[> restart:

|:> with (LinearAlgebra) :
[> with (OreModules) :

[Examples 1 &2

|:> A := DefineOreAlgebra (diff=[d,t] ,polynom=[t]) :

> M := Matrix([[4,6],[6,9]1]);
4 6 ;
M =
6 9 @
> 1 := Rank (M) ;
=1 2
> D1 := DiagonalMatrix([1,1]);
1
DIl =
01 €))
> D2 := Matrix([[1,0],[0,211);
s (1 0 | )
=10 2 4)
> u := Matrix([[1]1%$2]1); v := Matrix([[2,3],[2,311);
1
U=
1 ]
23 5
V= 5 3 5)
=> simplify (Matrix([[D1l.u,D2.u]]) .v-M);
00 6
00 (6)
> L := SyzygyModule (M,A3) ;
L=[3 -2] ()
> N := Matrix([[L.D1],[L.D2]]);
3 -2 g
N =
3 -4 ®)
> Determinant (N) ;
-6 )]
> NullSpace (N) ;
i {} (10)

[Examples 3&4



V"

VII\/II

V"

Wl :

w2 :

Matrix([[3,5]1,[4,711);

35
M =
4 7
Rank (M) ;
[:=2
M:
SyzygyModule (M,3) ;
L =1INJ(2)
DiagonalMatrix([1,1]);
1 0
Z =
01

Wi =

-4

w2 .=
-4

7 -5
3
Involution (Factorize (Involution(D2.Z,A) ,Involution(X,A) ,A) ,bA)

7 -10

Phi := Matrix([[psi[1l]],[psi[2]]])’

B := Matrix([[W1l.Phi,W2.Phi]]) ;

Determinant (B) ;

B:

Ty, =5V,

6

Ty, — 10y,

4Nﬁ+3W2‘4Wf+6%

MatrixInverse (B) ;

Z.Phi;

Vi ¥,
Z(Z\VI—-3q5) ) Ty, — 10y,
v v, v, v,
4y, —3vy, Ty, =5V,
v, v, Vi ¥,

an

(12)

13)

(14)

Involution (Factorize (Involution(D1.Z,A),Involution(X,A) ,A) ,A)

15)

(16)

a7

(18)

19)

(20)

21



Vi
u =
v,
=> v := E;
2(2\|11—3q12) Ty, — 10y,
Vi ¥, Vi ¥,
- 4y, =3y, Ty, =5V,
Vi ¥, Vi v,
"> simplify (Matrix ([[Dl.u,D2.u]]).v-M);
00
00
[ExampleS
[> M := Matrix([[1,0,0],[0,0,0],[0,0,111);
100
M=1]000
001
> D1 := Matrix([[1,0,0],[0,0,0],[0,0,011);
100
DI=]000
000
> D2 := Matrix([[0,0,0],[0,1,0]1,[0,0,011);
000
D2=|010
000
> 1 := Rank (M) ; _ '
[=2
> X := SubMatrix(M,1..3,[1,3]);
10
X=100
01
=> Y := Involution (Factorize (Involution(M,A) ,h Involution(X,A) ,A),A);
100
oo

ey

(22)

(23)

(24)

(25)

(26)

@7

(28)

(29)



> L := SyzygyModule (M,A) ;
L:=[010] (30)
> N := Matrix([[L.D1],[L.D2]1]);
000 3
N = 1
010 Se)
> K := NullSpace (N) ;
0 1
K= 01O (32)
1
> 2 := Matrix([[K[1],K[2]11);
01
Z=100 33)
10
=> Wl := Involution (Factorize (Involution(Dl1l.Z,A),Involution(X,3) ,A) , A)
0 1]
Wil = 34
0 0 (34)
> W2 := Involution (Factorize (Involution(D2.Z,A),Involution(X,A) ,A) ,A)
2 00 35
W2 .=
00 (35)
> Phi := Matrix([[psi[1]], [psi[2]1]) -
Vi
D = (36)
¥,
> B := Matrix([[Wl.Phi,W2.Phil]);
vy, 0
B = 37
0 0
=> A := DefineOreAlgebra (diff=[psi[l],sl],diff=[psi[2],s2],polynom=
_ [sl,s2]):
> SyzygyModule (B,A) ;
[0 1] (38)
[Examples 6&7T&11
M := Matrix(3, 2, {(1, 1) =0, (1, 2) =0, (2, 1) = -147360, (2, 2)

