Kalman example

Let k = K[t, R1, R2, L, C] be the commutative polynomial ring in t, R1, R2, L, C and let us define the
Ore algebra A = k(d), where 4 is differential operator defined by af(t) = f'(t).

A = OreAlgebra[t, Der[t], R1, R2, L, C]
K[t, Rl, R2, L, C][O; 1, D]

We consider the matrix R € A% given by

MatrixForm[R = ToOrePolynomial [{{R1CDer[t] +1, O, -1},
{0, LDer[t] +R2, -1}}, Al]

DDRIC+1 0 -1
0 ODhL+R2 -1

the system defined by

Thread[ApplyMatrix[R, {x;[t], Xo[t], u[t]}] == 0]

{-U[t] +X1[t]+CRL Xy [t] =0, -u[t] +R2Xo[t] +Lxp [t] =0}

and the left A-module, finitely presented by R, defined by M = AY® /AP? R,

Let us compute the adjoint of R:

MatrixForm[Radj = Involution[R, A]]

D RLC+1 0
0 DL+R2
1 -1

Let us check whether or not the left A-module M is torsion-free, i.e. whether or not the system
admits some autonomous elements.

MatrixForm /e ({Ann, Rp, Q} = Exti[Radj, A, 1])
D L+R2
DDRLIC+1

10 0 DL+R2 -1
{( )( ) DPRILC+D RIR2C+D L+R2

01 -DR1IC-1 0 1

Since the first matrix is identity, M is torsion-free. Let us now compute the obstructions for M to be
projective:

P = ObstructionToProjectiveness[R, A]
{({({hL+R2}, {RIRRC-L}, (i RLC+1}}}

Let us deduce the obstructions in the parameters R1, R2, L, C for M to be a projective left A-module.

Orelntersection[FlatteneP, {R1, R2, L, C}, A]
{(RLR2C-L}

We obtain that M is a projective left A-module, i.e. the system is flat, if and only if CR1R2 - L is not
equal to zero.

If C R1 R2-L # 0, let us compute flat output.
B = OreAlgebralt, Der[t]]
K[t][D; 1, O]
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T = Leftinverse[Q, B]
CR1 L
HfLJrCRlRZ’ L-CRLR2’ O}}

A flat output ¢ is then defined by:
ApplyMatrix[T, {xi[t], Xa[t], u[t]}1[[1]]
~CRLXxy[t]+Lxso[t]

L-CRLR2

Finally a parametrization of the flat system is defined by
Thread[{x.[t], Xz2[t], u[t]} -> ApplyMatrix[Q, {£[t]}]]

{(xaft] >R[] +L &[], Xa[t] &[] +CRLE L],
uft] >R &Mt + (L+CRLR2) &'[t]+CLRLE"[t ]}

If C R1 R2-L = 0, then let us compute the autonomous elements of the new system. To do that let
us introduce a new Ore algebra B, defined by

B = OreAlgebra[t, Der[t], CoeffFicientNormal -» (Expand[# /. L > CR1R2] &)]
K(t][D; 1, D]

the matrix S of differential operators given by

MatrixForm[S = ToOrePolynomial [{{R1CDer[t] +1, O, -1},
{0, LDer[t] +R2, -1}}, B]]

CRLD +1 0 -1
0 CRIRRD +R2 -1

and the left B-module N finitely presented by S. Let us compute the torsion elements of N, i.e. the
autnomous elements of the corresponding system.

MatrixForm[Sadj = Involution[S, B]]

_CRLD +1 0
0 _CRLR2D +R2
1 -1

MatrixForm /e ({Ann, Sp, Q} = Exti[Sadj, B, 11)

{(7CR10D71 2) (701 CR1R2R2D+R2 701)

Rf}}

CRIR2D +R2

Since the first matrix is not identity, the system is not controllable (N is not torsion free) and we have
one autonomous element, defined by the first row of Sp, namely 6, defined by

ApplyMatrix[{Sp[[1]11}, {X¢[t], X2[t], u[t]}]
{-x1[t]+RZxz[t]}

Moreover, 6 satisfies the equation

Thread [ApplyMatrix[{{Ann[[1, 1]1]}}., {e[t]}] = O]
{-6[t]-CRLo'[t] =0}

Finally, this result can be obtained directly by means of the command AutonomousElements



AutonomousElements|[S, {X;[t], X2[t], u[t]l}, &, B]

{({ol1][t] > -xa[t] +R2Xa[t], ©[2][t] > -ult] +R2 (X[t ] +CRLX;"[t])]},

(-6[11[t]-CR1l6o[1]'[t] =0, 6[2][t] =0}}
The controllable part of the system is defined by:
Thread [ApplyMatrix[Sp, {Xi1[t], Xa[t], u[t]}] == O]
{-X1[t] +R2Xp[t] =0, -u[t] +R2 (X[t ] +CRLX,"[t]) =0}
Finally let us compute a flat output of the controllable part:

ApplyMatrix[Leftinverse[Q, B], {Xi[t], Xz[t], u[t]}][[1]]
X2 [t]
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