Einstein equations (linearized)

Example from Pommaret, J.-F. Dualite differentielle et applications, C.R. Acad. Sci. Paris, Serie |
320 (1995), pp.1225-1230.

Let us introduce the following Ore algebra A of partial differential operators

A = OreAlgebra[Der[t], Der[x;], Der[x,], Der[x3]]
K(t, X1, X3, X3) [De7 1, D¢] [Dxl; 1, Dxll [sz; 1, sz] [DX3; 1, DX31

and the matrix R of partial differential operators, which defines system

R = {{—Der[t]2 +Der[x,]? + Der[x;3]2%, Der[x;]%, Der[x;]2, -Der[x;]?,

-2Der[x;] Der[x,], 0, 0O, -2Der[x;] Der[x3], 0, 2Der[t] Der[xl]},
{Der[xz]z, -Der[t]? +Der[x;]? +Der[x3]2, Der[x,]%, -Der[x,]1?,

-2Der[x,] Der[x,], -2Der[x,] Der[x3], 0, O, 2Der[t] Der[x,], 0},
{Der[x3]2, Der[x3]2, -Der[t]? +Der[x1]2 +Der[x2]2, —Der[x3]2, 0

-2Der[x,] Der[x3], 2Der[t] Der[x3;], -2 Der[x;] Der[xs3], O, 0},
{Der[t]z, Der[t]?, Der[t]?, Der[x;]2% + Der[x,]2 +Der[x3]2, 0,0,

-2Der[t] Der[x3], 0, -2Der[t] Der[x,], -2 Der[t] Der[xl]},
{O, 0, Der[x;] Der[x,], -Der[x;] Der[x,], -Der[t]? + Der[x3]2,

-Der[x;] Der[x3], 0, -Der[x,] Der[x3], Der[t] Der[x;], Der[t] Der[xz]},
{Der[xz] Der[x3], 0, O, -Der[x,] Der[x3], -Der[x;] Der[x3],

—Der[t]2 +Der[xl]2, Der[t] Der[x,], -Der[x;] Der[x,], Der[t] Der[x3], 0},
{Der[t] Der[x3], Der[t] Der[x3], O, O, O, -Der[t] Der[x,],

Der[x;]? + Der[x,]?%, -Der[t] Der[x;], -Der[x,] Der[x3], -Der[x;] Der[x3]},
{O, Der[x;] Der[x3], O, -Der[x;] Der[x3], -Der[x,] Der[x3],

-Der[x,] Der[x,], Der[t] Der[x,], —Der[t]2 +Der[x2]2, 0, Der[t] Der[x3]},
{Der[t] Der[x,], O, Der[t] Der[x,], O, -Der[t] Der[x;], -Der[t] Der[x;3],

-Der[x,] Der[x;], 0, Der[x;]? + Der[x3]?, -Der[x;] Der[x,]},
{O, Der[t] Der([x,], Der[t] Der[x,], O, -Der[t] Der[x,], O, -Der[x;] Der[xs],

-Der[t] Der[x3], -Der[x;] Der[x,], Der[x,]2 +Der[x3]2}};
R = ToOrePolynomial [R, A]
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and the left A-module, finitely presented by R, defined by M = A™10 /A0 R,

Let us compute the adjoint of R:
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Radj = Involution[R, A]

{{—D2+D>2<2+D>2<3, D)2<2’ D>2<3/ D%r O/ sz Dx3/ Dt DX3I OI Dt DX2! O}!
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Let us check whether or not M is torsion-free:

Timing [MatrixForm /@ ({Ann, Rp, Q} = Exti[Radj, A, 1])]

We obtain 20 autonomous elements defined by Rp.

aut = AutonomousElements [R, Table[Q;[t, x;, x,, x3], {1, 10}], T, A]