:

= -96804, (3, 1) =0, (3, 2) = 0});



0 0
M=| -147360 -96804 (39)
0 0

DI := Matrix(3, 3, {(1, 1) =0, (1, 2) =0, (1, 3) =0, (2, 1) =0,
(2, 2) =54, (2, 3) =-31, (3, 1) =0, (3, 2) =0, (3, 3) = 0});

00 0
DI=|0 54 -31 (40)
00 0

D2 := Matrix(3, 3, {(1, 1) =0, (1, 2) =0, (1, 3) =0, (2, 1) =0,
(2, 2) = -58, (2, 3) =-77, (3, 1) =0, (3, 2) =0, (3, 3) = 0});

0 0 0
D2:=|0 -58 -77 (41)
0 0 0

D3 := Matrix(3, 3, {(1, 1) =0, (1, 2) =0, (1, 3) =0, (2, 1) =
79, (2, 2) =0, (2, 3) =0, (3,1) =0, (3, 2) =0, (3, 3) =0});

000
D3=]179 00 42)
000
1 := Rank(M);
[=1 43)
X := SubMatrix(M,1..3,1);
0
X:=1 -147360 44)
0
Y := Involution (Factorize (Involution(M,A) , Involution(X,A) ,A),A);
8067
12230 45)
L := SyzygyModule (M,3) ;
1 00
L= 00 1 ] (46)
N := Matrix([[L.D1],[L.D2]11]1);
000
000
N = 00 0 47
000

b
I

NullSpace (N) ;



e
e
[—

K=3510L11}(0 48)
1 0 0
>z = DiagonalMatrix([1,1,1]);
1 00
Z=101020 49)
001
=> W1l := Involution (Factorize (Involution(D1l.Z,A) ,Involution(X,A) ,A),6A)
wl=|0 - 0 0! \ (50)
24560 147360
=> W2 := Involution (Factorize (Involution(D2.Z,A),Involution(X,A) ,A),6A)
W2 = 2 7 (51)
73680 147360

=> W3 := Involution (Factorize (Involution(D3.Z,A),Involution(X,A) ,A),6A)
79
W3=1 " Ta7360 ° O] (52)
=> c :=1/147360: Wl/c; W2/c; W3/c;
[0 -54 31 ]
[0 58 77]
[-79 0 0] (53)
> Phi := Matrix([[psi[1]],[psil[2]],[psi[311]);
v
O:=|V, (54)
v,
> B psi := Matrix([[W1.Phi,W2.Phi,W3.Phil]);
5o | - 9 N 31 29 N 77 9 s
PSE T 54560 V27 147360 V3 73680 V2 T 147360 V3 T 147360 V1 ()
=> B psi/c;
[ SS4y, + 31y, S8y, + 77y, -T9y, (56)

> A := DefineOreAlgebra (diff=[x1,yl] ,diff=[x2,y2] ,diff=[x3,y3],
polynom=[yl,y2,y3]):




> X := Matrix([[x1], [x2],[x3]1]1);
x1
X=|x2
x3
> B := Matrix([[Wl.X,W2.X,W3.X]]);
9 31 29 77 79
=| ~——x2+ 3 2+ 3 - 1
B: 24560 ° T 147360 T 73680 ° T 147360 - 147360
> SyzygyModule (B,A) ;
INJ (1)
> ann N := PiPolynomial (Transpose (B) ,A) ;
ann_N = [x3,x2, x1 ]
> E x1 := Transpose(LocalLeftInverse (Transpose (B), [x1],A4))
) 0 }
0
E xI =
_ 147360
79 x1
> simplify(B.E x1);
] [ 1]
> c.E x1;
0
0
1
79 x1
_> E x2 := Transpose (LocalLeftInverse (Transpose (B), [x2],4));
| 2836680 |
1489 x2
E x2 = 1142040
1489 x2
0
> simplify (B.E x2);
] [ 1]
> 5956*c*E_x2;
7
x2
31
x2
0

(7

(38)

(39)

(60)

(61)

(62)

(63)

(64)

(65)

(66)



E x3:=

> simplify(B.E x3);

