Antenna

Let k = K[t, K1, K2, Te, Kp, Kc] be the commutative polynomial ring in t, K1, K2, Te, Kp, Kc and let
us define the Ore algebra A = k(9,0), where 9 is differential operator defined by df(tf) = f'(f) and ' is
time-delay operator defined by 6f(t) = f(t-1).

A = OreAlgebra[Der[t], S[-1][t]]’

6%9

We consider the matrix R € A>™* given by

RO = {{Der[t], -K1,0,0,0,0,0,0, 0},

K2 Kp S[-1][t] Kc S[-1][t] Kc S[-1][t]
{o, —+Dper[t],0,0,0,0, - , - , - }
Te Te Te Te

{ol 0/ Der[t] ’ _Kll 0/ ol 0/ ol 0}/
Kc S[-1][t] KpS[-1][t] Kc S[-1][t] }

K2
{o,o,o, — +Der[t], 0,0, - , ,
Te Te Te Te

{ol 0/ OI 0/ Der[t] ’ _Kll 0/ ol 0}/
KeS[-1][t] KeS[-1][t] KpS[-1][t] }}

K2
{Or 0,0,0,0, —+Der[t], - ’ ’
Te Te Te Te

’

MatrixForm[R = ToOrePolynomial [RO, A]]

D. -K1 0 0 0 0 0 0 0
K2 Kp Kc Kc
0 D+2o O 0 0 0 -2s[-11[t] -z=8[-1][t] -2=S[-1][t]
0 0 D -KI O 0 0 0 0
c K c
0 0 0 D+ 2 0 0 —I;—eS[—l][t} —iS[—l}[t] —%S[—l][t}
0 0 0 0 D -KI 0 0 0
c c K
0 0 0 0 0 Dt+% - o s[-111t] -5 S[-1][t] - S[-1][t]

and the left A-module, finitely presented by R, defined by M = A™9 /AT¢ R
Let us compute the adjoint of R:

MatrixForm[Radj = Involution[R, A]]

D, 0 0 0 0 0
“K1 Dt+£ 0 0 0 0
0 0 D, 0 0 0
0 0 “K1 Dt+§ 0 0
0 0 0 0 D, 0
0 0 0 0 “K1 Dt+%
0 - (st) 0 -E(s¢) o -IF (s
0 - (s?h) o -n(s?) o T (s
0 -f(se) 0 -gE(s?) o -gE (s

Let us check whether or not the left A-module M is torsion-free, i.e. whether or not the system
admits some autonomous elements.

{LO, L1, L2} = Extl[Radj, A];
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MatrixForm@LO

100000

010000

001000

000100

0 00010

000001
MatrixForm@L1l

0 0 0 0 0 -TeDy-K2 Kc (Si') Kec (si') Kp (si?)
0 0 0 0 D¢ -K1 0 0 0

0 0 0 -TeD.-K2 0 0 Kc (Si*)  Kp (Si*) Kc (sit)
0 0 - D¢ K1l 0 0 0 0 0

0 TeD.+K2 O 0 0 0 ~-Kp (Sg1> -Kc (Sgl) -Kc (Sgl)
D¢ -K1 0 0 0 0 0 0 0
L2

{

» 0, (-2K1Kc”>+K1KcKp+KLKp®) (st)}, {0, 0, (-2Kc* +KcKp+Kp®) De (S¢')},
, (2 K1 Kc? - K1 KcKp - K1 Kp?) (s;'), 0}, {0, (2Kc®-KcKp-Kp?) D: (S;'), 0},
-2 K1 Kc® + K1 KcKp + K1 Kp?) (S¢'), 0, 0}, {(-2Kc®+KcKp+Kp?) De (S:'), 0, 0},
-Kc Te Df - K2 Kc Dy, Kc Te Df + K2 Kc D, (Kc Te +Kp Te) Df + (K2 Kc + K2 Kp) D},

0
0
(

Kc Te D - K2 Kc Dy, (—Kc Te - Kp Te) D? + (-K2 Kc - K2 Kp) D¢, -Kc Te D? - K2 Kc Dt},

{
{
{
{
{
{(Kc Te +Kp Te) D + (K2 Kc + K2 Kp) D, Kc Te D + K2 Kc Dy, -Kc Te Df - K2 Kc Dy |} |

Since the first matrix is identity, M is torsion-free. Let us now compute the obstructions for M to be
projective:

P = ObstructionToProjectiveness [R, A]

{{(s*)}, {rep?+x2pi}}}

Let us deduce the obstructions in 6 for M to be a projective left A-module.
OrelIntersection[Flatten@P, {S[-1][t]}, A]

{(sc)}

Hence we obtain that B ® M is projective over the ring B = A(g) /{6 o -1, g6 - 1), where o is defined
by of(t)=f(t+1) (i.e. the two sided inverse of 6).