{{T[11 [tr X1r X274 X31 - _QlO(O’O’lrl) [tl X1r X2 XB] +
Q9(O’l’0’l) [tl X1r7 X2y X3] +Q8(l'0'1'0) [tl X7 X2y XB] *QG(LLO’O) [tr X1r X2y X3} ’
T[2} [tr X1r X2y XB} - _Q9<O’1’O’1) [tl X1r Xpy X3] '*'97(0'1’1'o> [tr X117 X2 X3} +
Q5<l’0’0’l) [tl X1r X2 XB] _QS(LO'LO) [tl X117 X2y X3] ’
T[3][t, X1/, X2, X3] %Q4(O'O'l'l) [t, X1/, X2, X3] 7Q9<1'O'O'1) [tr X1, Xpy X3] -
Q7(l'0’l'0) [tl X1r7 X2y X3] +Q6(2'O'O'O) [tl X1r X2 XB] ’
T[41 [tr X117 X274 X31 - _Q4<O'1'O'1) [tr X1r X2y X3] +QlO(1'O'O'1) [tl X117 X2y X3] +
Q7(1'1'O'O) [t, X1, Xg, X3] 798(2’0'0'0) [t, X1/, X2, X3],
T[S} [tr X1r X2y X3} %Q4(0’1’1’0) [tl X7 X2y X3] 7910(1'0'1’0) [tl X7 X2y X3] -
Q9(l’l’0’0) [tl X1r X2y X3] +Q5(2'O'O'O) [tl X1r X2y X3] 14
T[61 [tr X117 X274 X31 995(0’0’0’2) [tl X1r X2y XB] _Q8<O,O,l,l) [tr X1r X2 X3] -
Q6(O’1’O’l) [t, X1, X2, X3] +Q3(O’1'1'0) [t, X1/, X2, X3],
TI7][t, %1, %2, %3] > Q00D [t, %1, x5, 23] - Q@D [, %1, %5, %3] -
QGH’O’O’I) [tl X1r X2y X3] +Q3(1'O'1'O) [tl X1r X2y X3] ’
T[81 [tr X1r X2 X31 - _QlOm’O’O’z) [tl X1r X2 XB] +Q7(O’1’O’1) [tl X1r X2y X3] +
Q8(l’0’0’l) [t, X1, Xpy X3] 793(1'1'0'0) [t, X1, X2, X3],
T[9][t, %1, Xy %3] 5 Q002 (1, %1, x5, %3] =2, T 0D [, %, x5, x3] +
Q3<2’O’O’O) [tl X1r X2y X3], T[lo] [tr X1r X3y X3] -
*Q2(O’O’O’2> [tr X1, Xp, X3] +ZQ6<O'O'1'1) [t, X1/, X2, X3] *Q3(0'0’2’0> [tr X1/, X2, X3],
T[ll] [tl X1 X2y X3] %QS(O'O'LD [tr X1r X2y X3} 7Q8(O’O'2'O) [tl X7 X2y X3] -
Q2(O’l’0’l) [tl X1r X2y X3] +Q6(O'1'1'O) [tl X1r X2y X3] ’
T[12] [tl X1r X2y XB] %99(0'0’1’” [tr X1r X2 X31 _Q7<O’O’2’O) [tl X1r X2y X3] -

Qz(l,o,o,l) [ 1,0,1,0

t, X1, Xg, X3] +Q6( )[tl X1, Xo, %3],

(0,0,2,0) 0,1,1,0)
-Qi10

T[13] [tl X1 X2y X3] -
QSH’O’LO) [tl X1r X2y X3] _Q2(1'1'O'O) [tl X1r X2y X3]I

T[14] [tl X17 X2y XB] - _Q4<O’O’2’O) [tl X1r X274 XB] +ZQ9<1'O'1'O) [tr X1r X271 X3] -
Q,(2:0,0,0)

[tr X1, X2, X3] +Q9( [t X1, Xpy X3] +

[t, x1, X2, x3], T[15][t, ®1, X2, X3] =

Q0902 t, %y, %5, %3] —2Qg UV [, %y, x5, %3] + Q302 0V (1, %, x5, %3],

T[16] [tl X1r X2y X3] - _Qlwrorl’l) [tl X1r X2y X3] +Q5(O'1'O'1) [tl X1r X214 X3] +

QB<O’1’1’O) [tl X1r X294 X3] _Q6(O’2'O'O) [tl X1r X274 X3]l T[17} [tr X1r X274 XBJ -

