We shall study an underdetermined system of PDEs coming from mathematical physics.
J. Wheeler: Exist potentials for the Einstein equations?

Pommaret (1995): No. See J.-F. Pommaret, Dualité différentielles et applications, C.R. Acad. Sci.
Paris, Serie I 320 (1995). (See also H. Weyl, Space Time Matter, fourth edition, Dover, 1952, for more
details on Einstein equations.)

Let us prove this by using OreModules!

> with(Ore_algebra):
> with(OreModules):

We define the Weyl algebra Alg = A4 (where z[1], 2[2], [3] stand for the three space components and
x[4] = ct for the time):

> Alg := DefineOreAlgebra(diff=[D[1],x[1]], diff=[D[2],x[2]],
> diff=[D[3],x[3]], diff=[D[4],x[4]], polynom={x[1],x[2],x[3]1,x[4]1}):

The linearized Ricci equations in the vacuum are defined by the following matrix of differential operator.

R := evalm([[D[2] 2+D[3]"2-D[4]"2, D[1]1"2, D[1]1"2, -D[1]1"2, -2%«D[1]1*D[2], O, O,
-2xD[11%D[3], O, 2«D[1]1*D[4]1],

[D[2]~2, D[1]1-2+D[3]1"°2-D[4]1"2, D[2]"2, -D[2]"2, -2*D[1]1*D[2],
[D[3]"2, D[31"2, D[1]1"2+D[2]"2-D[4]"2, -D[3]1"2, 0, -2*«D[2]*D[3],
2+D[3]1*D[4], -2%«D[1]1*D[3], 0, 0],

[D[4]~2, D[4]"2, D[4]"2, D[1]"2+D[2]"2+D[3]"2, O, O, -2+#D[3]*D[4], O,
-2«D[2]*D[4], -2«D[1]*D[4]1],

[0, 0, D[11*D[2], -D[1]1*D[2], D[3]1"2-D[4]1"2, -D[1]1*D[3], O,
-D[2]xD[3], D[1]1xD[4], D[2]*D[4]],

[D[2]*D[3], 0, O, -D[2]*D[3],-D[11*D[3], D[1]1"2-D[4]"2, D[2]*D[4],
-D[1]1xD[2], D[3]1%D[4], 0],

[D[3]*D[4], D[3]*D[4], 0, 0, O, -D[2]*D[4], D[1]~2+D[2]"2,
-D[1]1*D[4], -D[2]1*D[3], -D[11*D[311,

[0, D[11*D[3], 0, -D[1]1*D[3], -D[2]*D[3], -D[1]xD[2], D[1]1*D[4],
D[2]"2-D[4]"2, 0, D[3]*D[4]],

[D[2]*D[4], O, D[2]*D[4], O, -D[1]1*D[4], -D[3]1%D[4], -D[2]=D[3], O,
D[1]1-2+D[3]"2, -D[1]1*D[2]1],

[0, D[1]1xD[4], D[1]xD[4], O, -D[2]*D[4], 0, -D[1]1xD[3], -D[31*D[4],
-D[1]1*D[2], D[2]1"2+D[3]1°211);

r D2+ D32 — D42, D2, D2, =Dy, =2D1 D5, 0,0, —2D; D5, 0, 2Dy Dy T
Dy?, D12+ D3? —D,%, Dy?, —=Dy?, —2D; Dy, —2Dy D3, 0,0, 2Dy Dy, 0
D3?, D32, D12+ D2 —D,?%, —D3?, 0, —2Dy D3, 2D3 Dy, —2D; D3, 0, 0
D,2, D42, Dy%, D124+ D22+ D32, 0,0, —2D3Dy, 0, —2Dy Dy, —2D1 Dy
0,0,D;Dy, =Dy Dy, D32 — D42, =D D3, 0, =Dy D3, D; Dy, Dy Dy
DyD;3, 0,0, -DyD3, =Dy D3, D;2 — D42, Dy Dy, —=D; Dy, D3 Dy, 0
D3Dy, D3Dy,0,0,0, =Dy Dy, D12 +Dy?, =Dy Dy, =Dy Dy, —D; D3
0,D:Ds, 0, —-D; D3, —DyD3, —Dy Dy, D; Dy, D3% — D42, 0, D3 Dy
DyDy, 0,DsDy, 0, =Dy Dy, —D3Dy, —Ds D3, 0, D12+ Ds%, —D; Do
0,D;D4, DDy, 0, —DsDy, 0, =Dy D3, —D3 Dy, —D; Dy, Dy? + D5°

VVVVVVVVVVVVVVVYVVYVVYV

First of all, let us compute the rank of the Alg-module M associated with R.