=> 2978*c*E_x3;

i> with (OreModules) :

v xl =

[ 147360
9 vy,

1489 x3
1989360

1489 x3

0

=58 x2 — 77 x3 =79 x1
C=| -54x2+31x3 0
0 54 x2 — 31 x3
> u := Z.Phi;
_\pl .
u=|Y,
V3
> Y p := Matrix(3,2,symbol=y) ; » —
Y11 M2
Yp=|N1 Y22
V3,1 3.2

+ (54w, = 31w) by (258w, =TT )y s -

> c := Involution (SyzygyModule (Involution (B,A) ,A) ,A);

0
-79 x1
-58x2 — 77 x3

(-54\|12+311|I3>y1’1—79\|fly3,1,(—54\|12+311|I3)y1’2—79l|11y3’2

96804
9 v

1

> E_x3 := Transpose (LocallLeftInverse (Transpose(B), [x3],4))
[ 2136720 |

=> v_x1 := subs([x1=psi[l],x2=psi[2],x3=psi[3]],E x1.Y+C.Y p);
[(_58“’2_77‘4’3)3’1,1 OV, (_58“’2_77“’3))’1,2_79‘4’13’2,2

9

2

+(54\y

2

(67)

(63)

(69)

(70)

(71

(72)

(73)



—31\|13)y2,2+ (—58\|12—771|13)y3’2

=> simplify (Matrix([[D1.u,D2.u,D3.u]]) .v_x1-M);

00
0 0 (74)
00

=> v_x2 := subs([x1=psi[l],x2=psi[2],x3=psi[3]],E_x2.Y+C.Y p);

2836680 1863477
vx2=||-—4+ (-58 - 77 — 79 , - —— + (-58 75
g [ 1459 v, (=38, = 77w3) > =TV >y, 1439 v, (-58w, (75)

_77“’3))’1,2_79‘”13’2,2’
1142040 750231
[ 1489 v, + (_54%"'31“’3)3’1,1 — V5 1489 . + (_54‘4’2"'31”’3))’1,2
=70V y3 5, )
[(54\|12 — 31 \p3)y2’1 + (—58\u2 —77\|13)y3’1, (54\p2 —311|I3)y2’2 + (—58\|12
_77“’3))’3,2”
> simplify (Matrix([[D1.u,D2.u,D3.u]]) .v_x2-M);
00
00 (76)
00
=> v_x3 := subs([x1=psi[l],x2=psi[2],x3=psi[3]],E_x3.Y+C.Y p);
2136720 1403658
vx3=||————4+ (-58 - 77 —79 , ——— + (-58 77
g [ 1459 v, (58w, =77w3)y =79V, 1459 v, (-58w, (77)
_77“’3))’1,2_79‘”13’2,2’
1989360 1306854
[ 1489 v, + (_54%"'31“’3)3’1,1 — V5 1489 v, T (_54”’2"'31“’3))’1,2
=70V y3 5, )

[(54\|12 — 31 \p3)y2’1 + (—58\u2 —77\|13)y3’1, (54\p2 —311|I3)y2’2 + (—58\|12
_77“’3))’3,2”
=> simplify (Matrix([[D1l.u,D2.u,D3.u]]) .v_x3-M);

O\



(78)
[> with(QuillenSuslin):
[> C_x1 := SubMatrix(C,1..3,2..3);
-79 x1 0
Cxl = 0 =79 x1 (79)
54x2 —31x3 -58x2—77x3
> simplify(B.C_x1);
[ 00 | (80)
> A x1 := DefineOreAlgebra (diff=[yl,x1],diff=[x2,y2],diff=[x3,y3],
|  polynom=[x1,y2,y3]):
> V_x1 := Transpose (FactorizeRat (Transpose (C) ,Transpose (C_x1) ,A x1));
58 x2 77 x3
_— — 4+ == — 1
79 xI * 79 xI 0
V xI = (81)
4 ox2 38y
79 xI 79 xI
> simplify(C-C_x1.V x1);
000
000 (82)
000
=> W_x1 := Transpose (FactorizeRat (Transpose (C_x1) , Transpose(C) ,A x1));
00
Wxl=|10 (83)
01
> simplify(C_x1-C.W_x1);
(84)
=> Y pp := Matrix(2,2,symbol=y) ;
Y11 Y12
Y pp = (85)
Va1 Yo

