Linear elasticity

Example from Landau-Lifschitz, Theory of elasticity, volume 7, Pergaom Press, 1970.
Let us introduce the following Ore algebra A of partial differential operators

A = OreAlgebra[Der[x], Der[y], Der[z]]

K(x,y, z)[B; 1, K] [DB; 1, By (B 1, D]

and the matrix R of partial differential operators, which defines the equilibrium of the stress tensor
(forces are absent)
R = {{Der[x], 0, 0, O, Der[z], Der[yl},

{0, Der[y], O, Der[z], O, Der[x]},

{0, 0, Der[z], Der[y], Der[x], 0}};
MatrixForm[R = ToOrePolynomial [R, A]]
Db 0 0 0 D, O
0 O 0D 0 D
0 0D D D O

and the left A-module, finitely presented by R, defined by M = A™® /AP R,
Let us write the equations of the system explicitly:

u= {X, Y, Z};
EMF = {0, @@u, o, @@u, cz3@eeu, t,eeu, t,@eu, tz;@eu}

{Ol[xv Y, Z]! UZ[X, Y, Z}, 03[)(1 \z Z]v tfl.[X! \z Z]! tz[xv Y, Z]! 7:3[)(, Y, Z}}

sys = Thread [ApplyMatrix[R, EMF] == O]

{2V (%, y, 21+ 3010 (%, y, 2]+ 2% [x, y, 2] =0,
@0, y, 21+t X, y, 2]+ s 20 [x, y, Z] =0,
o3 @OV X, y, 21+ OO Xy, 2]+ %% [x, y, 2] = 0]

Let us compute the adjoint of R:

MatrixForm[Radj = Involution[R, A]]

D, 0 O
0 -D, O
0 0 -D
0 -D, -D
-D, 0 -Dx
-D, -D O

Let us check whether or not M is torsion-free:
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MatrixForm /e ({Ann, Rp, Q} = Exti[Radj, A, 1])

100 0 0 b DO D O
{ 010/| |0 -Bb O -D O -DJ,

001 D, 0 0 O -D -D

0 0 0 ¢ -20bD, ¥

0 D 200D, O 0 37
2D Of 0 33 0 0
-xD, -ByD, -DxD, 0 - 0 }
-pyb, 0 ¥ -DD DD 0

D7 0 -BDb 0 XD, -DD

Since the first matrix is identity, M is torsion-free and thus the system is parametrized by Q, i.e:

Thread [EMF == ApplyMatrix[Q, {6, eeu, 6,@eeu, 6z@eeu, y, @@u, y,@eu, Yyzeeu}]]

forlx, ¥, 2] =1 @22 1x, y, 21 -2 @MY x, y, 2]+ 4329 (%, y, 2],
o2 (X, ¥, 2] =600 X, y, 2] +263 MOV X, y, 2] vy [x, y, z],
o3(X, Y, 2] =602 [x, y, 2] +20, M1V x, y, 2] +y 200 [x, y, 2],
ti[X, Yy, 2] = -6, %t MZJ—@&Q”w,wzJ—

[X,
o3P0 0%, y, 2] - ® %V (x, y, 2], walX, Y, 2] =
~e1 Ot Xy, 214632V X,y 2] —un MOV Xy, 2] sl Y X,y 2],
talx, y, 2] =01 @22 x, y, 2] o3 @tV x, y, 2] U0 (x, y, 2] —us™ O (X, y, 2]}

We note the above parametrization involves six arbitrary functions 6, 85, 63, ¥, ¥, ¥3. Let us now
compute the rank of the system

OreRank[R, A]

3

From that we know that there exist parametrizations involving only three arbitrary functions. Let us
compute two of them leading to standard parametrizations:

MatrixForm[Ql = #[[{1, 3, 5}]] &/@Q]

0 0 -20,D
0 2DD, O
2D,D, 0 0

-xD, -DD,  -I¢
-y, ¥ DD
¥ -ByD DD

ColumnFormeApplyMatrix[Ql, {¥3[X, VY, 2] /2, ¥2[X, Y, 2] /2, -¥1[X, Y, 2] /2}]

ll/l(o’]”l) [Xr Y, Z}
b2 POV (X, y, Z)
wB(l'LO) [Xr Y, 21

~U3 O,y 2] Y RO X,y 2]+ P00 X, y, 2]

U Oy, 2]+ @20 Xy, 2] - MY Xy, 2])

NP NP NP
—_— — —

U302 X, y, 2] —d OBV X, y, 2] -y ROV X, y, 2])

This is the Morera parametrization.



MatrixForm[Q2 = #[[{2, 4, 6}]] &/@Q]

0 ¢ 0

D 0 o
¥ K 0

-pyb, O 0
0 -DxD, O
0 0 -D.D

ColumnFormeApplyMatrix[Q2, {61[X, ¥, Z], 62[X, ¥, Z], 63[X, ¥, Z]}]

0,002 (x y, 2] +63@20 [x, y, z]

01002 [x, y, 2] +63200 [x vy, 7]

0.020 [x, y, 2] +6,%00 [x, vy, z]
, 1)

This is the Maxwell parametrization.
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