> OreRank(R, Alg);



time() - st; Exti[1];

44.639

Exti(R_adj, Alg, 1):

D?, D2*, Dy® +Dy* —D4*, D4*, D; Dy, 0,0,0, Dy Dy, Dy Dy
Extil

D,? + D3 — D,?, D%, D3%, D4, 0, D2 D3, D3 Dy, 0, DDy, 0
D?, Dy? +D3* - D,?, D3%, D4%, 0,0, D3D,, Dy D3, 0, Dy Dy
7D127 7D227 7D327D12+D22+D32; 7D1D27 7D2D37O7 7D1D37070
0,0,2D3Dy4, —2D3Dy, 0, DDy, D1? +Dy?, Dy Dy, —Dy D3, —D; D3
—2D;D3,0, -2D; D3, 0, ~Dy D3, —D; Dy, =Dy Dy, Do*> —D4*, 0, —D3 Dy
2D D4, 0,0, —2D; Dy, DDy, 0, =Dy D3, D3Dy, =Dy Do, Do? + D3?

—2D; Dy, —2D; Dy, 0, 0, D3*> —D4?, =D D3, 0, —D2 D3, =Dy Dy, D2 Dy
0,2DyDy, 0, —2Dy Dy, Dy Dy, D3 Dy, D2 D3, 0, Dy + D3, —D; Dy

0, —2Dy D3, —2Dy D3, 0, =Dy D3, D;? — D4, Dy Dy, —D; Dy, —D3 Dy, 0

Involution(R, Alg);

time():

R_adj
R_adj :=
st :=

The formal adjoint of the linearized Ricci equations is defined by the following matrix of differential
>

operators.
We compute the first extension module ext”1 with values in Alg of the formal adjoint of the linearized

Ricci equations in Alg.
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%1 :=D12+ D2 —D,22+D

3

> Ext1[2];



DyD4,0,0,0,-DyDy,0,0,0,D2, =Dy Dy
D3D410a03030a0;D127_D1D4707_D1D3
DyD;3,0,0,0,-DyD3, D;2,0,-D; D5, 0,0
D4?,0,0,D:2,0,0,0,0,0, —2D; Dy
D3?,0,D:2,0,0,0,0, —2D; D5, 0,0
D,2,D:%,0,0,-2D;D5,0,0,0,0,0
0,D3D4,0,0,0,-DyDy, Ds2,0, —=DyD3, 0
0,D42,0,D52,0,0,0,0, —2D5Dy, 0
0,D3?,D5%,0,0, —2DyD5,0,0,0,0
0,-D1D4,0,0,D;Dy,0,0,0,D; Dy, —D5?
0,-DiDs,0,0,DyD3, DDy, 0, -D5%,0,0
0,0,D4%,D3%,0,0, —2D3Dy,0,0,0
.0, -DsDy,0,0,D3Dy, DyD3, 0, —=D32, 0
,—D1D4,0,0,0,D;D3,D3Dy, 0, —D3?
, D1 Dy, 0,D3%, -D; D3, 0, ~DyD3, 0,0
0,DyD;3,0,D4%, =DyDy, 0, —=D3Dy, 0
,0,D1D3,0,0, —D; Dy, D42, 0, —D3Dy
0,DyDy,D4%,0,0,0, -D; Dy, —DyDy
07030303D3D477D1D43D1D2703037D2D3
0,0,0,0

Interpretation of the result:

The second matrix FEzt1[2] gives a family of generators of 20 torsion elements in the Alg-module
M associated with the linearized Ricci equations. The first matrix Ezt1[1] shows that all the torsion
elements are killed by the same differential operator, namely the Dalembertian D;? — D42 4+ Dy? + D52,
The third matrix gives a parametrization of the torsion-free module M / t(M).

In conclusion, the linearized Ricci equations cannot be parametrized, i.e., they do not admit a poten-
tial.

Let us rewrite the torsion elements in terms of the system variable y1, ..., y10:

> TorsionElements(R, [seq(y[i]l(x[1],x[2],x[3],x[4]), i=1..10)]1, Alg);



[ (55,2 %20) + (%2 %20) — <%2 %20
(5,7 %19) + (%2 %19) — (227 %19
(g7 %18) + (5= %18) — (572 %18
(g7 H1T) + (502 %17) — (555 %17
(g 7016) + (5352 %16) = (52 %16
(722 %15)+(3‘2§2 %15) — (8% %15
(g7 614) + (523 %14) — (55 %14
(3, %013) + (552 %13) — (5= %13
(3332 %12) + (3232 %12) — (82% %12
(8252 %11) + (6232 %11) — (%2 %11
(772 %610) + (32 %10) - (%2 %10