> v_x1 2 := subs([x1l=psi[l],x2=psi[2],x3=psi[3]],E x1.Y+C x1.Y pp);



SubMatrix (U x2,1..3,2..3);

=> C x2 :=

v xl 2= [[—79\U1y1’p _79‘V1}H,2°
SOV, TN Y, |
[ 147360 96804
- v, + (541p2 —31\4;3));1’1 + (—581|12 —77\|13)y2,1, —1 + (541|12
_31“’3)3’1,2 + (—58\|12 —771|I3>y2,2
=> simplify (Matrix([[D1.u,D2.u,D3.u]]).v_x1 2-M);
00
00
00
=> Determinant (Matrix ([[E_x1,C x1]]));
-11641440 x1
[> Y2 := Matrix([[Y],[Y _ppl]);
' 8067
12280
Y2 =
Yior N2
Y21 N2
[> U x2 := ParkAlgorithm(B, [x1,x3]);
[ 2836680 77 3 29 o - 6083 xI
1489 x2 147360 73680 5956 x2
U x2:= 1142040 9 31 2449 xI
- - x2 + X3 7 5
1489 x2 24560 147360 5956 x2
0 0 1
=> Determinant (U_x2) ;
1
> V_x2 := MatrixInverse (U_x2);
' ,p 3L 2 T 79
- X X X. — X - X
24560 147360 73680 147360 147360
V x2 = 1142040 ~ 2836680 0
1489 x2 1489 x2
0 0 1

(86)

@37

(88)

(89)

90)

o1

92)




77 29 6083 xI
147360 © T 73680 T 5956 x2
i 24?60 X2t 143;60 x 5322 ;C_; o
0 |
> simplify(B.C_x2);
[0 0] (94)

> A x2 := DefineOreAlgebra (diff=[x1,yl] ,diff=[y2,6x2],diff=[x3,y3],
polynom=[yl,x2,y3]):

> V_x2 := Transpose (FactorizeRat (Transpose (C) ,Transpose (C_x2) ,A x2));
147360 90221160 51_ 224097720 31_
V x2 = 1489 x2 1489 x2 (95)

0 54x2 —31x3 -58x2—77x3
> simplify (C-C_x2.V_x2);

000
000 (96)
000
=> W_x2 := Transpose (FactorizeRat (Transpose (C_x2) ,Transpose (C) ,A x2));
" : -
147360
W2 _17 97
e 5956 x2 7
3
5956 x2
> simplify (C_x2-C.W_x2);
98)
> Y pp := Matrix(2,2,symbol=y) ;
Yi.1 Y12
Y pp = (99)
Va1 Y22
=> v_x2 2 := subs([x1l=psi[l],x2=psi[2],x3=psi[3]],E x2.Y+C _x2.Y pp);
2836680 77 29 6083 Vi)s 4
22=||-—— - — — ’ 100
Gt 1489 v, ( 147360 137 73680 "’ijhl 5956 v, (100)




1863477 ( 77
1489y,

1142040 ( 9
1489y,

" 24560 V2 T

Yo 10022

T 147360 V3T
" 24560 V2

1
147360 “5J~yh2'+

29

31
+

73630 V2

147360 V3

2449 V1V, 5

5956

6083 WiV, »
Yi,2 ™

v,

2

750231

2449 V), 4
Y1

5956

5956

0
0
0

1

77

U x3:=

147360
9

> Determinant (U_x3) ;

9
24560

C x3 =

> simplify (B.C x3);

0

x2 +

0

> V_x3 := MatrixInverse (U_x3);

31

" 24560 "

x3

2

¥

0
0
0

=> Determinant (Matrix ([[E_x2,C_x2]]));

[> U x3 := ParkAlgorithm(B, [x1,x2]);
[ 2136720
1489 x3

1989360
1489 x3

29
73680

31
147360

x3 — x2

2+ 3

0

29 77
x2 +

147360

V. x3 = ~ 1989360
1489 x3

7T
147360

9
24560

73680

X3 —

2+

2136720
1489 x3

0

> C_x3 := SubMatrix (U x3,1..3,2..3);

