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H. Kwakernaak, R. Sivan, Linear optimal control systems, Wiley-Interscience, 1972, p. 449.
Let us introduce the Ore algebra A of shift operators defined by

A = OreAlgebra[S[t], 6, x, ¢y, €1, C2, Vo]

]K(t> [91 Kr Cor C1s C2y VO] [St; Str OJ

and the matrix R of shift operators, which defines the system
RO =
{{s[t]-x,0,-26(1-x), -26 (1-x)},
{0, vo (SIt]-x?), - (6 (c1-co) (1-%7)), - (6 (c2-c0) (1-%%))}}:
R = ToOrePolynomial [RO, A]
{{St-x, 0,20K-206,20Kk-26},

{O, -x% vy + S Vg, —OK2Cy+OKZC,+0Cy-6Cy, —OK? o +6OK? c2+6c0—9c2}}

and the left A-module, finitely presented by R, defined by M = A™4 /AT2 R,
Let us compute the adjoint of R:

MatrixForm[Radj = Involution[R, A]]

St + K 0

0 K2

VO_St Vo
20K+26 -0x%cp+OK’c,+6cy-6cCy
20K+26 -OK?cu+OK>Cy+6Ccy-6cCy

Let us check whether or not M is torsion-free:

{Ann, Rp, Q} = Exti[Radj, A, 1];

MatrixForm[Ann]
10

[0 1)

Rp

{{St—K, 0, 26xk-26, 26x-26}, {Stho—Sthl—Kz Co+k2Cy+8:Cp-StCy—-KCo+KCqp,

—2J<2V0+28tv0, 0, —29}<2cl+29}<zc2+26c1—29c2}}

Q

{{—26}<c1+29}<c2+29c1729c2, 0, —26K3v0+2SteKvO+2GK2vO—2StGVO},
{O, —0Kk?ci+0K2Cc,+0Cy -0 Cy,
—StGKz CO+St9K2 c2+91<3 co—6}<302+St6c0—st9c2—9}<co+9}<c2},
{StCO—StC2—KCO+KC2, -x? v + St Vo, O},

3

-St Cp+SgCci+KCcC ch,KZV—S Vo, S K2vy-x3vy-82v + S KV
t Co t C1 0 1 0 t Vo t 0 0 t Vo 0

Since the first matrix is identity, M is torsion-free. Let us now compute the obstructions for M to be
projective:
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P = ObstructionToProjectiveness [R, A]
{{{GKZ —9}, {-ScOveg+6 vy}, {—S%vo +Se K2 vy + St Ky - K> VO}},
{{-ci+ca}, {Stco-Stcy-Keg+xcy}, {-Stvo+x’vo}}}
Let us deduce the obstructions in the parameters 6, x, cy, c1, c,, vo for Mto be a projective
left A-module.
int = OreIntersection[Flatten@P, {6, x, cg, C1, Ca, Vo}, A]

{—cl+c2, ex’-0, K2COV0—K2 C, Vg —K Cog Vg +KCp Vg, GKCOVO—QKCZVO—9C0V0+902V0}

obst = Factor /@ iOrePolynomialToNormal [int]
{-ci+co, ©(-1+x) (1+x), (-1+K) K (co-Cz) Vg, O (-1+K) (Co-Cp) Vo}
We obtain that the system is controllable i.e. flat if one of the entries obst is not equal to zero.

In what follows, we assume that the system is flat (one of the entries of obst is not zero). Let us
compute flat output of the system.

B = OreAlgebra[S[t]]
K(t) [St; S¢, 0]

R = ToOrePolynomial [

{{s[t]-x,0,-26(1-x), -26 (1-x)},

{O, Vo (S[t] —J<2), —(9 (c1 - cp) (1—J<2)), —(6 (cy - cq) (1—1(2))}}, B]
{{st-x, 0, -20+26x, -26+20x},

{O, Vo St—K2VO, 600—9K2 c0—9c1+9J<2 Ci, GCO—GK2 c0—902+9J<2 cz}}

MatrixForm[Radj = Involution[R, B]]
St - K 0
0 Vo St - K2 Vo
-260+260K Ocyg-6K2cyg-6cy+0K%Cy

—26+26K 6cy-6K?cyp-6c,+OKC,
{Ann, Rp, Q} = Exti[Radj, B, 1];
MatrixForm[Ann]

(o1

01

Rp

{{O, Vo St -K2 vy, 6Cg-6K2cg-0c,+0K2Cy, Bcy-0K2cy-6Cy+6OK? Cg},

{-St+x,0,20-20x, 20-206x}}



Q
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{{*26C1VO+29KC1VO+26C2VO*29KC2VO, 26C1VO*26KC1VO*26C2V0+29KC2V0},

{Qco cl—GKZ CgC1 -6 Cp c2+9}<2 CopCpr—-6cCy cz+9}<2 Cq cz+6c§—6}<2 cg,
-6 Cy c1+9}<2 Co cl+ecf—81<2 c§+9c0 02—6K2 CgCpr—-6cCy c2+81<2 C1 cz},
{KCOVO—Kz COVO—KC2VO+K2 Cp Vo,

(cq1Vvg—CyVg) S¢ + (—KCOVO+K2 COVO—KZ clvo+}<c2v0)},
{(=c1vo+cavg) Se+ (-kcovg+K? covg+KCyve-Kk”Cyvg),

K Co Vo — K2 Co Vg — K Cq Vg + K° clvo}}

Finally the flat output £ = (¢4, &5) is defined by:

T = LeftInverse[Q, B]

-Cg+Cq 1
{ ~ 0. 0},

~

26 (-1+K) (cq-cy)? vy 9(—l+}<2) (c; - cy)?

-Cp + 1
TR P e 0.0
20 (-1+x) (c1-c2)?vy O (-1+x2) (c1-cp)?

Thread[{&:[t], §2[t]} » ApplyMatrix[T, {xi[t], x2[t], ui[t], u[t]}]]

[E11E] » (- (1+K) coxy[t] + (1+K) cr %1 [t] -2vox,[t]) /
(26 (-1+K) (1+x) (c1-cp)?vo), E[E] >

(- (1+x) coxy[t] + (1+x) coxy[t] =2voxy[t]) /(26 (-1+x) (1+K) (c1-c3)? vo)}



