2 - (6212 1) — (%22 %01) — (%32 %1) = e p(x1, T2, T3, T4)

%1 :=V(x1, x2, T3, T4)

Finally, if there is no densities of current and of electric charge, i.e., j[i] = 0, i=1, ..., 3, and p = 0, then
we conclude that the quadri-potential (A[1], A[2], A[3], V) satisfies an electromagnetic wave with a speed
of propagation equals to the speed of light in the vacuum, i.e., v = ¢ = 1/ (¢0 u0), where 0 and €0 are
respectively the magnetic and the electric constants in the vacuum.