29 2291

73680 ° 2978

1 21
3 3 33

0

147360 2978

A

=> simplify (Matrix([[D1.u,D2.u,D3.u]]).v_x2 2-M);

2291
2978

2133
2978

147360

xl |

x3

>
x3

" 1489 v,

xl |

x3

>
x3

79
147360

0

1

a

1

(101)

(102)

(103)

(104)

(105)

(106)



[ 00 ] 107)

> A x3 := DefineOreAlgebra (diff=[x1,yl] ,diff=[x2,y2],diff=[y3,x3],
polynom=[yl,y2,x3]):

> V_x3 := Transpose (FactorizeRat (Transpose (C) ,Transpose (C_x3) ,A x3));
o 147360 157&;;?40 _Eé_ ) 16iiﬁ§f80 _gé_ o8
B 0 54x2 —31x3 -58x2 — 77 x3
[> simplify(C-C_x3.V_x3);
000
000 (109)
000
> W _x3 := Transpose (FactorizeRat (Transpose (C_x3) , Transpose (C) ,A x3));
1
147360 0
W x3:= B (110)
- 2978 x3
2
2978 x3
> simplify (C_x3-C.W_x3);
00
(111)
> Y pp := Matrix(2,2,symbol=y) ;
Yi.1 M2
Y pp = (112)
V2.1 Y22

> v _x3 2 := subs([x1=psi[l],x2=psi[2],x3=psi[3]],E x3.Y+C x3.Y pp);

L, || 2136720 77 29 291 Vit 1403658
vx32=||— S Y, — oo
- 1489 v, 147360 27 73680 12 )11 2978 Ty T aggy,

I 29 L 2291 Vi

147360 27 73680 12)M2 7 2078 Ty |
1989360 9 31 2133 V1721 1306854
) Vo Tamseo Vi ’ *
1489 v, 24560 147360 AT2978 gy 189y,




2133 Vi

31
" 147360 “5J-yh2'+ 2978 v, |

" 24560 V2

Yo 10022

> simplify (Matrix ([[D1.u,D2.u,D3.u]]).v_x3 2-M);
00
00
00

> Determinant (Matrix ([[E_x3,C x3]]));
1

[Exmnphg

;> with (OreModules) :
| > A := DefineOreAlgebra(diff=[x1,sl],polynom=[sl]):

> Dbl := Matrix([[1,0,0,0],[0,0,0,0],(0,0,0,0],[0,0,0,-111);

100 0
000 O
DI =
000 0
000 -1
> D2 := Matrix([[(0,0,0,0],(0,1,0,0],([0,0,-1,0],[0,0,0,01])"
00 0 0]
01 00
D2 =
00 -10
00 00
> D3 := Matrix([[0,0,0,1],([0,0,0,0],([0,0,0,0],[-1,0,0,01]);
000 1]
0000
D3 =
0000
1000
> D4 := Matrix([[0,0,0,0],[0O,0,1,0],(0,-1,0,0],[0,0,0,01]);
[0 00 0]
0 010
D4 =
0 -100
0 000

(114)

(115)

(116)

(117)

(118)

(119)



M := Matrix([[1,0,0,1],[0,0,0,0],(0,0,0,0],([1,0,0,111);

1001 |
00O00O0
M = 0000 (120)
1 001
1 := Rank(M);
[=1 (121)
X := SubMatrix(M,1l..4,1);
1
0
X:= 0 (122)
1
Y := Involution (Factorize (Involution(M,A) ,h Involution(X,3) ,A),A);
Y:=[100 1] (123)
L := SyzygyModule (M,3) ;
1 00 -1
L=]010 0 (124)
001 O
N := Matrix([[L.D1],[L.D2],[L.D3],[L.D4]]):
12 x 4 Matrix

Data Type: anything
N = (125)
Storage: rectangular

Order: Fortran order

K := NullSpace(N) ;

T
0
K= 0 (126)
1
Z := Matrix([KI[1]1]): _
-1
0
Z = 0 (127)
1
W1l := Involution (Factorize (Invc;lutj;on (D1.Z,A) ,Involution(X,A) ,A) ,A)

4

wi=|-1| (128)