0 02O e, %y, %y, %3] +2Qs OO [, %y, %y, x3] -0 0T [t %y, %y, %3],
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T[18][t, X1, X, X3] > _Q10(0,1,0,1) [t, %1, X2, X3] +Q7(O’2'O'O> [t, %1, X5, X3] +
Q00 T, %y, %y, %3] Qg0 (e, x1, x5, %3],
T[19][t, %1, X2, X3] %Qlo(olllllo) [t, X1/, X2, %3] ’Q9<O'2'O'O) [tr X1, Ry, X3] -
Ql(l'o'l'o) [t, X1, X2, %3] +Q5(1'1'0'0) [t, %1, X5, X3], T[20][t, X1, X, X3] >
Q20O [t xy, x5, %3] =2Q0 MO [t %y, x5, %3]+ P00 (£, %y, %, X3]},
(-1 %02 e, %1, x5, x3] - T[1] @020 [, %1, x5, x3] -
T[1] (0,2,0,0) [tr X1, Xy, x3] +T[1] (2,0,0,0) [t, X1, Xp, X3] =0,
~T[2] 00D e, %y, xy, x3] - T[2] 02O [, %y, %y, %3] -
T[2]0 200 e, %, xp, x3] +T[2] 200 (¢, %1, x,, x3] =0,
~T[3]190 00D e, %y, %y, x3] -T[3]09 20 (e, %y, %y, %3] -
T3] 290 [, %1, x5, x3] +T[3] @00 [t, %1, x5, %3] =0,
T[4] 0292 [t, %1, x5, 3] +T[4] 92O [t, %1, x5, %3] +
T[4]0 200 e, %, %y, x3] -T[4] 900 (¢, %1, x5, x3] =0,
-T[5] (0,0,0,2) [t, X1y Xpy X3] - T[5] (0,0,2,0) [tr X1, Xpy X3] -
TIS] 290 [, %1, x5, x3] +T[5] PO [t, %1, x5, %3] =0,
~T[6] %2 e, %, x5, x3] -T[6] 0920 (¢, x;, %y, %3] -
T[6] 200t %1, x5, x3] +T[6]Z 00 [t, x1, x5, x3] =0,
-T[7] (0,0,0,2) [t) X1y Xpy X3] - T[7] (0,0,2,0) [tr X1, Xpy X3] -
T[7] 290 [t, %1, x5, x3] + T[7] @00 [t, %1, x5, %3] =0,
T[8] %2 £, %1, x,, x3] +T[8] (%20 [t, x;, %), x3] +
T[8] 290t %1, x5, x3] -T[8] %0, x;, x5, x3] =0,
TL9] %22 [, %y, x5, x3] + T[] 002D [t, %1, x5, x3] +
T[9] 2% [, %1, x5, x3] ~T[9] WO [t, %1, x5, %3] =0,
~T[10] %92 e, %, xp, x3] -T[10] @020 [, %, x5, x3] -
T[10]¢% 290 1t, %, %5, x3] +T[10] 200 (¢, %, x,, x3] == 0,
T[11]% %92 1t, %, %y, %3] +T[11] 020 [, %1, x,, %3] +
T[11] 290 (¢, x1, %y, 3] ~T[11] %00 1¢, %, x,, x3] =0,
~T[12] %92 e, %, xy, x3] -T[12] @020 [, %, x5, x3] -
T[12]¢0 200 1t, %, %5, %3] +T[12] 2000 (¢, %, x,, x3] = 0,
ST[13] 000 B [e, xy, Ry, ®3] - T[13] 02O (b, %y, x5, %3] -
T[13] 200 (¢, %1, x,, x3] +T[13] @000t %, x,, x5] =0,
T[14](% %02 1t, %, %y, x3] +T[14] 020 [, x;, x,, x3] +
T[14] 2 %0 [t, %1, x5, x3] ~T[14] * @00 [t, %1, x5, %3] =0,
T[15] (%92 1t %, %y, %3] +T[15] %020 [, %y, x,, %3] +
T[15] %90 (¢, x1, x5, %3] ~T[15] @000 1t %, x,, x3] =0,
T[16](% %02 1t, %, %y, %3] +T[16] 020 [, %, x,, %3] +
T[16] 02 %0 [t, %1, x5, x3] ~T[16] * "D [t, %1, x5, %3] =0,
~T[17]0 092 (¢, %, %y, %3] -T[17] @020 [, %, x5, x3] -
T[17] 2099 (¢, %1, x5, %3] +T[17] @000 £, %, x,, %3] =0,
-T[18] (0,0,0,2) [t, X1, Xp, x3] -T[18] (0,0,2,0) [tr X1, Xpy X3] -
T[18]¢% 290 1t %1, %,, %3] +T[18] (%000 [+, %, x,, %3] =0,
~T[19] 092 e, %), xp, %3] -T[19] @020 [, %, x5, x3] -
T[19] %200 ¢, %1, x5, x3] +T[19] @000+ %, x,, x5] =0,
T[20] 002 1, %, %y, %3] +T[20] 020 [t %, x,, %3] +

T[20] 20 [, x1, xp, %3] -~ T[20] * @O [, x1, x5, %3] =0}

Finally we note that the autonomous elements T[i]'s satisfy the same equation (D - D7 - DZ - DZ))

T[i] = 0 (D’Alembert’s equation).