AnT = AnnihilatorTorsionModule [R, A]

Module is not torsion

Let us compute the paramterization of the system
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param = Parametrization[R, §, A]

{Kl (—2 Kc2+KcKp+Kp2) E[3][-1+t],
(-2Kc® +KcKp +Kp?) £[3]"[-1+t], K1 (2Kc? -KcKp-Kp”) £[2] [-1+t],
(2Kc? -KcKp-Kp?) £[2]'[-1+t], K1 (-2Kc? +KcKp+Kp®) £[1] [-1+t],
(-2Kc? +KcKp+Kp?) £[1]7[-1+t], -K2Kc £[1]"[t] +K2Kc £[2]"[t] +
K2 (Kc+Kp) £[3]'[t] —KcTe E[1]7[t] +Kc Te £[2]7[t] + (Kc+Kp) Te £[3]7[t],
“K2Kc £[1]/[t] -K2 (Kc+Kp) £[2]"[t] -K2Kc £[3]'[t] -Kc Te £[1]7[t] -
(Kc +Kp) Te £[2]”[t] —KcTe £[3]”[t], K2 (Kc+Kp) £[1]"[t] +K2Kc £[2]"[t] -
K2 Kc £[3]'[t] + (Kc+Kp) Te £[1]”[t] +Kc Te £[2]”[t] -Kc Te £[3]”[t] }

We note that this parametrization is a minimal one:

L = MinimalParametrizations [R, A]

{

0, 0, (-2K1Kc*+KLKcKp+KLKp®) (Si')}, {0, 0, (-2Kc? +KcKp+Kp®) D (St')},
0, (2K1Kc”-K1KcKp-KLKp?) (si'), 0}, {0, (2Kc”’-KcKp-Kp?) D¢ (s;'), 0},
(-2 K1 Kc? + K1 Kc Kp + K1 Kp?) (S;'), 0, 0}, {(-2Kc® +KcKp+Kp®) D¢ (S;'), 0, 0},
Kc Te Df - K2 Kc Dy, Kc Te Df + K2 Kc Dy, (Kc Te +Kp Te) Df + (K2 Kc + K2 Kp) D},
Kc Te Df - K2 Kc Dy, (-KcTe-Kp Te) Df + (-K2 Kc - K2 Kp) Dy, -Kc Te Df - K2 Kc D¢},

{
{
{
{-
{-
{

(Kc Te + Kp Te) Df + (K2 Kc + K2 Kp) Dy, Kc Te Df + K2 Kc Dy, -Kc Te Df ~K2Kc D¢} }}

Let us check whether or not L admits a left inverse:
LeftInverse[L[[1]], A]
{3

We obtain that L is not an injective parametrization over A. Let now define the following Ore algebra

B = OreAlgebra[Der[t]]
K(t) [De; 1, D]

and if we substitute S[-1][t] by 6, i.e.

=L[[1]] /. S[-1][t] » &

{

, 0, (—2 K1 Kc? + K1 Kc Kp + K1 sz) }, { (—2 Kc2+KcKp+Kp2) D¢ 6},

, (2 K1 Kc? - K1 Kc Kp - K1 Kp?) 6, 0}, {0, (2 Kc’ - Kc Kp - Kp?) Dy 6, 0},

-2 K1 Kc? +K1KcKp+K1Kp?) 6, 0, 0}, {(-2Kc? +KcKp+Kp®) D: 5, 0, 0},

Kc Te Df - K2 Kc Dy, Kc Te Df + K2 Kc D, (Kc Te +Kp Te) Df + (K2 Kc + K2 Kp) D},

Kc Te Df - K2 Kc Dy, (-Kc Te -Kp Te) Df + (-K2 Kc - K2 Kp) Dy, -Kc Te Df - K2 Kc D},

Ll
{
{
{
{-
{-
{

(Kc Te + Kp Te) Df + (K2 Kc + K2 Kp) Di, Kc Te Df + K2 Kc Dy, -Kc Te Df - K2 Kc D¢} }

L2 = ChangeOreAlgebra[Ll, B]

{{0, 0, ~2K1Kc? 6 + K1 KcKp 6 + K1 Kp® 6}, {0, 0, (-2Kc? 6+KcKp & +Kp” §) D},
{0, 2K1Kc? 6-K1KcKp6-KLKp” &, 0}, {0, (2Kc? 5-KcKpS-Kp”S) Dy, 0},
{ 2Kl Kc?5+KlKcKpd+KLKp?6, 0, O}, {(—2Kc26+KcKpé+Kp26) Dy, O, O},
{-Kc Te Df - K2 Kc Dy, Kc Te Df + K2 Kc D¢, (Kc Te +Kp Te) Df + (K2 Kc + K2 Kp) D: |,
{-KcTe Df -K2Kc Dy, (-KcTe-KpTe) DI+ (-K2Kc-K2Kp) Dy, -Kc Te Df - K2 Kc Dt },
{(Kc Te + Kp Te) Df + (K2 Kc + K2 Kp) D, Kc Te Df + K2 Kc D, -Kc Te Df - K2 Kc D } |

then we obtain that the matrix L2 admits the following left inverse:
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MatrixForm|[T = Factor [iOrePolynomialToNormal [LeftInverse[L2, B]]]]

0 0 0 0 - ! 0000
K1 (Kc-Kp) (2 Kc+Kp) &
0 0 ! 0 0 0000
K1 (Kc-Kp) (2 Kc+Kp) &
- ! 0 0 0 0 0000
K1 (Kc-Kp) (2 Kc+Kp) &

Therefore if we use the advance operator o = 67" then flat outputs of the system are defined by
f = T(X1, ..., Xg, Uq, Uy, U3).