(219) + (G2 %9 — (g 59
(527 %68) + (557 %8) = (52 = %8)
(3257 1) + (523 %7) = (53 %7)
(357 %6) + (50 %6) — (537 %0)
(g, %5) + (%gz %5) — (5= %5)
(3257 764) + (533 64) = (5.3 %4)
(3257 %3) + (53 %3) = (5,3 %3)
(a57 %2) + (557 %2) — (555 %2)
L (352 %) + (522 %1) — (522 %1)
%1 .= 920(1'1, Ta, X3, $4)
%2 1= bO19(x1, T2, T3, T4)
%3 = 918({,61, X2, I3, x4)
%04 = O17(x1, w2, 3, T4)
%5 1= O16(x1, T2, T3, T4)
%6 := 015(x1, T2, T3, T4)
%7 := 614(x1, 2, T3, T4)
%8 := 613(x1, T2, T3, T4)
%9 := 912(1'1, Ta, X3, 334)
%10 := 011(21, T2, T3, T4)
%11 .= 010(351, To, T3, x4)
%12 := 0o(z1, T2, T3, T4)
%13 := Og(x1, T2, T3, T4)
%14 := 07(x1, T2, T3, T4)
%15 = Hg(x To, T3, T 4)
%16 := O5(x1, T2, T3, T4)
P17 := 04(x1, T2, T3, T4)
%18 = 93(.%‘ To, T3, T )
%19 := 03(x1, T2, T3, T4)
%20 := 01 (z1, x2, 3, T4)

%19 =0
%18 =0
0

2

%14 =0

wz%u =0
%10 =0
=0

@
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%1 := y1o(x1, T2, T3, T4)
%2 = yo(x1, x2, T3, T4)
%3 := ys(x1, T2, 3, T4)
04 := yg(x1, T2, T3, T4)
%5 = yr(z1, T2, T3, T4)
706 := ys (w1, T2, T3, T4)
N7 = ya(x1, T2, T3, T4)
%8 1= ys(x1, x2, T3, Tq)
%9 = ya(x1, T2, T3, T4)
%10 := y1 (w1, T2, T3, T4)

The parametrization of the torsion-free Alg-module M / t(

> Ext1[3];

M) is defined by:

[ a2, 33, 04) = (g %610) — (g %6) + (5 %2) — (g gy 1)
O2(x1, w2, w3, 74) = (814 9z 7610) + (az 2 765) — (c’m 8:51 73) — (813 9z 1)
O3(x1, w2, w3, w4) = (Sw 922 %10) <6a: 071 %6) (693 7 Jod) — (693 gz /03)

O4(x1, T2, T3, 24) = (890 > %10) + (Bx 2 07) = 2 (55, 007 j)x %1)
O5(21, 22, 23, 24) = (523 %10) + (555 %8) — (8963211 73)
Os(x1, T2, T3, T4) = (zm > %10) + (81 7 %09) — (8932 a; /06 )
O7(z1, 2, T3, T4) = (8w46;ﬂ3 %9 ) (Bw 72 %o4) + (Bw z 05) — (ngamg %2)
Os (21, @2, T3, 14) = (523 %9) + (322 H7) — 2 (55295 %2)
99(3017 To, T3, Tg) = (ax 7 709 9) + (893 > %8 8) — (az:% o4 4)

Or0(z1, w2, 23, T4) = (6934 91 %09) + (6934 Dws %06) + (aa;z 91 %2) — (62;2 Y1)
s, 2, 73, 1) = (53 09) + (3 6) + (s ) — (523 63)
Bro(1, 2, T3, T1) = (52 %8) + (81 > %7) — (Mgm %5)

Ors(z1, T2, w3, T4) = <8z4512 708) + (Bz D25 74) + (37, 025 j‘az 705) — <8z 7 %02)
Ora(w1, T2, w3, T4) = ([‘)az ooy /08) + (azg ao; /05) + (az4 a5 /03) — (Ba:32 1)
Ous(an, @2, 3, 1) = (g %8) + (525 %6) — wm; %4) — (g0 %63)
Or6(x1, 22, T3, T4) = (msgm %) + (52,2 %04) — (gaeg; %5) — (5 gm; %2)
raan, w2, 5, 72) = gz H7) — (g 965) + (52 %63) — (s %61
O15(21, T2, T3, T4) = (# %7)+(a%2 %6) — (am()gl %2) — (amgz %1)
bho(x1, xa, 23, 24) = (55 fazs 766) — (am % 7od) + (am o7 705) — (ait:; o5 701)
| so(ar, 2, 23, 2) = (i 6) + (e 963) + (s %62) — (e 1) |
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Let us point out that this parametrization EztI[3] depends on 4 arbitrary potentials. As the rank of
the Alg-module M is also 4, and thus, the rank of the Alg-module M / t(M) is also 4, we deduce that
Ext1[3] is a minimal parametrization of M / t(M).