> W2 := Involution (Factorize (Involution(D2.Z,A),Involution(X,A) ,A) , A)

w2:=10 | (129)
=> W3 := Involution (Factorize (Involution(D3.Z,A),Involution(X,3) ,A),6A)
w3=|1] (130)
> W4 := Involution (Factorize (Involution(D4.Z,A),Involution(X,A) ,A) ,A)
wa=10| (131)
=> B := Matrix([[W1l*x1l, 6 W2*x1l, W3*x1l 6 W4d*x1]]);
B:=| -xI 0 xI 0| (132)
> ann N := PiPolynomial (Transpose (B) ,A) ;
ann_N = [xI] (133)
> E x1 := Transpose(LocalLeftInverse (Transpose(B) ,ann N,3));
0
0
Exl=| 1 (134)
x1
0
> B.E x1;
[ 1] (135)
=> C_x1 := Involution(SyzygyModule (Involution(B,A) ,A),A);
100
010
C xI = 100 (136)
001
> B.C x1;
[000] (137)
=> OreRank (B,A) ;
3 (138)
=> ColumnDimension (C_x1) ;
3 (139)
> Y p := Matrix(3,4,symbol=y) ;
Y1 Y2 Yz Na
Yp=|Y21 Y22 Vo3 Yas (140)

Y31 V3,2 V3,3 V3.4

=> u =2 * psi[l];




M,
Y,
V= 1

1

Y3

=> Determinant (Y2) ;

T 42233 V1430500

> v := subs(xl=psi[l] ,E x1.Y+C x1.Y p);

1 Y12 N3

1 Yoo Moz

1
— Y, Y, , Y — +y
W 1,1 1,2 1,3 W 1,4

1 Y32 V3.3

(000 0]
0000
0000
0000

> Determinant (Matrix([[E_x1,C x1]]));

1
x1

> Y2 := Matrix([[Y],[Y pl]);

1 0 0

Yot Y2 Y13 Vs

Vo1 Va0 Yoz Mg

Y31 V3,2 V3,3 V34

SUV=[x000][-1]

V1.4

Y. 4

1

V3,4

> simplify (Matrix ([[Dl.u,D2.u,D3.u,D4.ul]).v-M);

1

V2V 3 T Y3 TV a1 Y53 TV Y3 s T 0 3Y5,
TN Y4V TV 3 1 Ys o T3 0 Vs TV 30 Vs s TV 30 450

[> s,U,V := SmithForm(B,x1,output=['S','U','V']);

(101 0]
0100
0010

0001

(141)

(142)

(143)

(144)

(145)

(146)

(147)



> simplify(U.B.V-S);

000 0]
> MatrixInverse (V) ;
1 0 -10
01 00
00 10
00 01
> E x1 2 := simplify(SubMatrix(V,l..4,i..l).S[1,1]“(—1).U);
L
xI
Exl2=| 0
0
0
> B.E x1 2;
[1]
> C x1 2 := SubMatrix(V,1..4,2..4);
010
1 00
Cxl 2= 010
001
> B.C x1 2;
- [000]
> v 2 := subs(xl=psi[l] ,E x1 2.Y+C x1 2.Y p);
_\;l"_yz,l V2,2 Y23 _“11+y2,4
v 2= Y11 Yi,2 N3 V1.4

Y21 Yoo Va3 Va4

_ Y31 Y320 V3.3 V3.4
> simplify (Matrix([[Dl1.u,D2.u,D3.u,D4.u]]) .v-M);
0000
00O00O0
00O00O0
0000
=> Determinant (Matrix([[E_x1 2,C x1 2]]));

(148)

(149)

(150)

(151)

(152)

(153)

(154)

(155)

(156)



1
{ - (156)

[Example 10

> D1 := Matrix([[1,0,0,0],[0,0,0,0],[0,0,0,0],[0,0,0,-1]]);
(100 0]
000 O
DI = as7)
000 O
000 -1
> D2 := Matrix([[O0,0,0,0],([0,1,0,0],([0,0,-1,0],[0,0,0,01]);
00 00|
01 00
D2 = (158)
00 -10
00 00
> D3 := Matrix([[0,0,0,1],[0,0,0,0],[0,0,0,01,[-1,0,0,011) ;
000 1]
0000
D3 = 159)
0000
1000
> D4 := Matrix([([(0,0,0,0],([0,0,1,0],([0,-1,0,0],[0,0,0,01])"
[0 00 0]
0 010
D4 = (160)
0 -100
0 000
> M = Matrix([[1,0,0,1],([0,1,-1,0],([O,1,1,0],[1,0,0,1]1);
(10 0 1]
01 -10
M = 161
01 10 (161)
10 01
> 1 := Rank (M) ;
=3 (162)
> X := SubMatrix(M,1..4,1..1);
(163)




