Dirac equations

Let us introduce the following Ore algebra A of partial differential operators

D1 = Der[x1]; D2 = Der[x2]; D3 = Der[x3]; D4 = Der[x4];
A = OreAlgebra[D1, D2, D3, D4]
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and the matrix R of partial differential operators which defines the Dirac equations for massless
particule

MatrixForm[R = ToOrePolynomial [ {{D4, O, -1D3, -1D1-D2},
{0, D4, -1D1+D2, 1D3},
{1D3, 1D1+D2, -D4, 0},
{1D1-D2, -1D3, 0, -D4}}, Al]

Dua 0 -1 Dys -1 D -Dy2
0 Dua -1 Dy + Dy i Dys
i Dys i By +Dx2 -Dxa 0
i D1 -Dr2 -1 Dk 0 -Ds

and the left A-module, finitely presented by R, defined by M = A™* /AP R,

Let us check whether or not M can be decomposed. We first compute the endomorphisms of M
defined a constant matrix P:

MatrixForm[morph = Morphisms[R, R, {0, 0}, p, All
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From this P, let us try to compute idempotent endomorphisms of M:

MatrixForm /e (PAll = IdempotentMorphisms[morph, R, p, Al)

>0 -2 o0 5020
0000 . . ) ) 1000
0000 o 5 0 -3 0 5 0 3 0100
{0000'71030'10;0'0010}
0000 2 22 0001
o -2 0 2 0o ;0 ;

Considering the nontrivial idempotent endomorphism PAII[[2]], we obtain the following
decomposition:

MatrixForm[Decomposition[R, PALI[[2]], A]]

-1 D3 -Dxa 1D -Dy2 0 0

i D1+ D2 1Dk3-Dxa 0 0
0 0 i D3 -Da —-1Dx+Dx2
0 0 -1 D -Dx2 -1 D3 -Dxa

Considering the nontrivial idempotent endomorphism PAII[[3]], we obtain the following
decomposition:
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MatrixForm[Decomposition[R, PAII[[3]], A]l]

i D3 -Dxa -1 Dx+Dxe2 0 0
-1 D -Dy2 -1Dx3-Dus 0 0
0 0 -1 D3 -Dys 1 D1 -Dx2

0 0 iDy1+Dy2 iDz-Dua