We compute the second extension module ext 2 with values in Alg of the formal adjoint of the
linearized Ricci equations in Alg. The interpretation is the same as before.

> st := time(): Ext2 := Exti(R_adj, Alg, 2):

D,
D42
D3 Dy
Dy Dy
Ds?
D2 D3
2

OOOOOOOOOOOOOOOOOOOOO[@U

2.839
0 0
0 0
0 0
0 0
0 0
0 0
0 0
Ds 0
D,? 0
DsDys 0
D;Ds 0
D52 0
D:D; 0
D,? 0
0 D3
0 D42
0 DyDy
0 DyDy4
0 D,?
0 DD,
0 D, 2
0 0
0 0
0 0
0 0
0 0
0 0
0 0

time() - st; Ext2[1];

O OO O DD DOD OO OO DO ocooo o

We compute a free resolution of the linearized Ricci equations.

> st:=time(): FreeResolution(R, Alg); time()-st;



table([1 =

D,2+ D32 - D,?, D;%, D2, -D;2, —2D; D5, 0,0, —2D; D3, 0, 2D; Dy
Dy?, D12+ D3? — D42, Dy?, —=Dy?, —2D; Dy, —2Dy D3, 0,0, 2Dy Dy, 0
Ds?, D3?, D12+ Dy? — D42, —D3%, 0, —2Dy D3, 2D3Dy, —2D1 D3, 0, 0
D4?, D4?, D4?, D124+ D% +D3%,0,0, —2D3Dy, 0, —2Dy Dy, —2D; Dy
0,0,D:Dy, -D; Dy, D32 —D,%, -D; D3, 0, —DyD3, D; Dy, Dy Dy
DyD5, 0,0, =Dy D3, —D; Dy, D12 = D42, DyDy, —D1 Dy, D3Dy, 0
D3Dy, D3Dy,0,0,0, =Dy Dy, D12+ Dy?, =Dy Dy, =Dy D3, —Dq D3
0,DyD;3,0,-DyD3, -DyD3, =Dy Dy, D; Dy, D3% — D42, 0, D3Dy
DyDy4, 0,DyDy, 0, =Dy Dy, —D3 Dy, —D3 D3, 0, D12 + D3?, —D; D>
L 0,D;Dy,D; Dy, 0, -DyDy, 0, =Dy D3, —D3 Dy, —D; Dy, Dy? 4 D32

-Dy, -Dy -Dy -Dsy O 0 2D3 0 2D, 2D,

o_| -Ds Dy Dy Dy 0 2D, 2Dy 2D, 0 0
~| -Dy Dy -Dy Dy 2D; 2D; 0 0 —2D, O ’
D, -D; -D; D; 2D, 0 0 2D; 0 -2D,
3 =INJ(4)
D
4.190

We compute a free resolution of the formal adjoint of the linearized Ricci equations.

> st:=time(

table([1 =
2D,
0
2= 0
0
3 = INJ(4)
)

): FreeResolution(R_adj, Alg); time()-st;

D52 + D3? — D42, Dy?, D3?, D4?, 0, DyDs3, D3Dy, 0, Dy Dy, 0
D:?, D2+ D3?> —D4?, D3?, D4?, 0,0, D3Dy, D; D3, 0, Dy Dy
D:?, D%, D2+ Dy2-D4?, D42, D1D5,0,0,0,D,Dy, Dy Dy
—Dy2, =D,y%, —D3%, D12 + D2 + D3, =Dy Dy, —Dy D3, 0, =D D3, 0, 0
—2D1Dy, —2D1 D5, 0,0, D3> = D4%, —=D1 D3, 0, —D3 D5, —D; Dy, —Dy Dy
0, —2Dy D5, —2Dy D3, 0, =Dy D3, D12 —D4%, =Dy Dy, —=D; Dy, —D3 Dy, 0
0,0,2D3Dy, —2D3Dy, 0, Dy Dy, D12 + Dy?, D1 Dy, —Dy D3, —Dy D3
—2D; D3, 0, —2D; D3, 0, —DyD3, —D; Dy, —D; Dy, D32 — D42, 0, =D5 Dy
0,2D3Dy, 0, —2D5Dy, Dy Dy, D3Dy, —DyD3, 0, D2+ D32, =Dy Dy
2D1D4, 0,0, —2D; Dy, DDy, 0, =Dy D3, D3 Dy, —D; Dy, Dy? + D32
0 0 0 D, 0 0 D3 0 Dy
2Dy 0 0 Dy Dy 0 0 Dy 0
0 2Db; 0O O Dy, Dy, Dy 0 0O |’
0 0 2Dy 0 0O D3 0 Dy Dy

1.741