Y := Involution (Factorize (Involution(M,A),h Involution(X,A) ,A),A);

(10 0]

01 -1

01 1
10 O
Rank (X) ; 7 ‘
3
1 001
Y=101200
0010
L := SyzygyModule (M,A) ;

L ;:[ 100 -1 ]
Matrix([[L.D1l],[L.D2],[L.D3],[L.D4]]);

2
I

K := NullSpace(N) ;

0000

1

1001 ]
0000
1001

N
Il
ﬂ
2}
-
]
=
=
=
N
=
w

Wl

Wi -

W2

0
0 01
10
1060

-1 00
000
000

o o = O

(163)

(164)

(165)

(166)

(167)

(168)

(169)

Involution (Factorize (Involution(D1l.Z,A),Involution(X,A) ,A) ,A)

(170)

Involution (Factorize (Involution(D2.Z,A),Involution(X,3) ,A) ,A)



K

0
w2 .=

0 -

0

i
2
i

N — O

N
l\)‘»—‘

V"
. =

w

]

(171)

> A :=

Involution (Factorize (Involution(D3.Z,A),Involution(X,A) ,A) ,A)

1 00
000
000

W3 .=

(172)

Involution (Factorize (Involution(D4.Z,A) ,Involution(X,A) ,A) ,A)
0

0
W4 :

= o

(173)
0 -

l\)‘»—‘

Matrix ([[x1], [x2], [x3] ]_) ;

x/
x2

X:

174)
x3

Matrix ([ [W1.X,W2.X,W3.X,W4.X]]);

-x/ 0 x1 0

(175)

s3] ,polynom=[sl,s2,s3]):

> ann_N
> gl :=

> E gl

DefineOreAlgebra (diff=[x1,sl] ,diff=[x2,s2] ,diff=[x3,

factor (ann N[1]);

PiPolynomial (Transpose (B) ,A) ;
ann_N = [xl x2* —xl x32]

(176)
gl =xI (x2 —x3) (x2+x3)

a77)
Transpose (LocalLeftInverse (Transpose (B) ,ann_N,A));



E gl =

> B.C g1;

> v o

0 0

0

-xI x2 — xI x3 -xI x2 + xI x3

x! x22 —xl/ x32 x/ x22 —x/ x32

xZ2 — x32

x/ X22 — x/ x32

xI x2 + xI x3 -xI x2 + xI x3

0

x/ xZ2 —x/ x32 x! x22 —x/ x32

> simplify(B.E gl);

1 00
010
001

> simplify(gl*E gl) ;

0 0

0 -xI (x2 + x3)
x2* —x3° 0

0 xI (x2 + x3)

1
0

Cgl:= {

=> Y p := Matrix(1l,4,symbol=y);

0

-xI (x2 —x3)
0

-xI (x2 —x3)

=> C_gl := Involution(SyzygyModule (Involution(B,A) ,A),A);

Yp=|1Y.1Y,2 ".3 V1,4

_\lfl

>u :=2Z . Matrix([[psi[1]],[psil[2]],[psil[3]]1]);

(178)

(179)

(180)

(181)

(182)

(183)

(184)

simplify (subs ([x1=psi[l],x2=psi[2],x3=psi[3]],E gl.Y+C gl.Y p)



Y1 N2 N3 Y14
1 1
0 - 0
V, VY, W, Ty,
v= | Yyt ) ) Vit
v, 1,2 1,3 v,
1 1
0 - 0
v, =V, W, T,

=> simplify (Matrix([[Dl1.u,D2.u,D3.u,D4.u]]) .v-M);

[0 00 0]
0000
0000

0000

™> Determinant (Matrix ([[E_g1,C _gll]));

2

> Y2 := Matrix([[Y],[Y pl]);

=> Determinant (Y2) ;

Yior Y2 Y13 Na

xl x22 —x! x32

Vi, =M1

(185)

(186)

(187)

(188)

(189)



